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FROM LIFE-SAVING TO LIFE-THREATENING: A
MATHEMATICAL MODEL TO SIMULATE BACTERIAL
INFECTIONS IN SURGICAL PROCEDURES*

J. A. FERREIRAT, PAULA DE OLIVEIRAT, P. M. DA SILVA}, AND M. GRASSI®

Abstract. Following the implantation of indwelling medical devices, bacteria inoculated during
the surgery or coming from a preexistent focus of infection race for the medical surface where they
attach. Adaptation to survive is a common feature of life, and microorganisms are not an exception.
Bacteria form, in short periods of time, a habitat—the biofilm—where they develop multiresistance
and tolerance to antibiotics and to the host immune system. To avoid its formation, researchers in
the biomedical sciences showed evidence that coating medical devices with antibacterial agents—
antibiotics—is a promising strategy. We present a mathematical model to simulate the action of an
antibiotic, released from a medical surface, to fight bacterial infection. The model is composed by
a system of partial differential equations that describe the distribution of drug and the evolution of
a bacterial population. The preexistence of infection focus, the inoculation of bacteria during the
surgery, the race for the medical surface, the resistance and tolerance of the population are taken into
account. Analytical estimates of the bacterial density show the crucial importance of aseptic surgical
procedures and of timely detection of preexisting infection focus. Numerical simulations illustrate
several scenario.

Key words. bacterial growth, antibiotic action, PDE system, estimates, numerical simulations
AMS subject classifications. 35K10, 35Q92

DOI. 10.1137/20M1369610

1. Introduction. Bacteria exist in two phenotypes: single cells that float in flu-
ids or aggregates surrounded by a protective matrix. This habitat is generally referred
to as the biofilm. What drives bacteria to form a biofilm? When bacteria aggregate,
they have a larger likelihood to survive. In fact if an antibacterial drug permeates
a biofilm, it would need a much larger amount of antibiotic than to eliminate the
same density of planktonic bacteria. Moreover, within a biofilm, bacteria are more
protected against the host immune system.

Bacteria can exhibit two different forms of decreased susceptibility: resistance and
tolerance. All bacteria phenotypes—planktonic or biofilm—can become resistant, but
only bacteria in biofilms exhibit tolerance. Resistance occurs when bacteria acquire
genetic mutations, while tolerance is a transient variation that occurs when a popu-
lation attains a certain density in an aggregate. Bacteria in biofilms exhibit 10-1,000
times more antibiotics tolerance than the planktonic cells ([20]). Therefore, once a
biofilm forms, eradication of bacteria becomes a very difficult process.

Development of biofilms proceeds through different steps (Figure 1): attachment,
growth, and dispersion. Biofilm formation generally implies the attachment to a
biotic or an abiotic surface. For this reason the insertion of permanent or temporary
medical devices increases enormously the risk of bacterial infections. The attraction
of bacteria to attach to a surface—that some authors in the biomedical sciences call
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Fic. 1. Biofilm formation.

“the race for the surface”—can occur very fast, from some seconds to a few minutes.
The formation of a biofilm is a slower process and typically can take some days.

With the constant increase of the number of medical implantable devices, biofilm
formation of harmful bacteria on medical surfaces has become a worldwide and severe
problem. As reported in [8] “about half of all nosocomial infections are associated
with indwelling devices.” Examples of infections involving surfaces can occur in the
case of devices inserted into the human body for short periods of time, such as, for
example, catheters and contact lenses, or in the case of medical devices that are
meant to remain in place permanently, as artificial heart valves, cardiovascular stents,
orthopedic implants, breast implants, or teeth implants. These implantable devices,
that in some cases are life-saving, can become then a life-threatening risk.

There are three reasons that explain the occurrence of these postsurgical infec-
tions: the inoculation of bacteria during the surgery, the existence of focus of infec-
tion in the patient, or the simultaneous action of these two causes. As a result of the
enormous difficulty in fighting infections once a biofilm develops—consequence of the
multiresistance of bacteria and essentially of its ability to tolerate antibiotics and the
defense mechanisms of the host immune system—it is crucial to avoid its formation.
Due to the increasing role played by indwelling medical devices in monitoring and
treatment, and the correlated threat of bacterial infections, researchers of different
fields are studying antibiofilm strategies. Several antibiofilm approaches can be found
in the biomedical literature as drug eluting coatings and surface alterations of med-
ical devices. These alterations make difficult the attachment of bacteria and can be
mechanical—for example, related to the rugosity of the surface—or chemical if they
involve the treatment with chemical agents that prevent bacteria from binding to the
surface. There is extensive literature on the topic, and we mention without being
exhaustive [10], [18], and [31].

