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A B S T R A C T

The pressure stability field of the Mg-perovskite phase was investigated by characterizing the evolution of the
electron arrangement in the crystal. Ab initio calculations of the perovskite structures in the range 0–185 GPa
were performed at the HF/DFT (Hartree-Fock/Density Functional Theory) exchange–correlation terms level. The
electron densities, calculated throughout the ab-initio wave functions, were analysed by means of the Bader's
theory, coupled with Thom's catastrophe theory. To the best of our knowledge the approach is used for the first
time. The topological results show the occurrence of two topological anomalies at P~20 GPa and P~110 GPa
which delineate the pressure range where Mg-perovskite is stable.

The paper accomplishes the twofold objectives of providing a contribution in shading light into the behaviour
of the dominant component of the Earth's lower mantle across the D’’ layer and of proposing a novel approach in
predicting the stability of a compound at extreme conditions.

1. Introduction

The behaviour of minerals under high pressure conditions is at-
tracting a growing scientific interest in earth science [1–10]. In the
present work our attention is focused on Mg-perovskite (MgSiO3)
[11,12] due to its predominant presence in the lower mantle [13–16]
and to the almost proven connection between several major seismolo-
gical characteristics of the D” region and the phase transition from
MgSiO3 perovskite to a higher-pressure structure called post-perovskite
[11,17,18].

This important phase transition was experimentally discovered in
2004 [19] through a significant change in the XRD pattern of MgSiO3

perovskite at high-pressure and high-temperature conditions, corre-
sponding to the core-mantle boundary region (2550–2700-km depth,
116–125 GPa) [20], suggesting that this seismic boundary is a phase
transformation origin.

The occurrence of the post -perovskite phase was confirmed by ab
initio calculations [20–26] and its crystal structure (space group:
Cmcm) was determined with the aid of computer simulations of atomic
positions using this XRD pattern. The details of structure determination
by molecular dynamics calculations were reported in [27].

The determination of the post-perovskite boundary in MgSiO3 per-
ovskite is important to shed light on the nature of the D’’ region.
Although the stability of the perovskite phase under high pressure
conditions was the object of several investigations, this topic still re-
presents a challenging task for both experimental and computational
works. The first report on MgSiO3 post-perovskite by Murakami et al.
[19] found that it exists above 125 GPa and 2500 K. Following this
pioneering work, the post-perovskite phase transition boundary in pure
MgSiO3 was experimentally determined using different pressure stan-
dards of Pt, Au, and MgO [28–30]. The accuracy of the pressure scale
used to determine experimental pressure was object of debates [31,32]
since the obtained results reported transition pressures differing by
more than 15 GPa.

As far as computations are concerned, computations based on
density functional theory (DFT) suffer from uncertainties related with
the choice of the approximation used to describe the ex-
change–correlation energy of electrons and of the approach used to
describe ionic motion.

All those aspects are summarized in a very exhaustive review by
Hirose et al. [12].

An approach based on the Bader's topological analysis [33] of the
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electron density, coupled with Thom's catastrophe theory, could re-
present a helpful tool to conveniently integrate the results of experi-
mental and computational research and to shed light into the char-
acterization of the pressure induced phase transition. Many works using
the Bader's approach can be found in literature, starting from the
milestone papers by Martín Pendás et al. and by Luaňa et al. [34–36]
where the topological analysis of the electron density was applied to the
characterization of ionic crystal structures. Bader's theory was also used
by Gibbs et al. [37–39] to characterize silica polymorphs under pres-
sure and by Prencipe and Nestola [40] to clarify the compression me-
chanism of beryl.

A further step towards the understanding of the mechanism of
possible breakdowns of molecules and mineral structures can be rea-
lized by introducing the concepts of the Thom's catastrophe theory in
the Bader's topological analysis of the electron density. Various ex-
amples of the application of this approach in the analysis of chemical
reactions can be found in the review of Polo et al. [41].

As far as is concerned the characterization of mineral phases, a
study of the zinc blende to rock salt transformation in BeO is reported in
Contreras-García et al. [42]. Recently, the approach was successfully
applied to the characterization of the Pbca enstatite to Pbcn proto-
enstatite phase transition [43] and of the pressure-induced phase
transitions/amorphization observed in a-quartz [44].

