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Exact Steady State of the Open XX -Spin Chain: Entanglement and Transport
Properties

F. Benatti,1,2 R. Floreanini,2 and L. Memarzadeh 3,*

1
Department of Physics, University of Trieste, Trieste I-34151, Italy

2
Istituto Nazionale di Fisica Nucleare (INFN), Sezione di Trieste, Trieste I-34151, Italy

3
Department of Physics, Sharif University of Technology, Tehran 11365-9161, Iran

 (Received 23 February 2021; revised 18 July 2021; accepted 9 August 2021; published 15 September 2021)

We study the reduced dynamics of open quantum spin chains of arbitrary length N with nearest-neighbor
XX interactions, immersed within an external constant magnetic field along the z direction, the end spins of
which are weakly coupled to heat baths at different temperatures, via energy-preserving couplings. We find
the analytic expression of the unique stationary state of the master equation obtained in the so-called global
approach based on the spectralization of the full-chain Hamiltonian. Hinging upon the explicit stationary
state, we reveal the presence of sink and source terms in the spin-flow continuity equation and compare
their behavior with that of the stationary heat flow. Moreover, we also obtain analytic expressions for the
steady-state two-spin reduced density matrices and for their concurrence. We then set up an algorithm
suited to compute the stationary bipartite entanglement along the chain and to study its dependence on the
Hamiltonian parameters and on the bath temperatures.
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I. INTRODUCTION

Transport phenomena in open interacting quantum spin
chains have recently received increasing attention as
instances of many-body systems driven by intrinsic inter-
spin interactions and coupled to external heat baths at the
two ends of the chain. Specific experimental realizations
have been reported in scenarios involving ultracold atoms,
light-harvesting complexes, and quantum thermodynamics
at large [1–21].

In presence of external baths, the reduced dynamics of
any open quantum system are obtained by tracing over
the degrees of freedom of the baths. When the strength
of the system-baths interaction is small compared to the
system and bath typical energies, applying the weak-
coupling limit techniques yields a dissipative irreversible
time evolution that is generated by a master equation
in Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) form
[22–37].

The derivation of the GKSL master equation requires
the diagonalization of the full spin-chain Hamiltonian.
Due to the many degrees of freedom of the quantum

*memarzadeh@sharif.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license. Fur-
ther distribution of this work must maintain attribution to the
author(s) and the published article’s title, journal citation, and
DOI.

spin chain and their mutual interactions, dissipative effects
then arise involving all spins in the chain together with
environment-induced excitation transfer between different
sites (see, e.g., Refs. [38–48]). These give rise to new
global effects in transport phenomena that cannot be cap-
tured using other, simplified, approaches to the chain open
dynamics [49].

In the following, we focus on the study of the stationary-
transport and bipartite-entanglement properties of open
XX chains with energy-conserving couplings to external
baths. We provide an explicit analytic form for the chain
stationary state by means of which we obtain analytic
expressions for the spin flow, revealing the presence of
sink and source terms, and for the heat flow. Remarkably,
we are also able to explicitly compute the reduced two-
spin density matrices resulting from the stationary state
and study the corresponding bipartite entanglement along
the chain. For the latter task, we develop a suitable algo-
rithmic representation of the stationary state in the spin
representation.

The structure of the paper is as follows. In Sec. II, we
set the framework for the derivation of the open-chain
dynamics and diagonalize the chain Hamiltonian by turn-
ing the spin representation into a fermionic one. In Sec. III,
we derive the Lindblad operators yielding the dissipative
contribution to the GKSL master equation, prove that the
latter has a unique stationary state, and explicitly derive
its expression in the fermionic representation. Based on
this representation, we then discuss the ensuing transport
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properties in terms of spin and heat flows. In Sec. IV, we
rewrite the stationary state in the spin representation and
show that it provides reduced two-spin density matrices in
the so-called X form, which allows for a simple analytic
expression of the concurrence. Then, we set up a repre-
sentation of the stationary state that is best suited for the
study of bipartite entanglement and its dependence on the
various parameters of the chain and on the temperatures of
the baths coupled to it. We conclude by summarizing and
discussing the results, while the more technical issues are
presented in various appendices.

II. OPEN XX SPIN CHAIN OF LENGTH N

As mentioned in Sec. I, in the following we address
an open quantum chain consisting of N spins at sites
1, 2, . . . , N , immersed in a constant magnetic field along
the z direction, with XX nearest-neighbor interactions
among themselves. The ensuing closed chain dynamics are
thus generated by the following Hamiltonian:

H = g
N−1∑
�=1

(
σ (�)

x σ (�+1)
x + σ (�)

y σ (�+1)
y

)
+ �

N∑
�=1

σ (�)
z , (1)

with free boundary conditions, where � > 0 is the inten-
sity of the constant transverse magnetic field, σ (�)

x,y,z are
the Pauli matrices at site �, and g > 0 is the strength of
the nearest-neighbor interaction. Throughout the paper, we
work in natural units where both Planck and Boltzmann
constants are set to 1, � = κB = 1.

The spin chain is then turned into an open many-body
quantum system by coupling the two end spins, at site 1
on the left end, L, and at site N on the right end, R, to two
independent free bosonic thermal baths with Hamiltonians

Hα =
∫ +∞

0
dννb†

α(ν)bα(ν), α = L, R, (2)

where bα(ν), b
†
α(ν) are bosonic operators satisfying the

canonical commutation relations

[bα(ν), b†
β(ν ′)] = δαβδ(ν − ν ′).

The coupling of the baths to the left and right spins is
described by the interaction Hamiltonian

H ′ = λ
∑

α=L,R

(
σ

(α)
+ Bα + σ

(α)
− B†

α

)
, (3)

where λ � 1 is a dimensionless coupling constant,

σ
(�)
± ≡ 1

2
(
σ (�)

x ± iσ (�)
y

)
, (4)

are spin-ladder operators at site � and hence σ
(L)
± = σ

(1)
±

and σ
(R)
± = σ

(N )
± , while

Bα =
∫ ∞

0
dνhα(ν)bα(ν), [hα(ν)]∗ = hα(ν), (5)

are bath operators, with ∗ denoting complex conjugation,
and hL,R(ν) are suitable smearing functions.

Referring to Ref. [50] for more details, in the first of the
following two subsections we shortly review the rigorous
weak-coupling-limit derivation of the open-chain master
equation of GKSL type in the so-called global approach.
It asks for the diagonalization of the full-chain Hamilto-
nian, so in the second subsection we find the N -spin energy
eigenvalues and eigenvectors. As we show, the resulting
dissipative dynamics of the N spins in the presence of the
two baths involves collective spin operators.

A. Dissipative chain dynamics in the weak-coupling
limit

If we assume the free boson baths to be in their equi-
librium Gibbs states at temperatures TL ≡ 1/βL and TR ≡
1/βR, the state of the environment is then given by

ρenv = e−βLHL

Tr
(

e−βLHL

) ⊗ e−βRHR

Tr
(

e−βRHR

) . (6)

It is invariant under the bath dynamics generated by Henv =∑
α=L,R Hα and exhibits thermal expectations of the form

TrB

(
ρenvb†

α(ν)bα′(ν ′)
)

= δαα′δ(ν − ν ′)nα(ν) (7)

TrB

(
ρenvbα(ν)b†

α′(ν
′)
)

= δαα′δ(ν − ν ′)(1 + nα(ν)), (8)

with thermal mean-occupation numbers

nα(ν) = 1
eβαν − 1

, ν ≥ 0. (9)

Finally, choosing the initial state of the compound sys-
tem chain plus baths of the form ρtot(0) = ρ(0) ⊗ ρenv,
where ρ(0) is an initial state of the N spins of the chain,
in the presence of thermal correlation functions decaying
on a time scale much faster than the one typical of the
spin chain, one applies the weak-coupling-limit techniques
and obtains fully physically consistent, namely completely
positive, dissipative chain dynamics [22–37]. In practice,
the initial state of the compound system spin chain plus
baths evolves into

ρtot(t) = e−itHtotρtot(0)eitHtot , (10)

where Htot = H + Henv + H ′ is the total system Hamilto-
nian. The state of the open chain at time t, ρ(t), is then
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retrieved by tracing over the degrees of freedom of the
baths, ρ(t) = Trenv

(
ρtot(t)

)
. Then, one rescales the phys-

ical time variable t to τ = tλ2 and takes the limit λ → 0
in ∂tTrenv

(
ρtot(t)

)
. In doing so, oscillations in time due

to nonzero differences between chain transition frequen-
cies Ei − Ej are suppressed. Here, Ei and |Ei〉 solve the
spin Hamiltonian eigenvalue equation H |Ei〉 = Ei|Ei〉 and
the energy differences are denoted by ω in the following.
This procedure corresponds to the so-called rotating-wave
approximation, leading to a master equation of the GKSL
form:

∂ρ(t)
∂t

= −i
[
H + λ2HLS, ρ(t)] + D[ρ(t)] = L[ρ(t)].

(11)

On the right-hand side of the above time-evolution
equation, one distinguishes a Hamiltonian term λ2HLS,
which provides a Lamb-shift correction to the spin-chain
Hamiltonian H , and a purely dissipative term D[ρ(t)]. As
we see, in the specific physical context here considered,
D[ρ(t)] consists of contributions D(α)

ω [ρ(t)] resulting from
positive transition frequencies ω ≥ 0 only:

D[ρ(t)] = λ2
∑

α=L,R

∑
ω≥0

D
(α)
ω [ρ(t)]. (12)

Their explicit form reads

D
(α)
ω [ρ(t)]

= C(α)
ω

[
Aα(ω)ρ(t)A†

α(ω) − 1
2

{
A†

α(ω)Aα(ω), ρ(t)
}]

(13)

+ C̃(α)
ω

[
A†

α(ω)ρ(t)Aα(ω) − 1
2

{
Aα(ω)A†

α(ω), ρ(t)
}]

,

(14)

the coefficients of which,

C(α)
ω = 2π [hα(ω)]2(nα(ω) + 1

)
, (15)

C̃(α)
ω = 2π [hα(ω)]2nα(ω), (16)

with nα(ω) as in Eq. (9), come from the real parts of the
half-Fourier transforms of the bath correlation functions.

Remark 1: Note that the anticommutators in the above
expressions can be interpreted as damping terms, effec-
tively contributing with anti-Hermitian terms to the chain
Hamiltonian. Under their action, Tr(ρt) decreases and
hence they operate as probability sinks. The remaining
terms are instead noise terms that counteract the damping
ones acting as probability sources that make the overall
probability constant, Tr(ρt) = 1 for all t ≥ 0.

Instead, the Lamb-shift correction amounts to the
Hamiltonian

HLS =
∑

α=L,R

∑
ω

[
S(α)

ω A†
α(ω)Aα(ω) + S̃(α)

ω Aα(ω)A†
α(ω)

]
,

(17)

where, unlike the dissipative term, the sum now runs over
all positive and negative transition frequencies and the
coefficients of which read

S(α)
ω = P

∫ +∞

0
dν[hα(ν)]2 1 + nα(ν)

ω − ν
, (18)

S̃(α)
ω = P

∫ +∞

0
dν[hα(ν)]2 nα(ν)

ν − ω
, (19)

where P denotes the principal value.
In all the previous expressions, there appear Lindblad

operators of the form

A†
α(ω) =

∑
Ei−Ej =ω

|Ei〉〈Ei|σ (α)
+ |Ej 〉〈Ej |, (20)

together with their Hermitian conjugates

Aα(ω) =
∑

Ei−Ej =ω

|Ej 〉〈Ej |σ (α)
− |Ei〉〈Ei|. (21)

In order to obtain explicit expressions for the elements of
the master equation (11), one needs to work with eigen-
values and eigenvectors of the full spin Hamiltonian H :
this point of view is known as the global approach to
open quantum spin chains. This way of proceeding con-
trasts with the so-called local approach, where the weak-
coupling limit is implemented by switching off the spin
interactions, thus obtaining strictly local dissipative terms
that involve only the left and the right spins. The spin inter-
actions are then reinserted at the end of the weak-coupling
procedure.

Remark 2: The fact that the dissipative contribution to
the generator, D[ρ(t)], involves only transition frequen-
cies ω ≥ 0 is due the thermal bath energies being positive
and to the form of the interaction in Eq. (3). Indeed, in
the interaction representation, terms such as A†

α(ω)bα(ν)

contribute with time oscillations exp(±i(ν − ω)t). On the
time scale τ = t/λ2 and in the weak-coupling limit when
λ → 0, fast oscillations select contributions with ω = ν ≥
0. Negative transition frequencies, ω ≤ 0, would also be
selected if in Eq. (3) there were interaction terms of the
form σ

(α)
+ b

†
α(ν), which, together with their Hermitian con-

jugates, would correspond to the presence of terms of the
form A†

α(ω)b
†
α(ν), and Hermitian conjugates, contributing

with time oscillations exp(±i(ν + ω)t).
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B. Spin-chain Hamiltonian: eigenvalues and
eigenvectors

In order to address how the presence of the baths mod-
ifies the chain dynamics in the weak-coupling limit and
within the global approach, we first need to diagonalize
the chain Hamiltonian in Eq. (1). By means of the �th
spin-ladder operators in Eq. (4), one rewrites as follows:

H = �

N∑
�=1

σ (�)
z + 2g

N−1∑
�=1

(
σ

(�)
+ σ

(�+1)
− +σ

(�)
− σ

(�+1)
+

)
. (22)

By means of the Jordan-Wigner transformation [51], one
introduces fermionic annihilation and creation operators:

aj :=
j −1∏
k=1

(−σ (k)
z )σ

(j )
− , a†

j =
j −1∏
k=1

(−σ (k)
z )σ

(j )
+ , (23)

with the convention that
∏j −1

k=1(−σ (k)
z ) = 1 for j = 1, sat-

isfying the anticommutation relations
{

aj , a†
k

}
= δjk. (24)

Let |↑〉 and |↓〉 be the eigenvectors of σz, σz|↑〉 = |↑〉 and
σz|↓〉 = −|↓〉. Since σ−|↓〉 = 0, the vacuum vector such
that aj |v〉 = 0, for all j = 1, 2, . . . , N , amounts to

|v〉 = |↓〉⊗N . (25)

Using a†
j aj = σ

(j )
+ σ

(j )
− = (1(j ) + σ (j )

z )/2, one inverts the
transformation given in Eq. (23):

σ
(j )
− =(σ

(j )
+ )† =

j −1∏
k=1

(
1 − 2a†

kak

)
aj , σ (j )

z = 2a†
j aj − 1,

(26)

finally turning the spin Hamiltonian into a fermionic one,
H = −N� + 2gH̃ , where

H̃ = γ

N∑
j =1

a†
j aj +

N−1∑
j =1

(
a†

j aj +1 + a†
j +1aj

)
, γ := �

g
.

(27)

As shown in Appendix A, H can then be diagonalized:

H = −N� +
N∑

�=1

(
2� + 4g cos

(
�π

N + 1

))
b†

�b�, (28)

where the operators

b� :=
N∑

j =1

u�j aj , b†
� :=

N∑
j =1

u�j a†
j (29)

are also fermionic,
{

bj , b†
k

}
= δjk, with the same vacuum

as the operators aj : b�|v〉 = 0 for all � = 1, 2, . . . , N , while
the coefficients

u�k =
√

2
N + 1

sin
(

�kπ
N + 1

)
. (30)

form an orthogonal and symmetric matrix U = [uk�]. In
the following, we denote by n the N -tuple n1, n2, . . . , nN ,
where nj = 0, 1 is the occupation number of the j th mode
relative to the operators bj and b†

j . The eigenvectors of the
Hamiltonian given in Eq. (1) have thus the form

|n〉 = (b†
1)

n1(b†
2)

n2 · · · (b†
N )nN |v〉. (31)

Indeed, according to Eq. (31),

b�|n〉 = δn�,1(−1)
∑�−1

j =1 nj √n�|n−
� 〉, (32)

b†
�|n〉 = δn�,0(−1)

∑�−1
j =1 nj

√
1 − n�|n+

� 〉, (33)

b†
�b�|n〉 = n�|n〉, (34)

where, n±
� denote the N -tuples n1, . . . , n� ± 1, . . . , nN .

