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Preface

The design of the stator winding has direct in�uence on the electric machine performance. As
technology has advanced, researchers and motor manufacturers have worked on possible

ways to improve the stator winding layout to achieve several targets depending on the application
which namely consist of minimization of harmonic losses for improved e�ciency, torque pulsation
reduction, acoustic noise and vibration reduction,... For this purpose, an extensive range of litera-
ture have presented several design strategies for both synchronous and induction motors acting on
winding connection types, con�gurations, conductors type and shape..., to achieve the required
electrical performance. It has been shown that - depending on the application - some winding
con�gurations can be more problematic than others as they produce additional undesirable par-
asitic e�ects. However, in some cases, the choice of the winding layout is limited by the required
application which leads to look for solutions to cope with the winding con�guration drawbacks.

The works presented in this thesis will deal with two di�erent aspects of electrical machine
windings that need to be further explored which consist of: fractional slot concentrated winding
optimization in three-permanent magnet machines and study and improvement of the winding in
terms of skin e�ect is large-medium voltage synchronous machines. Regarding the �rst topic, po-
tentials and limits of the FSCW optimization through multi-layer arrangement will be presented to
mitigate three problems: unbalanced magnetic pull (UMP), torque ripple and permanent-magnet
eddy-current losses. As for the second topic, an extensive study of the eddy-currents losses in the
stator equipped with form wound coils made of �at conductors embedded in open slots will be
covered. Such study is important as it helps to identify the main causes of problems to avoid it
through a suitable design.
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Part 1

Design Optimization of Multilayer
Fractional-Slot Concentrated Winding for
Surface Permanent Magnet Machines

1.1 Introduction to the fractional slot concentrated winding
surface permanent magnet machines optimization

Permanent magnet synchronous machines (PMSM) are widely found in numerous applica-
tions from automotive to aerospace since they o�er several key features such as high power

density, high e�ciency and good dynamic performance. Among PM machines, surface-mounted
permanent-magnet (SPM) motors combined with fractional slot concentrated non-overlapping
winding (FSCW) can be pro�tably chosen for several advantages they o�er. Indeed, the use of
FSCW in the design of PMSMs is revealed to be extremely bene�cial [1] thanks to various advan-
tages such as good faults tolerance capability [2], improved manufacturability and modularity [3],
reduced end-coils and overall axial length [4] and increased �ux weakening performance [5].

However, a well-known drawback of FSCWs is the presence of a large magneto-motive force
(MMF) space harmonic content causing additional parasite e�ect. Among the several issues gen-
erated by the presence of the rich harmonic content, the most harmful e�ects consists of:

• eddy current losses creation in the rotor magnets causing possible consequent overheating
and demagnetization issues [6, 7],

• unbalanced Magnetic Pull (UMP) due to the interaction of the induced space harmonics
for some particular slot pole combinations causing mechanical noise and vibration [8, 9],

• an excessive torque ripple which occurs as a result of the interaction between the rotor �eld
distribution and the armature MMF distribution [10].

To address the issue, the literature presents several works about FSCW MMF harmonics reduc-
tion from the design point of view dealing with stator winding type of connection and layout. For



2
Part 1. Design Optimization of Multilayer Fractional-Slot Concentrated Winding for Surface

Permanent Magnet Machines

example, a space shifted star-delta winding is proposed to minimize the interactive space harmon-
ics [10]. The use of multiphase con�guration was proven to be useful for the reduction of induced
eddy losses [11]. However, The most common and promising technique for MMF space harmonic
reduction is the adoption of multilayer arrangement in which more then two coils belonging to
di�erent phases are wound around the same tooth [12, 13]. It has been shown that with increasing
the winding layer number, some of the space harmonics in the MMF could be signi�cantly reduced
or even cancelled which has an important impact on the performance and the characteristics of the
machine.

However, it has been observed that in multi-layer FSCW even better results can be achieved
if unequal coils having di�erent number of turns are employed [14–16]. As a study case and for
the sake of torque ripple minimization, a four layer FSCW with unequal coils has been proposed
in [16] for a 12-slot/10-pole IPM machine to reduce armature reaction induce space harmonics.
Whereas the aforementioned method adopted multi-layer technique from the stator side, the op-
timization focused on IPM machines topology which has di�erent behaviour compared to SPM
machines. The major part of the literature dealing with multi-layer winding technique is based on a
case-by-case reasoning using the star of slot method [17] to elaborate winding layouts leading to the
cancellation of given MMF harmonics or subharmonics. However, the question is left unanswered
whether the proposed multilayer winding solution can be considered as "optimal" and if can be ac-
tually further improved through some di�erent arrangement of tooth coil and di�erent selection
of their number of turns. For this purpose, a more general method for di�erent slot-pole combi-
nations FSCW SPM machines directly targeting the most problematic con�guration for which an
optimal solution could be generated has to be proposed.
Recently, some attempts to built a more generalized multilayer stator winding optimization meth-
ods aiming at introducing automated procedures for obtaining winding layout solutions have been
performed. In [18], a multi-objective di�erential evolution optimization algorithm is proposed
aiming to reduce the air-gap MMF total harmonic distortion (THD) and winding resistance to get
a general solution of multilayer con�guration suitable for any kind of winding whether it is inte-
ger or fractional slots. Another work proposed in [19] which similarly acts on the MMF THD to
reduce the MMF harmonic content uses linear algebraic technique to de�ne multilayer winding
layouts applied on FSCW. However, while the aforementioned works features automated meth-
ods of optimization, they seem to be very general in terms of MMF space harmonic reduction
regardless of the application and may lead to a further complication of the winding layout, i.e. by
unnecessarily increasing the number of layers per slot. In fact, even if the high harmonic content of
the FSCW MMF spectrum lies under the generation of the majority of parasitic e�ects in the ma-
chine, not all harmonics act the same toward giving rise to unwanted phenomena. For this reason
comes the need for considering the harmonic spectrum analysis as a base from which the objective
of the optimization is determined depending on the application.
This Part suggests a new general, systematic and automated method aimed at the optimization of
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three phase multilayer FSCW SPM machines based on [20]. This method basically focuses on the
study of the harmonic spectrum of the di�erent FSCW topologies to determine the most harmful
harmonic orders leading to the generation of parasitic aspects. The winding optimization is then
applied by means of a single objective quadratic programming which can be solved using existing
computationally e�cient algorithms [21] in terms of minimizing the undesirable parasitic aspect.
Indeed, constraints are imposed to guarantee that the winding is feasible using non-overlapping
tooth coils [2] and is electrically symmetric. The developed optimization method will be applied
to di�erent study cases by adapting the objective function to the desired optimizing feature in terms
of UMP, rotor eddy current losses and torque pulsation minimization. The proposed optimiza-
tion outputs the best design automatically identifying the optimal number of layers, the optimal
number of turns for each coil and the optimal assignment of the coils to the phases, without re-
quiring any reasoning or intervention by the designer and guaranteeing winding symmetry and
feasibility.
This Part is organized as follows. Section 1.2 gives a brief presentation of classical use of the star of
slots method in conventional double layer FSCW. In Section 1.3 the multilayer FSCW concept is
introduced and the analytical model of the air-gap MMF harmonic computation is described. The
formulation of the quadratic programming problem is presented in Section 1.4. Section 1.5 presents
di�erent applications of the quadratic programming algorithm aiming at minimizing the UMP, the
torque ripple and eddy-current magnet losses respectively. Potentials of employing FSCW con�g-
uration in squirrel-cage induction machines will be covered as well in order to investigate on the
possibility of optimizing the winding layout to enhance the machine performance.
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1.2 Use of Star of Slots in the Design of Conventional Double
Layer FSCW

The star of slots method was initially proposed for designing large synchronous generators frac-
tional slot windings with a high number of poles to maximise the main harmonics of the electro-
motive force (EMF) induced in the windings. Lately, the star of slot technique has been considered
for the arrangement of FSCW equipping PM synchronous machines[17, 22]. It is designed to build
a balanced symmetrical m-phase winding which contains the information of the winding distribu-
tion. Thus it can be adopted for the analysis of the harmonic content of the airgap MMF distribu-
tion. In the following, a three-phase double layer winding motor is considered. The considerations
that are presented are valid for any odd number of phases m.

Figure 1.1: Examples of fractional-slot double-layer motors with non-overlapped coils a) 9
slots/8 poles con�guration, b) 12 slots/8 poles con�guration.

1.2.1 Classical drawing of star of slots

The star of slots is the phasor representation of the main EMF harmonic induced in the coil side of
each slot. The machine periodicity is given by the greatest common divisor of the number of slots
Z and the number of pole pairs p which corresponds to the number of identical parts the machine
could be split in.

t = gcd (Z, p) (1.1)

The star of slots phasor diagram is characterized by Z/t spokes where each spoke is containing t
phasors. Giving the fact that the Z slots are equidistant, the electric angular displacement between
two phasors induced in the coils of two adjacent slots is equal to the electrical angle αs expressed as
follows:

αs = p
2π

Z
(1.2)
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The angle between two adjacent spokes results in

αph = αst (1.3)

Figure 1.2: Star of slots of double layer FSCW SPM machines presented in Fig. 1.1 a) 9
slots/8 poles con�guration with t=1, number of spokes equal to 9 with one phasor each, b)
12 slots/8 poles con�guration with t=4, number of spokes equal to 3 with four phasors each.

As shown in Figure 1.2, the number given to each phasor corresponds to the number given
consecutively to each stator slot. The phasors belonging to the same phase are located inside two
opposite sectors which has an angular opening equal to π

m . The coils located within a sector are fed
with a positive polarity, while those of the opposite sector are fed with a negative polarity.
For the sake of more compactness, the star of slots graphical method can be translated into a ma-
tricial form to facilitate its implementation into the optimization algorithm. For that, the wind-
ing topology for a conventional double layer FSCW can represented by a Z × 3-sized "winding
matrix" W characterized by k = 0..Z − 1 rows representing the stator slots index and l =

”a”, ”b”and”c” referring to the stator phases:

[W]k,l = Wk,l (1.4)

Each element Wk,l of the winding matrix W represents the number of turns wound around the kth

tooth belonging to the phase ”l” where Wk,l takes the sign of the polarity of the phase as shown in
Table 1.1 (a). To avoid the use of negative winding matrix elements Wk,l , the number of columns
can be extended to 2m = 6 so that each column refers to one polarity of phase and all number of
turns Wk,l wound around each tooth belonging to that phase are positive values (Table 1.1 (b)).

1.2.2 Winding Feasibility Condition

It is commonly assumed in the literature that, for a three-phase dual layer FSCW with Z slots and p
pole pairs to be symmetrical, the number of slots Z must be an integer multiple of (3 gcd(Z, p))=
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Table 1.1: Example of a winding matrix for the 9 slots/8 poles con�guration were the num-
ber of turns per tooth is set to 100, a) using the physical phases a, b and c; b) using equivalent

sub-phases.

(a)

k
l a b c

0 100 0 0
1 −100 0 0
2 0 0 −100
3 0 0 100
4 0 0 −100
5 0 −100 0
6 0 100 0
7 0 −100 0
8 −100 0 0

(b)

k
l 0

+a
1
−c

2
+b

3
−a

4
+c

5
−b

0 100 0 0 0 0 0
1 0 0 0 100 0 0
2 0 100 0 0 0 0
3 0 0 0 0 100 0
4 0 100 0 0 0 0
5 0 0 0 0 0 100
6 0 0 100 0 0 0
7 0 0 0 0 0 100
8 0 0 0 100 0 0

3t. In other words, the feasibility constraint consists of having an equal number of spokes per phase
according to Z and p. Than the following relation has to be met:

Z
mt
∈N (1.5)

The machines slots/poles combinations meeting the aforementioned constraint are referred to as
conventional.
Besides the usefulness of the star of slots method in the design of double and single layer wind-
ing, multilayer winding are also feasible but mostly based on case by case reasoning. To make the
procedure more automatic, a suitable mathematical tool can be developed to generate solutions
for multilayer winding design which requires a more compact mathematical expressions that facil-
itate the implementation into optimization algorithms. In what follows, a matricial notation of
the winding distribution in the stator slots will be considered which will be implemented in the
developed analytical approach.



1.3. Multilayer FSCW Model and MMF Analysis 7

1.3 Multilayer FSCW Model and MMF Analysis

1.3.1 Multilayer FSCW modeling

In what follows, a modeling of multilayer winding in order to �t the quadratic programming re-
quirements is proposed. In general, for a multilayer FSCW machine each of the Z stator teeth is
assumed to have three coils wound around it, one coil for each of the three phases a, b and c.The
polarity sign of the number of turns Nk,a, Nk,b and Nk,c of the three coils of each slot must be
taken positive or negative depending on the direction of the relevant current ia, ib and ic (accord-
ing to the conventional positive direction chosen for the current e.g., positive if entering the page,
negative otherwise ). The sum of the number of turns of each phase wound around one tooth do
not have to exceed the total number of turns N0 which can be round around a tooth. From that
the following constraint must hold:

|Nk,a|+ |Nk,b|+ |Nk,b| ≤ N0 (1.6)

The total amperturns �owing around the kth tooth are equal to

Nk,aia + Nk,bib + Nk,bic (1.7)

The developed optimization approach based on quadratic programming aims at �nding the
FSCW optimal design under suitable constraints. It can be applied if the objective function is lin-
ear or quadratic function of the design variables. The constraints have to be formulated in a linear
equalities or inequalities.

Regardless of the objective function, the FSCW optimal design implies determining the num-

Figure 1.3: (a) Phase current phasors, (b) equivalent sub-phase phasors.

ber of turns Nk,a, Nk,b and Nk,c for any k = 0, 1, ..., Z− 1 considered as design variables under
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suitable constraints (including (1.7)). However, the non-linearity of (1.7) with respect to the de-
sign variables Nk,a, Nk,b and Nk,c makes it unsuitable as a constraint to be considered in the opti-
mization algorithm. To linearize the problem, it is convenient to introduce a system of �ctitious
"sub-current" i0, i1, i2, i3, i4 and i5 which phasors are illustrated in Figure 1.3 together with the
phasors of the physical currents ia, ib and ic. From that, it can be easily seen that the proposed
"sub-currents" are related to the standard physical currents such as

ia = i0 = −i3, ib = i2 = −i5, ic = i4 = −i1 (1.8)

This implies that each phase coil wound around the kth tooth can be split into a couple of "sub-

Figure 1.4: Illustrative multilayer structure: phase sub-coils wound around the kth tooth
with corresponding amperturns. (a) three phase sub-coils; (b) equivalent con�guration

with six sub-coils.

coils", one with positive polarity and the other with negative polarity, having the same overall
number of turns. As shown in Figure 1.4, six sub-coils are wound around the tooth, composed
of Nk,j ≥ 0 turns each where j = 0, 1, .., 5 such that

Nk,0 + Nk,1 + Nk,2 + Nk,3 + Nk,4 + Nk,5 ≤ N0 (1.9)

Then the total amperturns around the kth tooth are now equal to

Nk,0i0 + Nk,1i1 + Nk,2i2 + Nk,3i3 + Nk,4i4 + Nk,5i5 (1.10)

In order that the proposed multilayer model (Figure 1.4 (b)) will be equivalent to the standard
con�guration (Figure 1.4 (a)) in terms of air-gap MMF, the equality between (1.7) and (1.9) has to
be imposed. Based on (1.8) this happen if

Nk,a = Nk,0 − Nk,3, Nk,b = Nk,2 − Nk,5, Nk,c = Nk,4 − Nk,1 (1.11)
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The linear aspect of the obtained constraint (1.9) allows its implementation in the optimization
algorithm.Therefore, the model assumed in the rest of the section is that shown in Figure 1.4 (b)
under the assumption (1.11). Accordingly, the design variables will be Nk,j which are positive or
null quantities subject to the linear constraint (1.9). The current �owing in the six sub-coils of
each tooth is expressed as:

ij(t) = I0 cos (ωt− π

3
j) (1.12)

where I0 and f are the phase current amplitude and frequency, ω = 2π f and j = 0, 1, .., 5.

1.3.2 Air-gap MMF Harmonic Computation

An explicit expression for the air-gap MMF as function of the design variables, i.e., the number of
turns Nk,j is necessary in order to be implemented in the FSCW design optimization algorithm.

Figure 1.5: Air-gap MMF produced by the kth wound tooth energized with a total current
ik(t).

For the sake of simpli�cation, the stator and rotor cores are considered as linear. Thus, the
superposition principle can be applied so that the air-gap MMF due to the entire winding can
be computed by summing the contribution of each tooth. The waveform of the air-gap MMF
generated by the amperturns(1.10) of the kth tooth is presented in Figure 1.5 where

Mk(θ, t) =


M
′
k(t) =

Z− 1
Z ∑

j=0..5
Nk,jij(t), if |θ| ≤ τs

M
′′
k (t) =

−1
Z ∑

j=0..5
Nk,jij(t), if

τs

2
≤ |θ| ≤ π

(1.13)

and τs = 2π/Z.
In order to consider all the harmonic orders, the expression for Mk(θ, t) can be written using

Fourier series as [23]:

Mk(θ, t) =

(
∑

j=0..5
Nk,jij(t)

)(
∑

n=1..∞
ancos(nθ)

)
(1.14)
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where the Fourier coe�cient an is given by

an =
2
π

1
n
(−1)n sin

(
πn(Z− 1)

Z

)
(1.15)

Then, the total airgap MMF can be easily computed by summing the contribution of the coils
of all the stator teeth displaced by 2π/Z apart leading to the overall MMF following expression

Ms(θ, t) = ∑
k=0..Z−1

Mk

(
θ − k

2π

Z
, t
)

= ∑
k=0..Z−1

∑
j=0..5

∑
n=1..∞

anNk,j I0 cos
(

ωt− j
π

3

)
cos

(
nθ − nk

2π

Z

) (1.16)

To obtain more compact expression of the total air-gap MMF, it is possible to manipulate (1.16)
using the complex trigonometric functions such as

cos
(

ωt− j
π

3

)
cos

(
nθ − nk

2π

Z

)
= Re

{
ei(ωt−j π

3 )
1
2

[
ei(nθ−nk 2π

Z ) + e−i(nθ−nk 2π
Z )
]}
(1.17)

After few mathematical simpli�cations and passages, equation (1.16) can be put in the following
form:

Ms(θ, t) = Re

{
∑

n=1..∞

[
m−n ei(ωt−nθ) + m+

n ei(ωt+nθ)
]}

= Re

{
∑

n=1..∞

[
|m−n |ei(ωt−nθ+arg(m−n )) + |m+

n |ei(ωt+nθ+arg(m+
n ))
]}

= ∑
n=1..∞

[
|m−n | cos (ωt− nθ + arg(m−n )) + |m+

n | cos (ωt + nθ + arg(m+
n ))
]

(1.18)

where
m−n =

an I0

2 ∑
k=1..Z−1

∑
j=0..5

Nj,kei(−π
3 j+kn 2π

Z ) (1.19)

m+
n =

an I0

2 ∑
k=1..Z−1

∑
j=0..5

Nj,kei(−π
3 j−kn 2π

Z ) (1.20)

are the complex coe�cients for the nth order space harmonics. The sign "-" refers to the harmonics
revolving in the same direction with respect to the rotor (co-rotating) while the sign "+" refers to
the ones rotating in the opposite direction (counter-rotating). Thanks to the developed expression
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Figure 1.6: Air-gap MMF distribution for conventional 9 slots/8 poles FSCW machine
con�guration along the angular coordinate θ for an instant t = 0s.

Figure 1.7: Air-gap MMF harmonic amplitudes for conventional 9 slots/8 poles FSCW
machine con�guration with taking I0 = 8 A and f = 50 Hz.
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(1.18) of the total air-gap MMF, the amplitude of each MMF harmonic order can be easily deter-
mined by means of m−n and m+

n (Figures 1.6 and 1.7) which is very useful for the MMF harmonic
spectral analysis and enables the manipulation of each harmonic independently.

1.3.3 Stator MMF formulation for quadratic programming

A more compact expression for (1.19) and (1.20) function of the design variables is needed to facili-
tate their implementation in the quadratic optimization algorithm. For that, all the variables Nk,j

are grouped into a single 6Z-sized vector x de�ned as follows:

x = (N0,0...N0,5, N1,0...N1,5, ...NZ−1,0...NZ−1,5)
T (1.21)

such that

[x]6k+j = Nk,j ∀ j = 0..5 and k = 0..Z− 1 (1.22)

This allows for (1.19) and (1.20) to be written in a compact form as:

m±n =
an I0

2 ∑
h=1..6Z−1

[x]h ei(−π
3 mod(h,6)∓n 2π

Z f loor( h
6 ))

= v±T
n x

(1.23)

where mod(x, y) and f loor(x, y) are functions returning the remainder and the integer part
of the division of x by y. The complex vectors v+n and v−n are de�ned as follows:

[v±n ]h =
an I0

2
ei(−π

3 mod(h,6)∓n 2π
Z f loor( h

6 ))) ∀ h = 0..6Z− 1 (1.24)

Thanks to the complex nature of equation (1.23), it is possible to express the air-gap space har-
monic amplitudes m−n and m+

n as follows:

|m±n | =
√

m±n m±n =

√
(v±T

n x)(v±T
n x)

=

√
(v±T

n x)
T
(v±T

n x)

=
√

xTv±n v±T
n x

=
√

xTH±n x

(1.25)

Where H±n indicates the symmetric 6Z× 6Z matrices de�ned as follows:

H±n = v±n v±T
n (1.26)
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Since the obtained H±n is a complex matrix and the x vector (1.21) being real, equation (1.25)
can be rewritten as:

|m±n |2 = Re{|m±n |2} = xTRe{H±n }x = xTQ±n x (1.27)

where Q±n = <{H±n } are real-valued matrices which will be employed in the optimization algo-
rithm and can be computed based on (1.26) as:

Q±n = Re{v±n v±T
n } = Re{v±n }Re{v±T

n }+ Im{v±n }Im{v±T
n } (1.28)

1.3.4 Symmetry constraint of the three phase system

One important constraint to be imposed to guarantee the feasibility of the FSCW resultant from
the optimization algorithm is the symmetry of the three phase system. To ful�ll this constraint,
the three phase sinusoidal waves must be equal in magnitude and phase. For that it is needed to
determine the contribution of the three phases to the MMF fundamental which is possible through
using equation (1.18). Actually, it is su�cient to substitute the harmonic order n by the number of
pole pairs p considering only the "co-rotating" revolving with the same direction as the rotor such
that:

Ms, f und(θ, t) = Re{m−p ei(ωt−pθ)} (1.29)

By substituting (1.23) into (1.29), it is possible to express the fundamental MMF expression using
the "turn vector" x as:

Ms, f und(θ, t) = Re{v−T
p xei(ωt−pθ)} (1.30)

In order to determine the MMF fundamentals due to each phase individually, the following 6× 6
matrices are introduced:

K6a =



1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0


K6b =



0 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 0



K6c =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1


06 =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0



(1.31)
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and used to build the following 6Z× 6Z matrices:

Ka =


K6a 06 . . . 06

06 K6a . . . 06
...

... . . . ...
06 06 . . . K6a

Kb =


K6b 06 . . . 06

06 K6b . . . 06
...

... . . . ...
06 06 . . . K6b



Kc =


K6c 06 . . . 06

06 K6c . . . 06
...

... . . . ...
06 06 . . . K6c


(1.32)

It can be easily seen that

Ka + Kb + Kc = I6Z (1.33)

where I6Z is a 6Z× 6Z identity matrix.
Thus, the "turn vector" x can be also written as follows:

x = I6Zx = (Ka + Kb + Kc)x = xa + xb + xc (1.34)

where
xa = Kax, xb = Kbx, xc = Kcx (1.35)

Figure 1.8: kth wound tooth con�guration for each phase when the turn vector is equal to
(a) xa = Kax; (b) xb = Kbx; (c) xc = Kcx.