This kind of procedure proved particularly effective in the in-
vestigation of processes occurring in the lower mantle. In this context,
Parisi et al. [45] performed a thorough characterization of the pressure-
induced postspinel phase transition which is believed to be responsible
for the 660 km discontinuity that defines the boundary between tran-
sition zone and lower mantle.

The present paper, which is aimed at investigating the phase tran-
sition responsible to the core-mantle boundary region, represents in-
deed the natural prosecution of the work of Parisi et al. [45].

More in detail, the hydrostatic compression of the Mg-perovskite
phase was investigated by means of first-principles calculations, in the
pressure range 0–185 GPa, and the equation of state at zero tempera-
ture was constructed. Afterwards, the evolution of the electron density
in the perovskite crystal structure across the pressure-induced phase
transition was investigated in terms of topology of the electron density,
and a topological approach based on the catastrophe theory in the
framework of the Bader's theory was applied.

It is worth highlighting that, despite the large literature in this field,
the approach is applied for the first time to the Mg-perovskite system.

2. Topological analysis of the electron density and catastrophe
theory: theoretical background

This section consists of a brief overview of some basic concepts and
definitions of the Bader's topological analysis of the electron density
ρ(r) and its connections with structural stability.

The reader can refer to the Bader's milestone book [46] and to the
original papers of Bader [47,48].

The topology of the electron density is described by the curvature of
ρ(r) at special points called ‘‘critical points’’ (CPs), where the first de-
rivatives the electron density,∇ρ (r), vanish. These CPs are defined by
the values of the three eigenvalues (λ1,λ2,λ3) of the Hessian matrix of
ρ(r) evaluated at the CP coordinates and are represented as (ω, σ) ac-
cording to their rank, ω, i.e. the number of nonzero eigenvalues, and
their signature, σ, i.e. the algebraic sum of the signs of the eigenvalues.
There are four types of stable CPs:

– (3, -3) or nuclear critical point, NCP, which is a maximum in ρ(r).
For all atoms, but hydrogen, it can coincide with the position of a
nucleus;

– (3, -1) or Bond Critical point, BCP, where ρ(r) is maximum in the
plane defined by the eigenvectors associated with the negative ei-
genvalues and minimum along the third axis, perpendicular to this

plane. This point is located between two neighbouring atoms de-
fining a bond between them;

– (3, +1) or Ring Critical Point, RCP, where the electron density is
minimum in the plane defined by the eigenvectors associated with
the positive eigenvalues and maximum along the third axis, per-
pendicular to this plane. This point has to be found in the middle of
several bonds forming a ring.

– (3, +3) or Cage Critical point, CCP, which is a minimum in ρ(r), and
the charge density increases for motion in any direction away from
the point.

One of the most important results of Bader's theory consists in the
integration of some concepts taken from the ‘‘Catastrophe Theory’’
developed by Thom [47] pointing out the connection between some
topological features of the electron density and the structural stability
of a molecule, thus providing an efficient tool to predict the breaking of
chemical bonds in some circumstances. According to Polo et al. [41]
three mechanisms of catastrophes have been recognized so far for
chemical reactions, indicated as fold, cusp and elliptic umbilic cata-
strophes. The fold mechanism, involves the coalescence of two CP's and
their consequent vanishing. The cusp catastrophe involves the trans-
formation of the critical point of a given parity (for instance a (3,-1)
critical point) into two critical points of the same parity and one of the
opposite parity (in this example a (3, +1) critical point). In the elliptic
umbilic catastrophe the creation of a cage structure at the transition
point, i.e., the appearance of a (3,+3) critical point, occurs after a BCP/
RCP coalescence. A more detailed overview of the catastrophic me-
chanism can be found in Merli et al. [43]. Other quantities of peculiar
interest theorized by the Bader's approach involve the integration over
the atomic basin Ω of some functionals of the electron density. Among
these operators, we recall here the so-called ‘‘radial atomic expectation’’

value, GR°(Ω), defined as ∫= ∙∇GR r ρ r dτ(Ω) ( )0
Ω

Ω , where rΩ is the ra-
dial distance of the electron from the nucleus. This operator represents
an alternative way of counting electrons over an atomic basin, taking
into account the distortion effect on the gradient field due to bond.