Then, one verifies that H |n〉 = En|n〉, where

En = �
(

2
N∑

�=1

n� − N
)

+ 4g
N∑

�=1

n� cos
(

�π

N + 1

)
. (35)

Remark 3: Since the matrix U = [uk�] with entries uk� as
in Eq. (30) is real and symmetric, from Eq. (29) one obtains

aj =
N∑

�=1

uj �b�, a†
j =

N∑
�=1

uj �b†
�. (36)

Then, by using Eq. (26), one expresses the fermionic
operators of type b in terms of spin operators:

b� =
N∑

j =1

u�j

j −1∏
k=1

(−σ (k)
z )σ

(j )
− , (37)

b†
� =

N∑
j =1

u�j

j −1∏
k=1

(−σ (k)
z )σ

(j )
+ . (38)

A comparison with known results is provided in
Appendix B.
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III. COUPLING TO EXTERNAL BATHS

With the notation of the previous section, the Lindblad
operators in Eq. (20) now read

A†
α(ω) =

∑
Em−En=ω

|m〉〈m|σ (α)
+ |n〉〈n|. (39)

Their explicit form can be derived by expressing the spin
operators σ

(α)
+ first in terms of the fermionic operators

aj , a†
j ,

σ
(L)
+ =a†

1, σ
(R)
+ =

N−1∏
j =1

(1 − 2a†
j aj )a

†
N , (40)

and then in terms of the operators b�, b†
�. Using Eq. (36),

one immediately derives

σ
(L)
+ =

N∑
�=1

u1�b†
�, (41)

while the presence of
∏N−1

j =1 (1 − 2a†
j aj ) in the expression

for σ
(R)
+ leads, using 1 − 2a†

j aj = exp(iπa†
j aj ) and after

straightforward algebraic manipulations, to

σ
(R)
+ = −

(
eiπ

∑N
�=1 b†

�
b�

) N∑
�=1

uN�b†
�. (42)

By means of Eqs. (41) and (33), one then computes the
transition amplitudes

〈m|σ (L)
+ |n〉 =

N∑
�=1

(−1)
∑�−1

j =1 nj
√

1 − n�u1�δmn+
�

. (43)

Let n0�
and n1�

denote the N -tuples with fixed digits n� =
0, 1, respectively, at site �. Then, the only contributing
transition amplitudes are

〈n1�
|σ (L)

+ |n0�
〉 = (−1)

∑�−1
j =1 nj

√
1 − n�u1�, (44)

with � = 1, 2, . . . , N . Also, from Eqs. (35) and (20), the
transition frequencies associated with such amplitudes are

ω� = En1�
− En0�

= 2� + 4g cos
(

�π

N + 1

)
, (45)

while the corresponding Lindblad operators in Eq. (39)
read

A†
L(ω�) = u1�

∑
n̂�

(−1)
∑�−1

j =1 nj |n1�
〉〈n0�

|, (46)

where the symbol
∑

n̂�
means that the summation is per-

formed over all binary 2N−1-tuples of indices nj = 0, 1

with j �= �. It thus follows that

A†
L(ω�)AL(ω�) = u2

1�

∑
n̂�

|n1�
〉〈n1�

|, (47)

AL(ω�)A
†
L(ω�) = u2

1�

∑
n̂�

|n0�
〉〈n0�

|. (48)

In a similar way, from Eq. (42), one obtains that the only
contributing transition amplitudes associated with the right
bath are

〈n1�
|σ (R)

+ |n0�
〉 = (−1)

∑�+1
j =1 nj

√
1 − n�uN�, (49)

with Lindblad operators

A†
R(ω�) = uN�

∑
n̂�

(−1)
∑N

j =�+1 nj |n1�
〉〈n0�

|, (50)

from which

A†
R(ω�)AR(ω�) = u2

N�

∑
n̂�

|n1�
〉〈n1�

|, (51)

AR(ω�)A
†
R(ω�) = u2

N�

∑
n̂�

|n0�
〉〈n0�

|. (52)

Note that, in the spin representation, all Lindblad operators
A†

α(ω�) involve, through the relations given in Eqs. (26)
and (36), products of all on-site spin operators. This struc-
ture is typical of the global approach to open spin chains
and differs strikingly from the local one, which yields
Lindblad operators involving only spin operators pertain-
ing to the first and last spin of the chain. It is worth
mentioning that if each spin of the chain were to interact
with an independent thermal bath by means of a Hamil-
tonian similar to Eq. (3), then for deriving the Lindblad
operators, in addition to the matrix elements of the form
σ

(L/R)
+ in Eqs. (43) and (49), it would be essential to also

compute the matrix elements of the ladder operators σ
(�)
± at

all sites � [52].
The operators Aα(ω�) and A†

α(ω�), α = L, R, have to
be inserted into the expressions Eqs. (13) and (14) when
ω = ω� ≥ 0, together with C(α)

ω�
and C̃(α)

ω�
as in Eqs. (15)

and (16). Instead, the Lamb-shift Hamiltonian given in
Eq. (17), contributing to Eq. (11), requires the opera-
tors A†

α(ω�)Aα(ω�) and Aα(ω�)A
†
α(ω�), α = L, R, with both

positive and negative ω�. The Hamiltonian H + λ2HLS in
Eq. (11) is thus diagonal in the energy eigenbasis {|n〉}.

The N = 2 and N = 3 cases are explicitly worked out in
Appendix C.

Remark 4: Some observations are in order at this point.
The first is that, as a consequence of the fact that the tran-
sition frequencies contributing to the dissipative generator
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in Eq. (12) are positive, not all those corresponding to
the nonvanishing Lindblad operators A†

α(ω�) in Eqs. (46)
and (50) need be such. This means that the Lindblad
operators A†

α(ω�) with ω� < 0 can only contribute to the
Lamb-shift Hamiltonian and not to the dissipative part of
the generator. The sign of ω� depends on the strength of
the interspin coupling constant g; indeed,

cos
(

π�

N + 1

)
< 0 for N ≥ � >

N + 1
2

.

Correspondingly, ω� < 0 for g > �/2 |cos [�π/(N + 1)]|.
The second observation is that should any of the tran-

sition frequencies ω� in the list Eq. (45) be negative, the
opposite one, −ω� = En0�

− En1�
, not being in the list,

would not give rise to a dissipative contribution of the form
D−ω�

[ρ(t)], as A†
α(−ω�) ≡ 0. In the following, we assume

that

g ≤ �

2 cos [π/(N + 1)]
, (53)

so that ω� ≥ 0, � = 1, 2, . . . , N, and leave the study of
the presence of negative transition frequencies for future
investigations.

IV. STATIONARY STATE

The master equation given in Eq. (11) possesses a
unique stationary state that is left invariant by the gen-
erated reduced dynamics, namely such that L[ρ∞] = 0.
This follows from the fact that, as shown in Appendix D 1,
the only operator commuting with all Lindblad operators
AL,R(ω�) and A†

L,R(ω�) and with the Hamiltonian must be a
multiple of the identity [53–58].

As explained before Remark 4, H + λ2HLS is diago-
nal in the energy eigenbasis |k〉. Therefore, the Hamil-
tonian contribution to the generator given in Eq. (11)
yields

[
H + λ2HLS, Pk

]
= 0, for all energy eigenprojec-

tions Pk := |k〉〈k|. In Appendix D 2, it is shown that
the action of the dissipative part of the generator on the
eigenprojetions yields a unique stationary state of the form

ρ∞ =
∑

n

�nPn, �n =
N∏

�=1

λ(�)
n�

, (54)

λ(�)
n�

= R(�)
n�

R�

, (55)

R(�)
n�

:= [hL(ω�)]2
(

1 − n� + nL(ω�)
)

+ [hR(ω�)]2
(

1 − n� + nR(ω�)
)

, (56)

R� := [hL(ω�)]2
(

1 + 2nL(ω�)
)

+ [hR(ω�)]2
(
1 + 2nR(ω�)

)
.

(57)

With the simplifying assumption hL,R(ω�) = h, for each
� = 1, 2, . . . , N , one retrieves

λ(�)
n�

= 1
2

[
1 + (−1)n�

1 + nL(ω�) + nR(ω�)

]
. (58)

If we further restrict to identical baths, by imposing equal
temperatures and thus βL = βR = β, one computes

λ(�)
n�

= eβ(1−n�)ω�

eβω� + 1
, (59)

so that

ρ∞ =
∑

n

N∏
�=1

eβ(1−n�)ω�

eβω� + 1
|n〉〈n|. (60)

On the other hand, using Eq. (35),

e−βEn

∑
n e−βEn

=
N∏

�=1

e2β(1−n�)

{
�+2g cos[π�/(N+1)]

}

e2β(1−n�)

{
�+2g cos[π�/(N+1)]

}
+ 1

. (61)

Then, Eq. (45) implies that the open-chain stationary
state ρ∞ is the Gibbs state at inverse temperature β with
Hamiltonian H as given in Eq. (1):

ρ∞ = e−βH

Tr
(
e−βH

) . (62)

V. TRANSPORT PROPERTIES

Having determined the explicit analytic form of the sta-
tionary state, we can now study its transport properties by
analyzing the spin and heat flows along the chain, driven
by the two external baths.

A. Stationary spin flow: Sinks and sources

The spin flow at site k = 1, 2, . . . , N along the spin chain
corresponds to the rate of change in time of the average of
σ (k)

z given by the quantity

d
dt

Tr
[
σ (k)

z ρ(t)
] = Tr

[
σ (k)

z L[ρ(t])
]

= Tr
[
L̃[σ (k)

z ]ρ(t)
]
. (63)
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In the first equality, L is the generator on the right-hand
side of Eq. (11), while the second equality follows from
the cyclicity of the trace, Tr(XY) = Tr(YX ) and defines the
so-called dual generator L̃:

L̃[σ (k)
z ] = i

[
H + λ2HLS, σ (k)

z

]+ D̃[σ (k)
z ], (64)

with D̃[σ (k)
z ] = λ2∑

α=L,R
∑N

ω�≥0 D̃(α)
ω�

[σ (k)
z ], where

D̃
(α)
ω�

[σ (k)
z ]

= C(α)
ω�

[
A†

α(ω�)σ
(k)
z Aα(ω�) − 1

2

{
A†

α(ω�)Aα(ω�), σ (k)
z

}]

(65)

+ C̃(α)
ω�

[
Aα(ω�)σ

(k)
z A†

α(ω�)− 1
2

{
Aα(ω�)A†

α(ω�), σ (k)
z

}]
.

(66)

The Hamiltonian contribution to the rate of change in time
of the average of σz can be expressed in terms of the
dimensionless spin currents:

J (k,k+1) = 4i
(
σ

(k)
− σ

(k+1)
+ − σ

(k)
+ σ

(k+1)
−

)
, (67)

as

i
[
H + λ2HLS, σ (k)

z

]
= (g + κ)

(
J (k−1,k) − J (k,k+1)

)
, (68)

where the Lamb-shift contribution is characterized by a
constant:

κ = iλ2

8
√

2

∑
α=L,R

N∑
�=1

(
S(α)

ω�
− S̃(α)

ω�

)
. (69)

The operator differences in Eq. (68) thus contribute to
the continuity equation Eq. (63) as current divergence
terms with the right dimension of energy. Since we are
interested in the stationary transport properties, we set
ρ(t) = ρ∞ on the right-hand side of Eq. (63) and find
〈J (k,k+1)〉∞ := Tr

(
ρ∞J (k,k+1)

) = 0. Indeed, passing from
spin to fermionic operators by means of Eqs. (26) and (36),
one finds that

J (k,k+1) = −4i
(
aka†

k+1 + a†
kak+1

)

= −4i
N∑

j �=1

ukj uk+1�(bj b†
� + b†

j b�). (70)

Hence, all their averages with respect to the energy eigen-
states vanish:

〈n|J (k,k+1)|n〉 = −4i
N∑

j =1

ukj uk+1j = 〈uk|uk+1〉 = 0. (71)

Indeed, Eqs. (32) and (33) yield 〈n|bj b†
�|n〉 = δj �(1 − nj )

and 〈n|b†
j b�|n〉 = δj �nj , while the columns |uk〉 of the

orthogonal and symmetric matrix U (see Remark 3) are
orthogonal. Thus the stationary left, 〈J (k−1,k)〉∞, and right,
〈J (k,k+1)〉∞, spin currents through site k both vanish.

Clearly, ρ∞ being time independent, the right-hand side
of Eq. (63) then yields Tr

(
ρ∞D̃[σ (k)]

) = 0. However, the
left and right purely dissipative contributions,

Q(k)
α := λ2

N∑
�=1

Tr
(
ρ∞D̃

(α)
ω�

[σ (k)
z ]
)
, (72)

do not vanish separately; indeed, as shown in Appendix E,

Q(k)
L = 2πλ2

N∑
�=1

u2
k�u2

1�[hL(ω�)]2[hR(ω�)]2

× nL(ω�) − nR(ω�)

R�

, (73)

Q(k)
R = 2πλ2

N∑
�=1

u2
k�u2

N�[hL(ω�)]2[hR(ω�)]2

× nR(ω�) − nL(ω�)

R�

, (74)

with R� as in Eq. (57). Furthermore, since from Eq. (30)
one finds that u1� = (−1)�uN� for all � = 1, 2, . . . , N , it
follows that Q(k)

L = −Q(k)
R , as it should be in physical

terms.
Also, assuming hL(ω) = hR(ω) = h, one obtains

Q(k)
L = πλ2

N∑
�=1

u2
k�u2

1�

nL(ω�) − nR(ω�)

1 + nL(ω�) + nR(ω�)
, (75)

Q(k)
R = πλ2

N∑
�=1

u2
k�u2

N�

nR(ω�) − nL(ω�)

1 + nL(ω�) + nR(ω�)
. (76)

One thus sees that, while in the stationary case the con-
tinuity expression given in Eq. (63) does not contain any
current divergence at site k, it does, however, contain terms
of a different origin that are due to the presence of the two
baths. These terms vanish only if the temperatures are the
same, so that nL(ω�) = nR(ω�), and are thus interpretable
as spin flow source or sink contributions, depending on
whether they are positive or negative. Note that due to the
scaling as 1/N 2 of the products u2

k�u2
N� (see Eq. (30)) and

the presence of N of them in Eqs. (75) and (76), the source
and sink terms scale as 1/N with an increasing number of
spins. In Fig. 1, we consider a chain with N = 8 spins, set
TL = 0 so that nL(ω�) = 0, and show the dependence of
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FIG. 1. The behavior of the source term Q(4)
R as a function of

TR in a N = 8 spin chain with left-bath temperature TL = 10, λ =
1, � = 15, 30, 50, and g close to the saturation values in Eq. (53).

the source term

Q(4)
R = πλ2

8∑
�=1

u2
4�u2

8�e−βRω� , (77)

in the middle of the chain as a function of the right tem-
perature TR and various values of the transverse magnetic
field � and the interspin coupling strength g. The values
of g associated with � are chosen close to the bound given
in Eq. (53), for reasons that will become clear later, when
we discuss the bipartite stationary entanglement.

The presence of sink and source terms in the continuity
equation of quantum systems can be phenomenologically
achieved by means of inserting anti-Hermitian terms in the
system Hamiltonian. As already commented in Remark 1,
this is exactly what the anticommutators do in the dissipa-
tive part of the generator. In some particular cases—as, for
instance, in the charge-continuity equation for open sys-
tems with local system-bath interactions [59]—the damp-
ing and noise terms together contribute to form the diver-
gence of a dissipative current. This is not the case for
the open quantum spin chain investigated in this paper,
where only the end spins interact with the thermal baths.
Here, dissipative currents do not emerge in the continuity
equation; rather, sink and source contributions appear that
are strictly related to the global structure of the Lindblad
operators in Eqs. (46) and (50), which involve all spins of
the chain. Indeed, the chain degrees of freedom that are
relevant to expressing how the spins react to the presence
of the two baths are the fermionic ones, which diagonal-
ize the chain Hamiltonian and are delocalized along it. The
roots of the sink and source terms lie in the global features
of the damping and noise effects embodied by the anticom-
mutator and the noise term in Eqs. (13) and (14). That it is
indeed so is highlighted: (1) by the fact that, should there

be no fermionic dressing of the Lindblad operators as in the
local approach to open spin chains (see Remark 4), the sink
and source terms would disappear, as is the case for the
two spins in Ref. [60]; and (2) by the fact that in the global
approach, sinks and sources are present even in the limit
where the interspin coupling g → 0. Indeed, g appears
in the thermal factors nL,R(ω�) through the transition fre-
quencies ω� (see Eq. (9)). These terms remain different
and nonzero whenever βL �= βR, even for g = 0. This evi-
dence shows a dramatic departure of the global approach
from the local one, in the sense that the latter cannot be
obtained as the g → 0 limit of the former. Furthermore,
this feature together with the asymptotic presence of sinks
and sources provide a means of discriminating, through
the experimental investigation of the spin polarization at a
given site, which one of the two approaches is more appro-
priate to describe the physics of open quantum spin chains.
Since, asymptotically, sinks and sources come together
and cancel each other, their presence should be experi-
mentally accessed via an investigation of the polarization
transient behavior—the theoretical description of which is,
however, beyond the scope of the present work.