The sustained delivery of antibacterial drugs, dispersed in the surface of med-
ical devices, is one of the strategies that can have a central role in the prevention
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of hospital-acquired infections. In fact combining devices with the elution of a drug
has shown to improve the efficacy by reducing the number of bacterial infections [15]
and [19]. The idea has become so powerful that the World Health Organization has
proposed, in 2019, a wider definition of medical device, which explicitly recognizes it
may be assisted by pharmacological means in its primary functions. However large
multi-institutional studies to select the optimal strategies are still lacking. While
there is huge disciplinary research in different scientific domains dealing with the
problem—material science, pharmacology, microbiology, and infectiology—an inte-
grated multidisciplinary approach is missing in the literature.

Many questions do not have a clear answer by now. What is the real efficacy of
the strategy? How does the success of in situ delivery depend on the extension and
topology of surgical contamination? How does remote body infections influence the
fate of the surgery? To take a step forward a mathematical approach of the problem
can provide researchers with useful information to assist laboratorial and clinical
studies. Currently to ensure the safety and the efficacy of a biomedical product it
must be tested in vivo. However, clinical trials rarely tell us the reason why a product
fails and how to improve it ([32]). In silico trials, allowing safe simulation even in
extreme scenario—as (1) and (2) below—can provide a plethora of suggestions that
help to reduce animal and human experimentation.

We present a mathematical model that simulates the interplay between a drug
eluted from a medical device and the occurrence of an infection process caused by the
simultaneous action of

1. Preexistent infection focus with different severities;
2. Bacterial inoculation during the surgery;

3. The “race for the medical surface”;

4. The formation of a biofilm;

5. Resistance and tolerance of bacterial populations.

From a mathematical point of view, the model is represented by a system of
coupled partial differential equations. The equations describe the release of an an-
tibacterial drug from a surface coating of a medical indwelling device and the evolution
of a bacterial population composed by planktonic and bacterial aggregates. The bac-
terial evolution is governed by a reaction-convection-diffusion equation that takes into
account the random motion of bacteria, their biased motion in presence of a medical
device, the formation of biofilms, and the action of an antibacterial agent on a resis-
tant and tolerant population. From a medical point of view, the model in this paper
contributes to clarify the role of preexisting infections, even if located at different sites
from where the surgery is done. It also explains the crucial need for absolute asepsis
in surgical procedures. Namely, the model shows (i) the deleterious consequences of
inoculation—inoculum size and topology—during surgical procedures and (ii) how a
preexisting infection associated with surgical contamination can dictate the failure of
a device implantation.

Several authors have studied mathematical models of bacterial growth. We men-
tion, for example, the interesting papers [34] and [26] where the authors study the
interplay between bacteria and nutrients. In these papers the effect of antibacterial
agents is not taken into account. Moreover bacterial evolution is governed by ordinary
differential equations, consequently no random nor biased motion is considered. The
influence of random motility in the survival of a bacterial population is studied in
[3]. Competition and coexistence were examined for two bacterial species in [8]. A
mathematical analysis of bacterial growth in a porous media was recently presented
in [25] and [9].

In two papers recently published by some of the authors, the simulation of bacte-
rial evolution under the action of a drug was presented. In [6], an ordinary differential
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equation describes the bacterial evolution. Therefore, no random motion nor biased
motion was taken into account. In [11] bacterial growth is governed by a PDE, but
only the random motion of bacteria is considered. To the best of our knowledge the
novelty of the present approach is twofold. From the modeling point of view the
study of the simultaneous effect of the properties of the polymeric coating, the phar-
macokinetics of the drug, the bacterial inoculation during surgery, the preexistence
of infection focus, the race for the surface, and the multiresistance and tolerance of
the bacterial population once a biofilm forms; from the analytical point of view the
establishment of estimates that in spite of being obtained by a classical approach give
meaningful biological information. Namely, the upper bounds in the estimates depend
on the type of bacterial population, the pharmacokinetics of the drug, the severity
and topology of the ioculation, and the health conditions of the patient.