According to Bader [49] in the case of a free atom where the vector
∇ρ(r) and the radial vector r are parallel and oppositely directed the
integral reaches its negative maximum value -3N(Ω), where 3 N(Ω) is
the basin electron population. In a bound atom, the formation of che-
mical bonds distorts ∇ρ(r) and leads to a smaller overlap of r and ∇ρ(r).

Another topological quantity theoretically related to this kind of
surface integrals is the so-called Shannon's information entropy I(Ω),
that is ∫= ′∙ ′I ρ dτ(Ω) ϱ ln( )Ω where ′ =ρ ρ N/ (i.e. the density normal-
ized to one). This quantity gives an idea of how the electron density is
‘‘structured’’, and how the electronic wave function is delocalized and
has the property of decreasing in value when a free atom becomes
bound.

3. Computational details

Ab initio simulations of the perovskite structures in the range
0–185 GPa were performed by means of the CRYSTAL09 code [50] at
the HF/DFT level. The structure of MgSiO3 is orthorhombic (space
group Pbnm) with an octahedrally coordinated Si atom and a Mg atom
in an irregular 8-coordination. The asymmetric unit contains four atoms
i.e. Mg, Si, O1 (apical oxygen) and O2 (planar oxygen).

Hamiltonians based on the WC1LYP [51] scheme, with a 30% of HF
exchange, which proved very effective in the simulation of high pres-
sure structures [44,52], were used. The local functions (basis sets) to
construct the multielectronic wave function are linear combination of
Gaussian-type functions. In particular, predefined basis sets, available
in the software's online library whose corresponding acronyms are 8-
511d1G [53], 88-31G* [54] and 8-411 [55] were adopted for Mg, Si
and O, respectively. The same basis set expansions were already suc-
cessfully employed in the ab-initio investigation of the ringwoodite,
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perovskite and periclase structures in the work of Parisi et al. [45], of
which, as already stated, the present work constitutes the prosecution.

SCF convergence was controlled by using a threshold of 10-7 a.u.
The thresholds controlling the accuracy of the calculation of Coulomb
and exchange integrals [56] were set to 10–6 for coulomb overlap tol-
erance, 10–6 for coulomb penetration tolerance, 10–6 for exchange
overlap tolerance, 10–6 for exchange pseudo-overlap in the direct space,
and 10–12 for exchange pseudo overlap in the reciprocal space [50]. The
default-pruned (55,434) grid for the calculation of the integrals, having
55 radial points and a maximum number of 434 angular points, was
chosen. The reciprocal space has been sampled according to a regular
sublattice with a shrinking factor IS equal to 6 corresponding to 16 k-
points in the sampling of the irreducible Brillouin zone [50]. Starting
from the experimental structural data (i.e. cell parameters and atom
coordinates) given by Sugahara et al. [57] for MgSiO3 perovskite at
room temperature and P=0.0001 GPa, the ground-state relaxed
structure was determined by means of the geometry optimization rou-
tine implemented in CRYSTAL09. To address the compression me-
chanism, calculations were performed at different unit cell volumes
(corresponding to different pressures) and the energies obtained as
function of the volumes were fitted by means of the 3rd order Birch-
Murnhagan equation of state. The internal coordinates were optimized
at each unit cell volume by using the CVOLOPT keyword which keeps
the volume constant. Convergence in the geometry optimization pro-
cess was tested on the root-mean-square (RMS) and the absolute value
of the largest component of both the gradients and nuclear displace-
ments. The thresholds for the maximum and the RMS forces (the
maximum and the RMS atomic displacements) were set to 0.00045 and
0.00030 a.u. and those for the maximum and the RMS atomic dis-
placements to 0.00180 and 0.00120 a.u. Geometry optimization was
terminated when all four conditions were simultaneously satisfied and
restarted. The FINALRUN option was used in order to restart the opti-
mization, keeping the integrals classification based on the new geo-
metry, until full stable optimization is achieved.