B. Stationary heat flow

Besides the spin flow, the presence of the two baths at
the far ends of the chain also establishes heat flows in and
out of the chain. According to standard quantum thermody-
namics arguments [39,40], the heat flow through an open
quantum system due to its weak coupling to a thermal bath
is measured by

H(t) := Tr
(

dρ(t)
dt

H
)

= Tr (L[ρ(t)]H) , (78)

where ρ �→ ρ(t) is the dissipative evolution due to the
bath, generated by L, while H is the open-system time-
independent Hamiltonian. Because of the structure of the
GKSL equation as in Eq. (11), only the dissipative term of
the generator contributes to the heat flow; therefore, in the
spin-chain stationary state, the heat flow due to the left, L,
or right, R, bath is given by

Hst
α =

N∑
�=1

Tr
(
D

(α)
ω�

[ρ∞]H
)

, α = L, R. (79)

Certainly, D[ρ∞] = 0 implies Hst
L + Hst

R = 0; however, as
for the spin flow, the single bath contributions to the heat
flow need not vanish separately and their sign, if positive,
corresponds to heat flowing into the chain from the bath or
to heat flowing out of the chain and into the bath.
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Using Eqs. (45), (D2), (54)–(57), (15) and (16), one
computes

Hst
L =

N∑
�=1

Tr
(
D

(L)
ω�

[ρ∞]H
)

= λ2
N∑

�=1

∑
n,k

En�ku2
1�

×
(

C(L)
ω�

δ1k�
− C̃(L)

ω�
δ0k�

)
〈n|
(

Pk0�
− Pk1�

)
|n〉

= λ2
N∑

�=1

ω�u2
1�

(
C(L)

ω�
λ

(�)

1 − C̃(L)
ω�

λ
(�)

0

)

= λ2
N∑

�=1

ω�u2
1�[hL(ω�)]2[hR(ω�)]2 nL(ω�) − nR(ω�)

R�

.

(80)

Note that the heat flow is positive; namely, it flows from
the left bath into the chain if nL(ω) > nR(ω), that is (see
Eq. (9)), if the left bath is at a higher temperature than
the right one. Furthermore, the simplifying assumption
hL(ω) = hR(ω) = h yields

Hst
R = πλ2

N∑
�=1

ω�u2
1�

nR(ω�) − nL(ω�)

1 + nL(ω�) + nR(ω�)
. (81)

Furthermore, the transition frequencies ω� in Eq. (45) are
of order 1 with respect to increasing N and hence each of
the N contributions ω�u2

1� to the heat flow scales as 1/N
due to Eq. (30). Thus, unlike the sink and source terms in
Eqs. (75) and (76), which scale as 1/N , the heat flow does
not vanish with increasing N . Setting N = 8 and TL = 0 as
for the source terms in Eq. (77), and choosing the same set
of parameters � and g as in Fig. 1, the behavior of the heat
flow Hst

R as a function of TR is reported in Fig. 2.
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FIG. 2. The behavior of the heat flow Hst
R as a function of the

right-bath temperature TR in a N = 8 spin chain with left-bath
temperature TL = 0, λ = 1, � = 15, 30, 50, and g close to the
corresponding saturation values.

VI. ENTANGLEMENT PROPERTIES

Besides transport phenomena, open spin chains repre-
sent attractive models of many-body systems due to their
entanglement properties. Indeed, although the external
transverse magnetic field tends to align all spins in a sep-
arable state, the interspin interaction, on the other hand, is
able to generate quantum correlations among all spins. The
presence of the external baths at the chain end points con-
stitutes interesting additional driving factors influencing
the behavior of the spin entanglement.

In what follows, we focus upon the entanglement
between any two spins, r and s > r, in the stationary state
via the concurrence of the reduced bipartite density matrix
ρr,s obtained from Eq. (54) by tracing over the spins at sites
different from r and s. In order to achieve this goal, one
needs to reexpress the stationary state in Eq. (54) in terms
of spin operators, rather than fermionic ones.

A. Stationary state: Spin representation

In order to pass to a spin representation of the station-
ary state, some preliminary steps are needed. The first is
that, instead of the standard lexicographic ordering of the
binary strings n, it proves convenient to regroup them in
terms of the number of 1’s they contain. We then introduce
the enumeration of the 2N binary N -tuples known as com-
binatorial numbering of degree p [61], which we refer to
as combinadic ordering for the sake of brevity. For fixed
p = 0, 1, 2, . . . , N , one bijectively associates with each of
the
(N

p

)
N -tuples n, with ni� = 1, at sites i1 < · · · < ip , the

integers

1 ≤ Np = 1 +
p∑

�=1

(
i� − 1

�

)
≤
(

N
p

)
, (82)

where the binomial coefficients
(i�−1

�

)
are set to vanish if

i� − 1 < �. According to such a numbering, we identify
n with a unique Np for some p = 0, 1, . . . , N ; then, the
stationary state ρ∞ may be written as

ρ∞ =
N∑

p=0

(N
p)∑

Np =1

L(p)

Np
|Np〉〈Np |, (83)

where (see also Appendix G) the vectors |Np〉 now denote
the fermionic eigenstates b†

i1 · · · b†
ip |v〉, while L(p)

Np
denotes

the eigenvalues �n in Eq. (54) corresponding to the binary
N -tuples n with p 1’s, indexed by the combinadic inte-
ger Np . Applications of the above formalism to the N = 2
and N = 3 cases can be found in Appendix F. Finally, in
Appendix H it is shown that the stationary state ρ∞ has the
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following structure in terms of spin operators:

ρ∞ =
N∑

p=0

∑

N ′
p ,N ′′

p

S(p)

N ′
pN ′′

p

N∏
�=1

(
X (�)

n′
�

(
X (�)

n′′
�

)†
)

, (84)

where the expressions of the scalar quantities S(p)

N ′
pN ′′

p
are given in Eq. (G9) of Appendix G, while the single-
spin operators read X (�)

0 = [(1 − σ (�)
z )/2] and X (�)

1 = σ
(�)
+ ,

where n′
� and n′′

� are the digits of the binary N -tuples iden-
tified by the combinadic indices N ′

p and N ′′
p . The above

expression of the stationary state ρ∞ can thus be algorith-
mically computed for any N ; the cases N = 2, 3 provide
concrete and informative analytic instances of the above
structure and are dealt with in Appendix I.

B. Two-spin asymptotic density matrices

The spin-operator expression of the stationary state ρ∞
is useful to investigate the entanglement content of any pair
of spins along the chain and its dependence on their posi-
tions N ≥ s > r ≥ 1 and on temperature differences. We
measure the two-spin entanglement by means of concur-
rence [62,63]. For a bipartite qubit system described by
density matrix ρ, the concurrence is given by

C(ρ) = max{0,
√

λ1 −
√

λ2 −
√

λ3 −
√

λ4}, (85)

where λi are the (positive) eigenvalues of the matrix
ρ(σy ⊗ σy)ρ

∗(σy ⊗ σy), with ρ∗ the complex conjugate of
ρ in the basis in which σy is the standard second Pauli
matrix.

To quantify bipartite entanglement among two spins in
the chain, we compute the concurrence of the two-spin
reduced density matrix, which is obtained by tracing over
the spins at sites different from r and s. In Appendix J,
it is shown that the asymptotic two-spin reduced density
matrices obtained from the stationary state ρ∞ read

ρ(r,s) =

⎛
⎜⎝

a 0 0 0
0 b c 0
0 c d 0
0 0 0 e

⎞
⎟⎠ , (86)

with off-diagonal entry

c =
N∑

p=0

∑

N (rs)
p (1,0)

N (rs)
p (0,1)

S(p)

N (rs)
p (1,0)N (rs)

p (0,1)
. (87)

Here, the combinadic indices of the entries of S(p) con-
tributing to the only off-diagonal term c involve different

sites r and s. The combinadic indices are, instead, the same
for the entries of S(p) contributing to the diagonal entries:

a =
N∑

p=0

∑

N (rs)
p (1,1)

S(p)

N (rs)
p (1,1)N (rs)

p (1,1)
, (88)

b =
N∑

p=0

∑

N (rs)
p (1,0)

S(p)

N (rs)
p (1,0)N (rs)

p (1,0)
, (89)

d =
N∑

p=0

∑

N (rs)
p (0,1)

S(p)

N (rs)
p (0,1)N (rs)

p (0,1)
, (90)

e =
N∑

p=0

∑

N (rs)
p (0,0)

S(p)

N (rs)
p (0,0)N (rs)

p (0,0)
. (91)

For such states, the concurrence takes the following ana-
lytic expression:

C(r, s) = 2 max
{

0,
(
|c| − √

ae
)}

, (92)

and hence the stationary bipartite entanglement corre-
sponding to a nonvanishing positive C(r, s) can be eval-
uated as a function of the sites r and s and their distance
s − r. The concurrences C(1, 2), C(2, 3), and C(1, 3) for a
three-spin chain are studied in Appendix K 1.

C. Two-spin concurrence

In this section, we study the stationary two-spin
entanglement in a N -spin chain. In doing so, we use
Appendix K 2, which shows how the coefficients a, b, c,
d, and e appearing in the concurrence C(r, s) in Eq. (92)
can be algorithmically reconstructed. The quantity C(r, s)
depends on the parameters � and g of the chain Hamilto-
nian, on the temperatures TL,R, on the number of spins, N ,
and on the spin sites 0 ≤ r ≤ s ≤ N .

First, although the algorithm developed in Appendix K 2
works for all N , its algorithmic implementation rapidly
becomes time-consuming so that, in the following figures,
we focus upon a chain consisting of N = 8 spins. In full
generality, we observe that, similarly to the sink and source
terms in Eqs. (73) and (74), the bipartite entanglement
between any pair of sites scales as 1/N ; this follows from
the fact that, for large N , such is the leading order of the
matrix elements S(p)

N ′
pN ′′

p
in Eq. (G9). In turn, such a behav-

ior is due to the fact that the transition frequencies ω� in
Eq. (45), and thus the eigenvalues in Eq. (54), are of order
1 with respect to N , while the quantities D(p)

N ′
pN ′′

p
introduced

in Remark 5 are of order 1/(
√

N )p and, in each of the
expressions given in Eq. (87)–(91), there appear sums from
p = 1 to p = N of products of pairs of such terms.
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FIG. 3. The maximum achievable entanglement between sites
1 and s = 2, 3, . . . 8 by varying TR. Here, N = 8, λ = 1, TL =
0, � = 15, and g = 7.8 is close to its upper bound in Eq. (53).

Second, just as in the case of source and sink terms and
of heat flows, we set TL = 0 and then inspect the depen-
dence on the right temperature TR only. What one expects
by letting TL > 0 is that when TR = TL > 0, one reaches
the Gibbs state in Eq. (62). This thermal-equilibrium state
cannot provide transport effects, for nL(ω�) = nR(ω�), but
may, however, support bipartite entanglement at finite non-
vanishing temperatures. On the other hand, for TL = TR =
0, the state becomes the vacuum state |v〉 in Eq. (25), which
is clearly separable.

The expected features of the concurrence C(r, s) are that
by increasing the distance s − r between the spins with
fixed r, the maximum achievable bipartite entanglement
Cmax(r, s) diminishes, as shown in Fig. 3, while the concur-
rence itself vanishes at lower temperatures, in agreement
with the fact that distance and temperature play against
correlations. Furthermore, the lack of translational invari-
ance makes C(r, s) depend not only on s − r but also on
the position r of the first spin.
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FIG. 4. The bipartite entanglement between spins 3 and 4, as
measured by the concurrence C(3, 4), versus TR for N = 8, TL =
0, with � = 15, 30, and 50 and g close to the saturation value
relative to � = 15.
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FIG. 5. The bipartite entanglement between spins 3 and 4, as
measured by the concurrence C(3, 4), versus TR for N = 8, TL =
0, with � = 15, 30, and 50 and g close to the corresponding
saturation values.

As regards the dependence of the concurrence on the
parameters � and g, Fig. 4 first shows that, with tem-
perature TL = 0, and g fixed, close to the upper bound of
Eq. (53) for � = 15, the entanglement as a function of TR
diminishes while increasing �.

This behavior agrees with the fact that by augmenting
the transverse external field, the spins all tend to become
parallel and thus the stationary state becomes separable.
On the other hand, by increasing g, the spins interact
more strongly, thus favoring the generation of quantum
correlations that may persist asymptotically against tem-
perature. In fact, the further away g is from the saturation
value at given �, the smaller is the achieved entangle-
ment, the larger is the temperature at which it appears,
and the smaller is the temperature at which it disappears.
Specifically, the chosen value of g is sufficient to gen-
erate entanglement for � = 15, 30, but not for � = 50,
while increasing g beyond the saturation value for � = 15
would violate the condition assumed throughout the paper,
namely, that the transition frequencies ω� in Eq. (45) are
positive.

Instead, in Fig. 5, under the same conditions as in Fig. 4,
the values of the interaction strength g are chosen close
to the saturation bound given in Eq. (53) for each �. The
graph shows that in this case the highest possible g, despite
the higher values of �, contributes to the creation of entan-
glement as soon as TR > 0; moreover, it also makes it last
up to higher values of TR.

VII. DISCUSSION

Spin chains coupled to external baths at their endpoints
represent paradigmatic models for the study of trans-
port properties in quantum many-body systems, as they
allow the precise analysis of the behavior of spin and
heat flows along the chain. So far, analytic treatments of
the asymptotic transport properties in these systems have
been obtained assuming only ad hoc couplings between
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the system and the external baths, those that allow the
chain steady state to be expressed in terms of the so-called
“matrix product states” [20].

Here, instead taking an energy-preserving coupling to
the end baths, with strength allowing the weak-coupling
limit, we are able to derive an exact analytic expression for
the unique steady state of a generic N -site spin-1/2 chain,
with XX -type interspin interaction, in a transverse constant
magnetic field. This allows us to discuss in detail the open
transport properties of the model, treated in the so-called
global approach, revealing the presence of sink and source
terms in the spin flow continuity equation that have never
been pointed out before (except in the N = 3 case [50]).

In addition, having the explicit form of the system
asymptotic stationary state allows us to analyze the entan-
glement properties of the chain. In particular, a proce-
dure is devised that is able to algorithmically provide the
explicit expression of the reduced two-spin density matrix
for any two sites along the chain. The behavior of the cor-
responding entanglement content of the reduced state, as
measured by concurrence, is discussed in some relevant
cases in terms of the parameters of the system Hamiltonian
and of the bath temperatures. While increasing the bath
temperatures and the magnitude of the external magnetic
field counteracts entanglement, sufficiently high values of
the interspin interaction coupling constant would always
allow the presence of asymptotic entanglement among any
couple of close enough sites.

In addition, these results show that, for generic N , there
is no apparent relation between the behavior of heat flow
and two-site entanglement as a function of the bath tem-
peratures, as claimed in the literature for the special case
N = 2 [64]: entanglement in the chain is generated inde-
pendently from the heat flow and even in the absence of
it, as in the case of isothermal baths. Furthermore, the
two quantities behave rather differently with respect to the
length of the chain: while the concurrence vanishes as 1/N ,
the heat flow does not.