The paper contains 4 sections. Following this introduction, we present in section
2 the mathematical model adopted and the biological reasons underlying our choice.
In section 3 we deduce a priori estimates for the norm of the bacterial density. In
section 4 several numerical simulations illustrate the behavior of the model. Finally
in section 5 we address some conclusions.

2. Mathematical model.

2.1. Preliminaries. We assume that some type of drug eluting medical device—
temporary or permanent—has been implanted in a patient and that during the surgery,
bacteria (in the operating room, on the patient skin, or on the medical device) are in-
oculated. Moreover, we consider the case of preexisting infection focus in the patient.
In Figure 2 we exhibit the drug eluting surface and the adjacent tissues: Q; stands for
a biodegradable polymeric coating of a medical device and €5 represents the adjacent
tissue. Orange circles or semicircles represent the focus inoculated during the surgery.
Blue arrows represent the preexisting infections, located at remote body sites. The
cascade of phenomena that occurs is described by the permeation of the interstitial
fluid in the porous biodegradable coating, the dissolution and diffusion of the solid
drug in the coating and in the adjacent tissues, and the fight against the bacterial
population.

Let Q be a two-dimensional open domain and [0,77] a time interval.

If w: Qx[0,7] — R we represent by w(t), for t € [0,T], the function w(t) :
Q — R given by w(t)(z) = w(z,t),z € Q. The drug is initially dispersed in Q; in the
solid state. When it enters in contact with the interstitial fluid, that permeates the
surrounding tissue (2o, it dissolves progressively, and the drug is delivered through the
interface 0€; 2. The boundary 0; ¢ represents the interface between the polymeric
coating and an indwelling medical device. We assume that there are no fluxes—of
interstitial fluid, drug, or bacteria—through this boundary.

The unknowns of the model are the concentration of interstitial fluid ¢y, the
concentration of the solid drug cs, the concentration of dissolved drug ¢4, and the
density of the bacterial population c.

As mentioned in section 1, the race for the surface immediately occurs while
biofilm formation is a slower process. The drug is released in situ; however, under
certain conditions, a biofilm may form on the surface. We will assume that a biofilm
forms when the density of bacteria, attached to a surface, exceeds a certain threshold.
This situation can occur because the drug is leached from the surface on the surround-
ing tissues and its concentration is insufficient to prevent biofilm formation. The focus
of infection displayed in Figure 2 can represent biofilms, when bacteria are attached
to the surface 0}y 2, with a concentration that has surpassed a certain threshold.
Otherwise the focus of infection represent an aggregate of planktonic bacteria.
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0Qi:  0Q:

~a. | a,
0., | - o0,

,,,polynjérf-?’é tissue

01,2

0Qis  0Qus

Fi1G. 2. Spatial domain: the drug eluting coating is represented by Q1 ; the focus inoculated dur-
ing the surgery are represented by orange circles or semicircles. A preexisting infection is signalized
by blue arrows.

The density of bacteria, ¢, is governed by

(1) %(t) =V . (DyVep(t)) +u . Vep(t) + Fy(ea(t), ep(t), t)cp(t)

for ¢ € (0,T], where the dissolved drug concentration in each domain is defined by
cq = cq1 in 1 and ¢qg = ¢go in Q5. The diffusion coefficient D} depends on space and
is defined by

| Dp1, x €y,
Db(x) o { Dbg7 x € QQ.

Regarding Brownian motion in (1), the random movement of microscopic objects
in fluids caused by constant thermal agitation, is central in the microbial world ([5]).
In the case of bacteria lacking mobility appendages, Brownian motion is, in part,
responsible for facilitating movement. In the case of motile bacteria, Brownian motion
can also affect deliberate movement, by randomizing displacement and direction ([17]).

There exists in the literature a large number of models to represent the race for
the surface, that is, chemotaxis. One of the most known is the Keller—Segel model and
its subsequent modifications ([33]). In the original model, chemotaxis is represented
by a term of type

V- (x(s,cp)eVs),

where s stands for the chemoattractant density and x is the chemotaxis response
function. In the bacterial race for the surface, we assumed that Vs and the response
function are constants and consequently the term assumed a convection linear form.
Moreover based on laboratorial studies we also assume that the race is convection
dominated and orthogonal to the medical device surface (Figure 3). This justifies the
rationale under a simplified definition of u : u = (ug,0) in Q3. In O, the polymeric
coating, we consider u = (0,0).
The net proliferation of bacteria is defined by

— Byt

cy >Emwe By c;
5 I
Cs0 T C4

(2) Fy(cq,cp,t) = Ey <1 -

Cb,max
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100 pum

1. E.coli chimaera

2. E.coli

3. Valginolyticus (puller)

4. V.alginolyticus (pusher)

5. P aeruginosa

6. R.sphaeroides

7. R.rubrum

8. Y.enterocolitica

Fiac. 3. The Microbial Olympics—promoted by several research laboratories. Each cell type was
recorded in a separate well and movies were combined afterwards. Adapted from [33].