At each cell volume, the topological analysis of the calculated
electron density [33] has been performed by means of the TOPOND 09
program [58].

4. Results and discussion

The pressure evolution of the electron arrangement in the per-
ovskite crystal structure was investigated in terms of the topology of the
electron density.

The compression process was simulated by performing calculations
at different unit cell volumes starting from the ground state volume (V0

= 164,95 Å3) until the most compressed volume (V=115,04 Å3). For
each structure, the internal coordinated (cell parameters and atomic
positions) and the energy values were obtained. The E(V) data were
used to construct the corresponding equations of state.

4.1. Equation of state

Fig. 1, where the normalized lattice parameters as a function of the
cell volumes are depicted, indicates that, according with experimental
[59–61] and computational data [62,63] the compression of the or-
thorhombic perovskite is anisotropic and that the b-axis is less com-
pressible than a- or c-axis, with a-axis slightly more compressible than
c.

The E(V) data have been fitted by means of 3rd order Birch-
Murnhagan equation of state.
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The obtained values of V0 (volume at minimum energy), K0 (zero-

pressure bulk modulus) and K' (pressure derivative of K at P=0) are
reported in Table 1.

The fitting parameters reported in Table 1 are in good accordance
with those obtained from previous computational and experimental
studies. The pressure values corresponding to each volume were de-
termined by introducing the fitting parameters (namely V0 and K0) in
the corresponding P(V) equations (Eq. (2)) for each volume in-
vestigated:
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In Fig. 2 the equation of state is reported, which allows to determine
the correct value of pressure associated with each cell volume and
therefore to identify the pressure value where critical points changes
are observed.

4.2. Topological features of the atomic interactions

The Bader topological analysis applied to the electron density of the
Mg-perovskite in the whole investigated pressure range revealed the
presence of 11 different BCPs (5 Mg–O, 4 Si-O and 2 O–O). The com-
plete set of BCPs is depicted in Fig. 3 where two different planes of the
crystallographic cell, namely the (010) and the (001) are presented.

Some topological properties related to the BCPs, namely the elec-
tron density, ρ(r), the Laplacian of the electron density, ∇2ρ(r) , and the
ellipticity ε, were investigated (Fig. 4).

Fig. 1. Lattices parameters normalized to ground state values obtained from the
optimization of the perovskite structure at the different cell volumes.

Table 1
Equation of State parameters (volume at minimum energy, V0, zero-pressure
bulk modulus K0 and pressure derivative of K at P= 0, K') of Mg-perovskite
obtained in the present study compared with previous theory and experimental
studies.

V0 K0 K' References
(Å3) (GPa) (10-3 GPa K-

1)

164.9 254.5 3.9 This study
– 256 3.8 [64] (experimental, 300 K)
162.3 253 3.9 [61] (experimental, 300 K)

254 4 [59] (experimental, 300 K)
– 266 3.9 [13] (experimental, extrapolated at zero

temperature)
– 247 4 [65](experimental, 300 K)
162.5 261 4.0 [60](experimental, 300 K)
163.35 z259.82 4.06 [22] (calculated, static, LDA)
167.42 230.05 4.14 [22] (calculated, static, GGA)
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The trends of the topological variables as a function of the pressure
are consistent with those already observed in literature [40,44,45]: as
the atomic distances decrease due to the pressure load, the electron
density and the Laplacian of the electron density increase as a con-
sequence of the shortening of the bond lengths and the BCP getting
closer to the nucleus.

As for the ellipticity values, it is worth to recall that, as pointed out
by Bader [46], the presence of a bond with a large ellipticity in an
equilibrium structure indicates the presence of an approaching in-
stability and a change in structure. As expected, in our case, the value of
the ellipticity is very large in the case of the weak O–O interactions and
the lowest values are observed in the case of the stronger Si–O bonds.