We are confident that these findings will stimulate fur-
ther research on the use of many-body systems, and
spin chains in particular, for modeling quantum transport
processes, in view of possible applications in quantum
technology.
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APPENDIX A: DIAGONALIZATION OF THE
SPIN-CHAIN HAMILTONIAN

With BN the N × N tridiagonal symmetric matrix with
entries (BN )ij = δj ,i+1 for 0 ≤ i ≤ j ≤ N , the Hamiltonian

H̃ = γ

N∑
j =1

a†
j aj +

N−1∑
j =1

(
a†

j aj +1 + a†
j +1aj

)

reads H̃ =∑N
j ,k=1 hjka†

j ak where h = γ I + BN . Since

det
(

x − BN+2

)
= x det

(
x − BN+1

)
− det

(
x − BN

)
,

(A1)

the same equation is satisfied by the associated character-
istic polynomial pN (x):

pN+2(x) − xpN+1(x) + pN (x) = 0. (A2)

Setting x = 2 cos θ , one finds the solution

pN (x) = C1eiNθ + C2e−iNθ . (A3)

From p1(x) = x and p2(x) = x2 − 1, one fixes the coeffi-
cients

C1 = eiθ

eiθ − e−iθ , C2 = − e−iθ

eiθ − e−iθ , (A4)

and hence pN (x) = sin((N + 1)θ)/sin θ .
Since for θ = 0 [θ = π ], pN (2) = N + 1 [pN (−2) =

(−)N (N + 1)], the only zeroes of pN (x) are at θk =
[kπ/(N + 1)], k = 1, 2, . . . , N . It thus follows that the
eigenvalues of h = γ I + B are

λk = γ + 2 cos
(

kπ
N + 1

)
. (A5)

Finally, one can check that the symmetric matrix

U =
[
ujk

]N

j ,k=1
, ujk =

√
2

N + 1
sin
(

jkπ
N + 1

)
. (A6)

is also orthogonal. It can be directly checked that

U B U = diag
[

2 cos
(

�π

N + 1

)]N

�=1
. (A7)
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APPENDIX B: ENERGIES AND EIGENVECTORS
OF TWO- AND THREE-SPIN CHAINS

1. Two-spin chain

For a chain consisting of only two spins, as in Refs. [60,
64–66], N = 2 and Eq. (35) yield the energies

E00 = −2�, E10 = 2g, E01 = −2g, E11 = 2�.
(B1)

Furthermore, from Eq. (A6), the unitary matrix U results:

U = 1√
2

(
1 1
1 −1

)
. (B2)

Therefore, applying Eq. (37), one obtains

b1 = σ
(1)
− −σ (1)

z σ
(2)
−√

2
, b2 = σ

(1)
− +σ (1)

z σ
(2)
−√

2
, (B3)

b1b2 = −σ
(1)
− σ

(2)
− , (B4)

so that using Eqs. (31) and (25), one can recast the eigen-
vectors |n1n2〉 relative to the eigenvalues En1n2 using the
standard basis, |↑〉, |↓〉. Indeed, |v〉 = |00〉 = |↓↓〉, and
hence

|00〉 = | ↓↓〉, |10〉 = | ↑↓〉 + | ↓↑〉√
2

(B5)

|01〉 = | ↑↓〉 − | ↓↑〉√
2

, |11〉 = | ↑↑〉. (B6)

2. Three-spin chain

In the case of a three-spin chains [50], setting N = 3, the
eigenvalues of the Hamiltonian given in Eq. (1) are

En1n2n3 = �
(

2
3∑

�=1

n� − 3
)

+ 4g
3∑

�=1

n� cos
(

�π

4

)
.

(B7)

Explicitly, they and their corresponding eigenvectors read
as follows:

|000〉 = |v〉, E000 = −3�, (B8)

|100〉 = b†
1|000〉, E100 = −� + 2

√
2g, (B9)

|010〉 = b†
2|000〉, E010 = −�, (B10)

|001〉 = b†
3|000〉, E001 = −� − 2

√
2g, (B11)

|110〉 = b†
1b†

2|000〉, E110 = � + 2
√

2g, (B12)

|101〉 = b†
1b†

3|000〉, E101 = �, (B13)

|011〉 = b†
2b†

3|000〉, E011 = � − 2
√

2g (B14)

|111〉 = b†
1b†

2b†
3|000〉, E111 = 3�. (B15)

The correspondence with the eigenvalues Ej in Ref. [50] is
as follows:

E000 = E2, E100 = E7, E010 = E4, E001 = E6,

E110 = E5, E101 = E3, E011 = E8, E111 = E1.

Since the 3 × 3 matrix U in Eq. (A6) reads

U = 1
2

⎛
⎝

1
√

2 1√
2 0 −√

2
1 −√

2 1

⎞
⎠ , (B16)

then σ±σz = ∓σ± and Eq. (38) yield

b†
1 = 1

2

(
σ

(1)
+ −

√
2σ (1)

z σ
(2)
+ +σ (1)

z σ (2)
z σ

(3)
+
)

, (B17)

b†
2 = 1√

2

(
σ

(1)
+ −σ (1)

z σ (2)
z σ

(3)
+
)

, (B18)

b†
3 = 1

2

(
σ

(1)
+ +

√
2σ (1)

z σ
(2)
+ +σ (1)

z σ (2)
z σ

(3)
+
)

, (B19)

b†
1b†

2 = −1
2

(
σ

(1)
+ σ

(2)
+ −

√
2σ

(1)
+ σ (2)

z σ
(3)
+ +σ

(2)
+ σ

(3)
+
)

,

(B20)

b†
2b†

3 = −1
2

(
σ

(1)
+ σ

(2)
+ +

√
2σ

(1)
+ σ (2)

z σ
(3)
+ +σ

(2)
+ σ

(3)
+
)

,

(B21)

b†
1b†

3 = − 1√
2

(
σ

(1)
+ σ

(2)
+ −σ

(2)
+ σ

(3)
+
)

, (B22)

b†
1b†

2b†
3 = −σ

(1)
+ σ

(2)
+ σ

(3)
+ . (B23)

The expressions of the eigenvectors |n1n2n3〉 in the spin
standard basis and their correspondence with the eigenvec-
tors obtained in Ref. [50] are reported in Appendix C 2.

APPENDIX C: LINDBLAD OPERATORS FOR
TWO- AND THREE-SPIN CHAINS

1. Two-spin chain

In the case of N = 2, from Eq. (45) one computes the
following transition frequencies:

ω1 = 2(� + g), ω2 = 2(� − g). (C1)

Using Eqs. (46) and (50), the following Lindblad operators
ensue for the open two-spin chain:

A†
L(ω1) = |10〉〈00| + |11〉〈01|√

2
, (C2)

A†
L(ω2) = |01〉〈00| − |11〉〈10|√

2
, (C3)
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A†
R(ω1) = |10〉〈00| − |11〉〈0|√

2
, (C4)

A†
R(ω2) = −|01〉〈00| + |11〉〈10|√

2
. (C5)

According to the discussion before Remark 4, in order
to have all of them contribute to dissipation, one must
set g ≤ �.

2. Three-spin chain

Setting N = 3, from Eq. (45) we obtain the three fre-
quencies

ω1 = 2
(
� +

√
2g
)

, ω2 = 2�, ω3 = 2
(
� −

√
2g
)

,

(C6)

which correspond to the three frequencies ω1, ω0, and ω2
in Ref. [50]. Furthermore, Eqs. (46) and (50) yield the left-
bath Lindblad operators

A†
L(ω1) = 1

2

(
|100〉〈000| + |110〉〈010|

+ |101〉〈001| + |111〉〈011|
)

, (C7)

A†
L(ω2) = 1√

2

(
|010〉〈000| − |110〉〈100|

− |111〉〈101| + |011〉〈001|
)

, (C8)

A†
L(ω3) = 1

2

(
|001〉〈000| − |101〉〈100|

− |011〉〈010| + |111〉〈110|
)

, (C9)

and the right-bath Lindblad operators

A†
R(ω1) = 1

2

(
|011〉〈001| + |111〉〈101|

− |010〉〈000| − |110〉〈100|
)

, (C10)

A†
R(ω2) = 1√

2

(
|011〉〈001| + |111〉〈101|

− |010〉〈000| − |110〉〈100|
)

, (C11)

A†
R(ω3) = 1

2

(
|001〉〈000| + |101〉〈100|

+ |011〉〈010| + |111〉〈110|
)

. (C12)

According to the discussion before Remark 4, in order to
have all of them contribute to dissipation, one must set g ≤
(�/

√
2).

In terms of the eigenstates |↑〉 and |↓〉 of σz, using
the fact that |v〉 = |000〉 = |↓↓↓〉, one can reexpress the
eigenvectors |n1n2n3〉 in the spin standard basis:

|000〉 = | ↓↓↓〉 = |E2〉, (C13)

in the case of zero excitations, while for one excitation,

|100〉 = b†
1|000〉 = 1

2

(
| ↑↓↓〉 +

√
2| ↓↑↓〉 + | ↓↓↑〉

)

= |E7〉, (C14)

|010〉 = b†
2|000〉 = 1√

2

(
| ↑↓↓〉 − | ↓↓↑〉

)
= |E4〉,

(C15)

|001〉 = b†
3|000〉 = 1

2

(
| ↑↓↓〉 −

√
2| ↓↑↓〉 + | ↓↓↑〉

)

= |E6〉, (C16)

and for two excitations,

|110〉 = b†
1b†

2|000〉 = −1
2

(
| ↑↑↓〉 +

√
2| ↑↓↑〉 + | ↓↑↑〉

)

= −|E5〉, (C17)

|101〉 = b†
1b†

3|000〉 = − 1√
2

(
| ↑↑↓〉 − | ↓↑↑〉

)

= −|E3〉, (C18)

|011〉 = b†
2b†

3|000〉 = −1
2

(
| ↑↑↓〉 −

√
2| ↑↓↑〉 + | ↓↑↑〉

)

= −|E8〉. (C19)

Finally, in the case of three excitations, one finds

|111〉 = b†
1b†

2b†
3|000〉 = −| ↑↑↑〉 = −|E1〉, , (C20)

the difference in the overall sign depending on the chosen
ordering of the creation operators b†

�. The correspondence
with the |Ek〉 obtained in Ref. [50] is confirmed after noting
that there |0〉 = |↑〉 and |1〉 = |↓〉.

In the same vein, using Eqs. (C13)–(C20), one recasts
the Lindblad operators in Eqs. (C7)–(C12) as

A†
L(ω1) = 1

2

(
|E7〉〈E2| − |E5〉〈E4| − |E3〉〈E6| + |E1〉〈E8|

)
,

(C21)

A†
L(ω2) = 1√

2

(
|E4〉〈E2| + |E5〉〈E7| − |E1〉〈E3| − |E8〉〈E6|

)
,

(C22)

A†
L(ω3) = 1

2

(
|E6〉〈E2| + |E3〉〈E7| + |E8〉〈E4| + |E1〉〈E5|

)
,

(C23)
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and

A†
R(ω1) = 1

2

(
|E7〉〈E2| + |E5〉〈E4| + |E3〉〈E6| + |E1〉〈E8|

)
,

(C24)

A†
R(ω2) = 1√

2

(
|E5〉〈E7| − |E4〉〈E2| − |E8〉〈E6| + |E1〉〈E3|

)
,

(C25)

A†
R(ω3) = 1

2

(
|E6〉〈E2| + |E1〉〈E5| − |E3〉〈E7| − |E8〉〈E4|

)
.

(C26)

These expressions coincide with those found in Ref. [50].

APPENDIX D: STATIONARY STATE

1. Uniqueness of the stationary state

Consider the commutator of a generic chain operator
X =∑p,q Xpq|p〉〈q|, in the energy eigenbasis given in
Eq. (34), with the Lindblad operator given in Eq. (46), and
set it equal to zero:

〈r|
[
X , A†

L(ω�)
]
|s〉 = u1�

∑
p,q,̂n�

(−1)
∑�−1

j =1 nj Xpq

× 〈r|
[
|p〉〈q|, |n1�

〉〈n0�
|
]
|s〉 = 0.

This yields

Xrs1�
(−1)

∑�−1
j =1 sj δs�0 = Xr0�

s(−1)
∑�−1

j =1 rj δr�1, (D1)

and hence choosing r� = 0 and s� = 0 gives Xr0�
s1�

= 0.

Changing A†
L(ω�) into A†

R(ω�) yields Xr1�
s0�

= 0; thus, the
only nonvanishing X commuting with all Lindblad oper-
ators must be diagonal in the energy eigenbasis: namely,
X =∑n Xnn|n〉〈n|. On the other hand, choosing r� = 1
and s� = 0, Eq. (D1) yields Xn1�

n1�
= Xn0�

n0�
for all � =

1, 2, . . . , N and hence X must be a multiple of the identity.

2. Structure of the stationary state

Inserting the eigenprojections Pk into Eqs. (13) and (14),
one obtains

D
(L)
ω�

[Pk] = u2
1�

(
C(L)

ω�
δk�1 − C̃(L)

ω�
δk�0

)(
Pk0�

− Pk1�

)
,

(D2)

D
(R)
ω�

[Pk] = u2
N�

(
C(R)

ω�
δk�1 − C̃(R)

ω�
δk�0

)(
Pk0�

− Pk1�

)
.

(D3)

From Eq. (12), using the two previous expressions, one
finds that

D [Pk] = λ2
N∑

�=1

(
δk�1d� − δk�0̃d�

)(
Pk0�

− Pk1�

)
, (D4)

where, using Eqs. (15) and (16),

d� = C(L)
ω�

u2
1� + C(R)

ω�
u2

N�

= 4π

N + 1
sin2

(
π�

N + 1

)[
[hL(ω�)]2

(
1 + nL(ω�)

)

+ [hR(ω�)]2
(

1 + nR(ω�)
)]

, (D5)

d̃� = C̃(L)
ω�

u2
1� + C̃(R)

ω�
u2

N�

= 4π

N + 1
sin2

(
π�

N + 1

)[
[hL(ω�)]2nL(ω�)

+ [hR(ω�)]2nR(ω�)
]
. (D6)

Consider the diagonal expression Xdiag =∑n xnPn; then,
the dissipator maps it into

D[Xdiag] =
∑

n

x̃nPn, (D7)

with

x̃n = Tr
(

PnD[Xdiag]
)

=
∑

m

xmTr
(

PnD

[
Pm

])
. (D8)

From Eq. (D4), it follows that

D[Xdiag] = λ2
∑

n

xn

N∑
�=1

(
δn�1d� − δn�0̃d�

)(
Pn0�

− Pn1�

)

(D9)

=
N∑

�=1

∑
n̂�

(
d�xn1�

− d̃�xn0�

)(
Pn0�

− Pn1�

)
,

(D10)

and hence

x̃n = λ2
N∑

�=1

(
δn�0 − δn�1

)(
d�xn1�

− d̃�xn0�

)
. (D11)

Therefore, D[Xdiag] = 0 is obtained by the factorized
expressions

xn =
N∏

�=1

x(�)
n�

, x(�)

0 = d�, x(�)

1 = d̃�. (D12)

All x(�) ≥ 0 and, after normalization, the uniqueness of the
stationary state together with the expressions Eqs. (D5)
and (D6) yield Eqs. (54)–(57).
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APPENDIX E: SINK AND SOURCE
CONTRIBUTIONS TO THE STATIONARY

TRANSPORT PROPERTIES

Given the stationary state in Eq. (54), in order to com-
pute

Q(k)
L = λ2

N∑
�=1

Tr
(
ρ∞D̃

(L)
ω�

[σ (k)
z ]
)

(E1)

in Eq. (73), we need to evaluate mean values of the form

〈n|D̃(L)
ω�

[σ (k)
z ]|n〉

= C(L)
ω�

(
〈n|A†

L(ω�)σ
(k)
z AL(ω�)|n〉

− 1
2
〈n|
{

A†
L(ω�)AL(ω�), σ (k)

z

}
|n〉
)

(E2)

+ C̃(L)
ω�

(
〈n|AL(ω�)σ

(k)
z A†

L(ω�)|n〉

− 1
2
〈n|
{

AL(ω�)A
†
L(ω�), σ (k)

z

}
|n〉
)

. (E3)

Using the expressions given in Eqs. (46)–(48), one obtains

〈n|A†
L(ω�)σ

(k)
z AL(ω�)|n〉 = u2

1�δ1n�
〈n0�

|σ (k)
z |n0�

〉, (E4)

〈n|
{

A†
L(ω�)AL(ω�), σ (k)

z

}
|n〉 = u2

1�δ1n�
〈n|σ (k)

z |n〉, (E5)

〈n|AL(ω�)σ
(k)
z A†

L(ω�)|n〉 = u2
1�δ0n�

〈n1�
|σ (k)

z |n1�
〉, (E6)

〈n|
{

AL(ω�)A
†
L(ω�), σ (k)

z

}
|n〉 = u2

1�δ0n�
〈n|σ (k)

z |n〉. (E7)

Then, from Eqs. (26) and (36), it follows that

σ (k)
z = −1 + 2

N∑
r,s=1

ukruksb†
r bs, (E8)

and hence, using Eqs. (32)–(34),

〈n|σ (k)
z |n〉 = 2

N∑
r=1

nru2
kr − 1, (E9)

〈n0�
|σ (k)

z |n0�
〉 − 〈n|σ (k)

z |n〉 = −2n�u2
k�, (E10)

〈n1�
|σ (k)

z |n1�
〉 − 〈n|σ (k)

z |n〉 = 2(1 − n�)u2
k�. (E11)

Inserting the last three expressions into Eqs. (E2)–(E7)
yields

〈n|D̃(L)
ω�

[σ (k)
z ]|n〉 = u2

k�u2
1�

(
C̃(L)

ω�
δ0n�

− C(L)
ω�

δ1n�

)
, (E12)

and hence, finally, using the stationary-state eigenvalues in
Eqs. (54)–(57) and the explicit form of the constants C(L)

ω�

and C̃(L)
ω�

in Eqs. (15) and (16), the sink and/or source con-
tribution Q(k)

L in Eq. (73) ensues. Similar arguments lead
to Q(k)

R in Eq. (74).