Equation (2) represents the balance between proliferation and the antibacterial
action of the drug. The action of the drug is described by a generalization of the
Hill model. This model is extensively used in the literature, and we believe that one
of the reasons for its success is its flexibility and effectiveness in fitting experimental
data ([13]). It includes the two main pharmacodynamic properties of a drug: the
maximum effect (E,,4) and the concentration producing 50% of the maximum effect
(c50). More precisely, Fy,q. represents the maximum effect which can be expected
from the drug, that is, the per capita death rate of bacteria due to the action of the
drug at a certain concentration. When this magnitude of effect is reached, increasing
the dose will not produce a greater magnitude of effect. In (2), 7 is a shape parameter
that represents a measure of the cooperation between bacteria. If v = 1 the adhesion
of the bacteria to the surfaces is independent of each other. If v > 1, then there is
cooperation, and if v < 1 no cooperation occurs. The estimates for gamma depend
on the specific drug. Different v lead to significant differences in the steepness of (2).
We will consider v = 1. This value corresponds to the Hill coefficient presented in [4]
for a particular strain of Staphilococcus aureus that colonize indwelling devices and a
particular class of antibiotics.

Let us now address how tolerance and resistance influence (2). Tolerance occurs
when a biofilm forms, that is, when a threshold bacterial density of an aggregate,
attached to a surface, is achieved. As the biofilm matures tolerance increases. The
term e~ in (2) accounts for tolerance within the biofilm. The action of this expo-
nential can be interpreted as a dramatic decrease of the maximum effect, F,,,,, once
the biofilm forms. The first term in (2) represents the proliferation growth of the
bacterial population by considering the carrying capacity of the environment, ¢y pmaz,
that depends on the availability of nutrients and oxygen. Although Staphylococcus
species grow both aerobically and anaerobically, they grow best in an oxygen-rich
environment. Resistance can be quantified via the pharmacodynamics of antibiotic
action. One conventional measure of resistance is MIC' (minimal inhibitory concen-
tration). If we define MIC as the minimal concentration that inhibits bacterial net
proliferation we have
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2=

b

Emaa: Pt E B
T
0

that is, MIC > c50(Emas — Eo/FEo) ™", where we assumed Cb,mag 1s not limited. For
a constant v, a larger M IC, that is, a larger resistance, can result from a larger cso
or a smaller E,,q. ([2])-

The behavior of the concentrations of the interstitial fluid, ¢;, the solid drug, cs,
and the dissolved drug, c41, in €21, are governed by the following equations:

%(t) = V. (Du(t)Vee(t)),
B { T ()= (Desl)Vear(t) + F(es(t), can(t) e(t)) ~ Ravea (Bealt),
ey

ot (t) = _f(cs(t)7 cdl(t)v Cg(t))
for t € (0,7]. In (3), Dy represents the diffusion coeflicient of the interstitial fluid
in the polymeric coating. We consider that €7 is a biodegradable porous medium
able to host the interstitial fluid without undergoing a significant volume increase.
This is the typical case of a polymer-matrix system characterized by a rheological
behavior similar to that of a solid (elastic) material that never relaxes. In this case,
indeed, despite solvent income, the polymeric network doesn’t react. This means
that the chains do not rearrange in space to host the solvent and that the reaction
takes a long time. Consequently the solvent concentration will be always low and
the volume increase is negligible. We also assume that D, is time dependent due to
the time dependence of the biodegradable coating porosity. Accordingly the diffusion
coefficient D, of the dissolved drug is also time dependent. For the time evolution
of the porosity €(t), due to the polymeric coating degradation, we consider ([34])

et)=e+ (1 —€) (14 e~ 2kat _ e‘kdt) .