Noteworthy, a rapid increase of ε for two Mg–O interaction can be
observed at P ~ 25 GPa and P ~ 110 GPa going from lower to higher
pressures and, although less pronounced, in Si-O interactions at P~
25 GPa. Comparison with experimental data [19,28–30] reveals that
the observed anomalies correspond to the stability pressure limit of the
Mg-perovskite structure; therefore they could be taken as an indication
of the occurrence of the two phase transitions.

As for the ellipticity values in the Si–O bonds, a sharper increase can
be also at about P ~ 150 GPa, thus out of the stability range of Mg-
perovskite phase. This could imply that this anomaly is not responsible
for the perovskite to post-perovskite phase transition investigated in the
present paper.

4.3. Evolution of the electron density in the perovskite crystal structure

Besides the analysis of the bond critical points, the investigation of
the evolution of the topology of the electron density involving the ring
and cage CPs revealed very interesting features. From this viewpoint,
the P space can be splitted into three regions:

– 0 < P < 20 GPa, where there are 12 RCPs and 5 CCPs
– 20 < P < 110 GPa, where there are 13 RCPs and 6 CCPs
– P > 110 GPa, where there are 12 RCPs and 5 CCPs

More in detail, the topological results show the occurrence of two
topological anomalies. The first, i.e. the appearance of a cage critical
point (CCP1) coalescent with a ring critical point (RCP1), occurs at
~ 20 GPa and is a clear indication of the stabilization of the perovskite
phase. The inverse process, observed at ~ 110 GPa, i.e. the vanishing of
a different cage-ring couple (CCP2-RCP2), indicates the destabilization
of this phase, and can be interpreted in the light of the perovskite to
post-perovskite phase transition. In other words, starting from the
stable topological configuration of perovskite observed in the pressure
range 20–110 GPa, the structure goes towards a destabilization either
on increasing or decreasing pressure. Since the two observed phase
transitions involve the coalescence of two critical points, they can be
interpreted in the light of the catastrophe theory as fold catastrophes.

Fig. 5 shows typical sketches of the perovskite structure corre-
sponding to each pressure region, with just the CPs couples involved in
these changes.

The most important topological results are summarized in Fig. 6
where the distances between the two critical points couples are re-
ported:

Perusal of Fig. 6 illustrates how the Bader's topological analysis
provides an effective tool for the delineation of the stability field of the
mineralogical phases.

It could be noticed that this stability field match the experimental
conditions of the lower mantle [19], if the positive Clapeyron slope
(ranging from ~ 6 to ~ 13MPa/K) obtained from both computational
[21,22] and experimental [29,30] studies, is considered. More in detail,
the pressure transition value here obtained, i.e., P= 110 GPa at
T= 0 K, seems to be consistent with a low value of Clapeyron slope
(about 6MPa/K) which would give reason of the value of P=125 at
T= 2500 K reported in literature. Therefore, it is possible to assert that
the obtained results give a contribution in the determination of the
correct value of the Clapeyron slope, which still represents an unsolved
task with important geophysical implications as evidenced from the
quite wide range of values reported in literature.

Although it is certain that atomic vibrations influence to some ex-
tent the electron density, their effect was not taken into account in the
present work. The accordance between obtained results and experi-
mental observations seems to demonstrate that the atomic vibrations do
not influence significantly the occurrence of the observed catastrophe.
This behaviour could be indicative of a low-energy phase transition
which does not require large atomic vibrations to occur.

4.4. Integrated atomic properties

In order to obtain a complete picture of the evolution of the electron
density across the phase transition, two functionals of the electron

Fig. 2. Equations of states for Mg-perovskite obtained from interpolation of the
3-order Birch- Murnhagan EoS equation of state.

Fig. 3. Perspective projection along the (A) b-axis and (B) c-axis of the Mg-perovskite structure. Blue spheres Mg atoms, yellow spheres Si atoms, red spheres O atoms,
violet little spheres BCPs. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.).

F. Parisi et al. Ceramics International 45 (2019) 2820–2827

2823

4



density integrated over the atomic basin Ω, namely the atomic ex-
pectation value GR°(Ω) and the Shannon entropy I(Ω), were analysed.

As already stated, the GR°(Ω) operator measure the distortion effect
on the gradient field due to bonds and it approaches the value of -3N in
the case of free atom.