Figure 1.8 illustrates the windings con�gurations identi�ed by the turn vectors xa, xb and xc for
the kth tooth where only the turns of phases a, b and c are considered, respectively. As an example,
the turn vector xa represents the number of turns for sub-phases "0" and "3" which correspond to
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"a" and"-a" as shown in Figure 1.4. These elements are the same as x while all the other sub-phases
are set to zero turns. By obtaining the dissociated phases turn vectors, the MMF fundamental
expression (1.30) can be written as:

Ms, f und(θ, t) = Re{v−T
p (xa + xb + xc)ei(ωt−pθ)}

= M f und,a(θ, t) + M f und,b(θ, t) + M f und,c(θ, t)
(1.36)

where M f und,a(θ, t), M f und,b(θ, t) and M f und,c(θ, t) represent the MMF fundamentals pro-
duced by the three phases a, b and c individually written as follows:

M f und,a(θ, t) = Re{v−T
p xaei(ωt−pθ)}

= |v−T
p xa| cos

(
ωt− pθ + arg(v−T

p xa)
) (1.37)

M f und,b(θ, t) = Re{v−T
p xbei(ωt−pθ)}

= |v−T
p xb| cos

(
ωt− pθ + arg(v−T

p xb)
) (1.38)

M f und,c(θ, t) = Re{v−T
p xcei(ωt−pθ)}

= |v−T
p xc| cos

(
ωt− pθ + arg(v−T

p xc)
) (1.39)

The winding symmetry constraint is ful�lled when the three sinusoidal waves expressed in (1.37)-
(1.39)) are equal in magnitude and phase. That implies the equality of the three complex numbers
v−T

p xa, v−T
p xb and v−T

p xc such as:

Re{v−T
p (xb − xa)} = Im{v−T

p (xb − xa)} = 0

Re{v−T
p (xc − xb)} = Im{v−T

p (xc − xb)} = 0
(1.40)

In order to include the turn vector x, the winding symmetry constraint could be reformulated
considering (1.35) as follows:

Re{v−T
p (Kb − Ka)}x = Im{v−T

p (Kb − Ka)}x = 0

Re{v−T
p (Kc − Kb)}x = Im{v−T

p (Kc − Kb)}x = 0
(1.41)

1.3.5 SPM rotor contribution to the air-gap MMF

At this point, with the air-gap stator MMF being determined, the modelling of the rotor contribu-
tion to the machine air-gap MMF is necessary to be incorporated to the optimization procedure.
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Several parasitic phenomena are generated by the presence of harmonics in the rotor �eld which
require a rigorous analysis of its harmonic spectrum to reckon the cause of perturbation to be sub-
ject of optimization. Given the simplicity of the SPM machine rotor geometry, the rotor �eld can
be presented by means of some analytical expressions mainly based on Fourier series theory as ex-
plained in the following.
Firstly, a simpli�ed machine model is considered ; with a smooth rotor where the slot openings are
neglected; represented in a cylindrical coordinate system (ρ, θ, z) as shown in Figure 1.9. The �rst
pole axis is taken as a reference for the rotor angular position θ. This simpli�ed model is used only
for the purpose of determining the rotor �eld in order to obtain the waveform purely generated by
the rotor magnets without any distortion from the stator slots.

As illustrated in Figure 1.9, τm denotes permanent magnet span, τp is the pole pitch, hm is the

Figure 1.9: Simpli�ed slotless model of SPM machine.

magnet thickness and δ is the mechanical air-gap width. A parameter c can be introduced as:

c =
τm

τp
(1.42)

where c refers to the magnet to pole span ratio. The permanent magnets are assumed to be uni-
formly magnetized characterized by radial magnetization pattern. the stator and rotor cores are
considered to have in�nite permeability.
Based on the previously set assumptions , the MMF produced by the permanent magnets Mr

mainly consists of its radial component Mρ,r having a quasi-rectangular waveform alternatively
equal to Mpm and−Mpm as we move along the rotor periphery [24]. The radial component Mr,ρ

shown in Figure 1.10-(b) at a position of the rotor θ = 0 degrees can be expressed using Fourier
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series expansion given by:

Mr,ρ(θ) = ∑
n=1,3,5..

4Mpm

nπ
sin
(npτm

2

)
cos (npθ) (1.43)

where Mpm is the rotor MMF magnitude generated by the magnets �eld expressed using the mag-
nets’ coercivity Hc as follows:

Mpm = Hchm (1.44)

Figure 1.10: (a) Simpli�ed slotless model of SPM machine where the air-gap circumference
is unrolled along a straight line; (a) Rotor MMF waveform along the angular coordinate θ.

In synchronous steady-state conditions, the rotor revolves at a speed of (ω/p) rad/s, where ω

is the stator electrical pulsation. At an instant t, the same waveform of Mρ as presented in Figure
1.10-(b) is produced but shifted by (ω/p)t. Equation (1.43) can be then rewritten as a function of
both time and space as follows:

Mr(t, θ) = ∑
n=1,3,5..

4Mpm

nπ
sin
(npτm

2

)
cos

[
np(θ − ω

p
t)
]

= ∑
n=1,3,5..

mr,n cos
[

np(θ − ω

p
t)
]

= Re

{
∑

n=1,3,5..
mr,nejnp(θ−ω

p t)

} (1.45)
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with
mr,n =

4Mpm

nπ
sin
(npτm

2

)
(1.46)

represents the rotor MMF magnitude for each harmonic order n.
As shown in Figure 1.11, the rotor MMF distribution waveform predicted analytically from equa-
tion (1.45) applied to an 8-pole rotor is in a good accordance with FEA results. The harmonic
spectrum of such waveform can be computed by means of (1.46) where only harmonics with odd
order are displayed (Figure 1.12). Generally, depending on the number of poles p, the order of the
non-null rotor MMF harmonics are presented by np where n are odd.

Figure 1.11: Comparison between analytical and FEA results of rotor MMF distribution
along the angular coordinate θ of an 8 pole slotless stator SPM machine with magnet coer-

civity Hc = 850000 A/m and c = 0.95.

Figure 1.12: Rotor harmonic spectrum where harmonics’ magnitude are presented per unit
for p = 1.
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1.4 Quadratic Programming Problem Formulation

By de�nition, the quadratic programming is a particular type of nonlinear programming that gives
the process of solving mathematical optimization problems characterized by a quadratic objective
function of several variables subject to linear constraints on these variables [25].
In our case and for the sake of de�ning the FSCW optimal design, the mathematical equations de-
�ned previously will be implemented in the quadratic programming procedure. For this purpose,
the objective functions and constraints need to be separately identi�ed.

1.4.1 Objective function

Theoretically, to obtain an optimal design of the multilayer FSCW, two objective functions have to
be considered assuming two arbitrarily weighed objectives: one objective is to maximize the MMF
fundamental and the other one is to minimize the parasitic behaviour subject to optimization. As
explained in [20], the dual objective optimization problem was simpli�ed into a single-objective
form through a weighed sum using a weighing coe�cient. However, in practice the dependency
of the objective function to the weight makes it extremely sensitive to the very slight changes ap-
plied on it causing the instability of the process and leading either to unsatisfactory results or the
divergence of the algorithm.
To cope with these numerical problems, one solution is to avoid the use of weighing coe�cients by
only considering a single objective function and assuming the other as a constraint. In our case, the
main objective function to be minimized is the one dealing with the parasitic e�ects. The MMF
fundamental maximization can be �xed for each case and moved to the constraints part. In more
formal terms, the objective function can be written as:

f (x) = xTF x (1.47)

where F is 6Z× 6Z symmetric matrix including the information of the quantity to be minimized.
This matrix will be determined for each case depending on the optimization purpose in what fol-
lows.

1.4.2 Constraints

As mentioned previously, the condition on the MMF fundamental is formalized as a constraint
by �xing the MMF amplitude for each optimization iteration. For a given machine ratings, the
maximum MMF fundamental that can be obtained occurs when the FSCW topology corresponds
to the one produced by the star of slots method. For this case, the turn vector x0 is determined using
the star of slots winding matrix (1.4) presented in Table 1.1 (a) where

[x0]6k+j = Nk,j = Wk,j ∀j = 0..5, k = 0..Z− 1 (1.48)
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The MMF amplitude equation (1.23) applied to the fundamental harmonic using the star of slots
turn vector x0 can be rewritten in the complex form as follows:

m−p = v−T
p x0 = M ejφ

= M cos φ + jM sin φ
(1.49)

where M is the module of the complex magnitude of the maximum MMF fundamental de�ned
as:

M =
√

xT
0 H−p x0 (1.50)

and φ = arg(v−T
p x0).

The condition on the MMF amplitude can be formulated compactly as follows:

A1x = b1 (1.51)

where A1 and b1 are the 2× 6Z matrix and 2-element vector below:

A1 =

(
Re{v−T

p }
Im{v−T

p }

)
, b1 =

(
αM cos φ

αM sin φ

)
(1.52)

with 0 < α ≤ 1 is the reduction weight. The optimization is expected to yield di�erent results
depending on the value of the MMF fundamental amplitude. In fact, by varying the value of α,
the algorithm generates a di�erent range of solutions x for each optimization case. For α = 1, the
generated winding solution has to correspond to the one resultant from the star of slots method.
By gradually reducing α, the fundamental magnitude gradually decreases during each iteration of
the optimization allowing for the minimization of the objective function. It is to be noted that
the value of the MMF phasor φ is tuned so that for each iteration of the optimization process, the
MMF module corresponds to its maximum.
Another constraint is related to the symmetry of the winding. As explained in paragraph 1.3.4,
all the three phases have to produce equal MMF fundamentals and any instant in order for the
winding to be symmetric. Based on (1.41), this condition can be expressed in more compact form
as follows:

A2x = b2 (1.53)

where A2 and b2 are respectively the 4× 6Z matrix and 4× 1 vector below:

A2 =


Re{v−T

p (Kb −Ka)}
Im{v−T

p (Kb −Ka)}
Re{v−T

p (Kc −Kb)}
Im{v−T

p (Kc −Kb)}

 , b2 =


0
0
0
0

 (1.54)
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The maximum number of turns N0 which can be wound around one tooth as discussed in
paragraph 1.3.1 has to be set as a constraint as well. The condition can be expressed compactly for
all the teeth referring to (1.9) and using the turn vector as follows:

A3x ≤ b3 (1.55)

where A3 is the Z× 6Z matrix and b3 is the Z-sized vector here under:

A3 =


11×6 01×6 . . . 01×6

01×6 11×6 . . . 01×6
...

... . . . ...
01×6 01×6 . . . 11×6

 , b3 = N01Z×1 (1.56)

with 1m×n and 0m×n referring to the m× n-sized unit and zero matrices respectively.
The last constraint represents the convention established in Section 1.3 stating that all the turn

vector elements must be greater or equal to zero can be written as:

A4x ≤ b4 (1.57)

where
A4 = I6Z, b4 = 06Z×1 (1.58)

with I6Z being the opposite of 6Z× 6Z-sized identity matrix and I6Z×1 is the 6Z-sized null vector.

1.4.3 Problem formulation

At this point, the overall FSCW optimization problem can be then presented as follows:

minimize f (x) subject to(
A1

A2

)
x =

(
b1

b2

)
,

(
A3

A4

)
x ≤

(
b3

b4

)
(1.59)

The objective function f (x) is calculated depending on the case of study. The solution of (1.59)
gives an optimal turn vector x which elements de�ne the optimal FSCW con�guration. More
precisely; once the solution x is found; the number of turns Nk,j ≥ 0 on the kth tooth of the jth

sub-coil is determined directly from (1.22). The number of turns referring to the physical design
of interest (Figure. 1.3-(a)) Nk,a, Nk,b and Nk,c for the three coils wound on the kth tooth can be
then calculated using (1.11). It may be worth noting that all the matrices F, A1,2,3,4, and b1,2,3,4

do not depend on the machine geometry, as proved by their analytical formulations. Hence, the
FSCW layout obtained from the solution of (1.59) is the same irrespective of machine geometry
and dimensions.
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1.5 Application of the quadratic programming on FSCW SPM
machines for di�erent optimization purposes

In what follows, the formulation of the objective function in the quadratic programming form
applied to di�erent optimization cases will be presented. Three optimization objectives will be put
forward to be minimized: eddy currents magnet losses , UMP and torque ripple.

1.5.1 Machine model used for the optimization

For a comprehensive comparison, a FSCW SPM machine model is built for each machine con�g-
uration following a dimensional method which preserves the fundamental �ux density produced
by both permanent magnets and stator currents regardless of Z and p. To do so, a scaling law (re-
ported in Figure 1.13) has been used.

The machine stack length L is kept constant with L = 100 mm. The number of conductors

hs 10× p/kw
τs 2π/Z
τp π/Z
αs 5/9× τs
ws 2.5 mm
ht 2 mm
hm 3× p mm
g 0.5× p mm
αm 0.95× τs
Rs 20× p

Figure 1.13: Characteristic dimensions for the example machine.

Table 1.2: Characteristic data for the example machine.

N0 Number of turns per tooth 100
I0 Phase peak current 3× 4.4× p2/(Zkw) A
Hc Magnet coercive force 800 KA/m
σm Magnet conductivity 0.67 MS/m
k f Slot �ll factor 0.5
f Stator frequency 50 Hz

per slot is maintained constant as well as the slot �ll factor so that each conductor cross-section
changes proportionally to p2/(Z× kw). The fundamental winding factor kw can be calculated
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easily based on the well-known relation [26]:

M f und =
3
π

kw

p
ZN0

3
I0 (1.60)

and given in Table 1.3 for various Z-slot/2p-pole con�guration. Only values for which 1
4 < q < 1

2

are displayed since this criterion brings to an acceptable winding factor (i.e. grater than 0.7). Hence
a constant conductor current density for all slot-pole combinations can be achieved by imposing a
phase current equal to 3× 4.4p2/(Z× kw)A. Consequently, the fundamental of the �ux density
due to the armature reaction does not change which can be written as:

Bs, f und = µ0
M f und

g
= µ0

3
π

kw

gp
ZN0

3
I0 (1.61)

where µ0 = 4π10−7 is the permeability of air and M f und is substituted by (1.60). Substituting
the expression of the phase current I0 into (1.61), it is clear that Bs, f und is independent of both Z
and p.
Besides, by keeping permanent magnet coercive force constant and changing both permanent mag-
net height and air-gap width proportionally to p, the �ux density amplitude due to permanent
magnet remains the same regardless of p.

Table 1.3: Winding factor for di�erent slot/pole combinations. Only values for which con-
�gurations have 1

4 < q < 1
2 are shown.

Number of poles 2p
2 4 6 8 10 12 14 16 18 20 22 24

N
um

be
ro

fs
lo

ts
Z

3 0.866 0.866
6 0.866 0.866
9 0.866 0.945 0.945 0.866

12 0.866 0.933 0.933 0.866
15 0.866 X 0.951 0.951 X 0.866
18 0.866 0.902 0.945 0.945 0.902 0.866
21 0.866 0.890 X 0.953 0.953 X
24 0.866 X 0.933 0.949
27 0.866 0.877 0.915 0.945

1.5.2 Unbalanced magnetic pull minimization

1.5.2.1 Unbalanced magnetic pull: brief review

One important source of de�ection in rotating electric machines is the UMP. This phenomenon
can be described as an imbalance of the radial and tangential forces acting upon the rotor surface
such that a net radial force is developed pulling the rotor away from the stator bore axis [27]. It
can be a steady force in one direction, a rotating force vector (often at rotor rotational speed), or
a radial vibration [28]. These forces are usually due to rotor eccentricity which can be either static
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(misplaced rotor but still turning on its own axis maybe due to a misaligned or worn bearing) or
dynamic (rotor turning on the stator bore axis but not on its own axis maybe due to a bent shaft)
eccentricity [29, 30]. It can also arise due to asymmetries in the windings[31] or electric faults [32].
The study of such a parasitic phenomena is important because it e�ects the wear of the bearings
[33], causes noise and vibration [34] and under extreme conditions may lead to contact between
rotor and stator.
A good part of the literature associates UMP to large induction and synchronous machines to be
more subject to rotor eccentricity conditions and winding faults. However, smaller machines are
also susceptible to UMP even without rotor anomalies especially when FSCW machines are used
[35]. In fact, some particular Z-slots/2p-poles combinations create some substantial UMP even
when the rotor is perfectly centred [8] due to the interaction of induced space harmonics. Several
attempts have tackled the development of analytical models to identify the source of UMP in PM
motors in order to quantify the frequency of any vibrations coming from rotor misalignment or
star asymmetry and electrical faults. However, no attempts regarding the electrical machine op-
timization in terms of UMP limitation have been reported in the literature. With FSCW being
employed, the complexity of the harmonic spectrum of the air-gap �ux waves makes it necessary
the modelling and investigation of the e�ect of the harmonics on the UMP.
In the following, an identi�cation of FSCW SMP machines con�gurations susceptible to UMP
due to space harmonics interaction is presented. Then, the application of the optimization quadratic
algorithm from Section 1.4 on the identi�ed con�guration for the sake of UMP minimisation will
be explained.

1.5.2.2 Analytical formulation of the UPM force

UMP is generally calculated analytically by evaluating the global magnetic force that acts on the
rotor having an axial length L using the Maxwell’s stress tensor method [31]. In our case, a 2D
model of the machine is considered and the approximation for stress tensor applied on a closed
contour in the air-gap is adequate to evaluate the pull force. Thus, the force components Fx and
Fy can be computed by evaluating the following expressions along a surface of radius r in the middle
of the air-gap [31]:

Fx =
rL

2µ0

∫ 2π

0

[
(B2

ρ − B2
θ) cos θ + 2BρBθ sin θ

]
dθ (1.62)

Fy =
rL

2µ0

∫ 2π

0

[
(B2

ρ − B2
θ) sin θ − 2BρBθ cos θ

]
dθ (1.63)

where Bρ and Bθ are the normal and tangential components of the �ux density B. In many pub-
lications the tangential �ux density component is most of the time neglected since it is very small,
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thus it does not signi�cantly a�ect the pull. Equations (1.62) and (1.63) are then reduced to:

Fx =
rL

2µ0

∫ 2π

0
B2

ρ cos θ dθ (1.64)

Fy =
rL

2µ0

∫ 2π

0
B2

ρ sin θ dθ (1.65)

For a straightforward identi�cation of the space harmonics laying behind UMP generation, it is
su�cient to concentrate on the stator MMF harmonic spectrum to determine the machine con-
�gurations having UMP. For that, equation (1.18) can be implemented in (1.64) and (1.65) to allow
their formulation in terms of harmonic order n leading to the following expression of Fx:

Fx =
rLµ0

2g2

∫ 2π

0
[Re(Ms(θ, t))]2 cos θ dθ

=
rLµ0

2g2

∫ 2π

0

{
∑

n=1..∞
Re
[
m−n ei(ωt−nθ) + m+

n ei(ωt+nθ)
]}2

cos θ dθ

(1.66)

where g is the air-gap width. Fy is written in the same way as Fx by substituting the cos θ by sin θ.
According to [27], it is proved that UMP is generated by two air-gap �ux waves with pole pair
numbers di�ering by one . The relative velocity of the waves will determine the type of the pull
whether it is steady or dynamic force. Indeed, if the sum or di�erence of the two neighbour waves is
zero then it results in a steady pull in one radial direction. However, in our case, harmonic couples
generated by FSCW space harmonics have di�erent frequencies and are rotating in opposite direc-
tions. Thus the sum or di�erence of their velocities is non null giving the frequency of vibration
and resulting in a dynamic pull.

1.5.2.3 Identi�cation of harmonics causing UMP

In FSCW machines, even in absence of rotor eccentricity, radial forces may arise for some con�gu-
rations having diametrically asymmetric distribution [31]. More particularly con�gurations char-
acterized by slot/pole combinations in which the slot number Z and the number of poles 2p are
di�erent by one, i.e., 2p = Z ± 1 are characterized by asymmetric disposition of the stator slots
and coils [36]. Their corresponding winding distributions are more likely to produce space har-
monics with pole pairs di�ering by one leading to UMP generation.
For a more comprehensive investigation, the space harmonics spectrum of the 9 slots/6 poles-
machine as well as the 9 slots/8 poles-machine con�guration is presented in Figure 1.14. It can be
seen that, for the same number of slot Z = 9, while all harmonics of the 6-pole machine are sepa-
rate (Figure 1.14-(a)), the 8-pole machine (being 2p = Z− 1) have a harmonic spectrum where all
harmonic pole pairs di�er by one order and rotate in opposite directions (Figure 1.14-(b)). This cer-
tainly generates UMP which is mainly caused by the interaction between fundamental harmonic
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n = p = 4 and the one right next to it n = 5.

Figure 1.14: MMF stator Harmonic spectra for (a) 9 slots/6 poles and (b) 9 slots/8 poles
con�gurations.

Following the same reasoning, the harmonic spectrum for each FSCW SPM machine con�gu-
ration is determined (using (1.19) and (1.20)) and analysed to help identify the most problematic
slot/pole combination. Table 1.4 summarizes the UMP status for various machine con�gurations
based on the aforementioned harmonic spectrum analysis. Table cells marked by "X" refer to un-
conventional con�gurations which do not ful�ll the FSCW feasibility constraint (1.5), i.e. unfeasi-
ble with the classical star of slots method.
As can be clearly seen from Table 1.4, there are some other con�gurations besides those having Z
and 2p di�ering by one that can actually su�er from UMP mainly because of the diametrical asym-
metry of their windings, e.g. 21- slot/16-pole and 27-slot/20-pole con�gurations. Conversely, it
is noticeable that, for machines including a sequence of repeatable groups of coils and poles, the
UMP is null [37] such that the radial forces generated by all groups have zero sum for symmetry
reasons [36]. For example, it is well-known that 9-slot/8-pole combination su�ers from high UMP
since its con�guration lacks rotational symmetry. On the other side, negligible UMP is found
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Table 1.4: Summary of Z slots/ 2p poles combinations which present UMP based on stator
space harmonic spectra analysis.

Number of poles 2p
2 4 6 8 10 12 14 16 18 20 22

N
um

be
ro

fs
lo

ts
Z

3 UMP UMP
6 no UMP no UMP
9 no UMP UMP UMP no UMP

12 no UMP no UMP no UMP no UMP
15 no UMP X UMP UMP X no UMP
18 no UMP no UMP no UMP no UMP no UMP
21 no UMP UMP X UMP UMP
24 no UMP X no UMP no UMP
27 no UMP UMP UMP

for 18-slot/16-pole combination (double of 9-slot/8-pole machine), which enjoy a rotationally-
symmetric winding layout.

1.5.2.4 Identi�cation of optimizable con�gurations

One way to reduce the radial forces is to directly target the harmonics causing UMP. With the
machine con�gurations presenting UMP being identi�ed, it is easier to point out the machine
candidates suitable for quadratic optimization. To do so, it is important to verify that the space
harmonics to be minimized are not linked to the fundamental. Any reduction applied on the as-
sociated harmonics results in a direct proportional decrease in the fundamental harmonic. In fact,
all harmonic orders n are related if they satisfy the following relation:

n = pν± iZ f or i = 0, 1, 2, 3... (1.67)

where ν are the harmonic wave orders developed by a two-layer FSCW which can be expressed as
[38]:

ν =

± 1
η (6g + 2) i f η is even

± 1
η (6g + 1) i f η is odd

and g = 0,±1,±2,±3, ... (1.68)

where η being the denominator of the number of slots per pole per phase q (q = Z/(6p) =

z/η). For example, by observing the harmonic spectrum of the 9-slot/8-pole machine (Figure 1.14
(b)), it is clear that the most harmful harmonic in terms of UMP generation is the 5th harmonic
having the highest amplitude after the fundamental. However, based on (1.67) it is found that m+

5

and m−4 are linked which makes the 9-slot/8-pole con�guration unsuitable for optimization even
if it generates high pull. Unfortunately, this fact leads to limiting the range of possibly "optimiz-
able" con�gurations.
To validate the process, the UMP was calculated considering the various slot-pole combinations
adopted in Table 1.4. For each of them, a FSCW SPM machine is properly sized and modeled to
preserve the same fundamental �ux density to insure comparison consistency between the di�erent
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machine con�gurations [39]. These are then studied by time-stepping FEA simulating its steady-
state operation at rated current in the maximum-torque working point (i.e., with the armature
reaction fundamental aligned to the q axis). The speci�c UMP is then obtained in terms of maxi-
mum radial force acting on a cm2 of stator inner surface. Such a speci�c UMP constitutes a good
index for homogeneously comparing di�erent slot-pole combinations. The speci�c UMP values
obtained from the simulations are shown in Table 1.5.