APPENDIX F: STATIONARY-STATE
EIGENVALUES FOR TWO- AND THREE-SPIN

CHAINS

1. Two-spin chain

For two spins and N = 2, the four two-digit strings
are, in antilexicographic order, (00), (10), (01), and (11).
Moreover, using Eq. (82) their combinadic ordering can be
shown to be the same; namely,

(00) ↔ N0 = 1,
{
(10) ↔ N1 = 1
(01) ↔ N1 = 2 , (11) ↔ N2 = 1.

(F1)

Then, the combinadic list of the eigenvalues �n1n2 of the
stationary state ρ∞ in Eq. (83) is as follows:

L(0)

1 = �00 = R(1)

0 R(2)

0

R1R2
, for p = 0, (F2)

L(1)

1 = �10 = R(1)

1 R(2)

0

R1R2
, L(1)

2 = �01 = R(1)

0 R(2)

1

R1R2
,

for p = 1, (F3)

and

L(2)

1 = �11 = R(1)

1 R(2)

1

R1R2
, for p = 2. (F4)

2. Three-spin chains

For N = 3, let us consider the antilexicographic order-
ing of the eight three-digit strings:

(000), (100), (010), (110), (001), (101), (011), (111).

Application of Eq. (82) shows that this ordering and the
combinadic ordering coincide, in the sense that

(000) ↔ N0 = 1,

⎧⎨
⎩

(100) ↔ N1 = 1,
(010) ↔ N1 = 2,
(001) ↔ N1 = 3;

(F5)

⎧⎨
⎩

(110) ↔ N2 = 1,
(101) ↔ N2 = 2,
(011) ↔ N2 = 3,

(111) ↔ N3 = 1. (F6)

Then, for a three-spin chain, the eigenvalues �n1n2n3 of the
stationary state ρ∞ in Eq. (83) are

L(0)

1 = �000 = R(1)

0 R(2)

0 R(3)

0

R(1)R(2)R(3)
, (F7)
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for p = 0, while for p = 1,

L(1)

1 = �100 = R(1)

1 R(2)

0 R(3)

0

R1R2R3
, (F8)

L(1)

2 = �010 = R(1)

0 R(2)

1 R(3)

0

R1R2R3
, (F9)

L(1)

3 = �001 = R(1)

0 R(2)

0 R(3)

1

R1R2R3
, (F10)

for p = 2,

L(2)

1 = �110 = R(1)

1 R(2)

1 R(3)

0

R1R2R3
, (F11)

L(2)

2 = �101 = R(1)

1 R(2)

0 R(3)

1

R1R2R3
, (F12)

L(2)

3 = �011 = R(1)

0 R(2)

1 R(3)

1

R1R2R3
, (F13)

and, finally, for p = 3,

L(3)

1 = �111 = R(1)

1 R(2)

1 R(3)

1

R1R2R3
. (F14)

The quantities

R(�)

0 = [hL(ω�)]2
(

1 + nL(ω�)
)

+ [hR(ω�)]2
(

1 + nR(ω�)
)

and (F15)

and

R(�)

1 = [hL(ω�)]2nL(ω�) + [hR(ω�)]2nR(ω�) (F16)

in Eq. (56) coincide with the quantities s� and τ�, respec-
tively, in Ref. [50]. According to the correspondence of the
frequencies ω1,2,3 in Eq. (C6) with the frequencies ω1,0,2 in
Ref. [50], the following correspondence arises among the
stationary-state eigenvalues �n and the eigenvalues μk in
Ref. [50]:

L(0)

1 = μ2, L(1)

1 = μ7, L(1)

2 = μ4, L(1)

3 = μ6,
(F17)

L(2)

1 = μ5, L(2)

2 = μ3, L(2)

3 = μ8, L(3)

1 = μ1.
(F18)

APPENDIX G: STATIONARY STATE BY
COMBINADIC ORDERING

According to the combinadic ordering introduced in
Sec. VI A, the stationary state ρ∞ may be written as

ρ∞ =
N∑

p=0

(N
p)∑

Np =1

L(p)

Np
|Np〉〈Np |, (G1)

where L(p)

Np
denotes the eigenvalue �n in Eq. (54) cor-

responding to the binary N -tuple n with p 1’s, indexed
by the combinadic integer Np . Note that, for any fixed
p = 0, 1, . . . , N , the integers Np in Eq. (82) correspond
to the fermionic excitations of the modes i1 < · · · < ip of
type b. Indeed, Np identifies the binary N -tuple n, where
ni1 = · · · = nip = 1, while the remaining nj vanish. We
can thus consistently set

|Np〉 = b†
i1 · · · b†

ip |v〉. (G2)

Then, using Eq. (29), one writes

|Np〉 =
∑

j1,j2,...,jp

ui1j1ui2j2 · · · uip jp a†
j1a†

j2 · · · a†
jp |v〉. (G3)

However, unlike the indices i1, . . . , ip , the indices
j1, j2, . . . , jp are in general not ordered; reordering them
such that j1 < j2 < · · · < jp yields

|Np〉 =
∑

j1<j2<...<jp

Di1<···<ip
j1<···<jp a†

j1a†
j2 · · · a†

jp |v〉, (G4)

where

Di1<···<ip
j1<···<jp = det

(
Ui1<···<ip

j1<···<jp

)
(G5)

is the determinant of the p × p submatrix Ui1<···<ip
j1<···<jp of the

orthogonal and symmetric matrix U in Remark 3, with
p rows indexed by i1 < · · · < ip and p columns by j1 <

· · · < jp . Its entries are thus given by

(
Ui1<···<ip

j1<···<jp

)
ab

= uiajb =
√

2
N + 1

sin
( π iajb

N + 1

)
. (G6)

For the same spin chain but with periodic boundary condi-
tions, similar expressions are derived in Ref. [52].

Remark 5: For p = 0, all nj = 0 and hence there are no
i� and j� to choose and one sets Ui1<···<ip

j1<···<jp = 1. Instead,

if only ni� = 1, then the matrices Ui1<···<ip
j1<···<jp reduce to the

scalars Ui�
j� = ui�j� . Finally, if all nj = 1, then there is only
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one contributing matrix, U12···N
12···N = U, and Det(U) = −1.

Unlike the matrix U, the submatrices Ui1<···<ip
j1<···<jp are not

symmetric; however,

Di1<···<ip
j1<···<jp = Dj1<···<jp

i1<···<ip . (G7)

It is convenient to introduce the
(N

p

)× (Np
)

matrices D(p),
where D(0) = 1 and D(N ) = −1 are scalars; otherwise,
D(p) has entries D(p)

N ′
pN ′′

p
corresponding to the determinants

D
i′1<···<i′p
i′′1<···<i′′p

, where N ′
p identifies an N-tuple with 1’s at sites

i′1 < · · · < i′p and N ′′
p identifies an N-tuple with 1’s at sites

i′′1 < · · · < i′′p . Because of Eq. (G7), the matrices D(p) are
symmetric for all p = 0, 1, . . . , N.

Since in the spin representation |v〉 = |↓〉⊗N , as shown
in Appendix H, setting |↑〉 = |1〉S and |↓〉 = |0〉S so that
σ+|0〉S = |1〉S, one can express the fermionic states |Np〉
with p excitations at sites i1 < · · · < ip as linear combina-
tions of the spin states |N ′

p〉S with p spins flipped up at the
sites i′1 < · · · < i′p identified by the combinadic index N ′

p .
Then, with respect to the standard spin basis, the stationary
state ρ∞ in Eq. (G1) reads

ρ∞ =
N∑

p=0

∑

N ′
p ,N ′′

p

S(p)

N ′
pN ′′

p
|N ′

p〉SS〈N ′′
p |, (G8)

where

S(p)

N ′
pN ′′

p
:=
∑
Np

LNpD(p)

NpN ′
p
D(p)

NpN ′′
p

. (G9)

From the two previous expressions, it follows that the
stationary state can be identified by the block-diagonal
matrix

S =
N⊕

p=0

S(p), S(p) = D(p)L(p)D(p), D =
N⊕

p=0

D(p),

(G10)

where L(p) is the diagonal matrix the entries of which are
the eigenvalues in Eq. (54), labeled by the combinadic inte-
gers Np , while the matrices D(p) are as in the previous
remark.

APPENDIX H: STATIONARY STATE IN THE SPIN
REPRESENTATION

Given the combinadic labeling given in Eq. (G2) of the
energy eigenstates in the fermionic representation, from

Eq. (23) one obtains

|Np〉 =
∑

j1<j2<...<jp

Di1<···<ip
j1<···<jp

(j1−1∏
k=1

(−σ (k)
z )p

)

×
(
−σ

(j1)
+ σ j1

z )
)(j2−1∏

k=1

(−σ (k)
z )p−1

)(
−σ

(j2)
+ σ j2

z )
)

× · · ·
(
−σ

(jp−1
+ σ

(jp−1)
z

)(j1−1∏
k=1

(−σ (k)
z )

)
σ

(jp )

+ |v〉.

(H1)

Since σ+σz = −σ+, one rewrites

|Np〉=
∑

j1<...<jp

Di1<···<ip
j1<···<jp Sj1···jp |v〉, (H2)

where

Sj1···jp |v〉

=
(j1−1∏

k=1

(−σ (k)
z )p

)
σ

(j1)
+

⎛
⎝

j2−1∏
k=j1+1

(−σ (k)
z )p−1

⎞
⎠ σ

(j2)
+

(H3)

× · · · σ (jp−1)

+

⎛
⎝

jp −1∏
k=jp−1+1

(−σ (k)
z )

⎞
⎠ σ

(jp )

+ |v〉. (H4)

Because of Eq. (25), with |↑〉 = |1〉S and |↓〉 = |0〉S, one
writes

Sj1···jp |v〉 = |N ′
p〉S, (H5)

where, according to Eq. (82), N ′
p uniquely identifies the N -

tuple with n′
j1 = · · · = n′

jp = 1 and n′
k = 0 otherwise: such

an N -tuple corresponds in its turn to a spin state vector with
spin up at the sites j1 < · · · < jp and down at all other sites.
Thus, with respect to the standard spin basis, the stationary
states can be recast as in Eqs. (G8) and (G9).

In order to rewrite ρ∞ as a tensor product of on-site spin
operators, one starts from the projectors

|Np〉〈Np | =
∑

j1<...<jp

∑
k1<···<kp

Di1<···<ip
j1<···<jp Di1<···<ip

k1<···<kp

× Sj1···jp |v〉〈v|S†
k1···kp

. (H6)

Then, writing |v〉〈v| =∏N
�=1(1 − σ (�)

z )/2 and using the
fact that

σ+
1 − σz

2
= σ+, (−σz)

k 1 − σz

2
= 1 − σz

2
∀k,
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one recasts Sj1···jp |v〉〈v| as

(j1−1∏
k=1

1 − σ (k)
z

2

)
σ

(j1)
+

⎛
⎝

j2−1∏
k=j1+1

1 − σ (k)
z

2

⎞
⎠ σ

(j2)
+ · · · σ (jp−1)

+

×
⎛
⎝

jp −1∏
k=jp−1+1

1 − σ (k)
z

2

⎞
⎠ σ

(jp )

+ . (H7)

As done before, using Eq. (82), we identify any given set of
indices j1 < · · · < jp and the corresponding N -tuple with
nj1 = · · · = njp by the unique combinadic integer N ′

p and
hence

Sj1···jp |v〉〈v| = Z (p)

N ′
p
, (H8)

|Np〉〈Np | =
∑

N ′
p ,N ′′

p

D(p)

NpN ′
p
D(p)

NpN ′′
p
Z (p)

N ′
p

(
Z (p)

N ′′
p

)†
, (H9)

where, setting X (�)

0 = (1 − σ (�)
z )/2 and X (�)

1 = σ
(�)
+ ,

Z (p)

N ′
p

(
Z (p)

N ′′
p

)†
=

N∏
�=1

(
X (�)

n′
�

(
X (�)

n′′
�

)†
)

. (H10)

It thus follows that in spin-operatorial form, the stationary
state reads as in Eq. (84).

APPENDIX I: SPIN REPRESENTATION OF THE
STATIONARY STATE FOR TWO- AND

THREE-SPIN CHAINS

1. Two-spin chain

The case of a two-spin chain is the simplest: as there
can be at most two spins up, the values of p are 0, 1, and 2.
Then, D(0) = 1, D(2) = −1 and D(1) = U and hence, using
Eqs. (F2)–(F4), from Eq. (G10) one obtains S(0) = �00,
S(2) = �11 and

S(1) = U
(

�10 0
0 �01

)
U

= 1
2

(
�10 + �01 �10 − �01
�10 − �01 �10 + �01

)
. (I1)

Finally, using Eqs. (F2)–(F4), Eq. (84) yields

ρ∞ = �00P−⊗P++�11P+⊗P+

+ �10 + �01

2

(
P+⊗P−+P−⊗P+

)

+ �10 − �01

2

(
σ+⊗σ++σ−⊗σ+

)
. (I2)

The stationary state in the standard spin basis |↑↑〉, |↑↓〉,
|↓↑〉, and |↓↓〉 explicitly reads

ρ∞ = 1
2

⎛
⎜⎝

2�11 0 0 0
0 �10 + �01 �10 − �01 0
0 �10 − �01 �10 + �01 0
0 0 0 2�00

⎞
⎟⎠

(I3)

and is thus a so-called X state. Its entanglement content
is measured by the concurrence [62,63], which has, in this
special case, the analytic expression:

C(ρ∞) = max
(

0,
∣∣∣�10 − �01

∣∣∣− 2
√

�00�11

)
. (I4)

In the case where hL,R(ω1,2) = h, from Eq. (58) one obtains

�00 = 1
4

2 + NLR(ω1)

1 + NLR(ω1)

2 + NLR(ω2)

1 + NLR(ω2)
,

�10 = 1
4

NLR(ω1)

1 + NLR(ω1)

2 + NLR(ω2)

1 + NLR(ω2)
,

�01 = 1
4

2 + NLR(ω1)

1 + NLR(ω1)

NLR(ω2)

1 + NLR(ω2)
,

�11 = 1
4

NLR(ω1)

1 + NLR(ω1)

NLR(ω2)

1 + NLR(ω2)
,

where we set NLR(ω) := nL(ω) + nR(ω). Then, one
finds entanglement in the stationary state whenever
|NLR(ω1) − NLR(ω2)| is larger than

2
√

(2 + NLR(ω1))(2 + NLR(ω2))NLR(ω1)NLR(ω2).