Looking at Fig. 7, where the ratios SPHD=GR°(Ω) /[-3N(Ω)] for
each atom are drawn, it can be seen that the operator GR°(Ω) always
integrates with a number of electrons< -3 N, which is an indication of
strong interaction with neighbouring atoms.

Fig. 4. Electron density, ρ, Laplacian of the electron density, ∇2ρ(r), and ellipticity, ε, values for the BCPs related to Si–O, Mg-O and O-O interactions.

Fig. 5. Perspective projection along the (A) b-axis and (B) c-axis of the Mg-
perovskite structure corresponding to each pressure region with just the CPs
couples involved in these changes. CCP1-RCP1 CCP2-RCP2 couple are showed
in (A) e (B), respectively. Blue spheres Mg atoms, yellow spheres Si atoms, red
spheres O atoms, green little spheres RCPs, orange little spheres CCPs. (For in-
terpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.).

Fig. 6. Plot of the distances between the RCP1-CCP1 (empty squares) and
RCP2-CCP2 (filled squares) as a function of the pressure.
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As expected, the difference between the value of GR°(Ω) and -3N(Ω)
is much higher for Mg and Si atom than for O.

Concerning oxygen atoms, it is interesting to highlight the differ-
ence with the behaviour previously observed by Parisi et al. [45] and
Merli and Sciascia [44] where the GR°(Ω) equals the values of -3N on
approaching the pressure value corresponding with decomposition of
ringwoodite structure and with amorphization of quartz structure, re-
spectively.

The different feature observed in the present case seems to be re-
lated to the fact that the phase transition mechanism does not imply any
decomposition process and could be taken as a confirmation of the
occurrence of a fold catastrophe mechanism.

As for the I(Ω) operator, it has to be recalled that it provides im-
portant information about the localization of the distribution of the
electronic charge density.

Perusal of Fig. 7 shows that in all the atomic basins, a decrease in
the Shannon entropy values is observed due to the decrease of atomic
basins volume with pressure which leads to nuclear–electron attraction
increasing. While the O basin exhibits monotonically decreasing values
of the missing information function, the trend for the Si and Mg basins
show discontinuities at 110 GPa, which seems to record the different
situations encountered across the phase transition as pressure increases,
thus representing a further topological indication of the occurrence of
the phase transition. It is reasonable to propose that these dis-
continuities are not observed in the case of oxygen atoms that have
more complying electron densities than the Si and Mg atoms.

Moreover, it can be argued that the smaller value of the entropy of
the electronic charge distribution for the Si atomic basin indicates a
more localized charge density around this atom with respect to the Mg
atomic basin. Obviously, the higher I(Ω) value for the oxygen shows
that this atom has a much more delocalized electronic charge dis-
tribution due to necessity to bind, at one time, both cations and other
oxygens.

5. Conclusions

An approach based of the Bader's topological analysis of the ab-
initio computed electron density, coupled with Thom's catastrophe

theory, was successfully applied for the first time to the characteriza-
tion of the Mg-perovskite phase under high pressure conditions at 0 K.

The topological results show the occurrence of two topological
anomalies at P~ 20 GPa and P~ 110 GPa which delineate the stability
field of Mg-perovskite. The stability field observed in present work
matches the experimental conditions of the lower mantle boundaries
and confirms the Clapeyron slopes values observed for the post-spinel
and perovskite-post perovskite phase transitions.

It is worth to underline the important geophysical implication of
these results. In particular, the second observed catastrophe occurs at a
pressure value that correspond at ~ 2900 km depth, exactly to the “D"-
layer”. In this region, seismic observations provide evidence of het-
erogeneities in wave propagation and sound velocities. In various works
the perovskite to post-perovskite phase transition that occur at these
pressures is invoked as the reason for these heterogeneities.

Besides providing a contribution in shading light into the behaviour
of the dominant component of the Earth's lower mantle across the D’’
layer, the paper accomplish the important objective of proposing a
powerful successful method for the investigation and the prediction of
phase changes or phase breakdowns occurring under conditions at
which laboratory experiments are extremely difficult, such as those of
the lower mantle phases.
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