Table 1.5: Speci�c UMP in [N/cm2] for di�erent Z slots/ 2p poles combinations.

Number of poles 2p
2 4 6 8 10 12 14 16 18 20 22 24

N
um

be
ro

fs
lo

ts
Z

3 1.67 4.52
6 0 0
9 0 3.96 1.65 0

12 0 0 0 0
15 0 X 5.59 0.98 X 0
18 0 0 0 0 0 0
21 0 0.16 X 7.86 0.67 X
24 0 X 0 0
27 0 1.75 0.1 0

The results shown in Table 1.5 are in accordance with the evaluation of Table 1.4. The known
fact of FSCW machines having a rotationally symmetric con�guration have practically zero UMP
in absence of rotor eccentricity has been con�rmed. This is also noted to occur for all the slot-pole
combinations for which Z and 2p are not relatively prime numbers. Unfortunately, con�gura-
tions having number of slots and number of poles di�ering by one have to be avoided even if they
exhibit the highest UPM because of the dependence of the harmful harmonics to the fundamen-
tal. The highlighted cells corresponding to the 21-slot/16-pole and 27-slot/20-pole con�gurations
are chosen as a subject of winding layout optimization through quadratic programming for UMP
minimization.

1.5.2.5 Application examples of the quadratic programming optimization

To verify the validity of quadratic programming in terms of UMP minimization, the problem (1.59)
is herein solved for the two example slot/pole combinations which are highlighted in 1.5 (the 21-
slot/16-pole and 27-slot/20-pole con�gurations). The dimensions of the example machines used
for each con�guration are built based on the scaling law presented in Figure 1.13 and their character-
istics follow the data displayed in Table 1.2. For illustrative purposes, the FSCW layouts resultant
from the conventional star of slot winding matrices (Figures 1.15-(a) and 1.16-(a)) for both con�g-
urations are displayed in Figures 1.15-(b) and 1.16-(b) as well as their corresponding MMF space
harmonic spectrum (Figures 1.15-(c) and 1.16-(c)).
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a)Winding matrix

Phases
a b c

To
ot

h
in

de
xk

0 100 0 0
1 0 100 0
2 0 −100 0
3 0 0 −100
4 −100 0 0
5 0 −100 0
6 0 100 0
7 0 0 100
8 100 0 0
9 −100 0 0

10 0 −100 0
11 0 0 −100
12 −100 0 0
13 100 0 0

145 0 100 0
15 0 0 100
16 0 0 −100
17 −100 0 0
15 0 −100 0
19 0 0 −100
20 0 0 100

Figure 1.15: 21-slot/16-pole FSCW con�guration: a) Winding matrix, b) winding layout
and c) space harmonic spectrum.

a)Winding matrix

Phases
a b c

To
ot

h
in

de
xk

0 100 0 0
1 0 100 0
2 0 0 100
3 0 0 −100
4 −100 0 0
5 0 −100 0
6 0 0 −100
7 0 0 100
8 100 0 0
9 0 100 0

10 0 0 100
11 100 0 0
12 −100 0 0
13 0 −100 0
14 0 0 −100
15 −100 0 0
16 100 0 0
17 0 100 0
18 0 0 100
19 100 0 0
20 0 100 0
21 0 −100 0
22 0 0 −100
23 −100 0 0
24 0 −100 0
25 0 100 0
26 0 0 100

Figure 1.16: 27-slot/20-pole FSCW con�guration: a) Winding matrix, b) winding layout
and c) space harmonic spectrum.
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For instance, Regarding the 21-slot/16-pole con�guration, it can be seen that the main gen-
erator of UMP are the fundamental harmonic (n = 8) and its adjacent one (n = 7). Another
relevant component of the pull is due to the 13th− 14th pair. Referring to (1.67), the minimization
can be performed on the problematic harmonic order which consequently leads to a proportional
decrease of the linked harmonics. Since the MMF fundamental has to be maximized, the 7th har-
monic is targeted in terms of minimization so that the objective function (1.47) is rewritten as:

fmin7(x) = xTQ+
7 x (1.69)

A similar objective function as (1.69) is employed for the case of the 27-slot/20-pole con�guration
acting on the 11th harmonic order as follows:

fmin11(x) = xTQ+
11x (1.70)

The quadratic algorithm is then solved as a single-objective problem under the linear con-
straints reported in (1.51), (1.53), (1.55) and (1.57). More particularly, while constraints (1.53), (1.55)
and (1.57) are unchanging regardless of the optimization step, the variable α in the constraint (1.51)
interpreting the applied decrease on MMF fundamental varies for each optimization iteration, i.e
α is set for each optimization iteration so that the quadratic program is solved while guaranteeing
the highest MMF fundamental amplitude. As a solution, the optimal winding vector is obtained,
and from this, the whole winding layout of the machine with the minimum UMP can be deter-
mined by means of (1.21). The winding layout obtained from each optimization step is then applied
to the sample SPM machine described in paragraph 1.5.1 and a time-stepping FEA simulations are
performed in order to extract the maximum radial force acting on the stator surface. By way of
illustration, the harmonic spectra generated by the improved winding layouts are illustrated by
superposition in Figures 1.17 and 1.18 to assess the e�ect of the optimization under several funda-
mental MMF amplitude constraints. From this it can be clearly seen that a very small decrease of
the fundamental MMF amplitude can lead to a signi�cant reduction of the problematic harmon-
ics subject of minimization. Furthermore, it can be con�rmed that this gradual decrease is actually
seen on the harmonics which are linked by the relation 1.67 in the same proportion.

For the sake of evaluation, the Pareto fronts resulting from the optimization sequence ap-
plied on the 21-slot/16-pole and the 27-slot/20-pole con�gurations illustrating the variation of
the UMP with respect to the MMF fundamental percentage are illustrated in �gures 1.19 and 1.20
respectively. For each optimization iteration, the MMF fundamental is decreased by 0.1% for both
study cases. The minimum UMP is obtained for a fundamental reductions of 2.1% and 2.4% for
the 21-slot/16-pole and the 27-slot/20-pole con�gurations respectively.

For a better visualization of the optimization e�ect on the UMP, the radial force components
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Figure 1.17: Superposition of harmonic spectra corresponding to di�erent optimization
steps of the 21-slot/16-pole FSCW con�guration.

Figure 1.18: Superposition of harmonic spectra corresponding to di�erent optimization
steps of the 27-slot/20-pole FSCW con�guration.
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Figure 1.19: Pareto front of the UMP relative variation under quadratic optimization with
the minimization of the 7th harmonic as objective function .

Figure 1.20: Pareto front of the UMP relative variation under quadratic optimization with
the minimization of the 11th harmonic as objective function .

Fx and Fy are extracted for each angular position of the rotor obtained from a sequence of magneto-
static FEA simulations forming the UMP trajectory. Such trajectories are compared in Figures 1.21
and 1.22 for a selection of optimization iterations for both studied FSCW con�gurations.

It can be clearly seen from Figures 1.21 and 1.22 that starting from the conventional star of slot
winding con�gurations (corresponding to 100% fundamental MMF) down to 97.9% fundamen-
tal MMF, the area created by the UMP trajectory drastically shrinks which implies a signi�cant
decrease of the maximum radial force under the e�ect of the optimization. Indeed, as it can be
drawn out from the Pareto front in Figure 1.19, a slight decrease of the fundamental MMF of just
2.1% has led to an important reduction of the maximum UMP force of 82%. This behaviour is
similarly observed for the 27-slot/20-pole con�guration in Figure 1.20 where a small decrease of
2.4% of the fundamental MMF engenders a depletion of 87.73% of the maximum radial force.
The winding matrices of the optimal solutions for both con�gurations under study are presented
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Figure 1.21: Normalized UMP trajectory of the 21-slot/16-pole FSCW con�guration for
di�erent optimization iterations, the green line refers to the maximum pull force.

Figure 1.22: Normalized UMP trajectory of the 27-slot/20-pole FSCW con�guration for
di�erent optimization iterations, the green line refers to the maximum pull force.
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in Figures 1.23 and 1.24 together with their winding layouts and their resultant space harmonic
spectra. Looking at Figures 1.23 and 1.24, it appears that the minimization of the problematic har-

a)Winding matrix

Phases
a b c

To
ot

h
in

de
xk

0 0 −100 0
1 0 0 −100
2 −94 0 6
3 100 0 0
4 0 100 0
5 0 −94 6
6 0 0 −100
7 −100 0 0
8 0 −100 0
9 0 6 −94

10 0 0 100
11 100 0 100
12 −94 6 0
13 0 −100 0
14 0 0 −100
15 −100 0 0
16 6 −64 0
17 0 100 0
15 0 0 100
19 6 0 −94
20 −100 0 0

Figure 1.23: 21-slot/16-pole FSCW optimized con�guration corresponding to 97.9 % of
fundamental MMF: a) Winding matrix, b) winding layout, and c) space harmonic spec-

trum.

monics is achieved, at the expense of a lowered MMF fundamental, paying the toll of an increased
winding complexity as shown in Figures 1.23, 1.24 (a) and (b). The increasing complexity is due to
the growth in the number of layers and di�erent coil sizes to be included in the winding design.
In fact, the winding structure identi�ed as "optimal" from UMP minimization viewpoint presents
two coils of di�erent size with an equal size which are wound around some of the teeth (e.g. #2, #5,
#9... for the 21-slot/16-pole con�guration). These winding layouts has been never reported in the
previous literature, to the author’s knowledge, and seems to represent the best solutions for the 21-
slot/16-pole and the 27-slot/20-pole con�guration FSCW example taken into account in terms of
UMP minimization. However, while aiming at diminishing the targeted harmonics, some others
arise with a certain proportion to compensate the imposed de�cit of the �eld as can be deduced
from Figures 1.17 and 1.18. This increase in amplitude occurring for certain harmonics does not
seem problematic in terms of UMP generation until it reaches a certain step from which the UMP
starts to rise again (Figures 1.17 and 1.18) which is probably due to the emergence of new harmon-
ics. Another e�ect of the optimization approach can be noticed looking at Figure 1.24-(c) which
shows the appearance of harmonics with the same order but rotating in di�erent directions (e.g.
harmonic #7, #13,... for the 27-slot/20-pole con�guration. This phenomena does not seem to have
a negative impact on the performance of the machine regarding the UMP generation however it
may cause other issues that needs to be studied and taken into account (e.g. generation of torque
ripple).
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a)Winding matrix

Phases
a b c

To
ot

h
in

de
xk

0 100 0 0
1 0 100 0
2 0 −68 32
3 26 0 −74
4 −100 0 0
5 0 −100 0
6 0 37 −63
7 −100 0 0
8 100 0 0
9 0 100 0

10 0 0 100
11 0 0 −100
12 −74 26 0
13 0 −100 0
14 0 0 −100
15 −74 0 26
16 0 −100 0
17 0 100 0
18 0 0 100
19 100 0 0
20 −100 0 0
21 0 −63 37
22 0 0 −100
23 −100 0 0
24 26 −74 0
25 0 32 −68
26 0 0 100

Figure 1.24: 27-slot/20-pole FSCW optimized con�guration corresponding to 97.6 % of
fundamental MMF: a) winding matrix, b) winding layout and c) space harmonic spectrum.

1.5.3 Torque ripple minimization

1.5.3.1 A brief review on torque ripple minimization techniques

Working on FSCW machines can be challenging given the type of winding topology which suf-
fers from rich MMF space harmonic content causing additional parasite e�ect. For example, an
improper slot/pole combination with inconvenient winding choice can create a very high har-
monic content generating an excessive torque ripple. This could be unallowable especially for some
speci�c applications such as electrical power steering systems, servo motors and direct-drive wind
power generators for which a very low torque ripple is required [2, 40]. Two main components of
torque pulsation can be de�ned as follows:

• cogging torque, caused by the magnetic interaction between the rotor PMs and stator slotted
iron structure,

• torque ripple, which occurs as a result of the interaction between the rotor �eld distribu-
tion and the armature MMF distribution. In SPM motors with FSCW stator topology, the
probability of interaction of the stator MMF space harmonics with the rotor �eld is even
more frequent due to the high harmonic content of the stator’s winding.

For that it exists an extensive literature with various techniques for minimizing torque pulsation
for this type of machine. It can be found that some researchers dealt with the torque pulsation
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problem from the control view-point [41, 42] while some others rely on machine design concepts
[43–47].

For example, the third harmonic has gained wide applications in the machine control and even
in the machine design for ameliorating the quality of the output torque. In [41, 42], third har-
monic currents which interacts with the third harmonic electromotive force (EMF) was injected
to the windings of a multiphase machine to improve the torque capability in multi-phase machine.
In three phase machines the third harmonic current cannot be injected. Alternatively, a radial sine-
shaped PM with additional third order harmonic is used to reduce the torque ripple [43]. The
existence of the third harmonic improves the fundamental in the magnetic loading, which is anal-
ogous to the third-harmonic current injection in the motor drive. However, the radial pole-shaping
have negative impact on the torque production and shows some residual torque ripple with vulner-
ability to demagnetization near the magnet edge. Axial magnet shaping technique was proposed
in [44] to overcome the demagnetization issue and preserve the magnet thickness in the radial di-
rection while achieving high torque density with essentially zero torque pulsation. In spite of its
advantages, PM shaping method adds more complication to the design of the machine which in-
creases the manufacturing cost, reduces the yield of the material and decreases in anyway the output
average torque.

Skewing is another e�ective method to suppress the torque ripple [45]. However, a minimal
skewing stacks are generally adopted in industrial application designs given the complexity of the
manufacturing process. Consequently, the practical e�ectiveness of this method could be limited.
Furthermore, even if it is su�cient to cancel cogging torque, skewing technique in not appropriate
for the reduction of harmonics causing electromagnetic torque ripple in FSCW SPM machines.

From the stator side, it was proven that; with a proper modi�cation of some geometrical param-
eters and winding layout; a reduction of some harmonic orders of the stator �eld lying behind the
generation of torque ripple could be achieved. For example, unequal teeth width design is proposed
to reduce the sixth order torque variation of 12-slot/10-pole FSCW machine [46]. The teeth width
adjustment method aims at decreasing the e�ect of local saturation in the stator caused by the non-
symmetrical peak �ux density distributions in the stator teeth which can produce some high-order
harmonics in the SPM machine torque. However, the main disadvantage of this method is that it
decreases the ripple only at the maximum torque per ampere (MTPA) point whereas for other loads
it is not e�ective. It could be noted that the majority of the previously mentioned torque pulsation
minimization technique were based on machine design concepts which inevitably complicate the
manufacturing process.

To avoid complexity in the motor design, several provisions have been proposed in the literature
dealing with FSCW winding layout to act on the MMF harmonic content in order to reduce the
e�ect of harmful harmonics generating torque pulsation. In [10], a space shifted star-delta winding
is proposed to minimize the interactive space harmonics and on-load cogging torque associated in
12-slot/10-pole FSCW machine to improve the torque quality. this strategy can achieve better ripple
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performance depending on the slot/pole combination without having any complex magnet shapes
in the rotor. However, the torque producing component is also reduced by 10 to 12%.

Lately, the adoption of multi-layer arrangements has been considered as a promising method
widely introduced in the literature to lower or even cancel the FSCW MMF harmonics causing
torque perturbations [12, 15, 16]. As a study case and for the sake of torque ripple minimization, a
four layer FSCW with unequal coils has been proposed in [16] for a 12-slot/10-pole IPM machine to
reduce armature reaction induce space harmonics. However, to achieve a minimum torque ripple
using this method, winding optimization was allied with a rotor �ux barrier optimization in order
to achieve a ripple reduction of 1.4% with the expense of an average torque decrease of 7%. Whereas
the aforementioned method adopted multi-layer technique from the stator side, the optimization
focused on IPM machines topology which has di�erent behaviour toward torque ripple generation
compared to SPM machines.

On the other hand, it is not certain that the proposed multilayer winding solutions can be
considered as "optimal" in terms of reducing torque pulsations or if they can be actually further
improved through some di�erent changes in the stator winding layout. For this purpose, the po-
tentiality of the quadratic optimization approach previously introduced will be evaluated in what
follows in terms of torque pulsation reduction for di�erent slot-pole combinations of FSCW SPM
machines. The most problematic con�guration producing the highest torque ripple will be directly
targeted for which an optimal solution can be generated.

1.5.3.2 Torque analytical formulation in SPM machines

Generally SPM machines are fed by sinusoidal current source to have ideal ripple free torque. How-
ever the distortion from the ideal condition results in torque pulsation. One way to compute ana-
lytically the machine torque in load condition is to apply Lorentz force law along the air gap surface
which leads to an expression of the instantaneous total electromagnetic torque as [48]:

Tem = RmedL
∫ 2π

0
Bgap dMs

= p
µ0

g
RmedL

∫ 2π

0
(Mr + Ms)

dMs

dθ
dθ

= p
µ0

g
RmedL

{∫ 2π

0
Mr

dMs

dθ
dθ +

∫ 2π

0
Ms

dMs

dθ
dθ

} (1.71)

where Rmed is the air-gap radius, Bgap is the air-gap �ux density and Ms and Mr are the stator and
the rotor MMF contributions respectively referring to equations (1.18) and (1.46). It follows from
the machine periodicity that

∫ 2π

0
Ms

dMs

dθ
dθ =

[
1
2

M2
s (θ)

]2π

0
= 0 (1.72)
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On the other hand, to facilitate the computation, it is convenient to substitute the term
dMs

dθ
by

its Fourier expansion by applying the spatial derivative on equation (1.18) which can be computed
as follows:

dMs

dθ
= ∑

n=1..∞
−n|m−n |sin(ωt− nθ + arg(m−n )) + n|m+

n |sin(ωt + nθ + arg(m+
n ))

= ∑
n=1..∞

∓n|m∓n |sin(ωt∓ nθ + arg(m∓n ))

(1.73)

Replacing
dMs

dθ
and Mr in (1.71) by their Fourier expansions from (1.73) and (1.46) yields to the

reformulation of the electromagnetic torque equation:

Tem(t) = A ∑
n=1,3,5..

n|m∓n |mr,n sin ((n± 1)ωt + arg(m∓n )) (1.74)

where
A = p

µ0

g
RmedLπ (1.75)

By separating the fundamental from the harmonic components and considering the �rst har-
monic as the fundamental component, it is possible to de�ne the average torque Tem,1 as

Tem,1 = A|m−1 |mr,1 sin (arg(m∓1 )) (1.76)

and the ripple torque by

Tripple = A ∑
h=6n±1
n=1,2,3..

h|m∓h |mr,h sin ((h± 1)ωt + arg(m∓h )) (1.77)

Using (1.76) and (1.77), the ratio of the ripple torque to the average torque is

Tripple

Tem,1
=

1
sin(arg(m∓n ))

∑
h=6n±1
n=1,2,3..

h

(
|m∓h |
|m−1 |

)(
mr,h

mr,1

)
sin ((h± 1)ωt + arg(m∓h )) (1.78)

From this compact expression it can be clearly proved that the torque ripple is the result of the
interaction between the stator and the rotor MMF harmonics of the same order. Based on this for-
mulation and under the idealized assumption of no magnetic saturation and no slotting e�ect, an
analytical Torque Ripple Index (TRI) re�ecting the amplitude of the torque ripple can be de�ned
as follows:

TRI = ∑
h=6n±1
n=1,2,3..

h

(
|m∓h |
|m−1 |

)(
mr,h

mr,1

)
(1.79)
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This tool can be used analytically to compare the ripple performance among various designs. With
FSCW SPM machines being considered, the TRI can be a very useful tool to identify the con�g-
urations susceptible to generate torque ripple since it allows a straightforward prediction of the
torque pulsation based on the space harmonic spectra of both the rotor and stator while avoiding
the use of time consuming FEA simulations.

1.5.3.3 The cogging torque

The cogging torque in SPM machines is known to be independent from the winding layout. It
is due to the position dependent reluctance variation and interaction between the PM �ux with
the stator lamination. However, it strongly depends on slot-pole combination, as well as on other
design features like the slot opening width, the magnet to pole span ratio and the stator or rotor
skew [45].
The cogging torque of a motor can be assumed as the summation of the interactions of each edge
of the rotor PMs with the slot openings which can be expressed as [10]:

Tcogging(θ) =
∞

∑
n=1

Tc,n cos(nZθ) (1.80)

where Tc,n is the amplitude of the cogging torque components at the nth cogging frequency. With
special regard to the slot-pole combination, it is proved that the cogging torque is proportional to
the following parameter [49]:

CT =
Z× 2p

LCM(Z, 2p)
(1.81)

where LCM(Z, 2p) is the least common multiple of Z and 2p. The amplitude of the cogging
torque goes down as LCM(Z, 2p) increases. Slot pole combinations characterized by a large CT

are unfavourable in terms of cogging torque, while those having CT = 1 (The lowest possible
value) are preferred.
Since the adopted optimization technique acts principally on the winding arrangement, the cog-
ging torque will not be a�ected. In other words, changing the winding layout will solely in�uence
the space harmonic distribution along the airgap. Hence, the cogging torque will not be consid-
ered in the optimization procedure. In what follows, the TRI will be considered as an adequate
tool to identify the machine con�gurations su�ering from high torque pulsations.

1.5.3.4 Identi�cation of torque ripple sources in FSCW SPM machines

Based on the TRI previously presented in (1.79), it is possible to evaluate the behaviour of di�erent
slot/pole combinations in terms of torque pulsation. For a more comprehensive comparison, the
TRI for several FSCW SPM con�gurations is calculated and presented in Table 1.6. In order to
identify the machine con�gurations suitable for optimization by quadratic programming, a �rst
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Table 1.6: Torque Ripple Index (TRI) for di�erent Z slots/ 2p poles combinations.

Number of poles 2p
2 4 6 8 10 12 14 16 18 20 22 24

N
um

be
ro

fs
lo

ts
Z

3 0.631 0.451
6 0.451 0.367
9 0.407 0.039 0.035 0.308

12 0.367 0.022 0.022 0.185
15 0.308 X 0.048 0.034 X 0.185
18 0.308 0.026 0.027 0.027 0 0
21 0.308 0.012 X 0.035 0 X
24 0.185 X 0.013 0
27 0.185 0.018 0 0

check on the stator MMF space harmonics interdependence is made for each machine con�gura-
tion based on (1.67). The highlighted cells of Table 1.6 correspond to the slot/pole combinations
presenting stator MMF harmonics which are not linked to the fundamental harmonic. These con-
�gurations are referred to by "optimizable".Thus, acting on these harmonics can be feasible without
a�ecting the average torque which is directly dependent on the fundamental component.
A second step is to identify which are the harmonics directly responsible for generating torque
ripple, i.e. the ones interacting with the rotor harmonics. The cancellation or reduction of these
problematic harmonics will help reducing the torque ripple. Table 1.6 gives an idea of how much
ripple can a certain slot/pole combination present from which we can notice that the "optimizable"
con�gurations are not necessarily the ones having the highest torque ripple. Indeed, it can emerge
that the con�gurations that may present low torque ripple are those characterized by a close num-
ber of slots and number of poles. Moreover, it can be also noticed that the higher are 2p and Z
the less is the generated torque ripple. Unfortunately, it can be deduced from the identi�cation
process that con�gurations su�ering from the highest torque ripple are excluded from the range
of possible "optimizable" con�gurations.

For illustrative purposes, a comparison of rotor and stator harmonic spectra for the 9-slot/6-
pole, 9-slot/8-pole and the 12-slot/10-pole con�gurations are presented in Figure 1.26. For the sake
of a clearer explanation, the common order harmonics between the rotor and stator spectra are
highlighted. For example, by looking at Figure 1.26-(a) of the the 9-slot/6-pole machine harmonic
spectrum, it can be seen that the 15th and 21th orders present common harmonics between ro-
tor and stator characterised by a signi�cant amplitude and producing a 6th order ripple (which
can be shown by its corresponding torque waveform in red in Figure 1.25 presenting 3 periods of
pulsation during half of the machine electrical period). However, these harmonics cannot be mini-
mized since they are connected to the fundamental harmonic, thus the 9-slot/6-pole con�guration
will not be considered for the optimization. In the other hand, by looking at Figure 1.26-(b), the
20th harmonic order of the 9-slot/8-pole which contributes to creating torque ripple is actually
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independent from the fundamental harmonic. This fact makes it possible to consider the afore-
mentioned con�guration as suitable candidate with regard to quadratic optimization.