In this last expression €y stands for the initial porosity of the polymeric coating and
kq represents the degradation rate. The effective diffusion coefficient of the interstitial
fluid is represented by

Dy(t) = (e(t))* Dy,

where Dy represents the initial diffusion in the nondegraded coating ([22]). In the
previous definition we adopted the definition of effective diffusion as %, where T

stands for the tortuosity, with 7 = % The diffusion coefficient of the dissolved drug
is defined by
3
Dey(t) = (e(t))2 Dy,

where D7 stands for the drug diffusion coefficient in the nonhydrolyzed polymer.
Regarding the consumption term, Rgpcq1cp, we observe that each class of antibac-
terial drug has a unique mode of action:

e It induces bacterial death by targeting the cell membrane of the bacteria
(bactericidal). This type of drug prevents the bacteria from synthesizing a
molecule in the cell wall, called peptidoglycan, which provides the wall with
the strength it needs to survive in the human bodys;

e It slows or inhibits the growth of bacteria (bacteriostatic) by preventing key
molecules from binding to selected sites on host cell structures, called ri-
bosomes, where protein synthesis occurs. Without synthesis, bacteria can’t
reproduce or survive.
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In the mathematical model presented in this paper, we describe these two differ-
ent types of actions, from a macroscopic point of view, by considering that the drug
acts by means of a sort of irreversible binding with the bacteria. Analogous represen-
tations are presented in [28] and [12]. The irreversible binding is represented by the
term Rgpcqr(t)ep(t), where Rgp stands for a positive constant. The reaction term f
represents the rate of conversion of solid drug into dissolved drug and is defined by

Csol — Cq1(t
Fes(t)car(0). o) = att(esle) 2220
SO
where « is the dissolution rate, H is the Heaviside function, and c,, represents the
solubility limit concentration ([27]).
The evolution of the dissolved drug concentration in s, cgo, is described by

(4) %(t) =V . (Dg2Veaa(t)) — Rapcaz(t)cp(t)

for ¢t € (0,T], where Dgs represents the diffusion coefficient. This coefficient is space
dependent due to the fact that within biofilms diffusion coefficient has a lower value.
Diffusion limitation occurs within a biofilm because fluid flow is reduced and the
diffusion distance is increased. We define

Dgz(x) = {

with T'ol < Dgapop and where Q9 3, is the domain occupied by the biofilm and Qs 5,0 =
22\Q2,5. Regarding the biofilm formation we assume that it occurs once the bacterial
density surpasses a certain threshold and when the agglomerate is attached to a
surface.
Coupled systems (1), (3), (4) are completed with the following initial, boundary,
and interface conditions:
e Initial conditions:

Tol, x € Qap,
Dd2n0b7 T € QQ,nob

ce(0) = ¢41(0) =0, ¢5(0) = ¢5.4,(0) = 0in Q1, c42(0) =0, ¢p(0) = cp s in Qa.

We note that the conditions related to solid drug, cs, represent the fact that
initially all the drug is in the solid state. The last condition represents the
existence of an initial infection focus, consequence of surgical contamination.
e Boundary conditions:
— 00 ¢ is insulated; that is,

(5) Jc(t) .M = Oon@Qu, te (O,T]

for ¢ = ¢;,4 = b,£,d1, where J., (t) = —D;V¢;, Je,, (t) = —DeyVeqr, and
71 represents the unitary exterior normal to ;. Condition (5) represents
the case where the drug does not permeate the device. This situation

can occur, for example, in the case of orthopedic implants.
— on 09y ,

(6) Jey () - M2 = —apCp eqt(t) on 0N, t € (0,77,

where, as before, J;, (t) = —DyVep(t) —uocy(t), n2 represents the unitary
exterior normal to Qo, and c¢p ¢4 (t) represents an exterior bacterial con-
centration. The condition on 99, for ¢, describes a preexistent body
infection focus (see Figure 2) with density cpeq:(t). If no preexistent
infection exists, then we consider

(7) Jcb (t) N = 0 on 8QQ7T X (O,T]
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— symmetry conditions on (J;_; 5 ;_;, € ; that are mathematically de-
fined by
Oc