2. Three-spin chain

For N = 3, the number of 1’s in the binary digits
of length 3 is p = 0,1, 2, and 3, the integers 1 ≤ i1 <

· · · < ip ≤ N denoting the sites at which the 1’s occur. If
there are no 1’s, such as when p = 0, we set i0 = 0: the
following 1’s are then the possible strings:

(000) : i0 = 0,

⎧⎨
⎩

(100) : i1 = 1,
(010) : i1 = 2,
(001) : i1 = 3,

⎧⎨
⎩

(110) : i1 = 1, i2 = 2,
(101) : i1 = 1, i2 = 3,
(011) : i1 = 2, i2 = 3,

(111) : i1 = 1, i2 = 2, i3 = 3.

The binary strings above are listed antilexicographically:
it turns out that their combinadic indices according to
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Eq. (82) provide the same ordering:

(000) ↔ N0 = 1,

(100)↔N1 = 1, (010)↔N1 = 2, (001)↔N1 = 3,

(110)↔N2 = 1, (101)↔N2 = 2, (011)↔N2 = 3,

(111) ↔ N3 = 1.

The p × p matrices D(p) appearing in Eq. (G10) have
entries D(p)

N ′
pN ′′

p
that are the determinants of the submatri-

ces Ui1<···ip
j1<···jp of rank p that are obtained from the unitary

matrix

U = [uij ] = 1
2

⎛
⎝

1
√

2 1√
2 0 −√

2
1 −√

2 1

⎞
⎠

by choosing the rows indexed by i1 < · · · < ip and the
columns indexed by j1 < · · · jp . Some instances of the
various entries follow:

D(0)

1 = det
(
U0

0

) = 1, (I5)

D(3)

1 = det
(
U123

123

) = −1, (I6)

D(1)

11 = det
(
U1

1

) = u11 = 1
2

, (I7)

D(2)

11 = det
(
U12

12

) =
∣∣∣∣
u11 u12
u21 u22

∣∣∣∣ = −1
2

. (I8)

It follows that D(1) = U and D(2) = −U.
Given the diagonal symmetric matrix in Eq. (83), con-

sisting of the eigenvalues in Eq. (54) of the stationary state
ρ∞, the entries of the blocks S(p) of the matrix S , which
represents the three-spin stationary state with respect to
the standard basis given in Eq. (G8), are (note that, due
to Eq. (G7), S(p)

N ′
pN "p

= S(p)

N ′′
p N ′

p
)

S(0)

11 = L(0)

1 , S(3)

11 = L(3)

1 , (I9)

for p = 0 and p = 3,

S(1)

11 = S(1)

33 = L(1)

1 + 2L(1)

2 + L(1)

3

4
, (I10)

S(1)

12 = S(1)

23 = L(1)

1 − L(1)

3

2
√

2
, (I11)

S(1)

13 = L(1)

1 − 2L(1)

2 + L(1)

3

4
, (I12)

S(1)

22 = L(1)

1 + L(1)

3

2
√

2
, (I13)

for p = 1 and, for p = 2,

S(2)

11 = S(2)

33 = L(2)

1 + 2L(2)

2 + L(2)

3

4
, (I14)

S(2)

12 = S(2)

23 = L(2)

1 − L(2)

3

2
√

2
, (I15)

S(2)

13 = L(2)

1 − 2L(2)

2 + L(2)

3

4
, (I16)

S(2)

22 = L(2)

1 + L(2)

3

2
. (I17)

Using Eq. (84) and the above expressions for S(p)

N ′
pN ′′

p
,

one recovers the following algebraic form for the diagonal
contributions to the stationary state ρ∞ in the spin-operator
representation:

ρdiag
∞ = L(0)

1 P−−− + L(3)

1 P+++ + L(1)

1 + L(1)

3

2
P−+−

+ L(2)

1 + L(2)

3

2
P+−+

+ L(1)

1 + 2L(1)

2 + L(1)

3

4

(
P+−− + P−−+

)

+ L(2)

1 + 2L(2)

2 + L(2)

3

4

(
P++− + P−++

)
, (I18)

where Pijk = Pi ⊗ Pj ⊗ Pk, i, j , k = ± and P± =
(1 ± σz)/2. The off-diagonal contributions, on the other
hand, read

ρoff
∞ = L(1)

1 − L(1)

3

2
√

2

(
σ+⊗σ−⊗P−+P−⊗σ+⊗σ−

)

+ L(2)

1 − L(2)

3

2
√

2

(
P+⊗σ+⊗σ−+σ+⊗σ−⊗P+

)

+ L(1)

1 − 2L(1)

2 + L(1)

3

4
σ+⊗P−⊗σ−

+ L(2)

1 − 2L(2)

2 + L(2)

3

4
σ+⊗P+⊗σ−+ h.c. (I19)

Due to the correspondence in Eqs. (F17) and (F18) among
the eigenvalues of ρ∞ in Eqs. (F8)–(F14) with those in
Ref. [50], it can be shown that the spin-operator expres-
sions above coincide with those obtained there.

APPENDIX J: TWO-SPIN ASYMPTOTIC DENSITY
MATRICES

The operation of tracing over the spins at sites differ-
ent from r and s is denoted as Tr(r,s). Considering the
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expression given in Eq. (84), one readily computes

Tr(r,s)

(
N∏

�=1

(
X (�)

n′
�

(
X (�)

n′′
�

)†
))

=
⎛
⎝ ∏

��=r,��=s

Tr
(

X (�)

n′
�

(
X (�)

n′′
�

)†
)⎞
⎠
(

X (r)
n′

r

(
X (r)

n′′
r

)†
)

×
(

X (s)
n′

s

(
X (s)

n′′
s

)†
)

=
⎛
⎝ ∏

��=r,��=s

δn′
�
n′′
�

⎞
⎠
(

Xn′
rX

†
n′′

r

)
⊗
(

Xn′
sX

†
n′′

s

)
, (J1)

where, in the final two-spin expression, the reference to
the spin sites has safely been neglected. We thus see that
the partial trace reduces the double sum over all possi-
ble binary strings n′ and n′′ in Eq. (84) to a double sum
over binary strings that have equal digits but, possibly,
for the sites r and s. We then denote by N (rs)

p (n′
r, n′

s) and
N (rs)

p (n′′
r , n′′

s ) the combinadic indices, given in Eq. (82), of
the binary strings with p 1’s that have the same entries nj
everywhere except, possibly, for the sites r and s.

With this notation, the two-spin density matrix formally
reads

ρ(r,s) := Tr(r,s)
(
ρ∞
)

=
∑

n′
r,n′

sn′′
r ,n′′

s

N∑
p=0

∑

N (rs)
p (n′

r,n′
s)N (rs)

p (n′′
r ,n′′

s )

× S(p)

N (rs)
p (n′

r,n′
s)N (rs)

p (n′′
r ,n′′

s )

×
(

Xn′
rX

†
n′′

r

)
⊗
(

Xn′
sX

†
n′′

s

)
. (J2)

Since the N -tuples indexed by N (rs)
p (n′′

r , n′′
s ) have the same

entries except, possibly, for the sites r and s, it follows that
the allowed values for n′

r, n′
s and n′′

r , n′′
s must satisfy n′

r +
n′

s = n′′
r + n′′

s . These latter 1’s and the corresponding two-
spin operators are as follows:

{
n′

r = 0, n′′
r = 0

n′
s = 0, n′′

s = 0 :
1 − σz

2
⊗ 1 − σz

2
, (J3)

{
n′

r = 0, n′′
r = 0

n′
s = 1, n′′

s = 1 :
1 − σz

2
⊗ 1 + σz

2
, (J4)

{
n′

r = 0, n′′
r = 1

n′
s = 1, n′′

s = 0 : σ−⊗σ+, (J5)

{
n′

r = 1, n′′
r = 1

n′
s = 0, n′′

s = 0 :
1 + σz

2
⊗ 1 − σz

2
(J6)

and

{
n′

r = 1, n′′
r = 0

n′
s = 0, n′′

s = 1 : σ+⊗σ−, (J7)

{
n′

r = 1, n′′
r = 1

n′
s = 1, n′′

s = 1 :
1 + σz

2
⊗ 1 + σz

2
. (J8)

Therefore, for all sites 1 ≤ r < s ≤ N , one obtains

ρ(r,s) = a
1 + σz

2
⊗ 1 + σz

2
+ b

1 + σz

2
⊗ 1 − σz

2
(J9)

+ cσ+⊗σ−+cσ−⊗σ+ (J10)

+ d
1 − σz

2
⊗ 1 + σz

2
+ e

1 − σz

2
⊗ 1 − σz

2
,

(J11)

which, in the standard representation, corresponds to the
4 × 4 matrix in Eq. (86).

APPENDIX K: TWO-SPIN CONCURRENCE

1. Two-spin concurrence in a three-spin chain

Aided by the fact that, in the case N = 3, the lexico-
graphic and combinadic indices coincide as expressed by
Eqs. (F5) and (F6), in order to find the indices N (rs)

p (n′, n′′),
one proceeds as follows. Since for p = 0 the only possible
string is (000),

N (12)

0 (0, 0) = 1, N (12)

0 (0, 1) = 0, (K1)

N (12)

0 (1, 0) = 0, N (12)

0 (1, 1) = 0. (K2)

For p = 1, the possible strings are (100), (010), and (001);
hence

N (12)

1 (0, 0) = 3, N (12)

1 (0, 1) = 2, (K3)

N (12)

1 (1, 0) = 1, N (12)

1 (1, 1) = 0. (K4)

For p = 2, the possible strings are (110), (101), and (011);
hence

N (12)

2 (0, 0) = 0, N (12)

2 (0, 1) = 3, (K5)

N (12)

2 (1, 0) = 2, N (12)

2 (1, 1) = 1. (K6)

Finally, for p = 3, the only possible string is (111), so that

N (12)

3 (0, 0) = 0, N (12)

3 (0, 1) = 0, (K7)

N (12)

3 (1, 0) = 0, N (12)

3 (1, 1) = 1. (K8)
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Similarly, for r = 1 and s = 3, that is, for computing the
concurrence of the first and third spins, one finds that

N (13)

0 (0, 0) = 1, N (13)

0 (0, 1) = 0, (K9)

N (13)

0 (1, 0) = 0, N (13)

0 (1, 1) = 0, (K10)

N (13)

1 (0, 0) = 2, N (13)

1 (0, 1) = 3, (K11)

N (13)

1 (1, 0) = 1, N (13)

1 (1, 1) = 0, (K12)

N (13)

2 (0, 0) = 0, N (13)

2 (0, 1) = 3, (K13)

N (13)

2 (1, 0) = 1, N (13)

2 (1, 1) = 2, (K14)

N (13)

3 (0, 0) = 0, N (13)

3 (0, 1) = 0, (K15)

N (12)

3 (1, 0) = 0, N (12)

3 (1, 1) = 1. (K16)

Finally, for the concurrence of the second and third spins,
setting r = 2 and s = 3, one finds that

N (23)

0 (0, 0) = 1, N (23)

0 (0, 1) = 0, (K17)

N (23)

0 (1, 0) = 0, N (23)

0 (1, 1) = 0, (K18)

N (23)

1 (0, 0) = 1, N (23)

1 (0, 1) = 3, (K19)

N (23)

1 (1, 0) = 2, N (23)

1 (1, 1) = 0, (K20)

N (23)

2 (0, 0) = 0, N (23)

2 (0, 1) = 2, (K21)

N (23)

2 (1, 0) = 1, N (23)

2 (1, 1) = 3, (K22)

N (23)

3 (0, 0) = 0, N (23)

3 (0, 1) = 0, (K23)

N (23)

3 (1, 0) = 0, N (23)

3 (1, 1) = 1. (K24)

Given the indices of the entries of the matrices S(p) in
Eq. (G10) that are necessary to compute the quantities a,
b, and c in Eqs. (88), (87), and (91), in the case of r = 1,
s = 2 one finds that

a = S(2)

11 + S(3)

11 , (K25)

c = S(1)

12 + S(2)

23 , (K26)

e = S(0)

11 + S(1)

33 , (K27)

while, in the case of r = 1 and s = 3,

a = S(2)

22 + S(3)

11 , (K28)

c = S(1)

13 + S(2)

13 , (K29)

e = S(0)

11 + S(1)

22 , (K30)

and

a = S(2)

33 + S(3)

11 , (K31)

c = S(1)

23 + S(2)

12 , (K32)

e = S(0)

11 + S(1)

11 , (K33)

in the case of r = 2 and s = 3. The insertion of
Eqs. (I9)–(I17) into the previous expressions finally yields
Eqs. (K34)–(K36) for both r = 1 and s = 2 and for r = 2
and s = 3, while Eqs. (K37)–(K39) result for r = 1 and
s = 3.

In order to inspect the stationary entanglement of the
first two spins, we set r = 1 and s = 2 and seek the combi-
nadic indices N (12)

p (n′, n′′) that select the entries of S(p) to
be used in Eqs. (87), (88), and (91). As shown above, the
coefficients contributing to the concurrence C1,2 in Eq. (92)
are

a = L(2)

1 + 2L(2)

2 + L(2)

3 + 4L(3)

1

4
, (K34)

c = L(1)

1 + L(2)

1 − L(1)

3 − L(2)

3

2
√

2
, (K35)

e = L(1)

1 + 2L(1)

2 + L(1)

3 + 4L(0)

1

4
. (K36)

In a similar fashion, again as shown in Appendix J, in the
case of C1,3, one finds that

a = L(2)

1 + 2L(3)

1 + L(2)

3

2
, (K37)

c = L(1)

1 − 2L(1)

2 + L(1)

3 + L(2)

1 − 2L(2)

2 + L(2)

3

4
, (K38)

e = L(1)

1 + 2L(0)

2 + L(1)

3

4
, (K39)

while C2,3 = C1,2, as the coefficients a, c, and e coincide
with those for ρ(1,2). The explicit expressions of the concur-
rences Cr,s are not particularly suggestive and their depen-
dence on r and s and on the bath temperatures must be
addressed numerically: this is done in the next section for
arbitrarily large chains. Here, we focus on the coefficient c,
as its vanishing gives zero concurrence and thus excludes
the existence of entanglement: in particular, we look at
it under the simplifying assumption hL,R(ω�) = h for all
� = 1, 2, 3. Then, the eigenvalues L(p)

Np
in Eqs. (F7)–(F14)

together with Eq. (58) yield

c = NLR(ω1) − NLR(ω3)

4
√

2(1 + NLR(ω1))(1 + NLR(ω3))
, (K40)

where NLR(ω�) := nL(ω�) + nR(ω�) for ρ(12) and ρ(23),
while

c = NLR(ω1) + NLR(ω3) − 2NLR(ω2)

8(1 + NLR(ω1))(1 + NLR(ω2)(1 + NLR(ω3))
(K41)

for ρ(13). Unlike for the spin [Eqs. (75) and (76)] and heat
[Eq. (81)] flows, which depend on the differences nL(ω�) −
nR(ω�), c need not vanish even for identical baths, so
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that nL(ω�) = nR(ω�) = n(ω�) for � = 1, 2, 3. Indeed, in
the latter case the stationary state is the Gibbs thermal
state given by Eq. (62), which can carry two-spin quantum
correlations because of the interspin interactions.

2. Two-spin concurrence in an N -spin chain

In order to compute the concurrence in the general
case of an N -spin chain, one needs the coefficients in
Eqs. (88)–(90); for that purpose, one has to select from
each p × p matrix S(p) the entries specified by the indices
N (rs)

p (0, 0), N (rs)
p (0, 1), N (rs)

p (1, 0), and N (rs)
p (1, 1). These

combinadic indices correspond to a total number of 1’s
equal to p: among them, the indices N (rs)

p (0, 0) number
binary strings with zeroes at sites r and s and p 1’s over
the remaining N − 2 sites, N (rs)

p (0, 1) and N (rs)
p (1, 0) those

binary strings with 1 at sites s and r, respectively r and
p − 1 1’s over the remaining N − 2 sites and, finally, the
combinadic indices N (rs)

p (1, 1) list the binary strings with
two 1’s at sites r and s and p − 2 1’s distributed over the
remaining N − 2 sites. We reconstruct such combinadic
indices by means of the choices i1 < · · · ip , i1 < · · · <

ip−1, and i1 < · · · < ip−2 among the N − 2 sites at which
the 1’s not already allocated at r and/or s can be assigned.