Figure 1.25: Torque waveforms for three di�erent FSCW machine con�gurations: 9-slot/6-
pole (red), 9-slot/8-pole (blue), and 12-slot/10-pole (green).

It is worth noting that, even if one machine con�guration is regarded as "optimizable", it may
present torque ripple which is caused by harmonic orders that are related to the fundamental, hence
cannot be minimized. In fact, referring to Figure 1.26-(c), the 6th and 12th order variations in the
torque of the 12-slot/10-pole machine are due to the interaction of common space harmonics of
25th, 35th, 55th and 65th orders which exist in both rotor and stator MMFs. However it can be
clearly seen from Figure 1.25 that the 12th order variation is the one characterizing the torque pulsa-
tion. This can prove the fact that higher order MMF harmonic components can disproportionately
contribute to the torque ripple amplitude. Mathematically speaking, as noted in (1.78), the di�er-
entiation operation causes each stator MMF harmonic m∓h to be ampli�ed by its harmonic order h.

Based on the previously explained identi�cation process, The FSCW SPM machine con�gura-
tions suitable for optimization can be easily determined. To assess the applicability of the quadratic
programming, the 9-slot/8-pole con�guration is chosen in what follows to be the object of opti-
mization in terms of torque ripple minimization.
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Figure 1.26: comparison of rotor and stator harmonic spectra of several FSCW con�gura-
tions: a) 9-slot/6-pole con�guration, b) 9-slot/8-pole con�guration, and c) 12-slot/10-pole

con�guration.
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1.5.3.5 Application example of the quadratic programming optimization

An application example is illustrated for the proposed algorithm (in section 1.4) to the 9-slot/8-
pole FSCW SPM machine characterized by the data listed in Table 1.7. The same optimization

Table 1.7: Characteristic data of the example 9-slot/8-pole FSCW machine

Z Number of slots 9 N0 Maximum number of turns per coil 100
p Number of pole pair 4 I0 Peak value of stator current 8 A
Rs Stator bore radius 55 mm f Stator frequency 50Hz
hm PM height 4 mm µ0 Magnet permeability 4π10−7 H/m
g Air gap width 2 mm σm Magnet electrical conductivity 0.667 MS/m
L Core length 85 mm cm Magnet to pole span ratio 0.95
Hc Magnet coercivity 850 A/mm k f slot �ll factor 0.5

methodology adopted in paragraph 1.5.2.5 for the sake of UMP minimization will be followed here
to reduce the torque pulsation. Based on the spectrum analysis previously performed in 1.5.3.4 and
looking at Figure 1.26-(b), the source of torque ripple generator has already been identi�ed which
mainly corresponds to the 20th space harmonic order. For illustrative purposes, the minimization
will be performed on the 2nd sub-harmonic for the sake of a clear visualization of the optimization
e�ect on the space harmonic spectrum. In fact, referring to (1.67), the 2nd and the 20th harmonics
are actually linked so that both of them are e�ected proportionally. Thus, the quadratic program-
ming problem is implemented and solved considering the following objective function:

fmin2 = xTQ+
2 x (1.82)

under the linear constraints reported in (1.51), (1.53), (1.55) and (1.57). For each optimization itera-
tion, a 1% decrease of the fundamental MMF is performed and the corresponding winding vector
is obtained as a solution from which the winding design can be determined by means of (1.21).

In order to evaluate the performance of the various optimization solutions in terms of torque
pulsation, the winding layouts resultant from optimization process are applied to the example ma-
chine model which characteristics are presented in Table 1.7 and a time stepping FEA simulations
are performed. For each winding design, the machine model is built and a simulation at steady state
is performed at the maximum torque working point. The torque waveform is then extracted as well
the ripple and the average torque. For a comprehensive comparison, the percentage of torque ripple
for each design solution is calculated based on the FEA simulation results following the relation:

Torque Ripple =
Tp−p

Tavg
× 100 % (1.83)

where Tp−p is the peak-to-peak torque and Tavg is the average torque. The Pareto front illustrated
in Figure 1.27 summarizes the variation of the torque pulsation under the e�ect of quadratic opti-
mization. FEA-based torque ripple results variation is presented together with the analytical TRI
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for each optimization step. It clearly emerges that both analytical and FEA analytical results show
the same behaviour under the e�ect of MMF fundamental decrease. This assessment demonstrates
the e�ectiveness of the TRI as a straightforward analytical tool in predicting the torque ripple
behaviour without relying on time consuming FEA simulations. The gap between the resultant
curves is due to the e�ect of cogging torque which is not taken into account in the analytical TRI
formulation.

Figure 1.27: Pareto front of the torque ripple relative variation subject to quadratic opti-
mization with the minimization of the 2nd sub-harmonic as objective function.

Based on Figure 1.27, it appears that the torque ripple reduction from 4.5% to 0.7% can be
achieved at the expense of 5% fundamental MMF decrease. For the sake of a clearer evaluation,
The resultant stator MMF harmonic spectra for each optimization solution are superimposed in
Figure 1.28. This latter con�rms that the small reduction of 5% on the fundamental MMF (there-
fore a decrease in the average torque by the same percentage (Figure 1.29)) engenders a signi�cant
reduction on the problematic harmonic (n = 20) resulting in a decrease of 84.4% in the torque
ripple.
The winding matrices and their corresponding winding layouts of the conventional star of slots
and the optimal solution are displayed in Figure 1.30. A comparison between the harmonic spectra
of the conventional star of slots machine and the optimal machine solution is illustrated in Fig-
ure 1.27. By comparing the torque performance of the studied machine for both conventional and
optimized cases (Figure 1.32), it can be clearly deduced that employing the "optimal" multilayer
con�guration (Figure 1.30-(d)) yields to almost cancelling the torque ripple.
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Figure 1.28: Superposition of harmonic spectra corresponding to di�erent design con�g-
urations explored throughout the optimization for torque ripple reduction of the 9-slot/8-

pole machine con�guration.

Figure 1.29: Average torque corresponding to di�erent winding design solutions of the
optimization.

1.5.4 Magnet eddy current losses minimisation

1.5.4.1 Rotor losses in FSCW SPM machines: brief review

Permanent-magnet losses minimization is one of the most common targets in the optimized design
of PM machines with FSCWs. Potentially dangerous eddy currents, chich act as a possible cause for
overheating and demagnetization, are mainly produced in permanent magnets by sub-harmonics
[50, 51]. Among the several models proposed for the study of rotor losses, the analytical models are
preferred to FEA models, which are very time consuming. Analytical methods have been proposed
in the literature for computing PM losses in FSCW PM machines where the model of the machine
is generally simpli�ed where the rotor is formed by layers of homogeneous materials [52–54]. In
spite of the simplicity of the geometry, the analytical models provide a favorable comparison among
di�erent solutions. In fact, a rapid estimation of the rotor losses is a key issue in any process design
since it allows to decide for the viability of of the studied machine design as well as settling for a
better choice of slots/ poles combination.
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a) Conventional winding matrix

Tooth index k
0 1 2 3 4 5 6 7 8

Ph
as

es a 100 −100 0 0 0 0 0 0 −100
b 0 0 −100 100 −100 0 0 0 0
c 0 0 0 0 0 −100 100 −100 0

b) Optimized winding matrix

Tooth index k
0 1 2 3 4 5 6 7 8

Ph
as

es a 41 0 0 0 0 41 −59 100 −59
b −59 100 −59 41 0 0 0 0 41
c 0 0 41 −59 100 −59 41 0 0

Figure 1.30: Winding matrices and winding layouts of both conventional and optimized
9-slot/8-pole FSCW SPM machine con�guration; (a) Conventional winding matrix, (b)
Optimized winding matrix (95% Fundamental MMF), (c) conventional winding layout cor-
responding to the winding matrix presented in (a), and (d) optimized winding layout cor-

responding to the winding matrix presented in (b).

Figure 1.31: MMF space harmonic spectra of the 9-slot/8pole FSCW machine con�gura-
tion: a) conventional star of slot winding machine, b) optimized winding machine corre-

sponding to 95% of MMF fundamental.
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Figure 1.32: Comparison of the 9-slot/8-pole FSCW machine con�guration torque wave-
forms of the conventional winding con�guration (100 % fundamental MMF) and the "op-

timal" one (95% fundamental MMF).

More speci�cally, the problem has been often addressed through conformal mapping trans-
formation leading to a linear geometry for the air-gap [53, 54]. However, the use of conformal
transformations for energy or loss computation may introduce some inaccuracies [55]. For this
reason, a simple annular air-gap model is proposed in [20] to be used for the formulation on an
analytical expression for PM eddy-current losses estimation. Actually, it is important to have a fast
but accurate formula that expresses the eddy-current losses produced in the magnets by each of
the stator MMF space harmonic. This is particularly useful to be implemented into the quadratic
optimization algorithm as it can allow a direct action on each single space harmonic to limit its
parasitic e�ect.

In what follows, the analytical model to compute rotor losses under the e�ect of stator space
harmonics is described and its application on di�erent slot/ pole con�gurations is be performed.
Then, an application of the quadratic programming with the aim of minimizing the magnet eddy-
current losses is executed and results is validated with FEA simulations.

1.5.4.2 Analytical model for magnet losses computation

In this part, an analytical formulation to evaluate the magnet losses taking into account the stator
space harmonics is developed. To simplify the process, the following assumptions are adopted as it
is shown in Figure 1.33:

• the rotor magnets are modeled as a continuous annulus with a magnetic permeability µm

and electric conductivity σm,

• the stator slotting e�ect is neglected,

• stator and rotor cores are assumed in�nitely permeable,

• a rotor attached polar reference frame characterized by coordinates (r, θr) is introduced.
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Figure 1.33: Simpli�ed model for the analysis of magnet eddy-current losses due to air-gap
MMF harmonics.

The angular position θ of a generic point P in the stator reference frame is written with respect to
the rotor reference frame such that:

θ = θr +
ω

p
t (1.84)

By substituting (1.84) in (1.18), the expression of the stator MMF in the rotor reference frame can
be rewritten as follows:

Ms(θr +
ω

p
t, t) = Re

{
∑

n=1..∞

[
m−n ei(ω(1− n

p )t−nθr) + m+
n ei(ω(1+ n

p )t+nθr)
]}

(1.85)

Since slotting e�ect is not considered, the stator MMF is represented by an equivalent linear current
distribution λ(θr, t) spread around the stator bore as shown in Figure 1.33, such that [23]:

λ(θr, t) =
1
Rs

∂

∂θr
Ms

(
θr +

ω

p
t, t
)

(1.86)

This naturally imposes a tangential component of the air-gap magnetic �eld at r = Rs given by:

Hθ(θr, t)|r=Rs = λ(θr, t)

=
1
Rs

Re

{
∑

n=1..∞

[
−nm−n ei(ω(1− n

p )t−nθr) + nm+
n ei(ω(1+ n

p )t+nθr)
]} (1.87)

Such magnetic �eld can be expressed by the following compact complex phasors function of θr as:

Hθ(θr)|r=Rs = ±
1
Rs

Re ∑
n=1..∞

nm±n e±inθr (1.88)

associated to the rotor frequency:
ω±n = ω(1± n

p
) (1.89)
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In order to have a generic analytical formulation which takes into account every harmonic order
n associated to the rotor frequency ω±n , two complex vector potentials U±n and V±n produced
respectively in the air-gap and the PM regions. These two vector potentials obey to the following
Laplace’s and Helmholtz’s di�erential equations [56]:

∂2U±n
∂r2 +

1
r

∂U±n
∂r

+
1
r2

∂2U±n
∂θ2

r
= 0, Rm ≤ r ≤ Rs (1.90)

∂2V±n
∂r2 +

1
r

∂V±n
∂r

+
1
r2

∂2V±n
∂θ2

r
= iω±n µmσmV±n , Rr ≤ r ≤ Rm (1.91)

where Rr and Rm and Rs are the radii shown in Figure 1.33. Using the method of separation of
variables, the general solutions for (1.90) and (1.91) can be expressed in the from below [56]:

U±n (r, θr) = (A±n rn + B−n
n )e±inθr (1.92)

V±n (r, θr) = (C±n Jn(κ
±
n rn) + D±n Yn(κ

±
n rn))e±inθr (1.93)

where Jn and Yn are the nth-order Bessel functions of the �rst and second kind; A±n , B±n , C±n and
D±n are complex coe�cients depending on the boundary conditions; κ±n is a complex coe�cient
such that (κ±n )2 = −iσmµ0ω±n .
Thanks to the relationship between the �ux density and the magnetic vector potential and by ap-
plying the appropriate boundary conditions, the following relationships can be established:

− 1
µ0

∂U±n
∂r

∣∣∣∣
r=Rs

= ± 1
Rs

nm±n e±inθr (1.94)

∂U±n
∂θr

∣∣∣∣
r=Rm

=
∂V±n
∂θr

∣∣∣∣
r=Rm

,
∂U±n

∂r

∣∣∣∣
r=Rm

=
∂V±n

∂r

∣∣∣∣
r=Rm

(1.95)

∂V±n
∂r

∣∣∣∣
r=Rr

= 0 (1.96)

where (1.94) imposes the magnetic �eld tangential component along the stator bore r = Rs to
be equal to the one given by (1.88); (1.95) imposes the continuity of the �eld radial and tangential
components across the boundary (r = Rm) between the air-gap and the magnet regions; (1.96)
interprets that the �eld is purely radial on the rotor bore (r = Rr) given the assumption of in�-
nite permeability of the rotor core. By substituting (1.92) and (1.93) in (1.94)-(1.95), a linear set of
equations is obtained from which the coe�cients C±n and D±n are determined as follows:

C±n = −2iµ0nφ±n m±n
∆±n RsR2

m
(1.97)
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D±n =
2iµ0nε±n m±n

∆±n RsR2
m

(1.98)

where ε±n , φ±n and ∆±n are de�ned by:

∆±n =(β±n ε±n − α±n φ±n − iδ±n ε±n + iχ±n φ±n )Rn−1
s R−n−1

m

+ (α±n φ±n − β±n ε±n − iδ±n ε±n + iχ±n φ±n )Rn−1
m R−n−1

s

(1.99)

α±n = inJn(κ
±
n Rm)R−1

m (1.100)

β±n = −inYn(κ
±
n Rm)R−1

m (1.101)

χ±n = −κ±n Jn+1(κ
±
n Rm) + nR−1

m Jn(κ
±
n Rm) (1.102)

δ±n = −κ±n Yn+1(κ
±
n Rm) + nR−1

m Yn(κ
±
n Rm) (1.103)

δ±n = κ±n Jn+1(κ
±
n Rr)− nR−1

r Jn(κ
±
n Rr) (1.104)

δ±n = κ±n Yn+1(κ
±
n Rr)− nR−1

r Yn(κ
±
n Rr) (1.105)

Once the vector potential (1.93) in the magnet region is evaluated, the eddy-current density phasor
j±n in the magnets due to the nth harmonic order can be expressed as [56]:

j±n (r, θr) = −iω±n σV±n (r, θr) (1.106)

The eddy-current losses P±n in the magnet region due to the nth order of harmonic will then be:

P±n =
L

2σ

∫ 2π

0

∫ Rm

Rr

∣∣j±n (r, θr)
∣∣2 rdrdθ

= πLω±2
n σ

∫ Rm

Rr

∣∣C±n Jn(κ
±
n rn) + D±n Yn(κ

±
n rn)

∣∣2 rdr
(1.107)

By substituting (1.97) and (1.98) in (1.107), the following expression can be obtained:

P±n =
4πµ2

0n2Lω±2
n σm

R4
mR2

s |∆±n |2
|m±n |2

∫ Rm

Rr

∣∣ε±n Yn(κ
±
n r)− φ±n Jn(κ

±
n r)
∣∣ rdr

= p±n |m±n |2
(1.108)

where p±n gives the losses coe�cients due to the nth MMF harmonic order associated to the rotor
frequency ω±n and having a unit magnitude such as:

p±n =
4πµ2

0n2Lω±2
n σm

R4
mR2

s |∆±n |2
∫ Rm

Rr

∣∣ε±n Yn(κ
±
n r)− φ±n Jn(κ

±
n r)
∣∣ rdr (1.109)
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The losses coe�cients p±n , computed trough (1.109), are presented in Figure 1.34 for each harmonic
order. Thanks to the superposition principle [57], the losses caused by di�erent MMF harmonics
can be summed up to determine the total losses Ploss which can be expressed as:

Ploss = ∑
n=1..∞

(
P+

n + P−n
)
= ∑

n=1..∞

(
p+n |m+

n |2 + p−n |m−n |2
)

(1.110)

In order to be implemented in the optimization algorithm, it is convenient to express (1.110) in a
quadratic form. Using (1.27) the total losses in the magnets can be written as:

Ploss = ∑
n=1..∞

(
p+n xTQ+

n x + p−n xTQ−n x
)

= xT

[
∑

n=1..∞

(
p+n Q+

n + p−n Q−n
)]

x
(1.111)

The total magnet losses are thus expressed in a quadratic form function of the turn vector x. At
this point of treatment, the equation to de�ne the objective function is set. What remains is the
proper implementation of the optimization problem following (1.59).

Figure 1.34: Magnet losses coe�cients of the MMF harmonics computed by (1.109).

1.5.4.3 Identi�cation of optimizable FSCW con�gurations

To investigate on how the magnets eddy current losses vary with the di�erent slot/ pole combi-
nations, an homogeneous comparison is needed between reasonably designed machines. For this
purpose, the SPM machine model presented in subsection 1.5.1 is considered for the di�erent num-
ber of slots Z and pole pair p. By selecting machine parameters as indicated in subsection 1.5.1, the
current density is maintained invariable as well as the air-gap �eld due to PMs and armature reac-
tion. Given the availability of the analytical equation (1.110), a straightforward evaluation of the
magnets losses can be performed without referring to FEA simulations. In fact this method was
validated by time harmonic FEA simulations in [20] and by time stepping FEA simulations in [39]
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showing good accordance. Analytical results of magnet eddy-current losses for various slot/ pole
combinations are reported in Table 1.8 in terms of mW per magnet millimeter cube. Similarly to

Table 1.8: Magnet speci�c losses in [mW/mm3] for various Z slots/ 2p poles combinations.
highlighted cells refer to "optimizable" con�gurations.

Number of poles 2p
2 4 6 8 10 12 14 16 18 20 22 24

N
um

be
ro

fs
lo

ts
Z

3 0.185 7.828
6 0.177 7.758
9 0.171 0.817 2.220 7.670

12 0.165 0.604 2.920 7.570
15 0.160 X 0.862 1.659 X 7.466
18 0.156 0.420 0.773 2.106 3.803 7.369
21 0.153 0.414 X 0.885 1.435 X
24 0.151 X 0.575 0.73
27 0.148 0.327 0.476 0.752

what was done for the UMP and torque ripple application cases, it is it crucial to investigate on
the feasibility of the considered optimization on the several machines con�gurations. Taking into
account the type of the considered algorithm which is a harmonic-based optimization, the inter-
connection between stator MMF space harmonic orders of each machine has to be studied. Based
on (1.68), "optimizable" con�gurations characterized by MMF stator harmonics independent from
the fundamental are identi�ed and highlighted in Table 1.8. Doing so, the range of machine con-
�gurations suitable for the optimization is limited.

It is to be noted that "optimizable" con�gurations may still present harmonics that can pro-
duce losses but cannot be reduced due to their dependence on the fundamental harmonic. As can
be seen in the example spectrum of the 9-slot/8-pole con�guration illustrated in Figure 1.35, the
highlighted harmonic orders obeying to the relation 1.68 such that p− nZ = −5,−23,−41...
and p+ nZ = 13, 31, 49... have signi�cant amplitude but cannot be reduced. However, previous
works have proved that harmonics contribute di�erently in generating rotor losses and major part
of magnet losses are found to be caused by subharmonics [50, 51]. For this reason, focusing on the
reduction or cancellation of subharmonics can be more bene�cial in terms of rotor losses reduc-
tion. In fact, for the case of the 9-slot/8-pole con�guration shown in Figure 1.35, subharmonics are
independent from the fundamental which is bene�cial for the optimization process. Each color
refers to a group of harmonics which are linked to each other by the relation 1.68. This interdepen-
dence certainly helps in ameliorating the e�ciency of the optimization method.
It emerges from the previously explained investigation that not all FSCW con�gurations are suit-
able to be optimized. However, referring to Table 1.8, it seems that the highlighted slot/pole con-
�gurations are the most susceptible to generate eddy-current losses which makes the optimization
useful to mitigate the impact of this issue.
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Figure 1.35: stator MMF space harmonic spectrum of the 9-slot/ 8-pole con�guration; red
and green lines illustrates examples of the di�erent interconnection between harmonics,

harmonic orders linked to the fundamental are highlighted in yellow.

1.5.4.4 Application example of the quadratic programming

To assess the applicability of the proposed optimization technique, the quadratic programming al-
gorithm is solved for di�erent FSCW SPM machine con�gurations highlighted in Table 1.8. To do
so, the optimization problem is formulated following the form reported in (1.59) with introducing
the objective function aiming to minimize the rotor losses due to MMF space harmonics as:

floss(x) = xT

[
∑

n=1..∞

(
p+n Q+

n + p−n Q−n
)]

x (1.112)

For each machine con�guration, the resolution of the optimization problem is executed while de-
creasing the fundamental MMF by 1% for each optimization iteration. The magnet losses are cal-
culated analytically for each "optimal" solution corresponding to each fundamental MMF decrease
ranging from 100% (corresponding to the star of slot con�guration) down to 90% fundamental
MMF. A common practice to decrease the rotor losses caused by the armature MMF harmonic
content is to decrease the current. In order to highlight the e�ect of the optimization procedure on
the rotor losses, the trend representing the eddy-current magnet losses under the e�ect of current
decrease (leading to a proportional MMF decrease) and keeping the conventional winding layout
unchanged is presented in Figure 1.36 along with the optimization results (normalized). Through
this comparison it can be seen from the gap between both curves that the "optimal" solutions of the
proposed optimization lead to considerable decrease in the losses ranging from 23% to 58% even
under a slight percentage of fundamental MMF reduction (less than 6%).
For the sake of clarity, optimisation results of the 12-slot/ 10-pole machine con�guration chosen

as an application example of the quadratic optimization algorithm characterized by the data listed
in Table 1.9 are illustrated in what follows. As explained previously, the quadratic programming is
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Figure 1.36: Pareto fronts resulting from the quadratic optimization subject to eddy-
current losses minimization applied on di�erent FSCW machine con�gurations. In the
same graphs are presented the trends of magnet losses under the e�ect of stator current de-

crease with keeping unchanged the conventional stator of slot winding layout.

Table 1.9: Characteristic data of the example 12-slot/10-pole FSCW machine

Z Number of slots 12 N0 Maximum number of turns per coil 100
p Number of pole pair 5 I0 Peak value of stator current 6 A
Rs Stator bore radius 55 mm f Stator frequency 50Hz
hm PM height 4 mm µ0 Magnet permeability 4π10−7 H/m
g Air gap width 3 mm σm Magnet electrical conductivity 0.667 MS/m
L Core length 100 mm cm Magnet to pole span ratio 0.95
Hc Magnet coercivity 850 A/mm k f slot �ll factor 0.5

solved for di�erent fundamental MMF reduction percentages (100%, 99%, 98%,..90%) to obtain
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the corresponding multilayer winding layouts designated as #1, #2, #3...#11 respectively. Figure
1.37 represents the Pareto front of the magnet losses resultant from the optimization process. For
more clarity, only results issued from the �rst nine winding layout solutions are presented. The op-
timization output winding matrices corresponding to the �rst nine winding layout solutions are
summarized in Table 1.10 in terms of number of turns per phase wound around each stator tooth.
Table 1.11 summarizes the number of layers and the number of di�erent coil sizes of the di�erent
winding designs solution of the optimization. Looking at Figure 1.37 it appears that magnet losses
reduction is achieved, at the expense of a lowered MMF fundamental paying the toll of increasing
winding complexity. Indeed, from the results it emerges that the number of layers ranges from 2 to
4 for the �rst eight winding layouts whilst starting from the design #9 the winding layout gets more
complex and the number of layers can reach 6. Despite its e�ectiveness, such a complex solution is
better to be avoided as it is not practical from the manufacturing point of view especially when it
is possible to get similar results by employing simpler winding designs. In fact, it can be seen from
the Pareto front that from 96% fundamental MMF (design #5) to 90% (design #11) , the drop in
the generated magnet losses resultant from optimal winding solution deviates and tends do follows
a low slope. The e�ectiveness of the optimization within this range is no more signi�cant and the
complex winding layout solutions (with a number of layers grater than 4) can be avoided. For il-
lustrative purposes, The FSCW arrangements of the optimal solutions are presented in Figure 1.37.
The characteristic number of turns n′, n′′ and n′′′ for the various unequal coils are detailed in Ta-
ble 1.10 for the eight �rst designs. The characteristic sizes for the various unequal coils are detailed
in Table 1.12.