Tm(t) =0on |J 091,,t€ (0T

j=t,b

for ¢ = ¢y, cq2, ¢y, and

)
a—;(t) =0on |J 09t e (0,T]
j=t,b

for ¢ = ¢g49, cp.
e Interface conditions:
On the common boundary of ; and 5, 9Q; 2, we assume that the fluid
flux is proportional to the difference between the fluid concentration on the
boundary and the fluid concentration ¢, in Qg, that is, J¢, (t).n2 = @(ce(t) —
Cegt) 0N O 9,1 € (0,T], where ¢ is related with the permeability of the
interface that, to simplify, we assume time independent. For the dissolved
drug concentration we assume the continuity of the concentration and of the
flux, that is,

Cd71(t) = Cd,g(t), chl (t)?’}l + ‘]Cdz (t)?’]g =0 onaﬂl,g, te (O,T]
For the bacterial density c;(t) on the interface 0§}y o we also assume
(8) Cb’l(t) = Cb72(t), JCbl (t).?h + JCbQ (t).772 =0 on 891’2, t e (O,T},

where ¢ ; denotes the bacterial density in §2;,¢ =1, 2.

The assumptions on the continuity of drug concentration and drug flux at the
interface are the simplest assumptions we can adopt. Indeed, possible concentration
discontinuity at the interface is due to different thermodynamic environments on
the two sides of the interface; also possible flux discontinuity should be motivated
by the presence of particular phenomena such as chemical reactions on one or both
sides of the interface. Although these phenomena could occur, we do not have clear
evidences to sustain such hypotheses. Regarding interface conditions on bacterial
density analogous comments could be done.

3. A priori estimates. In this section, we present a priori estimates of the
bacterial concentration and the total bacterial mass, when an infection occurs, after
a medical indwelling device is implanted. The mathematical proofs are included in
section 6. The inclusion of those estimates has a twofold aim: to show the stability
of the model and to illustrate that stability estimates can give insight on the solution
behavior, namely, regarding its dependence on the parameters of the model. Two
different situations are analyzed:

1. A contamination during the surgery;
2. The preexistence of a remote body site infection.

In what follows we estimate ||cy(t)|r2(), with @ = Q1 U Qy, where |[|.|[12(q)
denotes the usual norm in L?(Q) associated with the usual inner product (., .) 12(Q)-
We consider that the free drug concentration that arises in the definition of Fj in €;
has a lower bound €, that is, cq;(t) > €q,; in Q;,7 = 1,2. We also assume that 0,
i = 1,2, are counterclockwise oriented.

A contamination during the surgery.

Let us suppose that there is no remote infection and that the bacteria are inocu-
lated at the initial time in the tissue or on the medical device. Then the behavior of
cp(t) on 0L, is given by (7), that is,

Jcb (t) LN = Oon 89277« X (O,T]
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In this scenario the following result can be established.

PROPOSITION 3.1. If ¢q4(t) > €4 in S, then for the bacterial density cy(t) de-
fined by (1) and the boundary and interface conditions (5), (6), and (7), respectively,
we have

(9) )
lev(B)[172() + 2min{Des, Dbz}/ 21|V ey () I oy dn < € [len(0) 122y

fort €[0,T]. In (9), 0 is given by

(10) f = max (EO — e_BbeEmamcd’i_) )
i=1,2 C50 + Cd,i
Let My(t) be the bacterial mass in Q. As My(t) < /[Qlcy(t) £2(), where [Q]

denotes the measure of €2, we easily get the followmg estimate.

COROLLARY 3.1. Under the assumptions of Proposition 3.1 we have
(11) My(t) < V/[90e” s (0) ] L2 (), t € [0,T],
where 6 is given by (10).

Given an upper bound ¢, for the bacterial mass in §2, from Corollary 3.1 we easily
compute a threshold time ¢* such that for ¢ < ¢* we have M(t) < €. In fact, it is
sufficient to take

* 1 i
(12) t <\/|ﬁa; 0)ll 2 9))

Moreover, if the drug effect dominates the bacterial growth rate, that is,

Cdi

13 Eo — Eppage ?Tr
(13) 0 C50 + Cd,i

<0,

then, from (11),
(14) My(t) — 0,t — 0.

Preexistence of a remote body site infection and contamination during the surgery.

PROPOSITION 3.2. If ¢q(t) > €q; in §;, then for the bacterial density cy(t) de-
fined by (1) and the boundary and interface conditions (5), (6), and (8), respectively,
we have

lev(t)11Z2 () + 2min{ Dy, Dy — 6°T, }/ 2001V ey (1) [1Fr2 a2 di

(15)
< 20y (0) 20 + 252/ o [ | Cven(Pdsdpt € 0]

where 6§ # 0, 0 is defined by (10) and T, is such that ||wHL2(6QQ < Tr||wHH1(QQ) with
Il ||Hl(92 denoting the usual norm in H(Qy).