In order to do this, let us first consider N (rs)
p (0, 0):

according to Eq. (82): N (rs)
p (0, 0) labels all N -tuple with

p 1’s distributed over all sites except the site r and the site
s. There are at most

(N−2
p

)
such sites if 0 ≤ p ≤ N − 2; let

i1 < · · · < ip be the sites with i� �= r, s chosen among

1, 2, . . . , r − 1, r + 1, . . . , s − 1, s + 1, . . . , N . (K42)

Then, the required indices are of the form

N (rs)
p (0, 0) = 1 +

p∑
�=1

(
i� − 1

�

)
. (K43)

In the case of the combinadic indices N (rs)
p (0, 1), there

are p − 1 1’s to be distributed over the N − 2 sites in
Eq. (K42) and

(N−2
p−1

)
such choices, the binomial vanishing

if p < N − 2. N (rs)
p (0, 1) signals a 1 at site s.

Let i1 < · · · < ip−1 be the positions of the other 1’s and
let is∗ denote the largest 0 ≤ i� < s, corresponding to the
following distribution of 1’s:

0 < i1 < · · · < is∗ < s < is∗+1 < · · · < ip−1.

Then, with the proviso that s∗ = 0, if is∗ = 0, that is, when
all other 1’s occurs at sites beyond s, and that the sums are
set to zero if the first summation index is smaller than the

last one, the required combinadic indices are retrieved as

N (rs)
p (0, 1) = 1 +

s∗∑
�=1

(
i� − 1

�

)
+
(

s − 1
s∗ + 1

)

+
p−1∑

�=s∗+1

(
i� − 1
� + 1

)
. (K44)

Analogously, when a 1 occurs at site r, then

N (rs)
p (1, 0) = 1 +

r∗∑
�=1

(
i� − 1

�

)
+
(

r − 1
r∗ + 1

)

+
p−1∑

�=r∗+1

(
i� − 1
� + 1

)
. (K45)

Finally, in the case of two 1’s at r and s, there remain
another p − 2 1’s to be distributed among the N − 2 sites
in Eq. (K42), thus making for

(N−2
p−2

)
indices N (rs)

p (1, 1).
Then, the combinadic index

N (rs)
p (1, 1) = 1 +

r∗∑
�=1

(
i� − 1

�

)
+
(

r − 1
r∗ + 1

)

+
s∗∑

�=r∗+1

(
i� − 1
� + 1

)
+
(

s − 1
s∗ + 2

)

+
p−2∑

�=s∗+1

(
i� − 1
� + 2

)
. (K46)

corresponds to a choice of p − 2 1’s of the form

i1 < · · · < ir∗ < r < ir∗+1

< · · · < · · · < is∗ < s < is∗+1 < · · · < ip−2,

with the positions i1 < · · · < ip−2 of the 1’s in an N -tuple
where two 1’s are already present at sites r < s and r∗ and
with s∗ denoting the largest integers such that ir∗ < r and
is∗ < s.

Note that by setting r∗ = 0 and s∗ = 0 if ir∗ = 0 and
is∗ = 0 and with the convention about the sums introduced
before Eq. (K44), the above expression also accounts for
the cases when ir∗ = is∗ = 0, which corresponds to having
all 1’s at sites beyond s,

0 < r < s < i1 < · · · < ip−2,

the cases when there are 1’s before r, but no 1’s in between
r and s, that is, when 0 < ir∗ , is∗ = 0,

0 < i1 < · · · < ir∗ < r < s < ir∗+1 < · · · < ip−2,
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and the cases when there are no 1’s before r, but s∗ 1’s
before s, that is, when ir∗ = 0 and is∗ > 0,

0 < r < i1 < · · · < is∗ < s < is∗+1 < · · · < ip−2.

[1] S. Datta, Quantum Transport: Atom to Transistor (Cam-
bridge University Press, Cambridge, 2005).

[2] J. Gemmer, M. Michel, and G. Mahler, Quantum Thermo-
dynamics, Lect. Notes Phys. Vol. 784 (Springer-Verlag,
Berlin, 2009).

[3] V. May and O. Kühn, Charge and Energy Trans-
fer Dynamics in Molecular Systems (Wiley, Weinheim,
2011), 3rd ed.

[4] G. Benenti, G. Casati, K. Saito, and R. S. Whitney, Funda-
mental aspects of steady-state conversion of heat to work
at the nanoscale, Phys. Rep. 694, 1 (2017).

[5] S. Lepri, R. Livi, and A. Politi, Thermal conduction
in classical low-dimensional lattices, Phys. Rep. 377, 1
(2003).

[6] F. Caruso, A. W. Chin, A. Datta, S. F. Huelga, and
M. B. Plenio, Highly efficient energy excitation trans-
fer in light-harvesting complexes: The fundamental role
of noise-assisted transport, J. Chem. Phys. 131, 105106
(2009).

[7] J. T. Barreiro, M. Müller, P. Schindler, D. Nigg, T. Monz,
M. Chwalla, M. Hennrich, C. F. Roos, P. Zoller, and R.
Blatt, An open-system quantum simulator with trapped
ions, Nature 470, 486 (2011).

[8] J. Wu and M. Berciu, Heat transport in quantum spin
chains: Relevance of integrability, Phys. Rev. B 83,
214416 (2011).

[9] F. Giazotto and M. J. Martinez-Perez, The Josephson heat
interferometer, Nature 492, 401 (2012).

[10] J.-P. Brantut, C. Grenier, J. Meineke, D. Stadler, S. Krin-
ner, C. Kollath, T. Esslinger, and A. Georges, A thermo-
electric heat engine with ultracold atoms, Science 342, 713
(2013).

[11] J.-P. Brantut, C. Grenier, J. Meineke1, D. Stadler, S.
Krinner, C. Kollath, T. Esslinger, and A. Georges, A Ther-
moelectric Heat Engine with Ultracold Atoms, Science
342, 713 (2013).

[12] R. Labouvie, B. Santra, S. Heun, and H. Ott, Bistability
in a Driven-Dissipative Superfluid, Phys. Rev. Lett. 116,
235302 (2016).

[13] F. Schlawin, K. E. Dorfman, B. P. Fingerhut, and S.
Mukamel, Suppression of population transport and con-
trol of exciton distributions by entangled photons, Nat.
Commun. 4, 1782 (2013).

[14] A. Bermudez, M. Bruderer, and M. B. Plenio, Controlling
and Measuring Quantum Transport of Heat in Trapped-
Ion Crystals, Phys. Rev. Lett. 111, 040601 (2013).

[15] B. Leggio, R. Messina, and M. Antezza, Thermally acti-
vated nonlocal amplification in quantum energy transport,
Europhys. Lett. 110, 40002 (2015).

[16] N. Freitas, E. A. Martinez, and J. P. Paz, Heat transport
through ion crystals, Phys. Scr. 91, 013007 (2016).

[17] B. Dutta, J. T. Peltonen, D. S. Antonenko, M. Meschke,
M. A. Skvortsov, B. Kubala, J. König, C. B. Winkelmann,
H. Courtois, and J. P. Pekola, Thermal Conductance of a
Single-Electron Transistor, Phys. Rev. Lett. 119, 077701
(2017).

[18] P. Doyeux, R. Messina, B. Leggio, and M. Antezza, Exci-
tation injector in an atomic chain: Long-range transport
and efficiency amplification, Phys. Rev. A 95, 012138
(2017).

[19] R. Biele, C. A. Rodríguez-Rosario, T. Frauenheim, and A.
Rubio, Controlling heat and particle currents in nanode-
vices by quantum observation, npj Quantum Mater. 2, 38
(2017).

[20] B. Bertini, F. Heidrich-Meisner, C. Karrasch, T. Prosen,
R. Steinigeweg, M. Žnidaric, Finite-temperature trans-
port 1498 in one-dimensional quantum lattice models,
Rev. Mod. Phys. 93, 025003 (2021).

[21] L.-A. Wu and D. Segal, Energy flux operator, current con-
servation and the formal Fourier’s law, J. Phys. A 42,
025302 (2009).

[22] R. Alicki and K. Lendi, Quantum Dynamical Semigroups
and Applications, Lect. Notes Phys. Vol. 717 (Springer-
Verlag, Berlin, 2007).

[23] A. Rivas and S. F. Huelga, Open Quantum Systems
(Springer-Verlag, Berlin, 2012).

[24] F. Benatti and R. Floreanini, Open quantum dynamics:
Complete positivity and entanglement, Int. J. Mod. Phys.
B 19, 3063 (2005).

[25] F. Benatti, Dynamics, Information and Complexity in
Quantum Systems (Springer-Verlag, Berlin, 2009).

[26] R. Alicki, in: Lect. Notes Phys. Vol. 597, edited by P.
Garbaczewski and R. Olkiewicz (Springer-Verlag, Berlin,
2002), p. 239.

[27] F. Benatti and R. Floreanini, Eds., Dissipative Quantum
Dynamics, Lect. Notes Phys. Vol. 622 (Springer-Verlag,
Berlin, 2003).

[28] A. Kossakowski, On necessary and sufficient conditions
for a generator of a quantum dynamical semigroup, Bull.
Acad. Pol. Sc., Sci. Ser. Math. Astro. Phys. 20, 1021
(1972).

[29] E. B. Davies, Markovian master equations, Commun.
Math. Phys. 39, 91 (1974).

[30] E. B. Davies, Markovian master equations. II, Math. Ann.
219, 147 (1976).

[31] E. B. Davies, Quantum Theory of Open Systems (Aca-
demic Press, New York, 1976).

[32] V. Gorini, A. Kossakowski, and E. C. G. Sudarshan, Com-
pletely positive dynamical semigroups of N -level systems,
J. Math. Phys. 17, 821 (1976).

[33] G. Lindblad, On the generators of quantum dynamical
semigroups, Commun. Math. Phys. 48, 119 (1976).

[34] V. Gorini, A. Frigerio, M. Verri, A. Kossakowski, and
E. G. C. Sudarshan, Properties of quantum Marko-
vian master equations, Rep. Math. Phys. 13, 149
(1976).

[35] R. Dümcke and H. Spohn, The proper form of the gen-
erator in the weak coupling limit, Z. Phys. B 34, 419
(1979).

[36] H. Spohn, Kinetic equations from Hamiltonian dynam-
ics: Markovian limits, Rev. Mod. Phys. 52, 569
(1980).

030344-24

https://doi.org/10.1016/j.physrep.2017.05.008
https://doi.org/10.1016/S0370-1573(02)00558-6
https://doi.org/10.1063/1.3223548
https://doi.org/10.1038/nature09801
https://doi.org/10.1103/PhysRevB.83.214416
https://doi.org/10.1038/nature11702
https://doi.org/10.1126/science.1242308
https://doi.org/10.1126/science.1242308
https://doi.org/10.1103/PhysRevLett.116.235302
https://doi.org/10.1038/ncomms2802
https://doi.org/10.1103/PhysRevLett.111.040601
https://doi.org/10.1209/0295-5075/110/40002
https://doi.org/10.1088/0031-8949/91/1/013007
https://doi.org/10.1103/PhysRevLett.119.077701
https://doi.org/10.1103/PhysRevA.95.012138
https://doi.org/10.1038/s41535-017-0043-6
https://doi.org/10.1103/RevModPhys.93.025003
https://doi.org/10.1088/1751-8113/42/2/025302
https://doi.org/10.1142/S0217979205032097
https://doi.org/10.1007/BF01608389
https://doi.org/10.1007/BF01351898
https://doi.org/10.1063/1.522979
https://doi.org/10.1007/BF01608499
https://doi.org/10.1016/0034-4877(78)90050-2
https://doi.org/10.1007/BF01325208
https://doi.org/10.1103/RevModPhys.52.569


EXACT STEADY STATE OF THE OPEN XX -SPIN CHAIN... PRX QUANTUM 2, 030344 (2021)

[37] M. Merkli, Quantum Markovian master equations: Reso-
nance theory shows validity for all time scales, Ann. Phys.
412, 167996 (2020).

[38] E. B. Davies, A model of heat conduction, J. Stat. Phys.
18, 161 (1978).

[39] R. Alicki, The quantum open system as a model of the heat
engine, J. Phys. A: Math. Gen. 12, L103 (1979).

[40] H. Spohn and J. L. Lebowitz, Irreversible thermody-
namics for quantum systems weakly coupled to thermal
reservoirs, Adv. Chem. Phys. 38, 109 (1978).

[41] H. Zoubi, M. Orenstien, and A. Ron, Dissipations in cou-
pled quantum systems, Phys. Rev. A 67, 063813 (2003).

[42] H. Wichterich, M. J. Henrich, H.-P. Breuer, J. Gemmer,
and M. Michel, Modeling heat transport through com-
pletely positive maps, Phys. Rev. E 76, 031115 (2007).

[43] A. Rivas, A. D. Plato, S. F. Huelga, S. F. Huelga, and M.
B. Plenio, Markovian master equations: A critical study,
New J. Phys. 12, 113032 (2010).

[44] R. Migliore, M. Scala, A. Napoli, K. Yuasa, H. Nakazato,
and A. Messina, Dissipative effects on a generation
scheme of a W state in an array of coupled Josephson
junctions, J. Phys. B 44, 075503 (2011).

[45] J. P. Santos and F. L. Semiao, Master equation for dissi-
pative interacting qubits in a common environment, Phys.
Rev. A 89, 022128 (2014).

[46] T. Werlang and D. Valente, Heat transport between
two pure-dephasing reservoirs, Phys. Rev. E 91, 012143
(2015).

[47] J. P. Santos and G. T. Landi, Microscopic theory of a
nonequilibrium open bosonic chain, Phys. Rev. E 94,
062143 (2016).

[48] A. Rivas and M. A. Martin-Delgado, Topological heat
transport and symmetry-protected boson currents, Sci.
Rep. 7, 6350 (2017).

[49] As finding eigenvalues and eigenvectors of the system
Hamiltonian might in general be laboriously difficult, an
alternative approach has been often advocated, consisting
in neglecting the interspin interaction in the derivation of
the master equation (see, e.g., Refs. [67–98]). Although
the two approaches, named global and local, are regularly
adopted in applications and compared [41,43–46,88], [60,
64–66,99–110], it turns out that the local approach might
not be able to capture all the correct system transport
properties [50].

[50] F. Benatti, R. Floreanini, and L. Memarzadeh, Bath-
assisted transport in a three-site spin chain: Global versus
local approach, Phys. Rev. A 102, 042219 (2020).

[51] P. Coleman, Introduction to Many-Body Physics (Cam-
bridge University Press, Cambridge, 2015).

[52] N. Wu, Determinant representations of spin-operator
matrix elements in the XX spin chain and their applica-
tions, Phys. Rev. B 97, 014301 (2018).

[53] H. Spohn, Approach to equilibrium for completely pos-
itive dynamical semigroups of N -level systems, Rep.
Math. Phys. 10, 189 (1976).

[54] A. Frigerio, Quantum dynamical semigroups and approach
to equilibrium, Lett. Math. Phys. 2, 79 (1977).

[55] A. Frigerio, Stationary states of quantum dynamical semi-
groups, Commun. Math. Phys. 63, 269 (1977).

[56] D. E. Evans, Irreducible quantum dynamical semigroups,
Commun. Math. Phys. 54, 293 (1977).

[57] F. Fagnola and R. Rebolledo, On the existence of station-
ary states for quantum dynamical semigroups, J. Math.
Phys. 42, 1296 (2001).

[58] F. Fagnola and R. Rebolledo, Algebraic conditions for
convergence of a quantum Markov semigroup to a steady
state, Infin. Dimens. Anal. Quantum 11, 467 (2008).

[59] R. Gebauer and R. Car, Current in Open Quantum Sys-
tems, Phys. Rev. Lett. 93, 160404 (2004).

[60] A. Levy and R. Kosloff, The local approach to quantum
transport may violate the second law of thermodynamics,
Europhys. Lett. 107, 20004 (2014).

[61] A. B. Siddique, S. Farid, and M. Tahir, Proof of bijec-
tion for combinatorial number system, ArXiv:1601.05794
(2016).