Figure 1.37: Quadratic optimization Pareto front of the 12-slot/10-pole FSCW machine
con�guration subject to eddy-current losses minimization.
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Table 1.10: Winding matrices of the nine �rst winding layouts resultant from the quadratic
optimization.

Tooth index k
0 1 2 3 4 5 6 7 8 9 10 11

Design #1

Ph
as

es a 0 100 −100 0 0 0 0 −100 100 0 0 0
b 0 0 0 −100 100 0 0 0 0 100 −100 0
c 100 0 0 0 0 100 −100 0 0 0 0 −100

Design #2

Ph
as

es a 7 0 0 1 −93 99 −7 0 0 −1 93 −99
b −93 99 −7 0 0 −1 93 −99 7 0 0 1
c 0 −1 93 −99 7 0 0 1 −93 99 −7 0

Design #3

Ph
as

es a −17 0 0 0 83 −100 17 0 0 0 −83 100
b 83 −100 17 0 0 0 −83 100 −17 0 0 0
c 0 0 −83 100 −17 0 0 0 83 −100 17 0

Design #4

Ph
as

es a 0 0 0 31 −100 69 0 0 0 −31 100 −69
b −100 69 0 0 0 −31 100 −69 0 0 0 31
c 0 −31 100 −69 0 0 0 31 −100 69 0 0

Design #5

Ph
as

es a −48 98 −52 2 0 0 48 −98 52 −2 0 0
b 0 0 48 −98 52 −2 0 0 −48 98 −52 2
c 52 −2 0 0 −48 98 −52 2 0 0 48 −98

Design #6

Ph
as

es a −7 0 0 −43 93 −57 7 0 0 43 −93 57
b 93 −57 7 0 0 43 −93 57 −7 0 0 −43
c 0 43 −93 57 −7 0 0 −43 93 −57 7 0

Design #7

Ph
as

es a 36 0 0 14 −64 86 −36 0 0 −14 64 −86
b −64 86 −36 0 0 −14 64 −86 36 0 0 14
c 0 −14 64 −86 36 0 0 14 −64 86 −36 0

Design #8

Ph
as

es a 26 0 0 26 −74 74 −26 0 0 −26 74 −74
b −74 74 −26 0 0 −26 74 −74 26 0 0 26
c 0 −26 74 −74 26 0 0 26 −74 74 −26 0

Design #9

Ph
as

es a 27 −2 0 28 −71 73 −28 0 2 −27 73 −71
b −73 70 −27 1 1 −27 70 −73 27 −1 −1 27
c 0 −28 73 −71 28 0 −2 27 −71 73 −27 2

Figure 1.38: FSCW design con�gurations resulting from the quadratic optimizations. Col-
ors indicate di�erent phases; symbols "•" and "×" indicate current conventional directions.

As a results of the optimization approach herein adopted, it is observed that, even if every
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Table 1.11: Number of layers and number of di�erent coil sizes for the di�erent winding
layout solutions.

Design #
#1 #2 #3 #4 #5 #6 #7 #8 #9

Number of layers 2 4 2 to 3 2 to 3 4 4 4 4 4 to 6
Number of di�erent coil sizes 1 4 3 3 4 4 4 2 6

Table 1.12: Characteristic number of turns for the tooth coils corresponding to each opti-
mization winding layout solution.

Design #
#1 #2 #3 #4 #5 #6 #7 #8

n′/N0 1 0.99 1 1 0.98 0.93 0.86 0.74
n′′/N0 - 0.93 0.83 0.69 0.52 0.57 0.64 0.26
n′′′/N0 - 0.01 - - 0.2 0.07 0.14 -

winding layout design is considered as a local "optimal" solution for the considered fundamen-
tal decrease, a global "optimal" can be obtained in terms of rotor losses minimization point of view
under the e�ect of fundamental MMF decrease to a certain point. In fact, it can be seen that the
structure of designs #2, #3, #4 cannot be identi�ed as "optimal" as it can be further enhanced us-
ing the designs #5, #6, #7 and #8 characterized by four layers per slot where two coils of di�erent
phases with unequal size are wound around each tooth as shown in Tables 1.10, 1.11 and 1.12.. Con-
versely, decreasing the fundamental MMF down from 92% (design #9) increases the complexity of
the winding layout solutions resulting in more than four layers per slot as reported in Tables 1.10
and 1.11. In fact, designs #9, #10 and #11 present slightly less losses than designs #5, #6 and #7 and
#8 and yet characterized by a high number of layers per slot as well as a large number of di�erent
coil sizes. From that rises the importance of compromising between choosing the best winding
design for achieving rotor losses minimization and the feasibility of the winding arrangement.
Finally, a short insight is next provided into the way how the proposed optimization algorithm
automatically achieves the optimal solution under any constraint of the fundamental MMF per-
centage. This can be seen looking at the MMF harmonic content in Figure 1.39 of the eight designs
#1, #2,...,#8 obtained from the optimization. In fact, in the attempt to minimize rotor losses, the
algorithm acts di�erently on the various harmonics. For instance, the subharmonic of order 1 is sig-
ni�cantly abated for a decreasing fundamental MMF because they are responsible of the major part
of magnet losses (p+1 in Figure 1.34. Consequently, all the harmonics related to the subharmonic
by equation (1.67) (i.e.−1+ nZ = 11, 23, 35.. and−1− nZ = −13,−25,−37..) are reduced
similarly by the same proportion as can be seen in Figures 1.40-a, c and d. Conversely, the harmon-
ics with orders 7, 17, 19, 29 and 31, although large, are only slightly reduced proportionally to the
decrease of the 5th harmonic. This is because all these harmonics are related to the fundamental
with the relation (1.67) such that p + nZ = 17, 29, 41... and p− nZ = −7,−19,−31... where
n = 1, 2, 3.... Nevertheless, while performance of the optimization process on the large harmon-
ics is small, their e�ect on magnet losses generation compared to the subharmonic is very limited
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as they are associated to very small loss coe�cients (p+7 , p−17, p+19, p−29, p+31,...in Figure 1.34).
It is also important to observe how the algorithm does not act on a given subharmonic separately.

Figure 1.39: Superimposition of di�erent optimization solutions stator MMF harmonic
spectra of the 12-slot/10-pole FSCW machine con�guration.

Figure 1.40: Magnitude of the stator MMF space harmonics for the �rst 9 output solution
designs corresponding to: a) 1st subharmonic, b) the fundamental harmonic, c) the 11th

harmonic and d) the 13th harmonic.

Di�erently from what is usually done in the literature, the minimization of the rotor losses is the
goal instead of the cancellation of the single subharmonic. Indeed, optimal solutions can be found
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without the cancellation of the �rst subharmonic. For instance, a signi�cant drop of the magnet
losses is observed (Figure 1.37) using designs #5, #6 and #7 even if their �rst MMF subharmonic is
not totally cancelled (Figure 1.40-a). Evidently, the strength of the proposed algorithm is its capa-
bility of automatically identifying which harmonics are to be decreased and to what extent in order
for the total rotor losses to be reduced.
For a clearer visualisation of the optimization e�ect on the magnet losses, the 12-slot/10-pole FSCW
machine example which characteristics are presented in Table 1.9 is modeled and analysed by time-
stepping FEA simulations in order to compute magnet losses at steady state. The optimized wind-
ing layout corresponding to design #4 is considered to be compared to the conventional star of slot
winding layout (design #1). It can be seen from Figure 1.41 that-as expected-the case of design #4
shows lower amount of losses with respect to the design #1. The maximum current density cor-
responding to the "hot spots" presented especially on the magnets surface is reduced from 0.676
A/mm2 for design #1 down to 0.465 A/mm2 for design #4 i.e. a decrease of approximately 31%.

Figure 1.41: Example of the magnet losses computation by time stepping FEA simulations
applied on the 12-slot/10-pole machine under study; a) corresponds to design #1 (100% fun-

damental MMF) and b) is for design #4 (97% fundamental MMF).



60
Part 1. Design Optimization of Multilayer Fractional-Slot Concentrated Winding for Surface

Permanent Magnet Machines

1.5.5 Investigation into the applicability of FSCW to squirrel cage induc-
tion motors

1.5.5.1 Introduction

Up to now, three-phase induction machines (IM) commonly use single or double layer, overlap-
ping, distributed windings (DW). This winding con�guration leads to more sinusoidal air-gap
MMF distribution, hence a good machine performance. In fact, the MMF waveform quality
strongly depends on the number of slots per pole per phase q whereby the higher is the q the more
sinusoidal is the MMF waveform. It is also demonstrated that the higher the coil pitch, the lower
is the parasitic e�ects and the higher is the e�ciency [58]. From that comes the necessity of em-
ploying high number of slots to ful�ll the winding requirements. Consequently, the complexity
of the winding layout and the manufacturing process increases. Large end-winding length results
in higher Joule losses, low slot �lling factor and packaging problems which are further drawbacks
of DW. From the design viewpoint, the use of overlapping windings can be constraining if a high
power density is to be achieved which means smaller machine size leading to insu�cient space to
place a large number of slots. To mitigate this issue, FSCW can be considered as an alternative for
high torque density applications o�ering a simple and fully automatized manufacturing as well as
higher fault-tolerant capability and shorter end-windings reducing the weight/torque ratio of the
machine[1]. Indeed, while FSCW are commonly used for PM machines, the interest on the ap-
plication of this type of winding on IMs is growing recently [58–65]. However, the well-known
drawback of FSCWs remains in its rich MMF harmonic content which usually limits the winding
application to PM machines only. In [58–63] performance of di�erent IMs with squirrel cage in
the rotor and FSCW in the stator are studied. Di�erent approaches for the assessment of the IMs
behaviour with employing concentrated windings were adopted. For instance, an attempt to eval-
uate the e�ect of each MMF harmonic component on the torque using Time Harmonic Finite
Element Analysis (THFEA) is proposed in [62]. Another method relying on the analytical wind-
ing function theory [58] is used to help in evaluating the induced current in the cage produced
by each harmonic. In [63], a study based on the analysis of the coil pitch in IMs is presented to
study the in�uence of such a parameter on the performance of squirrel cage induction machine
including FSCW topology. All presented results of these previous works shows that FSCW o�er
low performance mainly due to the MMF harmonics which cause parasitic torque and high losses
as well as high torque ripple and high vibration and acoustic noise.

However, in order to alleviate these unwanted characteristics, some approaches to improve the
performance of FSCW IMs have been addressed in the literature [64–67]. For instance, improved
winding layout with a dual slot-layer stator characterized by a secondary winding which aims at
compensating some of the parasitic harmonic is proposed in [64]. Multilayer windings with a dif-
ferent numbers of turns per coil have been used to minimize the space harmonics magnitudes [65].
In addition to the three-phase solutions, FSCWs multi-phase IMs considerations and trade-o�s are
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studied and presented in [66]. Multi-phase IMs allied with multi-layer winding topologies were
also considered as an alternative to ameliorate the quality of the MMF space harmonic spectrum
as well as to enhance their fault tolerant capability [67].

While The majority of the aforementioned attempts has focused on suppressing some high or-
der MMF harmonics, no speci�c study dealing with identifying harmonics contributing the most
in performance deterioration is proposed. Referring to the studies existing in the literature, com-
parisons has been made between the di�erent winding topologies (DW, concentrated windings
and FSCW) but an extensive study on the di�erent FSCW con�gurations applied to squirrel cage
IMs with an appropriate analysis on each MMF harmonic spectrum is lacking. Actually, as previ-
ously mentioned, the IMs equipped with squirrel cage in the rotor are very sensitive to air-gap �ux
density harmonics and it seems that this problem was not solved completely with above solutions
especially for the three phase case. However, it is found that in some speci�c combinations of phase
and slot numbers, concentrated windings can provide close performances compared to DW [66].
Nonetheless, it is clear that using a multiphase arrangement impacts on the equipment needed for
the electric machine supply preventing the possibility to use a single three-phase inverter as prac-
tically preferable in most applications. In the three phase machine case, some incomprehensive
performance comparison studies have been addressed [58–63] still without pointing out the po-
tential FSCW con�gurations that may present comparable performance with respect to the DW
counterpart.

1.5.5.2 Problem description and study motivation

In squirrel cage three phase IMs, the torque production depends on the interaction between the
stator MMF and the rotor MMF produced by the induced rotor currents. In machines with FSCW;
if the windings are excited with a certain frequency, a number of torque and rotor bar losses are
generated at various slips due to stator winding space harmonics. According to the direction of
rotation of these harmonics, some of them will produce negative torque tending to brake the main
fundamental torque as well as generating excessive rotor bar losses. Despite of the several attempts
presented in the literature to ameliorate the performance of such a motor by reducing some orders
of the stator MMF harmonics, no e�ective solution have been presented for the three phase ma-
chine case. This may be due to the fact that all these attempts do not necessarily target the most
harmful harmonic orders laying behind the deterioration of the machine performance. From this
arises the need to further investigate on the e�ect of each harmonic component on the machine per-
formance characteristics for di�erent slot/pole con�gurations and for di�erent operating ranges.
On the other hand, the potentialities of applying FSCW con�gurations in inverter-fed induction
machines are worth to be looked over. To the best of the author’s knowledge, no comprehensive
study examining quantitatively the e�ects of the di�erent armature MMF harmonics of the FSCW
on the performance of the IMs.
The aim of this study is to present a comprehensive investigation to reveal the in�uence of MMF
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harmonic content on the performance characteristics of the FSCW squirrel cage IMs. For that,
several methodologies are considered for the sake of an accurate quanti�cation of the e�ect of each
harmonic order on the torque performance and the e�ciency of the machine. Typically, time-
stepping FEA (TSFEA) simulations are usually used where the detailed geometry of the machine
has to be considered to predict the overall machine performance taking into account the contri-
bution of all stator harmonics. In spite of the accuracy of this method, it is impossible to iden-
tify the e�ect of each harmonic order on the performance of the machine. As a fast alternative to
FEA simulations, Time Harmonic Finite Element analysis (THFEA) is considered. In this case,
a machine with a squirrel cage in the rotor and a current sheet spread in the stator inner bore to
produce the air-gap revolving �eld generated by each space harmonic component is modeled. This
type of analysis provides insights as to the contribution of various space harmonic components
to torque production as well as to rotor bar losses at various rotor speeds (slip values). Satura-
tion e�ects are not taken into account since the THFEA is a linear analysis. In order for a faster
prediction of the several harmonics e�ect on the machine behaviour, a simple analytical method
based on the IM equivalent circuit is presented for a fast estimation of the torque and losses gener-
ated by each harmonic order separately. The application results of the proposed techniques on an
example 9-slot/8-pole FSCW squirrel cage IM (Figure 1.42-(a)) are presented and compared with
time-stepping transient FEA to evaluate the e�ectiveness of the proposed techniques. For the sake
of a comprehensive comparison, an 8-pole DW squirrel cage IM motor (Figure 1.42-(b)) taken as a
reference machine is suitably modeled having the same geometric speci�cations and key operation
to be comparable to the FSCW IM study case. The performance characteristics such as torque
and power losses of both type of machines are compared extensively to evaluate the viability of
FSCW on IMs. Starting capability as well as steady state performance are assessed to investigate the
in�uence of MMF harmonics on such performance characteristics of IMs.

Figure 1.42: Cross sections of the squirrel cage IMs examples under study, (a) equipped
with a 9-slot/8-pole FSCW stator; (b) equipped with a DW stator.



1.5. Application of the quadratic programming on FSCW SPM machines for di�erent
optimization purposes

63

1.5.5.3 Study of the problem by THFEA

In order to clearly quantify the e�ects of individual harmonic components, a simpli�ed ma-
chine model with a squirrel cage in the rotor and an in�nitely permeable non-conductive ferro-
magnetic smooth stator with uniform air-gap g and radius Rs = Rr + g is considered as shown in
Figure 1.43. Since the slotting e�ect is not taken into account, the stator MMF can be represented
by an equivalent linear current distribution Λ(θ, t) spread around the stator bore expressed in the
stator reference frame (r, θ) such that:

Λ(θ, t) =
1
Rs

∂

∂θ
Ms(θ, t) (1.113)

By substituting (1.18) in (1.113), the equivalent linear current density can be expressed in complex
form as:

Λ(θ, t) = ∑
n=1..∞

λn(θ)eiωt (1.114)

where λn(θ) is the equivalent current density for the nth harmonic order written as:

λn(θ) = ±
1
Rs

nm±n e±inθ (1.115)

Thus, each nth space harmonic is represented by a thin �ctitious current sheet spread around
the stator bore surface characterized by the linear current density λn(θ) [3]. Expression (1.114) is
useful because it proves that thanks to the superposition principle, it is possible to approach the
computation of the torque and rotor losses through a set of THFEA simulations for each har-
monic order n corresponding to the MMF harmonic amplitude m±n .
Since we are dealing with FSCW IM case, a rich harmonic content is generated where each har-
monic component rotates at di�erent speeds from the fundamental. The frequency imposed for
each THFEA simulation needs to be determined depending on the harmonic slip value Sn which
depends by de�nition on the fundamental slip value Sp. Indeed, the fundamental slip value is
de�ned as the function of the synchronous speed Nsync =

60 f
p and the rotational speed Nrot as:

Sp =
Nsync − Nrot

Nsync
(1.116)

The harmonic slip for the co-rotating harmonics (harmonics rotating like the rotor) is computed
as follows:

Sn =
Nsync,n − Nrot

Nsync,n
=

pNsync
n − Nrot

pNsync
n

= (1− n
p
) +

n
p

Sp (1.117)
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As for the counter-rotating harmonics (rotating opposite to the rotor), the corresponding slip is
determined as:

Sn =
Nsync,n + Nrot

Nsync,n
=

pNsync
n + Nrot

pNsync
n

= (1 +
n
p
)− n

p
Sp (1.118)

Thus, for each rotor speed of the machine corresponding to a fundamental slip Sp, the harmonic

Figure 1.43: THFEA model with �ctitious linear current density spread on the stator sur-
face for the nth harmonic at frequency nω.

slips Sn are calculated and the frequency of each THFEA simulation is determined as ωn = Snω

where ω is the stator frequency. The torque Tn and rotor Joule losses Pn produced by each har-
monic order for any rotor speed can then be obtained by running a THFEA on the simpli�ed model
presented in Figure 1.43 where the complex current density λn(θ) given by (1.115) is impressed on
the inner stator surface at a frequency equal to ωn.
Once the torque and Joule losses for all signi�cant harmonic orders n are extracted, the total quan-
tities can be determined by summing up all the results caused by the whole air-gap �eld such that
for the total torque:

Ttot = ∑
n=1..∞

Tn (1.119)

and for the total rotor Joule losses:
Ptot = ∑

n=1..∞
Pn (1.120)

It is worth to be noted that applying the superposition principle to the generated electromag-
netic torque as per (1.119) and to the rotor power losses as per (1.120) is possible because for each har-
monic order n, currents of di�erent frequencies are induced in the rotor bars and, hence, torques
associated with all values of n can be summed up as well as for the generated power losses.
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1.5.5.4 Study of the problem analytically based on harmonics equivalent circuit

Usually in IMs, the classical steady state equivalent circuit shown in Figure 1.42 is commonly
used to study the machine performance [68, 69], where R1 and X1 are the stator winding resis-
tance and leakage reactance, R2 and X2 are the rotor resistance an leakage reactance referred to the
stator, Xm is the magnetization reactance and S is the rotor slip. Since DW stator topologies are
the most popular winding layouts employed in IMs, only the fundamental air-gap MMF harmonic
contributes to the electromechanical energy conversion. The amplitude of the higher order har-
monics are usually very low compared to the amplitude of the fundamental, hence, their e�ect on
the net output torque in generally limited. For that, the single phase equivalent circuit of the DW
IM case usually assumes a sinusoidal air-gap �eld wave from of the fundamental component and
neglects the presence of harmonics. Based on the aforementioned assumption, for a p-pole squirrel
cage IM equipped with a DW, the equivalent circuit parameters are determined as in [68] and the
machine performance characteristics are calculated by considering the fundamental slip Sp as the
rotor slip.

As for IMs with FSCW, the corresponding equivalent circuit needs to involve the in�uence of
MMF spacial harmonics [58, 70]. In order to separately quantify the e�ect of each space harmonic,
an equivalent circuit corresponding to the nth harmonic is proposed in Figure 1.45. In this circuit,
each harmonic frequency forms an individual electric machine with n pole pairs where Xm,n refers
to the harmonic magnetization reactance, R2,n and X2,n are the rotor resistance and leakage reac-
tance of the nth harmonic respectively and Sn is the rotor harmonic slip as de�ned in (1.118). For
the sake of simplicity, no voltage drop from the stator side is considered i.e. the stator winding
resistance as well as the leakage reactance are neglected. This assumption is in accordance with the
simpli�cations made for the IM in the previous paragraph 1.5.5.3 which considers no stator slots
and windings. For a given harmonic order n, the equivalent circuit parameters Xm,n, R2,n and

Figure 1.44: Conventional equivalent circuit of IMs.

X2,n as well as the harmonic stator current I1,n and the harmonic rotor current reported to the
stator I2,n can be determined as presented in Appendix A. Once the equivalent circuit is properly
de�ned, it is possible to determine the rotor Joule losses Pana,n and the developed torque Tana,n

for each harmonic order as follows:

Pana,n = 3R2,n I2
2,n (1.121)



66
Part 1. Design Optimization of Multilayer Fractional-Slot Concentrated Winding for Surface

Permanent Magnet Machines

Figure 1.45: Simpli�ed equivalent circuit corresponding to the nth stator MMF space har-
monic of an IM.

Tana,n =

Pana,n
Sn

Ωn
=

3R2,n I2
2,n

SnΩn
(1.122)

where Ωn =
2π

60
Nsync,n is the harmonic synchronous speed in rad/s. Based on the superposition

principle, the analytically predicted total torque Tana,tot and rotor Joule losses Pana,tot can be ob-
tained by summing up the di�erent individually computed harmonic torque and losses using the
equivalent circuit as:

Tana,tot = ∑
n=1..∞

Tana,n (1.123)

and for the total rotor Joule losses:

Pana,tot = ∑
n=1..∞

Pana,n (1.124)

Despite its simplicity, the equivalent circuit analytical method may provide an instantaneous
prediction of each harmonic in�uence on the IM behavior in terms of torque and rotor losses. In
what follows, the accuracy and the e�ectiveness of such a method will be assessed by comparison
with THFEA and TSFEA methods.

1.5.5.5 Application of the THFEA and analytical methods and results discussion

As an example, a squirrel cage IM equipped with a 9-slot/8-pole FSCW con�guration in the
stator as illustrated in Figure 1.42-(a) is considered which characteristic data are summarized in
Table 1.13. This machine is modeled and reproduced through the described THFEA method pre-
sented in Figure 1.43 and the analytical method based on the equivalent circuit approach explained
in paragraph 1.5.5.4. It is worth noticing that, in order to further simplify the process, the e�ect
of the rotor cage end rings is not accounted for while applying the THFEA based method. The
same assumption is considered for the analytical method as could be noticed from the rotor bar re-
sistance calculations presented in Appendix A to guarantee comparability between both methods.
Since the main goal of this study is to give insights into the impact of individual harmonic on the
machine performance, the same conclusions can be drawn on the relative torque and Joule losses
even without considering the end rings.
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Table 1.13: Dimensions and ratings of the 9-slot/8-pole FSCW IM example.

Z Number of slots 9 L Core length 120 mm
p Number of pole pair 4 Vmax Rated phase peek voltage 572 A
Zb Number of rotor bars 50 Imax Rated phase peek current 10 A
Rs Stator outer radius 70 mm f Rated frequency 50 Hz
Rr Rotor radius 39.67 mm Nt Number of turns per phase 300
g Air-gap width 0.33 mm σb rotor bars electrical conductivity 58 MS/m
J Current density 4 A/mm2 kw Winding factor 0.945

As can be noticed from the space harmonic spectrum of the 9-slot/8-pole FSCW layout pre-
sented in Figure 1.46, several harmonic components have signi�cant amplitude with respect to the
fundamental which can create high currents that may generate signi�cant torques. To quantify
the impact of such harmonics, a larger range of harmonic components are taken into account in
the study which varies from the 1st to the 40th harmonic order. For a comprehensive comparison,
results of THFEA simulations of torque vs speed characteristics (in per unit based on the pullout
torque of the fundamental harmonic component) of the harmonic components under considera-
tion are compared in Figures 1.47. The bars Joule losses function of the rotational speed generated
from each considered harmonic component are similarly illustrated in per unit (relative to the max-
imum power loss value of the fundamental) in Figure 1.48.

Figure 1.46: MMF space harmonic spectrum of the 9-slot/8-pole FSCW layout.

Looking at Figure 1.47, it can be clearly understood that the harmonic components contribute
di�erently to torque generation depending on their rotational direction. Indeed, it can be no-
ticed that, in the low speed region and high slip values (starting region), higher harmonic orders
rotating like the rotor (such as harmonics number 13, 22, 31, 40...) produce a positive torque
while the ones rotating opposite to the rotor (such as harmonics number 5, 14, 23, 32...) con-
tribute negatively to the torque production. As for the operating speed region (high speed region
near to the synchronous speed with low slip values), it can be easily noticed that regardless of the
sense of rotation, all harmonic orders generate a negative torque. This is because in such speed re-
gion, the majority of higher harmonic orders operate in the generator region where the harmonic
�eld rotates in the opposite direction even for the case of co-rotating harmonics. Conversely, in
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Figure 1.47: Comparison of the torque vs speed curves produced by the individual space
harmonics of the example 9-slot/8-pole FSCW IM. Only harmonic orders of signi�cant

MMF amplitude with respect to the fundamental are presented.

Figure 1.48: Comparison of the rotor Joule losses generated by the individual space har-
monics of the example 9-slot/8-pole FSCW IM. Only harmonic orders of signi�cant MMF

amplitude with respect to the fundamental are presented.

spite of their signi�cant amplitude with respect to the fundamental, the 1st and 2nd subharmonics
produces very low torque with negligible relative amplitudes in both low and high speed ranges.
From the power losses viewpoint, it is shown from Figure 1.48 that, compared to the fundamen-
tal losses, higher order harmonic losses are relatively high. For instance, it is found that the losses
caused by the 5th harmonic are higher that the fundamental losses especially in the high speed range
mainly because of the strong coupling between this harmonic and the rotor. Moreover, a signi�-
cant impact of higher order harmonics such as the 13th and 14th can be clearly seen as they may
approximately produce 40% and 50% of the fundamental losses respectively. Furthermore, it can
be clearly understood that in the operation speed range with low slip values, higher order harmon-
ics actually still have a high impact on the losses even if they seem to have a slight impact on the
torque production for the same speed region. This fact certainly results in the deterioration of the
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machine performance especially in terms of e�ciency. It is worth mentioning that di�erently than
expected, this study proves that high harmonic orders should not be neglected. The accumulation
of the total e�ects of each harmonic engenders a considerable braking in the torque performance
while generating high additional losses leading to a poor machine e�ciency.

To validate the e�ciency of the proposed THFEA and analytical methods, results are com-
pared with TSEFA. For that, an accurate modeling of the machine geometry including the details
of the stator winding structure have to be considered. Transient TSFEA for di�erent rotor speeds
(slip values) is applied to the 9-slot/8-pole IM example machine illustrated in Figure 1.42-(a) which
characteristics are displayed in Table 1.13. This captures the overall MMF harmonic e�ect on the
torque and losses generation. The ringing e�ect is neglected here as well to guarantee the compara-
bility of the results with the other presented methods. As to magnetic saturation, its impact on the
machine performance on the presence of harmonic is neglected in this study since the main target
consists only in visualizing the behaviour of the IM under the e�ect of a rich harmonic content.
To be compared with TSFEA, the total torque and Joule losses from the TSFEA and analytical
methods are calculated by summing up the individual harmonic contributions as done by equa-
tions (1.119), (1.120), (1.123) and (1.124). The torque vs speed characteristics and the rotor Joule losses
predicted by the di�erent approaches of the IM under study are illustrated in Figures 1.49 and 1.50
respectively. The good accordance between the THFEA and TSFEA results proves the e�ective-
ness of the THFEA method in spite of the simplifying assumption considered by neglecting the
stator slots and winding.

Figure 1.49: Comparison of the torque vs speed characteristics of the di�erent.

In addition to its capability to evaluate the e�ect of each harmonic individually, the proposed
THFEA method can be considered as a fast alternative to simulate IMs of high space harmonic
content to overcome the shortcomings of TSFEA related to the computational burden and model
complexity. However, regarding the analytical approach based on the harmonic equivalent circuit,
the estimated performance characteristics seem to be far from the TSFEA results considered as ref-
erence. Indeed, it can be seen from Figure 1.49 that the analytical approach underestimates the
torque for almost all the speed range. On the other hand, the same approach overestimates the
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Figure 1.50: Comparison of the induced torques and rotor Joule losses generated by several
harmonic components resultant from THFEA and analytical methods.

prediction of the rotor Joule losses as shown in Figure 1.50.

To explain this fact, a comparison of the analytical torque and rotor losses of several harmonics
with the THFEA results is illustrated in Figure 1.51. It can be clearly observed that, the higher is
the harmonic order, the larger is the gap between analytical and THFEA results. Indeed, one can
notice that, for the fundamental and the other nearby MMF harmonic components such as the
1st, 2nd and 5th, the analytical and THFEA torque vs speed curves and Joule losses curves are al-
most superimposed. For higher harmonic orders like the 13th and 22nd, the analytically predicted
torque seams to be higher in absolute value for the speed values di�erent from the harmonic syn-
chronous speed. The same observation can be made for the predicted rotor losses. This shows that
the analytical computation of harmonic torque and losses based on the corresponding harmonic
equivalent circuit loses its reliability for high harmonic orders. One reason behind this is that the
number of bars of the squirrel cage are suitably chosen to work solely with the fundamental com-
ponent of the stator MMF in such a way to avoid magnetic locking, excessive noise and vibration
[69]. A minimum number of bars per pole has to be selected (usually set to 4 [71]) in order to
guarantee a strong level of magnetic coupling between the rotor and stator. By considering each
harmonic frequency as an individual electrical machine modeled, the number of bars per pole de-
creases as the number of harmonic order rises which weakens the coupling with the rotor. This
fact is not taken into account in the considered harmonic equivalent circuit presented in Figure
1.45 which explains the overestimated results with respect to THFEA.

Finally, what evidently emerges is the strong impact of the harmonics on the starting properties
of squirrel cage machines. It can be clearly deduced that the presence of the rich harmonic content
caused by the 9-slot/8-pole FSCW con�guration mostly brakes the fundamental starting torque
making the machine unable to self-start . Hence, considering FSCW for IMs is not bene�cial for the
starting performance which makes it unsuitable for Direct-On-Line (DOL) starting applications.
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Figure 1.51: Comparison of the induced torques and rotor Joule losses generated by several
harmonic components resultant from THFEA and analytical methods.
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1.5.5.6 Performance comparison of the FSCW against DW IMs

In this paragraph, a squirrel cage IM equipped with 48 slots and 8 poles DW as shown in Figure
1.42-(b) which characteristics are displayed in Table 1.14 is considered as machine reference. For
a comprehensive comparison, the DW induction machine is designed is such a way to have the
same fundamental MMF component as the FSCW machine example. For that, both designs under
consideration are chosen to have the same rotor, characteristic dimensions (air-gap width, stack
length,stator outer radius...), rated current, current density, number of turns per phase in series and
therefore the electric loading. The DW MMF space harmonic spectrum of the 8-pole IM example is
shown in Figure 1.52. It can be clearly seen that the amplitudes of the higher harmonic components
are very low compared to the amplitude of the fundamental.

Table 1.14: Dimensions and ratings of the the 8-pole DW IM example.

Z Number of slots 48 r coil to pole pitch ratio 0.83
p Number of pole pair 4 kw Winding factor 0.933
Zb Number of rotor bars 50 σb Rotor bars electrical conductivity 58 MS/m
Rs Stator outer radius 70 mm J Current density 4 A/mm2

Rr Rotor radius 39.67 mm Vmax Rated phase peek voltage 375 A
g Air-gap width 0.33 mm Imax Rated phase peek current 10 A
L Core length 120 mm f Rated frequency 50 Hz
Nt Number of turns per phase 300 kw Winding factor 0.933

Figure 1.52: Normalized MMF space harmonic spectrum of the 8-pole DW layout.

For illustration purposes, steady state TSFEA simulations are performed for both FSCW and
DW example machines which are supposed to operate at di�erent speeds (slip value). The investi-
gation only focuses on the behaviour of the machines in the high speed region (low slip values). In
fact, comparing the starting capability of the DW IM with The FSCW one is not worth consider-
ing since it can be intuitively understood that FSCW IMs cannot compete with their DW machine
counterpart when the self starting is needed. Nonetheless, DOL starting condition were simulated
by TSFEA on the DW and FSCW IMs understudy by imposing the rated phase voltages Vmax for
both machines at high operational speeds. Results of comparisons in terms of torque, Joule losses
and maximum phase currents function of the rotational speed are illustrated in Figure 1.53.
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Figure 1.53: Comparison of the FSCW and DW IMs performance characteristics under
rated voltage in terms of: (a) Torque vs speed, (b) Rotor Joule losses and (c) stator maximum

phase current.

It can be seen from Figures 1.53-(a) and (c), by imposing the rated voltage, the FSCW and DW
IMs can have the same torque performance for very low slip values (for speeds higher then 720 rpm
corresponding to slip values less then 0.04) and consume almost the same phase current. However,
for the same speed region, excessive rotor Joule losses produced by the FSCW IM are observed in
Figure 1.53-(b) which may exceed ten times the losses produced by the DW machine con�guration.
Furthermore, it can be seen that, while the FSCW machine has already reached its peak torque at
a speed equal to 690 rpm (at 0.08 slip), the DW machine torque is still rising for lower speed val-
ues leading to a much larger operating range with respect to the FSCW machine. Such behaviour
of the torque speed characteristic is not common and does not re�ect the reality since the the ro-
tor cage end-ring e�ect is not considered in our case. Again, the same conclusion can be drawn
here regarding the capability of the FSCW IM to be used as a direct-on-line plugged machine. On
the other hand, in case of inverter-fed machine, operating parameters can be set in order for the
machine to work in steady-state operating region under the rated phase current. For this reason,
further investigations on the potentiality of FSCW IM to be employed by inverter-fed machines
applications are worth to be looked on.

Thereby, the steady state behaviour of both machines understudy are simulated by TSFEA for
high speed values imposing a constant rated current Imax. Simulation results in terms of torque vs
speed characteristics, rotor Joule losses and maximum phase voltages are displayed in Figure 1.54.
Regarding the torque performance, it appears in Figure 1.54-(a) that both machines understudy
have comparable behavior at high speed range at steady state. In contrast, a huge constant gap
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between the rotor losses trends of both machines can be clearly seen in Figure 1.54-(b). The FSCW
IM generates more than three times the rotor Joule losses induced by DW machine which is true
for all the considered range of speed. Actually, this can be predicted from the results of the studies
on the individual harmonics which showed that all harmonic currents induced in the rotor bars
generate considerable losses even at low slip values. In fact, even at synchronous speed for which
no Joule losses are produced by the DW machine case, excessive losses induced by the harmonic
currents of di�erent frequencies are produced by the FSCW stator. Therefore, although the steady
state torque capability of the FSCW IM seems promising in contrast with the classically adopted
DW layout, this kind of machine shows a very poor performance in terms of e�ciency. Another
observation which can be made from Figure 1.54-(c) is that, in order to maintain the same loading
current, the FSCW machine needs more voltage to ensure the same torque performance as the DW
one. This voltage di�erence can be explained in a major part by the presence of harmonics which
create di�erent additional voltages to be summed up with the fundamental one.

Figure 1.54: Comparison of the FSCW and DW IMs performance characteristics under
rated current in terms of: (a) Torque vs speed, (b) Rotor Joule losses and (c) stator peak

phase voltage.

1.5.5.7 Potentials of FSCW multilayer quadratic optimization applied to squirrel cage
IMs

The main motivation behind the substantial investigation on the impact of the di�erent harmonic
produced by conventional FSCW on the squirrel cage IM performance is to identify the harmful
harmonic contributing the most to the deterioration of the machine performance. This allows
to quantitatively address the tradeo�s involved using FSCW in induction machines with the aim
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of investigating on the potentialities of this type of machine to be optimized by quadratic pro-
gramming. In particular, exploring the performance characteristics of the 9-slot/8-pole FSCW IM
example in terms of electromagnetic torque and e�ciency gave insights into the speci�c harmon-
ics causing parasitic e�ects and degenerating the machine performance. Indeed, it was shown that
the most serious impact on the torque and rotor losses originate from the accumulation of the in-
dividual e�ects of the several harmonics of signi�cant amplitude. For the chosen example, these
harmonics (such as 5th, 13th, 14th, 22nd, 23rd...)-according to the relation stated in (1.52)-are all
related to the fundamental in the sense that they vary proportionally to it as shown in Figure 1.35.
This implies that no kind of optimization (regardless of the algorithm used) can be e�ective in re-
ducing these harmonics without reducing the fundamental exactly by the same amount. Despite
the existence of some harmonic orders that may be reduced by the quadratic optimization (because
of their independence from the fundamental), their in�uence on the machine performance appears
to be negligible. For instance, based on the results analysis presented previously, it is found that the
subharmonics (that can be a�ected by the optimization) produce a very low torque and losses de-
spite their signi�cant amplitude. The same conclusion can be also drawn for the other slot/pole
FSCW con�gurations since it can proved that, in all cases, problematic harmonics consists of the
higher order harmonics usually with signi�cant amplitude which are "linked" to the fundamental.
On the other hand, some FSCW slot/pole con�gurations were found to have promising results
in terms of torque production such as the 12-slot/8-poles con�guration [59] which is not suitable
for optimization by the proposed quadratic algorithm. Consequently, alleviating the drawbacks
of the FSCW rich harmonic content applied to squirrel cage IMs on the machine performance is
not possible by multilayer arrangement through quadratic optimization approach.
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1.6 Conclusion

FSCWs in three-phase permanent-magnet machines are known to bring important advantages, es-
pecially from the manufacturing point of view, but also to have negative impacts on machine per-
formance due to their richness in airgap MMF space harmonics. It is already known that increasing
the number of layers and also using coils with di�erent number of turns can be bene�cial for reduc-
ing FSCW harmonics. So far, however, FSCW design optimization has been usually approached
on a case-by-case basis and �nding the optimum, though extensive theoretical or heuristic reason-
ing, for any individual slot/pole combination. In this Part, a general and systematic methodology
has been presented to optimize the FSCW of the three-phase SPM machine through multilayer
winding quadratic programming. An overview of the potentials and limits of FSCW optimization
has been discussed resorting to multiple-layer arrangements when the target is to reduce three ma-
jor performance issues, namely: UMP, torque ripple and permanent magnet eddy-current losses.
It has been shown that the three parasitic phenomena in question are caused by di�erent groups of
space harmonics and the FSCW optimization, regardless of the algorithm used, is intrinsically in-
capable of suppressing certain well-de�ned space harmonics. In particular, it has been emphasized
that some space harmonics can be necessarily reduced by the same amount as the MMF fundamen-
tal independently of the multilayer winding layer being adopted. It has been illustrated how this
fact makes design optimization e�ective only if applied to a limited number of slot/pole combi-
nations and how the slot/pole combinations for which useful results can be expected introducing
optimized multilayer arrangements strongly vary depending on the objective. In particular, explor-
ing combinations with number of slots in the range between 3 and 27 and number of poles in the
range between 2 and 24, the following conclusions can be drawn:

• UMP reduction can be achieved for only two slot/pole combinations, namely 21 slot/ 16
poles and 27 slot/ 20 poles,

• torque ripple can be e�ectively reduced only on those slot-pole combinations for which it
already has very small values when the winding is conventionally designed with the star-of-
slot method,

• permanent-magnet loss reduction is the goal for which design optimization can be e�ectively
applied to the widest set of slot-pole combinations and leading to the largest bene�ts.

Finally, an attempt to examine induction machine performances with FSCW has been presented in
order to provide insights on the behaviour of such winding layout on the IM performance for the
sake of a possible application of the optimization approach. For that, a fast computation approach
to compute the impact of the individual harmonic components in terms of torque and cage Joule
losses through THFEA has been proposed using a simpli�ed model where the stator winding is re-
placed by a an equivalent current sheet reproducing the harmonic air-gap �eld. Approaching the
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problem analytically based on the harmonic equivalent circuit could be an alternative for an instan-
taneous prediction of the harmonics impacts on the machine performance. The sum of the overall
e�ects of the single harmonics resultants from both methodologies has been compared with TS-
FEA applied on a FSCW IM machine example. A shortcoming of the analytical method has been
shown which consists of its inaccuracy in predicting torque and Joule losses for high harmonic or-
ders. Based on the analysis results of the studies conducted on the di�erent harmonic impacts, it
has been possible to identify the speci�c harmonic components responsible for the deterioration
of the IM performance. Consequently, the FSCW IM was proven to be unsuitable for self starting
DOL applications. For the sake of comprehensiveness, the FSCW machine case has been compared
with a standard distributed winding machine taken as a reference. Therefore, TSFEA simulations
have been performed on both machines working for high speeds range under steady state condi-
tions. The FSCW IM solution was shown to be capable to have comparable torque capability with
the DW IM. However, the penalty was always the excessive additional rotor bars losses due to the
higher order harmonic MMF components. In the end, it was shown how the quadratic optimiza-
tion is incapable to reduce the harmful harmonics without reducing the MMF fundamental by
the same amount. This implies that no kind of optimization (regardless of the algorithm used) can
be e�ective to reducing this harmonics in order to ameliorate the IM performance when equipped
with FSCW architecture.
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Part 2

Study of Stator Winding Skin E�ect
Additional Losses in Synchronous
Machines with Flat Turns, Open Slots and
Arbitrary Rotor Geometry

2.1 Introduction

The e�ciency of an electric machine is ultimately limited by the losses present in the stator
windings. A proper copper loss estimation has an important role to allow a better choice

of conductor size and winding layout to minimize the heating e�ect. Power dissipation in the sta-
tor winding of AC rotating machines is the sum of resistive DC Joule losses and additional losses
caused by skin and proximity e�ects [1]. In low-voltage machines with semi-closed slots eddy cur-
rents accounting for additional losses are excited in stator conductors by slot leakage �uxes caused
by armature currents, while rotor motion plays a minor or negligible role [2]. Conversely, large
medium-voltage machines are usually equipped with form wound coils made of �at conductors
embedded in open slots with rectangular cross section [3–7]. The use of �at conductors and open
slots is spreading also in low-voltage machines equipped with the so-called hairpin windings [8]. In
this case, �ux lines can enter the slot from the air gap and sweep the conductors placed close to the
slot opening so that signi�cant eddy currents and increased additional losses arise in them, result-
ing in possible overheating and hot spots [4, 5]. The prediction of such kind of losses is challenging
because rotor motion needs to be taken into account. This typically requires Time-Stepping Finite-
Element Analysis (TSFEA) simulations where the detailed structure of each conductor needs to
be considered [1], leading to signi�cant computational burden and very complicated models. For
simple rotor geometries, like that of surface permanent magnet machines, the problem can be
solved analytically through the subdomain technique [9, 10] or through a set of THFEA simu-
lations in which moving magnets are replaced by a grid of �ctitious punctual conductors carrying
sinusoidal currents with appropriate amplitude, frequency and phase [7]. For generic salient-pole



86
Part 2. Study of Stator Winding Skin E�ect Additional Losses in Synchronous Machines with Flat

Turns, Open Slots and Arbitrary Rotor Geometry

rotor shapes, a computationally e�cient alternative to TSFEA is proposed in [11] where a discrete
�ux density map in the slot domain is obtained through a sequence of magnetostatic �nite-element
analysis (MSFEA) simulations with di�erent rotor positions and then used to compute induced
eddy currents in each conductor analytically. The procedure is, however, speci�cally conceived for
random-wound coils made of round wires and cannot directly apply to the case of form wound
stators.

In this part, a very fast method to compute skin-e�ect additional losses in the stator winding
of open-slot form-wound AC machines with arbitrary rotor geometry is proposed. The method
is based on the idea of replacing the actual rotor by a static in�nitely permeable ferromagnetic
cylinder with a current sheet applied on its surface so as to produce the total air-gap revolving �eld
of the real machine. Two simple MSFEA simulations, including only the detail of rotor geometry,
are needed for the current sheet de�nition. The resulting model can be solved through a set of
THFEA simulations at di�erent frequencies to �nd skin-e�ect losses in stator conductors due to
rotor motion. Finally, the solution of the whole THFEA model is shown equivalent to solving
one small slice of it, if further current sheets are applied on the slice boundaries to account for the
excluded parts. As a result, the application of the proposed technique to an example salient-pole
synchronous generator shows that computation time can be abated from several hours (required
by TSFEA) to a couple of minutes when the reduced model is adopted.

The technique being set forth in this part has some similarities with the Harmonic Balance
Finite Element Method (HBFEM) [12–14], which however exhibits a signi�cant complexity of im-
plementation requiring dedicated numerical algorithms. The strength of the idea proposed in this
part is in using the winding and permeance function theory [14] to reduce the machine model to
a very simpli�ed form which can be directly solved by commercially available software packages
through conventional THFEA.

On the other side, a limit of the proposed method consists of assuming constant DC currents
in rotor circuits and neglecting magnetic saturation. As to magnetic saturation, its impact on ad-
ditional losses is discussed in detail through TSFEA showing that the assumption of unsaturated
iron leads to conservative results, with an overestimation of the losses by around 15%, in the exam-
ple machine considered as a case study. Moreover, for the sake of simplicity, this study, like [11],
addresses only skin e�ect losses that arise in every single conductor, assuming that all strand in the
coil are series-connected. The method can be however extended with relatively small e�ort to cover
proximity losses due to circulating currents among several shunt-connected strands that may form
a turn [1].

Part 2 is structured as follows: Section 2.2 addresses the description of the machine model and
the study of the problem by TSFEA; Section 2.3 introduces the THFEA-based technique for the
computation of additional losses in the stator strands; in Section 2.4 a reduced model aiming at
speeding up the eddy current losses is presented. Sections 2.5 draws some conclusions from the
previously presented investigations and results.
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2.2 Description and study of the Problem by TSFEA

2.2.1 Description of the synchronous machine example

To illustrate the problem and the various possible approaches to its numerical study, the salient-
pole machine shown in Figure 2.1 will be taken as an example. In addition to the dimensions shown

Figure 2.1: Cross-section and dimensions of (a) the machine under study; (b) the slot por-
tion closer to the air gap.

in Fig. 1, the example machine is characterized by the data provided in Table 2.1. The machine is

Table 2.1: Example machine data.