[62] S. Hill and W. K. Wootters, Entanglement of a Pair of
Quantum Bits, Phys. Rev. Lett. 78, 5022 (1997).

[63] W. K. Wootters, Entanglement of Formation of an Arbi-
trary State of Two Qubits, Phys. Rev. Lett. 80, 2245
(1998).

[64] S. Khandelwal, N. Palazzo, N. Brunner, and G. Haack,
Critical heat current for operating an entanglement engine,
New J. Phys. 22, 073039 (2020).

[65] A. S. Trushechkin and I. V. Volovich, Perturbative treat-
ment of inter-site couplings in the local description of
open quantum networks, Europhys. Lett. 113, 30005
(2016).

[66] J. B. Brask, G. Haack, N. Brunner, and M. Huber,
Autonomous quantum thermal machine for generating
steady-state entanglement, New J. Phys. 17, 113029
(2015).

[67] M. Michel and O. Hess, Transport in open spin chains:
A Monte Carlo wave-function approach, Phys. Rev. B 77,
104303 (2008).

[68] D. Karevski and T. Platini, Quantum Nonequilibrium
Steady States Induced by Repeated Interactions, Phys.
Rev. Lett. 102, 207207 (2009).

[69] M. Znidaric, Spin Transport in a One-Dimensional
Anisotropic Heisenberg Model, Phys. Rev. Lett. 106,
220601 (2011).

[70] T. Prosen, Exact Nonequilibrium Steady State of a
Strongly Driven Open XXZ Chain, Phys. Rev. Lett. 107,
137201 (2011).

[71] T. Prosen and M. Znidaric, Diffusive high-temperature
transport in the one-dimensional Hubbard model, Phys.
Rev. B 86, 125118 (2012).

[72] T. Prosen, Comments on a boundary-driven open XXZ
chain: Asymmetric driving and uniqueness of steady
states, Phys. Scr. 86, 058511 (2012).

[73] T. Prosen, Matrix product solutions of boundary driven
quantum chains, J. Phys. A 48, 373001 (2015).

[74] V. Popkov, Alternation of sign of magnetization current in
driven XXZ chains with twisted XY boundary gradients,
J. Stat. Mech. 2012, P12015 (2012).

[75] J. J. Mendoza-Arenas, S. Al-Assam, S. R. Clark, and D.
Jaksch, Heat transport in the XXZ spin chain: from bal-
listic to diffusive regimes and dephasing enhancement, J.
Stat. Mech. 2013, P07007 (2013).

030344-25

https://doi.org/10.1016/j.aop.2019.167996
https://doi.org/10.1007/BF01014307
https://doi.org/10.1088/0305-4470/12/5/007
https://doi.org/10.1103/PhysRevA.67.063813
https://doi.org/10.1103/PhysRevE.76.031115
https://doi.org/10.1088/1367-2630/12/11/113032
https://doi.org/10.1088/0953-4075/44/7/075503
https://doi.org/10.1103/PhysRevA.89.022128
https://doi.org/10.1103/PhysRevE.91.012143
https://doi.org/10.1103/PhysRevE.94.062143
https://doi.org/10.1038/s41598-017-06722-x
https://doi.org/10.1103/PhysRevA.102.042219
https://doi.org/10.1103/PhysRevB.97.014301
https://doi.org/10.1016/0034-4877(76)90040-9
https://doi.org/10.1007/BF00398571
https://doi.org/10.1007/BF01196936
https://doi.org/10.1007/BF01614091
https://doi.org/10.1063/1.1340870
https://doi.org/10.1142/S0219025708003142
https://doi.org/10.1103/PhysRevLett.93.160404
https://doi.org/10.1209/0295-5075/107/20004
https://arxiv.org/abs/1601.05794
https://doi.org/10.1103/PhysRevLett.78.5022
https://doi.org/10.1103/PhysRevLett.80.2245
https://doi.org/10.1088/1367-2630/ab9983
https://doi.org/10.1209/0295-5075/113/30005
https://doi.org/10.1088/1367-2630/17/11/113029
https://doi.org/10.1103/PhysRevB.77.104303
https://doi.org/10.1103/PhysRevLett.102.207207
https://doi.org/10.1103/PhysRevLett.106.220601
https://doi.org/10.1103/PhysRevLett.107.137201
https://doi.org/10.1103/PhysRevB.86.125118
https://doi.org/10.1088/0031-8949/86/05/058511
https://doi.org/10.1088/1751-8113/48/37/373001
https://doi.org/10.1088/1742-5468/2012/12/P12015
https://doi.org/10.1088/1742-5468/2013/07/P07007


BENATTI, FLOREANINI, and MEMARZADEH PRX QUANTUM 2, 030344 (2021)

[76] D. Karevski, V. Popkov, and G. M. Schütz, Exact Matrix
Product Solution for the Boundary-Driven Lindblad XXZ
Chain, Phys. Rev. Lett. 110, 047201 (2013).

[77] L. A. Correa, J. P. Palao, G. Adesso, and D. Alonso,
Performance bound for quantum absorption refrigerators,
Phys. Rev. E 87, 042131 (2013).

[78] V. Popkov and M. Salerno, Anomalous currents in a driven
XXZ chain with boundary twisting at weak coupling or
weak driving, J. Stat. Mech. 2013, P02040 (2013).

[79] A. Asadian, D. Manzano, M. Tiersch, and H. J. Briegel,
Heat transport through lattices of quantum harmonic
oscillators in arbitrary dimensions, Phys. Rev. E 87,
012109 (2013).

[80] V. Popkov, M. Salerno, and R. Livi, Manipulating energy
and spin currents in non-equilibrium systems of interact-
ing qubits, New J. Phys. 15, 023030 (2013).

[81] G. T. Landi, E. Novais, M. J. de Oliveira, and D. Karevski,
Flux rectification in the quantum XXZ chain, Phys. Rev. E
90, 042142 (2014).

[82] D. Manzano and P. I. Hurtado, Symmetry and the thermo-
dynamics of currents in open quantum systems, Phys. Rev.
B 90, 125138 (2014).

[83] J. Cui, J. I. Cirac, and M. C. Banuls, Variational
Matrix Product Operators for the Steady State of Dissi-
pative Quantum Systems, Phys. Rev. Lett. 114, 220601
(2015).

[84] V. Popkov, M. Salerno, and R. Livi, Full decoherence
induced by local fields in open spin chains with strong
boundary couplings, New J. Phys. 17, 023066 (2015).

[85] F. Nicacio, A. Ferraro, A. Imparato, M. Paternostro, and
F. L. Semiao, Thermal transport in out-of-equilibrium
quantum harmonic chains, Phys. Rev. E 91, 042116
(2015).

[86] G. T. Landi and D. Karevski, Open Heisenberg chain
under boundary fields: A magnonic logic gate, Phys. Rev.
B 91, 174422 (2015).

[87] L. Schuab, E. Pereira, and G. T. Landi, Energy rectifica-
tion in quantum graded spin chains: Analysis of the XXZ
model, Phys. Rev. E 94, 042122 (2016).

[88] P. H. Guimaraes, G. T. Landi, and M. J. de Oliveira,
Nonequilibrium quantum chains under multisite Lindblad
baths, Phys. Rev. E 94, 03213 (2016).

[89] S. Campbell, G. De Chiara, and M. Paternostro, Equili-
bration and nonclassicality of a double-well potential, Sci.
Rep. 6, 19730 (2016).

[90] D. Manzano, C. Chuang, and J. Cao, Quantum transport in
d-dimensional lattices, New J. Phys. 18, 043044 (2016).

[91] C. Monthus, Boundary-driven Lindblad dynamics of ran-
dom quantum spin chains: Strong disorder approach for
the relaxation, the steady state and the current, J. Stat.
Mech. 2017, 043303 (2017).

[92] G. De Chiara, G. Landi, A. Hewgill, B. Reid, A. Ferraro,
A. J. Roncaglia, and M. Antezza, Reconciliation of quan-
tum local master equations with thermodynamics, New J.
Phys. 20, 113024 (2018).

[93] F. Carollo, J. P. Garrahan, I. Lesanovsky, and C. Perez-
Espigares, Fluctuating hydrodynamics, current fluctua-
tions, and hyperuniformity in boundary-driven open quan-
tum chains, Phys. Rev. E 96, 052118 (2017).

[94] F. Carollo, J. P. Garrahan, and I. Lesanovsky, Current fluc-
tuations in boundary-driven quantum spin chains, Phys.
Rev. B 98, 094301 (2018).

[95] T. Chanda, T. Das, D. Sadhukhan, A. K. Pal, A. Sen, and
U. Sen, Scale-invariant freezing of entanglement, Phys.
Rev. A 97, 062324 (2018).

[96] E. Pereira, Heat, work, and energy currents in the
boundary-driven XXZ spin chain, Phys. Rev. E 97, 022115
(2018).

[97] M. Brenes, E. Mascarenhas, M. Rigol, and J. Goold, High-
temperature coherent transport in the XXZ chain in the
presence of an impurity, Phys. Rev. B 98, 235128 (2018).

[98] K. V. Hovhannisyan and A. Imparato, Quantum current in
dissipative systems, New J. Phys. 21, 052001 (2019).

[99] G. L. Decordi and A. Vidiella-Barranco, Two coupled
qubits interacting with a thermal bath: A comparative
study of different models, Opt. Commun. 387, 366 (2017).

[100] J. T. Stockburger and T. Motz, Thermodynamic deficien-
cies of some simple Lindblad operators, Fortschr. Phys.
65, 1600067 (2017).

[101] J. O. Gonzalez, L. A. Correa, G. Nocerino, J. P. Palao,
D. Alonso, and G. Adesso, Testing the validity of the
“local” and “global” GKLS master equations on an exactly
solvable model, Open Syst. Inf. Dyn. 24, 1740010 (2017).

[102] G. G. Giusteri, F. Recrosi, G. Schaller, and G. L. Celardo,
Interplay of different environments in open quantum sys-
tems: Breakdown of the additive approximation, Phys.
Rev. E 96, 012113 (2017).

[103] P. P. Hofer, M. Perarnau-Llobet, L. D. Miranda, G. Haack,
R. Silva, J. B. Brask, and N. Brunner, Markovian mas-
ter equations for quantum thermal machines: Local versus
global approach, New J. Phys. 19, 123037 (2017).

[104] M. Tahir Naseem, A. Xuereb, and O. E. Mustecapli-
oglu, Thermodynamic consistency of the optomechanical
master equation, Phys. Rev. A 98, 052123 (2018).

[105] N. Shammah, S. Ahmed, N. Lambert, S. De Liberato, and
F. Nori, Open quantum systems with local and collec-
tive incoherent processes: Efficient numerical simulations
using permutational invariance, Phys. Rev. A 98, 063815
(2018).

[106] J. Kolodynski, J. B. Brask, M. Perarnau-Llobet, and B.
Bylicka, Adding dynamical generators in quantum master
equations, Phys. Rev. A 97, 062124 (2018).

[107] M. T. Mitchison and M. Plenio, Non-additive dissipation
in open quantum networks out of equilibrium, New J.
Phys. 20, 033005 (2018).

[108] E. Mascarenhas, F. Damanet, S. Flannigan, L. Taglia-
cozzo, A. J. Daley, J. Goold, and I. De Vega, Nonrecip-
rocal quantum transport at junctions of structured leads,
Phys. Rev. B 99, 245134 (2019).

[109] M. Cattaneo, G. L. Giorgi, S. Maniscalco, and R. Zam-
brini, Local versus global master equation with common
and separate baths: Superiority of the global approach in
partial secular approximation, New J. Phys. 21, 113045
(2019).

[110] D. Farina, G. De Filippis, V. Cataudella, M. Polini, and V.
Giovannetti, Going beyond local and global approaches
for localized thermal dissipation, Phys. Rev. A 102,
052208 (2020).

030344-26

https://doi.org/10.1103/PhysRevLett.110.047201
https://doi.org/10.1103/PhysRevE.87.042131
https://doi.org/10.1088/1742-5468/2013/02/P02040
https://doi.org/10.1103/PhysRevE.87.012109
https://doi.org/10.1088/1367-2630/15/2/023030
https://doi.org/10.1103/PhysRevE.90.042142
https://doi.org/10.1103/PhysRevB.90.125138
https://doi.org/10.1103/PhysRevLett.114.220601
https://doi.org/10.1088/1367-2630/17/2/023066
https://doi.org/10.1103/PhysRevE.91.042116
https://doi.org/10.1103/PhysRevB.91.174422
https://doi.org/10.1103/PhysRevE.94.042122
https://doi.org/10.1103/PhysRevE.94.032139
https://doi.org/10.1038/srep19730
https://doi.org/10.1088/1367-2630/18/4/043044
https://doi.org/10.1088/1742-5468/aa6a2f
https://doi.org/10.1088/1367-2630/aaecee
https://doi.org/10.1103/PhysRevE.96.052118
https://doi.org/10.1103/PhysRevB.98.094301
https://doi.org/10.1103/PhysRevA.97.062324
https://doi.org/10.1103/PhysRevE.97.022115
https://doi.org/10.1103/PhysRevB.98.235128
https://doi.org/10.1088/1367-2630/ab1731
https://doi.org/10.1016/j.optcom.2016.10.017
https://doi.org/10.1002/prop.201600067
https://doi.org/10.1142/S1230161217400108
https://doi.org/10.1103/PhysRevE.96.012113
https://doi.org/10.1088/1367-2630/aa964f
https://doi.org/10.1103/PhysRevA.98.052123
https://doi.org/10.1103/PhysRevA.98.063815
https://doi.org/10.1103/PhysRevA.97.062124
https://doi.org/10.1088/1367-2630/aa9f70
https://doi.org/10.1103/PhysRevB.99.245134
https://doi.org/10.1088/1367-2630/ab54ac
https://doi.org/10.1103/PhysRevA.102.052208

	I.. INTRODUCTION
	II.. OPEN XX SPIN CHAIN OF LENGTH N
	A.. Dissipative chain dynamics in the weak-coupling limit
	B.. Spin-chain Hamiltonian: eigenvalues and eigenvectors

	III.. COUPLING TO EXTERNAL BATHS
	IV.. STATIONARY STATE
	V.. TRANSPORT PROPERTIES
	A.. Stationary spin flow: Sinks and sources
	B.. Stationary heat flow

	VI.. ENTANGLEMENT PROPERTIES
	A.. Stationary state: Spin representation
	B.. Two-spin asymptotic density matrices
	C.. Two-spin concurrence

	VII.. DISCUSSION
	. ACKNOWLEDGMENTS
	. APPENDIX A: DIAGONALIZATION OF THE SPIN-CHAIN HAMILTONIAN
	. APPENDIX B: ENERGIES AND EIGENVECTORS OF TWO- AND THREE-SPIN CHAINS
	1.. Two-spin chain
	2.. Three-spin chain

	. APPENDIX C: LINDBLAD OPERATORS FOR TWO- AND THREE-SPIN CHAINS
	1.. Two-spin chain
	2.. Three-spin chain

	. APPENDIX D: STATIONARY STATE
	1.. Uniqueness of the stationary state
	2.. Structure of the stationary state

	. APPENDIX E: SINK AND SOURCE CONTRIBUTIONS TO THE STATIONARY TRANSPORT PROPERTIES
	. APPENDIX F: STATIONARY-STATE EIGENVALUES FOR TWO- AND THREE-SPIN CHAINS
	1.. Two-spin chain
	2.. Three-spin chains

	. APPENDIX G: STATIONARY STATE BY COMBINADIC ORDERING
	. APPENDIX H: STATIONARY STATE IN THE SPIN REPRESENTATION
	. APPENDIX I: SPIN REPRESENTATION OF THE STATIONARY STATE FOR TWO- AND THREE-SPIN CHAINS
	1.. Two-spin chain
	2.. Three-spin chain

	. APPENDIX J: TWO-SPIN ASYMPTOTIC DENSITY MATRICES
	. APPENDIX K: TWO-SPIN CONCURRENCE
	1.. Two-spin concurrence in a three-spin chain
	2.. Two-spin concurrence in an N-spin chain

	. REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 5
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    33.84000
    33.84000
    33.84000
    33.84000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        9
        9
        9
        9
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