Number of turns per coil 10 Number of pole, 2p 4
Number of parallel paths per phase 2 Number of turns per phase in series 100
Number of turns per coil 10 Number of pole, 2p 4
Number of slots 60 Core axial length 800 mm
Number of �eld turns per pole 100 Coil to pole pitch ratio 0.8
Number of phases 3 Phase connection Y

originally designed as a voltage-source inverter-fed motor for the oil and gas industry. The Field
Oriented Control (FOC) allows for the motor to be operated at unity power factor in rating con-
ditions. This study investigates the behavior of the machine for di�erent possible design variants,
in particular regarding the slot width. The stator slot and strand widths (ws and wc) are not �xed
because two cases studies (corresponding to a wide-slot and a thin-slot design) as speci�ed in Table
2.2 will be taken into account to highlight the strong impact of such parameters on skin-e�ect ad-
ditional losses. For information, the rating data for the machine design with thin slots are provided
in Table 2.3. Regarding the iron core, to investigate the e�ect of magnetic saturation, the two cases
are addressed of a constant relative magnetic permeability equal to 10.000 and of a ferromagnetic
material with the B-H curve shown in Figure 2.2.
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Table 2.2: Investigated design variants.

ws wc
Wide slot design 16.0 mm 12.5 mm
Thin slot design 13.2 mm 8.7 mm

Table 2.3: Example machine ratings.

Wide slot design Thin slot design
Rated line-to-line voltage 6000 V 6000 V
Rated line current 190 A 190 A
Rated frequency 60 Hz 60 Hz
Rated power factor 1 1
Rated e�ciency 97.6 % 97.7 %
No-load �eld current 50 A 49 A

Figure 2.2: Core B-H curve considered for the ferromagnetic material of the saturated
model.

2.2.2 Modeling and analysis of the machine by TSFEA

The most complete and accurate way to study and illustrate stator additional losses due to the
air-gap �ux lines entering the slots is TSFEA. This implies an accurate modeling of the machine
geometry over time; the model needs to include both the details of the winding structure (Figure
2.1) and rotor motion [1].

For illustration purposes, the TSFEA is applied to the example machine which is supposed
to operate as a generator both at no load and feeding a three-phase resistive load, in the working
conditions illustrated in Figure 2.3. The phase voltage and currents Eph and Iph are selected so as
to give the same fundamental airgap �ux-density amplitude around 0.7 T in all cases and a current
density around 4 A/mm2 in stator conductors. The simulations are performed for both the wide
and thin slot design (Table 2.2) as well as with linear and saturable core iron.

In the TSFEA, the �xed 1800 r/min speed is applied to the rotor and the �eld current is adjusted
so as to obtain the indicated phase current and voltage values in all the simulated scenarios. The
simulation time must be enough for the machine to reach the steady-state conditions in terms of
currents, voltages and losses.

Figure 2.4 shows the �ux lines and eddy-current distribution in a stator coil side placed in the
slot region close to the air gap for the unsaturated machine with large-slot design. It can be seen
how some �ux lines from the air gap enter the slot changing their spatial distribution over time
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Figure 2.3: Operating conditions reproduced by TSFEA (a) on load and (b) at no load.
Phase voltage and current (Eph and Iph) are expressed in RMS.

due to the revolving air-gap �eld. As an e�ect signi�cant eddy currents arise especially in those
conductors which are placed nearest the air-gap.

Figure 2.4: Detail of eddy current density and �ux lines distribution at two di�erent time
instants for a stator coil side placed in the slot region close to the air gap. The interval be-
tween the two time instants corresponds to a rotor angular displacement of 12.8 mechanical

degrees.

Figure 2.5 shows the variation of total resistive losses in each of the ten conductors in the coil
as a function of time, once the machine has reached the steady state. Although the losses of all the
ten conductors are plotted, only those occurring in the three strands placed closest to the air gap
are visible.

Heating is due to the mean value of the losses. Therefore, in post processing TSFEA results,
the average power dissipated in each conductor needs to be computed by integrating instantaneous
power (Figure 2.5) over one electrical period. The mean Joule losses for the ten conductors of a coil
are shown in Figure 2.6.

As expected [1, 2, 4–9], additional losses are very large in conductor #1, which is the most ex-
posed to air-gap �ux lines entering the slot (Figure 2.4), and decrease in the other conductors as
their distance from the air gap grows. We can also observe that the losses at no load are much lower
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Figure 2.5: Losses versus time at steady-state for the stator of a coil side placed the closest
to the air gap.

Figure 2.6: Resistive losses in the ten conductors placed nearest the air gap as obtained
from TSFEA for the machine design with (a) wide slots and (b) thin slots.

than those in loaded conditions and that magnetic saturation tends to reduce them signi�cantly,
especially in conductor #1 (no-load simulation results are shown only for the linear case for the
sake of brevity, since the e�ect of saturation is the same as on load). Finally, what evidently emerges
is the strong impact of slot and conductor width: for the wide slot design the additional losses in
conductor 1 are more than four times as much as in the thin-slot design.

The observations made commenting on Figure 2.6 can be in large part explained considering
the air-gap �ux-density waveforms in the various cases under study. These are shown in Figure 2.7
with relevant space harmonic spectra reported in Figure 2.8.
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Figure 2.7: Radial component of the air-gap �ux density (a) at full load with linear iron;
(b) at full load with saturated iron; (c) at no load with linear iron.

Figure 2.8: Air-gap �ux-density space harmonics in various simulated scenarios.

Figure 2.8 highlights that, although the fundamental �ux-density amplitudes are aligned in all
cases, the content in higher-order space harmonics signi�cantly changes from no-load to loaded
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operation depending on whether magnetic saturation is taken into account or not.
In particular, from Figure 2.8 it can be seen that the full-load operation with linear iron is the

condition where the largest space harmonics appear while magnetic saturation produces a higher
order space harmonic reduction. This can appear counter-intuitive as magnetic saturation is often
thought of as a source for magnetic �eld distortion. Actually, the air-gap magnetic �eld distortion
in the salient-pole machine under study is mainly produced by rotor anisotropy, which causes a
steep variation in �eld intensity (Figure 2.7-(a)) across pole shoe ends. When magnetic saturation
is taken into account, �ux density peaks are obviously reduced and the overall air-gap �ux-density
waveforms is clearly �attened as it can be seen by comparing Figure 2.7-(a) and Figure 2.7-(b). Such
“�attening e�ect” naturally leads the air-gap �ux density waveform to better approximate an ideal
sinusoidal shape and, therefore, causes a reduction in its higher-order space harmonics as visible
from Figue 2.8. For the sake of clarity, it may be worth emphasizing that the presence or absence
of magnetic saturation does not refer to di�erent operating conditions, but depends on how the
machine model (operated in the same working point) is modelled, i.e. either assuming a non-linear
B-H characteristic for ferromagnetic cores (Figure 2.2), or assigning them a constant magnetic per-
meability.

Regarding the e�ect of load, we can observe that at no-load conditions the harmonic spectrum
appears to be almost the same as in the on-load saturated case, except for the 3rd harmonic which
nearly reduces to zero and will be shown to have a strong impact of additional losses in what follows.
Since air-gap �eld space harmonics are known to noticeably a�ect the additional losses in issue [7],
it is reasonable that the largest the space harmonic content, the highest the additional losses (Figure
2.6).

On the other side, slot and conductor width e�ect cannot be justi�ed looking at air-gap �eld
waveforms (Figure 2.7), which are almost the same for both large and thin slots. An explanation can
be given observing that, as clearly visible from Figure 2.4, eddy currents in the strands near the air
gap concentrate on the left and right ends of conductors, with opposite direction on the two sides.
This is schematically sketched in Figure 2.9-(a), where eddy currents are assumed to concentrate
in points P1 and P2, and Φgap(t) denotes the average air-gap �ux �owing between them. For
each air-gap harmonic, Φgap(t) varies sinusoidally over time with a frequency depending on the
harmonic’s order and speed.

Figure 2.9: Schematic representation of a single conductor in a slot crossed by �ux lines
(a) from the air gap and (b) due to slot leakage �ux.
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Eddy currents are excited in the �ctitious turn of sides P1 and P2 according to Faraday-Lentz’s
law by the time variation of Φgap(t). It appears that the wider the turn width w the larger the �ux
linkage and, hence, the electro-motive force (EMF) acting as eddy-current source. More rigorously,
the phenomenon could be treated in the same way as the skin e�ect caused by the slot leakage �ux
Φleak(t) crossing conductors in the orthogonal direction (Figure 2.9-(b)). It is well-known that
the height h strongly impacts on the skin e�ect in such case [15]. By analogy, this explains how
skin-e�ect losses caused by air-gap lines entering the slot are found to be highly sensitive to slot and
conductor width (Figure 2.6).

As could be clearly understood from this work, the assumption considering each turn com-
posed of one single conductor is made to exclude the occurrence of proximity losses so that only
extra losses due to air-gap leakage �uxes entering the slot and "sweeping" the conductors are taken
into account. However, to anticipate some results which include the possibility of having mul-
tiple parallel-connectors in each turns, the winding con�gurations summarized in Figure 2.10 are
explored through TSFEA simulations.

Figure 2.10: Winding con�gurations considered for the comparative evaluation of extra
losses: (a) two strands in parallel per turn, 5 turns in series per coil; (b) �ve strands in parallel
per turn, 2 turns in series per coil; (c) two strands in parallel per turn (one strand aside the
other), 10 turns in series per coil and (d) Two strands in parallel per turn (one strand above
the other), 10 turns in series per coil. The rectangle with black border embraces the strands

which are connected in parallel to form a single turn.

In all the cases, the number of parallel ways per phases or the machine rated voltage and current
have been adjusted to have the same current density (i.e. electrical loading). Furthermore, the size
of the slot has maintained the same (corresponding to the “wide slot” design variant) as well as
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the armature reaction �eld. Simulations are all run at unity power factor, rated current and rated
voltage, hence with equal �ux density in the air gap and equal current density in conductors. This
allows for a homogeneous comparison in terms of extra losses. The results of the total losses in
the four explored situations are shown in Figure 2.11 (please note that the �rst white bar refers to
the situation already discussed previously, where all conductors in a coil are assumed to be series
connected). It is worth noticing that, for those winding con�gurations characterized by multiple
parallel-connected strands per turn, not only skin e�ect is considered but also proximity losses are
included.

Figure 2.11: Joule losses per conductor for di�erent winding con�gurations.

What clearly emerges from the comparison is that there are not signi�cant changes in the extra
losses except for the winding con�guration with two parallel connected strands per turn, placed one
aside the other (blue bars). This result is not surprising as it is fully consistent with the explanation
given in Figure 2.9 regarding the origin of extra losses due to air-gap leakage �uxes entering the air
gap: according to such explanation the larger the conductor, the larger the extra losses arising in it.
Therefore, it can be expected that in the winding con�guration with two parallel strands per turn
placed one aside the other the extra losses are signi�cantly reduced because the single conductor
width is reduced to one half.

From the investigations conducted on di�erent winding arrangements, it has been also noticed
that proximity losses have a minor impact if compared to skin e�ect losses due to �uxes entering
slots from the air gap. This was observed noticing that the circulating currents between parallel-
connected strands per turn are very small.

The results of TSFEA simulation discussed in this Section highlight the importance of predict-
ing skin-e�ect additional losses when designing form-wound machines with open slots, especially
to avoid design choices (e.g. slot and conductor width) expected to cause local overheating, as will
be better illustrated by the thermal analysis reported in the following Section 2.2.3.
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2.2.3 Thermal analysis

Large skin-e�ect phenomena occurring in stator conductors placed near the air gap can be harm-
ful not so much in terms of e�ciency but as sources for overheating and hot spots. This is better
illustrated in this section through a combined thermal and �uid-dynamic 3-dimensional (3D) FEA
simulation of the synchronous machine example under study. The machine design with wide slots
(Table 2.2), where extra losses are higher and expected to produce larger thermal issues are consid-
ered as a case study.

The type of cooling is IC611, which means that the totally enclosed machine is equipped with
an air-to-air heat exchanger mounted on the top of the frame as illustrated in Figure 2.12. Forced

Figure 2.12: Example of a medium-voltage rotating machine with IC611 cooling system.
The machine is totally enclosed and equipped with an air-to-air heat exchanged mounted
on its top. Forced circulation through shaft mounted fans is used for both primary and

secondary cooling air.

circulation through shaft-mounted fans is applied to both primary cooling air (which is directly
in contact with active parts) and secondary cooling air (which �ows through the heat exchanger
pipes). The internal cooling air �ow inside the machine is sketched in Figure 2.13. The fresh cooling
air (C) enters the machine frame from the heat exchanger at both ends, drawn by shaft-mounted
fans (F). It then enters the air gap and returns to the heat exchanger by �owing through radial
ventilation ducts. Radial ventilation ducts are obtained by subdividing the stator core into several
elementary stacks (S), as shown in the example picture in Figure 2.14.

Given the cooling system depicted in Figure 2.13, it is clear that a 2D thermal simulation would
not su�ce because the heat �ows are not only in radial and tangential direction, but also in the
axial direction. In order to reduce the computational burden symmetries can be exploited and the
portion of the machine shown in Figure 2.15 can be modelled.
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Figure 2.13: Cooling system schematic. The cooling air �ow (C) enters the machine frame
at both ends from the heat exchanger, drawn by shaft-mounted fans (F). It then enters the
air gap radially and returns to the heat exchanger by �owing through radial ventilation ducts

obtained by subdividing the stator core into elementary laminated stacks (S).

Figure 2.14: Example of a medium-voltage machine stator equipped with radial ventilation
ducts.

The elementary laminated stack placed in the middle of the stator core is taken into account for
the estimation to be conservative as the temperature tends to increase as we move from the ends
of the core (in contact with “fresh air”) to the center. The modelled portion of the machine is
delimited by cutting planes Π1, Π2, Π3 and Π4 across which no heat and no cooling air can �ow
due to symmetry reasons. We notice that cutting planes Π1, Π2 are displaced by a slot pitch angle
apart while cutting planes Π3, Π4 are orthogonal to the machine rotational axis and placed in the
middle of two successive radial cooling ducts.

The 3D model used for the simulation is shown in Figure 2.16. For its solution, the losses com-
puted in stator conductors by TSFEA in full-load conditions are assigned as heating sources in the
coils together with a speci�c core loss of 9.2 W/kg in the stator ferromagnetic region. The cooling
air is imposed to enter the radial ventilation ducts with a typical speed of 20 m/s [16] and with a
temperature of 20°C.

The thermal conductivity of materials is set using standard values in the ranges provided in
[17]. The results of the combined thermal and �uid-dynamics simulations are shown in Figure 2.17
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Figure 2.15: (a) Axial section schematic showing the cooling air �ow: S-stator elementary
stack between cooling ducts; W-stator winding coil; R-rotor; F-shaft-mounted fans; C-

cooling air path. (b) Portion of the machine considered for the 3D thermal simulation.
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Figure 2.16: Two views of the machine model portion used for 3D thermal FEA.

in terms of velocity distribution of the air inside the radial cooling ducts.

Figure 2.17: Cooling air velocity �eld (speed in m/s) in the radial cooling duct as resulting
from 3D �uid-dynamic simulation assuming an air speed of 20 m/s on the air-gap side.

It can be seen from Figure 2.17 that - as expected - the cooling air �ow is not laminar everywhere
and some turbulence occurs in the cooling duct regions near the bottom and sides of the coils. This
causes the air speed to locally take very high values, with bene�cial e�ects on the heat removal.

Simulation results in terms of temperature �eld are shown in Figure 2.18 and 2.19. In particular
Figure 2.18-(a) shows the temperature of the whole modelled system (including the cooling duct
portions on both sides). It can be seen that the iron core temperature is between 30 and 40°C,
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while the strand copper exhibits temperatures which range from around 45°C to around 130°C.
The hottest strand is – as expected – the one closest to the air gap, where the majority of Joule losses
occur due to severe skin e�ect. As the distance from the air gap increases, the strand temperature
reduces, which re�ects the reduction in the extra losses caused by �ux lines entering the slot from
the air gap. Hot spots are very dangerous due to the damage they can cause to the insulation system.

Figure 2.18: Temperature distribution in (a) the solved model and (b) the conductor insu-
lation.

For this reason, it makes sense to investigate the temperature of the insulating varnish covering the
strands, as this is the dielectric material subjected to the highest thermal stress. Such temperature
distribution is shown in Figure 2.18-(b), which con�rms that the temperature range is between 40
and 130 °C, with the highest temperature occurring in the insulating varnish between the �rst and
the second strand on the air-gap side. This high thermal stress is expected to damage the insulation
over time until a breakdown occurs resulting in a short circuit between the �rst and the second
strand (turn fault). As a consequence of the fault current induced in the shorted turns the local
temperature further increases normally leading to a damage and �nal breakdown of the ground
wall insulation and a consequent phase-to-ground fault.

Finally, Figure 2.19 gives a further illustration of the temperature distribution on a radial cutting
plane placed on the symmetry axis of the slot.

It is worth noticing that the temperatures resulting from the thermal and �uid-dynamic FEA
are not very signi�cant in terms of absolute values as the absolute value raises more or less pro-
portionally to the temperature of the cooling air. What is more meaningful is the temperature
di�erence inside the winding. From this point of view, we can observe that the di�erence in tem-
perature between the strands on the two opposite ends of the slot is around 90 K, which clearly
indicates the presence of “hot spots” in the conductors (and relevant insulation) placed near the air
gap. Hot spots are potentially harmful because they can damage the insulation over time causing
its breakdown and a consequent turn-to-turn fault.
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Figure 2.19: Temperature distribution in a model cross section.

2.3 Additional loss computation through THFEA

In order to overcome the shortcomings of TSFEA related to computational burden and model
complexity, the following of this part will illustrate much faster simulation approaches based on
MSFEA and THFEA which do not need to include rotor motion e�ects. As a �rst step in this
direction, an e�cient method to compute the radial airgap �eld space harmonic spectrum for a
generic salient-pole rotor geometry is illustrated in this section. For that, the air-gap magnetic �eld
need to be adequately determined.

2.3.1 Magnetic �eld space harmonic computation

The air-gap radial magnetic �eld can be computed through purely analytical methods for round
rotor synchronous machines [9, 10]. For a generic salient-pole rotor structure, instead, a fully ana-
lytical method is not presently available from the literature and the need arises to run a minimal set
of MSFEA simulations [14]. The hypotheses made in this Section to determine air-gap magnetic
�eld harmonics for a salient-pole machine with generic rotor shape consist of neglecting magnetic
saturation and stator slotting e�ect. The former assumption is actually a limitation of the method,
while the latter is not restrictive as the slotting e�ect will be subsequently considered in the simpli-
�ed models for THFEA.
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As illustrated in Figure 2.20, we shall assume phase a-axis as a reference for a polar coordinate
system (ρ, θ) and indicate θr the rotor d-axis position. The currents in stator phases a, b and c are
assumed to have amplitude Is and angular frequency ω:

ia(t) = Is cos (ωt)

ib(t) = Is cos (ωt− 2π

3
)

ic(t) = Is cos (ωt− 4π

3
)

(2.1)

while the �eld circuit is supposed to carry a constant current I f . A mean air-gap circumference Γ is
introduced having radius Rm = Rs− g/2 where Rs is the stator bore radius and g the minimum
air-gap width.

Figure 2.20: (a) Polar coordinate system and reference axes; (b) simpli�ed slotless model
for MSFEA (air-gap width is magni�ed for illustration purposes).

The simpli�ed machine model shown in Figure 2.20 is reproduced for MSFEA. It includes
the actual rotor geometry and a slotless stator with �ctitious punctual conductors D+, D−, Q+

and Q− located where the smooth stator bore circumference intersects rotor d and q axes. If - for
the time being - we neglect slotting e�ects, the radial magnetic �eld along circumference Γ at the
angular position θ and time t can be expressed as [14]:

Hgap(θ, t) = Prot(θ − θr)M(θ, t) +Hrot(θ − θr)
I f

I f 0
(2.2)

where Prot denotes the rotor permeance function,M the stator MMF,Hrot the radial magnetic
�eld due to a generic rotor �eld current I f 0 taken as a reference and I f the actual �eld current.
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The stator MMF for a symmetrical three-phase distributed winding is given by (2.3) being Ns

the number of series-connected turns per phase, p the number of pole pairs and kw,|6k+1| the wind-
ing factor for the space harmonic of order |6k + 1| [18].

M(θ, t) = ∑
k∈Z

Mk cos [p(6k + 1)θ −ωt], Mk =
3
π

Is
Ns

p
kk,|6k+1|
|6k + 1| (2.3)

Regarding rotor permeance function, it can be expressed as:

P(θ − θr) = g−1prot(θ − θr) = g−1 ∑
n=0,1,2,..

Pn cos [2np(θ − θr)] (2.4)

where prot denotes the relative permeance function (varying between 0 and 1) referred to the min-
imum air-gap width g and Pn are its Fourier series coe�cients. For a generic salient-pole rotor
geometry there is no analytical expression for prot. To identify this function according to [14], two
MSFEA simulations are run on the model in Figure 2.20-(b), where conductor pairs (D+, D−)
and (Q+, Q−) are respectively energized. Based on the radial component of the magnetic �eld
computed along Γ from the two simulations, the rotor relative permeance function and relevant
Fourier coe�cients shown in Figure 2.21-(a) are found.

Figure 2.21: (a) FunctionsHrot and prot and (b) relevant Fourier series coe�cients, for a
reference �eld current I f 0 = 100 A.

Finally, the rotor air-gap �eld contributionHrot for the reference �eld current I f 0 is:

Hrot(θ − θr) = ∑
ν=1,3,5..

Hν cos [νp(θ − θr)] (2.5)
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As observed for prot, there is no general analytical expression forHrot. To identify this func-
tion, the model shown in Figure 2.20-(b) is used energizing the �eld circuit with the (arbitrary)
current I f 0 and extracting the magnetic �eld radial component along Γ. The resulting waveforms
and Fourier coe�cients are shown in Figure 2.21-(b) for the example case where the �eld current is
I f 0 = 100 A.

In steady-state synchronous operation, the rotor revolves at the synchronous mechanical speed
ω/p and it position θr is given by (2.6) being θr0 the d-axis position at t = 0.

θr(t) =
ω

p
t + θr0 (2.6)

By plugging (2.3), (2.4), and (2.5) into (2.2) and taking (2.6) into account, after some algebraic
manipulations, the following �nal expression is obtained for the radial magnetic �eld in steady-
state synchronous operation:

Hgap(θ, t) = Re
[
Hgap(θ, t)

]
(2.7)

Hgap(θ, t) = ∑
ν=1,2,3..

Eνei(νωt−νpθ) I f

I f 0
+ ∑

k∈Z,q∈{−1,1}

[
Fν,k,qei[νωt−(6qk+ν)pθ]

] (2.8)

where overlined symbols indicate complex quantities and the harmonic coe�cients Eν, Fν,k,q:

Eν = Hν

I f

I f 0
eiνpθr0 , Fν,k,q =

Mk(1 + δν,1)P(ν−q)/2

2g
ei(ν−q)pθr0 (2.9)

The symbol δν,1 in (2.9) is the Kronecker delta, which is equal to one if ν = 1 and zero oth-
erwise. For the rest of the Section, the magnetic �eld space harmonics will be written using the
complex-valued expression (2.8) as often done in the literature, keeping in mind that the actual
magnetic �eld corresponds to the real part of (2.8).

As an intermediate validation example, (2.7) and (2.8) are applied to compute the radial mag-
netic �eld at t = 0, with a peak stator current Is = 266 A, a �eld current I f = 110 A and an initial
rotor position θr0 = 69.2 mechanical degrees for the example machine. The waveforms obtained
analytically and by TSFEA are compared in Figure 2.22-(a) showing a good agreement except for
slotting e�ects, and the relevant �ux density space harmonics appearing in (2.8) are given in Figure
2.22-(b).

Equation (2.8) expresses the air-gap magnetic �eld as the sum of travelling waves with νp and
|6qk + ν|p pole pairs, in a form that will be convenient for THFEA as explained next.
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Figure 2.22: (a) Radial component of the air-gap �ux density from TSFEA and from ana-
lytical calculation. (b) Analytically computed �ux density harmonics.

2.3.2 Simpli�ed machine model used for the THFEA

As a fast alternative to TSFEA, let us introduce a machine model where the real rotor is replaced
by a static in�nitely permeable non-conductive ferromagnetic cylinder with uniform air gap g and
radiusRr = Rs− g, as shown in Figure 2.23. The rotor is at stand-still and all the slots of the model
are empty except for one which includes the details of conductors, with no current impressed.

Figure 2.23: (a) Round-rotor model with �ctitious linear current density spread on rotor
surface; (b) THFEA model for the νth harmonic at frequency νω.

The air-gap magnetic �eld along the mean air-gap circumference Γ is imposed to be the same
as that computed through (2.8) for the real machine. To this end, the following current density
λ(θ, t) is spread around the cylinder surface [6]:

λ(θ, t) = − g
Rr

∂Hgap(θ, t)
∂θ

(2.10)
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By substitution of (2.8)-(2.9) into (2.10), the equivalent current density can be expressed as:

λ(θ, t) = ∑
ν=1,3,5

eiνωtΛν(θ) (2.11)

where
Λν(θ) = E′νe−iνpθ + ∑

k∈Z,q∈{−1,1}
F′ν,k,qe−i(6qk+ν)pθ (2.12)

E′ν = i
gνpHν

Rr

I f

I f 0
eiνpθr0 , F′ν,k,q = i

Mk p(6qk + ν)(1 + δν,1)P(ν−q)/2

2Rr
ei(ν−q)pθr0 (2.13)

Expression (2.11) is useful because it demonstrates that, thanks to the superposition principle, it
is possible to approach the loss computation problem through a set of THFEA simulations, one
for each harmonic order ν corresponding to an air-gap �ux density wave of signi�cant amplitude
(Figure 2.22). In fact, let us consider a generic harmonic order ν. The additional losses Pν associated
with it can be obtained running a THFEA on the round-rotor simpli�ed model where the complex
current density Λν(θ) , given by (2.12)-(2.13), is impressed on the ferromagnetic cylinder surface
at a frequency equal to νω according to (2.11). Once the additional losses for all the signi�cant
harmonic orders ν are determined, they can be added to obtain the total additional losses Ptot

caused by the whole air-gap magnetic �eld as:

Ptot = ∑
ν=1,3,5..

Pν (2.14)

It is worth noticing that applying the superposition principle to power losses as per (2.14) is possible
because for each harmonic order ν, eddy currents of di�erent frequency (νω) are induced in stator
conductors and, hence, losses associated with all values of ν can be summed up [19].

As an example, the machine working conditions illustrated in Figure 2.3 are reproduced through
the described method in order to compare results with those obtained from TSFEA. The �eld cur-
rent I f and the initial rotor angle θr0 appearing in (2.13) are computed for the operating point of
interest as discussed in Appendix B, with no need for additional simulations. THFEA simula-
tion results in terms of eddy-current losses produced by each conductor by di�erent harmonics are
shown in Figure 2.24 focusing on harmonic orders up to 19 and on the �ve conductors closest to
the air gap, as in the other strands the additional losses are negligible.

Results are shown for no-load and full-load conditions, in the latter case distinguishing be-
tween wide and thin slot design. Figure 2.24 shows the impact of the various harmonics on the
skin-e�ect additional losses caused by air-gap �uxes entering the slot. It can be noticed that, at no
load, most of the losses result from the fundamental and the 5th and 7th harmonics, being the 3rd

almost absent (Figures 2.8 and 2.22). Conversely, in loaded condition the 3rd harmonic is the ma-
jor source for additional losses. It is also con�rmed, as discussed in Section 2.2, that the thin-slot
design leads to a very signi�cant loss reduction (by nearly a factor 4).
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Figure 2.24: Additional losses from THFEA for harmonic orders ν = 1..19 and for the
�rst �ve conductors closest to the air gap.
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The losses due to all individual harmonics can be summed up as per (2.14). To the resultant
additional losses we then need to sum the ordinary RI2 Joule losses, as conductors in the THFEA
have no impressed current. In order to also take into account the skin e�ect caused by slot leakage
�uxes Figure 2.9-(b), the AC resistance R of each single strand is computed as [15]:

R = Rdckr = ρCu
L

hcwc
kr (2.15)

where Rdc is the DC resistance, ρCu is the copper resistivity, hc and wc conductor cross-sectional
dimension and kr > 1 is the resistance correction coe�cient estimated as per [15]. Computed val-
ues are given in Table 2.4.

Table 2.4: Resistance and conventional Joule losses for a single conductor.

Rdc kr RI2

Wide slot design 4.0× 10−4Ω 1.24 3.6 W
Thin slot design 5.8× 10−4Ω 1.19 5.1 W

Results in terms of total losses per conductor are shown in Figure 2.25 where a comparison
is made between values obtained by TSFEA (Section 2.2) and those obtained from THFEA and
summing the RI2 contribution (Table 2.4). For both no-load and on-load operation and for both
thin and wide slot design, a very good agreement exists between TSFEA and THFEA results, pro-
vided that saturation is neglected in the former (similar comparisons have been repeated for the
machine operating in other working conditions – e.g. at di�erent power factors – and the same
level of accordance as shown in Figure 2.25 has been obtained). As observed in Section 2.2, mag-
netic saturation �attens the air-gap �ux density waveform and causes errors in the order of 15%
in the prediction of the losses in conductor #1. However, in all the cases investigated, magnetic
saturation acts in the sense of reducing losses, so that predictions through linear THFEA are con-
servative. In any case, the proposed method appears fully capable of identifying possible design
solution (e.g. excessive slot width) for which overheating and hot spots can be expected. In fact,
the very large di�erence from the thin and wide slot design appears to be fully captured.

In terms of computational performance for the example machine under study, TSFEA takes
approximately 5 hours while THFEA, run on the same computer, takes less than 30 seconds for
each harmonic order ν. For instance, the results shown in Figure 2.25 consider the contribution of
the �rst 40 odd-order harmonics, with a total simulation time of about 10 minutes. In addition
to the computation time saving, a signi�cant advantage of the THFEA approach consists of the
easier model geometry (Figure 2.23) and setup, with no need to include rotor motion and wait for
simulations to reach steady-state conditions.
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Figure 2.25: Comparison of the losses computed from TSFEA and THFEA.

2.4 Reduced model for THFEA simulations

Looking at Figure 2.23 it can be easily understood that only the region around the slot being mod-
elled in detail, where eddy currents are inducted and losses are computed, is actually of interest.
Therefore, having the whole machine cross section considered, although in a simpli�ed way, ap-
pears redundant and the question naturally arises as to whether it is possible to limit the study to a
portion of the model such as that shown in Figure 2.26, delimited by air-gap radial segments CD
and EF.

Figure 2.26: (a) Region of the model limited by air-gap radial segments CD and EF; (b)
the same region but with a slotless stator geometry.

The idea proposed for limiting the study to the reduced model is to analytically compute the
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radial magnetic �eld along segments CD and EF and use this to apply Neumann boundary condi-
tion along such segments. For this purpose, the magnetic �eld is �rst determined in the hypothesis
of slotless stator - i.e. referring to the slotless model version in Figure 2.26-(b) and then the complex
permeance function is applied to account for the stator slotting e�ect [20].

The magnetic �eld produced in the slotless domain (Figure 2.26-(b)) by the linear current den-
sity (2.11) can be found by solving the Laplace’s equation for the vector potentialA(ρ, θ, t):

∂2A(ρ, θ, t)
∂ρ2 +

1
ρ

∂A(ρ, θ, t)
∂ρ

+
1
ρ2

∂2A(ρ, θ, t)
∂θ2 = 0 (2.16)

Considering the vector potential theory, the radial and tangential magnetic �eld components are
immediately de�ned as [21]:

Hslotless
ρ (ρ, θ, t) = − 1

µ0ρ

∂A(ρ, θ, t)
∂θ

(2.17)

Hslotless
θ (ρ, θ, t) =

∂A(ρ, θ, t)
∂ρ

(2.18)

In order to evaluate the vector potentialA(ρ, θ, t), the following boundary conditions are applied:

∂A(ρ, θ, t)
∂ρ

∣∣∣∣∣
ρ=Rs

= 0 (2.19)

1
µ0

∂A(ρ, θ, t)
∂ρ

∣∣∣∣∣
ρ=Rr

= λ(θ, t) (2.20)

where (2.19) is due to the assumption taken into account of considering an in�nitely permeable sta-
tor core while (2.20) is due to the magnetic �eld tangential component equalling the linear current
density everywhere on the round rotor surface.

Assuming the expression:

A(ρ, θ, t) = ∑
ν=1,3,5..

eiνωt Aν(ρ, θ) (2.21)

equations (2.17) and (2.18) can be written as:

Hslotless
ρ (ρ, θ, t) = − 1

µ0ρ ∑
ν=1,3,5..

eiνωt ∂Aν(ρ, θ)

∂θ
(2.22)

Hslotless
θ (ρ, θ, t) = ∑

ν=1,3,5..
eiνωt ∂Aν(ρ, θ)

∂ρ
(2.23)
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By substituting (2.11) and (2.21) into (2.16)-(2.17)-(2.18), the time dependence disappears and (2.16)-
(2.17)-(2.18) are reduced to:

∂2Aν(ρ, θ)

∂ρ2 +
1
ρ

∂Aν(ρ, θ)

∂ρ
+

1
ρ2

∂2Aν(ρ, θ)

∂θ2 = 0 (2.24)

∂Aν(ρ, θ)

∂ρ

∣∣∣∣∣
ρ=Rs

= 0 (2.25)

1
µ0

∂Aν(ρ, θ)

∂ρ

∣∣∣∣∣
ρ=Rr

= Λν(θ) (2.26)

for any harmonic order ν. Substituting (2.12) into (2.26), the system (2.24), (2.25) and (2.26) can be
solved by separation of variables and the solution can be plugged into (2.22), (2.23) so that the fol-
lowing expressions of the radial and tangential complex magnetic �eld components are obtained:

Hslotless
ρ (ρ, θ, t) = ∑

ν=1,3,5..
eiνωtHρν(ρ, θ) (2.27)

Hslotless
θ (ρ, θ, t) = ∑

ν=1,3,5..
eiνωtHθν(ρ, θ) (2.28)

where

Hρν(ρ, θ) = iE′ν f−νp(ρ)eiνpθ + ∑
k∈Z,q∈{−1,1}

iF′ν,k,qe−i(6qk+ν)pθ f−(6qk+ν)p(ρ) (2.29)

Hθν(ρ, θ) = E′νg−νp(ρ)eiνpθ + ∑
k∈Z,q∈{−1,1}

F′ν,k,qe−i(6qk+ν)pθg−(6qk+ν)p(ρ) (2.30)

where functions fn(ρ) and gn(ρ) are de�ned for any arbitrary integer n as:

fn(ρ) =
Rn+1

r (Rn+1
s + ρ2n)

ρn+1(R2n
s − R2n

r )
(2.31)

gn(ρ) =
Rn+1

r (Rn+1
s − ρ2n)

ρn+1(R2n
s − R2n

r )
(2.32)

To this point, once the magnetic �eld in the slotless domain (Figure 2.26-(b)) is de�ned by equa-
tions (2.27) and (2.28), the stator slotting e�ect needs to be included for the completeness of the
analytical magnetic �eld evaluation. For that, the complex permeance function associated with the
stator slots computed according to di�erent methods [21, 22] is applied to (2.27) and (2.28). Thus,
the radial component of the magnetic �eld produced by the rotor surface current in the slotted
domain (Figure 2.26-(a)) can be written using the complex permeance function components psa
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and psb as in [22]:

Hslotted
ρ (ρ, θ, t) = Hslotless

ρ (ρ, θ, t)psa(ρ, θ) +Hslotless
θ (ρ, θ, t)psb(ρ, θ)

= ∑
ν=1,3,5..

eiνωt [Hρν(ρ, θ)psa(ρ, θ) + Hθν(ρ, θ)psb(ρ, θ)
] (2.33)

The two components psa and psb of the relative complex permeance function for the machine
under study are herein computed as per [22]. Their diagrams along the mean airgap circumference
(ρ = Rm) are plotted in Figure 2.27.

Figure 2.27: Two components of the relative permeance function associated with stator
slotting plotted across a slot pitch.

In particular, along segments EF and CD the radial magnetic �eld will be given by (2.33) for
θ = ±α0 where 2α0 is the reduced model angular span. For the purpose of �eld solution in the
slotted domain (Figure 2.26-(a)), imposing the radial magnetic �eld along segments EF and CD
is equivalent to imposing an identical value of linear current density in the reduced model shown
in Figure 2.26-(a), where the two segments act as boundaries between the air-gap domain and an
in�nitely permeable ferromagnetic region. The linear current density to be imposed on CD and
EF in Figure 2.26-(a) will be:

λCD(ρ, t) = Hslotted
ρ (ρ,−α0, t) = ∑

ν=1,3,5..
eiνωtΛCD,ν(ρ) (2.34)

λEF(ρ, t) = Hslotted
ρ (ρ, α0, t) = ∑

ν=1,3,5..
eiνωtΛEF,ν(ρ) (2.35)

where
ΛCD,ν(ρ) = Hρν(ρ,−α0)psa(ρ,−α0) + Hθν(ρ,−α0)psb(ρ,−α0) (2.36)

ΛEF,ν(ρ) = Hρν(ρ, α0)psa(ρ, α0) + Hθν(ρ, α0)psb(ρ, α0) (2.37)

for Rr ≤ ρ ≤ Rs.
In conclusion, the losses caused by the νth order harmonic can be computed through a set of

THFEA simulations at frequencies νω using the extremely simpli�ed model in Figure 2.28-(b)
where: a homogeneous Neumann boundary condition is assigned to the whole outer contour; the
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Figure 2.28: (a) Reduced model with current densities spread on arc EC and segments CD
and EF; (b) THFEA model for the νth harmonic at frequency νω.

linear current density Λν(θ) given by (2.12) is applied along the arc EC; the linear current densities
ΛCD,ν(ρ) and ΛEF,ν(ρ) given by (2.36)-(2.37) are applied along the radial segments CD and EF,
respectively. A single THFEA simulation (for a given ν) using the model in Figure 2.28-(b) takes
around 4 seconds to give the power losses Pν associated with the νth harmonic. As an example,
supposing to run one THFEA for 15 values of ν = 1, 3, 5.., the total simulation time will be
about two minutes.

As a validation of the procedure, Figure 2.29 compares the solution of the whole round-rotor
model (Figure 2.23) to the solution of the reduced model (Figure 2.28-(b)). The eddy-current den-

Figure 2.29: Magnetic �eld lines and eddy current density resulting from (a) the complete
round-rotor model and (b) the reduced model.

sity color map in the two cases, displayed with the same scale, suggests that the models are in full
agreement. In fact, the same results shown in Figure 2.25 for the THFEA of the whole round-rotor
model are obtained, with discrepancies less than 2%, from the reduced model. The latter, however,
o�ers the advantage of an extremely fast calculation time and its extreme simplicity makes it par-
ticularly suitable for a fully automated construction, set-up and post-processing.

It is worth to be noted that, considering a model angular span equal to three slot pitches gives
reasonable con�dence that segments EF and CD are placed su�ciently far from the conductors
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where eddy current arise so that it is possible to neglect the �eld causes by such eddy currents and
thus approximate the tangential �eld through (2.33). In fact, the air-gap magnetic �eld which pro-
duced through the �ctitious linear current densities applied to the radial segments EF and CD of
Figure 2.28 is, actually, the �eld that we would have in loaded condition in the absence of eddy
currents in stator conductors-i.e. equation (2.33) necessarily neglects such currents which are the
output of the computation process and cannot be then known in advance. Hence, it is reasonable
to consider that the magnetic �eld is actually equal to (2.33) at points which are su�ciently dis-
tant from the slot where eddy currents occur because, in such points, the e�ect of eddy currents is
negligible.
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2.5 Conclusion

In large medium-voltage AC electric machines with form wound coils and open slots, air-gap
�ux lines can enter the slot and sweep the conductors placed near the gap, causing eddy currents
and additional losses that may result in local overheating and insulation failures. The phenomenon
can be predicted through TSFEA including rotor motion, which however implies long simulation
times, very complicated models and lengthy post-processing. This work has presented fast compu-
tation approaches to compute these additional losses through THFEA using a simpli�ed stationary
model where the moving rotor is replaced by a static ferromagnetic cylinder. The air-gap revolving
�eld of the real machine is reproduced by spreading a suitable current sheet on the ferromagnetic
cylinder surface.

To de�ne such �ctitious surface current, only three MSFEA simulations are used to capture
rotor saliency e�ects in case of a generic salient pole geometry. It has been shown that THFEA
simulations can be drastically sped up by considering one single slice of the simpli�ed stationary
model by impressing a further analytically computed current-sheet on the slice sides to account for
the surrounding parts being excluded.

By applying the proposed technique on an example salient-pole generator, it has been shown
that computation times can be abated from several hours required by TSFEA to few minutes, giv-
ing practically identical results in terms of additional loss prediction. A shortcoming of the method
is that it assumes only impressed (not induced) currents in rotor circuits and does not account for
magnetic saturation; the latter is, however, shown to reduce the losses under study, so that results
obtained under linear core assumption can be regarded as conservative.

Finally, the method has been described addressing only skin e�ect losses arising in each single
conductor. With limited extensions, the approach can be adapted to cover proximity losses due to
circulating currents among multiple shunt connected strands that may be present in each turn.
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Appendix A

The use of the harmonic equivalent circuit proposed in paragraph 1.5.5.4 of Section 1.5 requires the
determination of the equivalent circuit components Xm,n, R2,n and X2,n as shown in Figure 30.
No stator components are considered according to the simplifying assumptions that have been set
consisting of neglecting the voltage drop caused by the stator side.

Figure 30: Simpli�ed phase harmonic equivalent circuit.

As far as high order MMF space harmonics are concerned, the variation of the rotor bars re-
sistance and the inductance due to skin e�ect need to be taken into account as they intrinsically
depend on the frequency. One way to capture the e�ect of high frequencies on the resistance
and inductance of the rotor bars can be through THFEA. For this purpose, a simpli�ed single
bar model is reproduced by THFEA under di�erent frequency values imposing Dirichlet bound-
ary condition along the segment AB as illustrated in Figure 31. The bar model in characterised by

Figure 31: THFEA simpli�ed bar model. The depth of the model and the conductivity of
the bar material are imposed according to the IM characteristics stated in Table 1.13.

the same conductivity employed in the example machine understudy and fed by a RMS current Ib.
The bar resistance Rb for each frequency value is determined from the Joule losses Pb generated in



119

the bar region as:

Rb( f ) =
Pb( f )

I2
b

(38)

As for the bar inductance Lb, it can be calculated from the magnetic �eld energy of the bar slot
opening area Wb as:

Lb( f ) = 2
Wb( f )

I2
b

(39)

Results of THFEA simulations in terms of bar resistance Rb and inductance Lb function of the
frequency f are presented in Figure 32. At this point, in order to report the parameters of the rotor

Figure 32: Variation of the bar resistance and inductance with the frequency resultant from
the THFEA simulations applied to the simpli�ed bar model of Figure 31.

bars into the stator, a transformation ratio mn for each harmonic of order n needs to be determined
in such a way that the resistance and inductance of the rotor reported to the stator are written as:

R2,n = m2
nRb( fn) (40)

X2,n = 2π fnm2
nLb( fn) (41)

where fn = Sn f when f is the stator frequency ( the fundamental frequency). For this purpose,
it is legit to consider the principle of power conservation since reporting the rotor parameters to
the stator does not alter the generated power. More particularly, the total Joule losses dissipated in
the rotor cage bars in presence of an RMS current Ib for the harmonic order n can be expressed as:

Ploss,n = ZbRb( fn)I2
b (42)

The same power losses can be formulated using the parameters of the harmonic equivalent circuit
as:

Ploss,n = 3R2,n I2
2,1 (43)

Equalizing the two expressions (41) and (42), and substituting R2,n by its expression of (40), the
relation between the bar current Ib and the harmonic rotor current reported to the stator I2,n can
be obtained as:

I2
2,n =

Zb
3m2

n
I2
b (44)
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To this point, a further relation need to be used to adequately determine the transformation ratio.
According to the principle of MMF invariance, the air-gap MMF produced by circulating current
of the rotor reported of the stator has to be equal to the one generated by the real bars current.
Based on the well-known relationship [A1], the nth harmonic MMF amplitude produced by the
nth harmonic rotor current of the rotor reported to the stator can be formulated as:

MMFn =
3

πn
(
√

2I2,n)Ntn (45)

where Ntn is the harmonic equivalent number of turns per phase.
In order to determine the expression of the nth harmonic MMF produced by the real current

Ib circulating in the bars, the instantaneous linear current density of bars under one pole pitch τn

when crossed by a RMS current Ib is considered. Usually, the number of bars per pole are assumed
be su�ciently high, the linear current density λ(θ) can be approximated to have a sinusoidal wave-
form with a maximum value written as (Figure 33):

λmax =

√
2Ib
τb

=
IbZb√
2πRr

(46)

Figure 33: Schematic presentation of: the the linear current density distribution produced
by the bars under one pole pitch τp.

Thus, the maximum magnetizing potential in the air-gap can be calculated by integrating the
the linear current density of the bars over the harmonic pole pitch such that:

Λmax =
∫ τn

0
λmax sin

(
π

τn

)
dx =

2
π

λmaxτn =
2
π

IbZb√
2Rr

2πRr

2n
=

√
2IbZb
πn

(47)
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The MMF produced by the rotor cage when crossed by a current of RMS value Ib can be expressed
as follows:

MMFn =
Λmax

2
=

√
2IbZb
2πn

(48)

The equality between (45) and (48) allows to express the relation between Ib and I2,n like:

I2,n =
Zb

6Ntn

Ib (49)

Substitution (49) in (45), the harmonic transformation ratio can be �nally de�ned as:

mn =
2
√

3Ntn√
Zb

(50)

To this point, the only remaining component to be determined is the magnetizing reactance
of the nth harmonic Xm,n = 2π fnLm,n where Lm,n is the magnetizing inductance that can be
calculated as [A2]:

Lm,n =
6

π2
µ0Lτn

g
N2

tn

n
(51)
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Appendix B

The use of THFEA proposed in Section 2.3 requires the knowledge of the initial rotor position (at
t=0) θr0 and full-load �eld current I f for de�ning the �ctitious current sheet to be applied on the
ferromagnetic cylinder surface (Figure 2.23) according to (2.12)-(2.13) (of course, I f is needed only in
cases of electrically excited rotor design). The parameters are to be determined so that the machine
works in the desired operating conditions, e.g. with given voltage, current and power factor. For
the determination of θr0 and I f , the phasor diagram of a salient-pole synchronous machine [B1]
as shown in Figure 34 (generator case) can be used.

Figure 34: Phasor diagram for an electrically-excited synchronous generator.

In the �gure Es and Is are stator phase voltage and current, Rs is stator phase resistance, Xdu

and Xqu are d-axis and q-axis unsaturated synchronous reactances, φ is the power-factor angle, γ

the current angle and δ the load (or power) angle; EGU is the phase electromotive-force (EMF) due
to the �eld current; phasors Fr, Fs and Ft respectively represent the MMFs due to the �eld current,
the armature current and their combination which sustains the total air-gap �ux [B2]. The phase
resistance can be easily computed based on winding geometry; synchronous reactances Xdu and
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Xqu can be determined analytically using the stator phase winding function, the rotor permeance
function (2.4) and the stator slotting permeance function psa (Figure 2.27). The load angle δ can
be computed as [B2]:

δ = tan−1 Is(Rs sin φ + Xqu cos φ)

Es + Is(Rs cos φ− Xqu sin φ)
(52)

and the current angle γ is therefore

γ =
π

2
− δ− φ (53)

being φ known from the power factor. Looking at the three MMF phasors Fr, Fs and Ft, we can
note that, given the choice (2.1) for phase currents, Fs is aligned to phase a-axis while Fr is aligned
to the rotor d-axis [B2]. Therefore Figure 34 shows that the initial angle θr0 between phase a-axis
and rotor d-axis at t = 0 is the mechanical angle corresponding to π − γ, that is:

θr0 =
1
p
(π − γ) =

1
p
(

π

2
+ δ + φ) (54)

Finally, the �eld-induced EMF EGU can be found form Figure 34 [B2]. This is the EMF pro-
duced in a phase by the fundamental of the rotor magnetic �eld in (2.2):

Hrot(θ − θr)
I f

I0
(55)

where the function Hrot and the reference �eld current I f 0 are known or �xed as discussed in
Section 2.3. From this consideration, it is straightforward to determine the �eld current I f in loaded
operation.
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