For the bacterial mass M;(t) we establish the following result.

COROLLARY 3.2. Under the assumptions of Proposition 3.2 we have

/2

My(t) < /19| <629t||cb(0)||2L2( Db2 / 2op /aQ TCb eat( dsdu) )
2,r

where 0 is defined by (10) and t € [0, T].
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The estimate in Corollary 3.2 is in agreement with biological evidence: The total
mass of the bacterial colony increases with the severity of the infection and the amount
of bacteria inoculated.

Under the assumptions of Proposition 3.2, if ¢p eyt (t) is bounded by ép eqt, then
the bacterial mass satisfies

Tr 8Q r| A
My(t) < V19| <Cb(0)“L2(Q) + apy Db2\/ | ‘92| |Cb,emt> 620,

provided that the drug effects E,,q.e ?7T* Cd,i/cs0 + €4 exceeds the bacterial birth
rate Ey.

The estimate in Corollary 3.2 is illustrated in Figure 10. The dependence of the
total mass of bacteria on the severity of the remote body site infection, represented
by cpext, is illustrated in Figure 11.

4. Simulations. The problem was solved for the first 10 hours after surgery
and considering different initial bacterial focus, using comsol multiphysics software.
A quadratic piecewise finite element method for the concentrations is considered. A
triangular mesh automatically generated with 38,940 elements is used to obtain a
consistent mesh in the square domain [0, 5] x [0, 5]. The time integration is performed
with a backward difference method, with variable order ranging between 1 and 2 and
an adaptative time step. We begin by presenting in subsection 4.1 the evolution of a
bacterial population, after contamination during a surgical procedure. In subsection
4.2 the effect of a preexistent infection on the evolution of a bacterial population is
analyzed. We also discuss the simultaneous effect of bacterial contamination and the
preexistence of infection focus in the host.

We start by considering 3, = 107% ((2)). We recall that the factor e #*E,, .,
represents the decrease of E,,,, that characterizes biofilm structures. It is activated
only on the interface 02 o that stands for the surface of the medical device. This is
a consequence of the fact that bacteria need to attach to a surface to form a biofilm.
The activation takes place when the bacterial population attains a certain threshold,
that is, when a biofilm is formed. In our simulations this threshold is ¢, = 1. All
numerical results regarding bacterial distribution are represented in mol/m? and the
masses in mol.

4.1. Evolution of a bacterial population after contamination during
a surgical procedure. In this section we illustrate the evolution of a bacterial
population when contamination takes place during a surgical procedure. The values in
Table 1 are used in all the simulations. The pharmacodynamic parameters correspond
to Daptomycin ([4]).

We begin by presenting in Figure 4 a global picture of the masses of interstitial
fluid (My), solid drug (M), and dissolved drug (M) in Q; for an initial bacterial
density ¢;, = 5. The mass of interstitial fluid increases over time until a steady state
is reached. The mass of solid drug decreases as the interstitial fluid permeates the
polymer and accordingly the mass of dissolved drug increases.

Contamination during a surgical procedure: The influence of the severity of con-
tamination.

The distribution of the bacterial concentration for three different initial inocula-
tions in the adjacent tissue is represented in Figure 5: ¢;, =5 (i), ¢;p = 50 (ii), two
focus, ¢;p = 5 and ¢; 32 = 10 (iii). This last focus is attached to the interface 98 2.
The simulations are exhibited for ¢ = 20 min, ¢t = 4 h, and ¢t = 10 h. In the three
cases we observe a race of bacteria for the medical surface. On the left column, (i)
with ¢;, = 5, the drug delivered from the medical device eliminates the infection; in
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TABLE 1
Parameter values used in the numerical simulations.

Parameter (unit) Value Parameter (unit) Value
Dy (m?/s) 1079 Dy (m?/s) 7.8 x 1011
Dy (m2/s) 2D, Dagnob (m?/s) 4Dy
Dior (m2/s) DdQnob/2 Dy (m2/5) 5x 10712
Dyo (m?/s) 5x 10711« (1/s) 10~
cs0 (mol/mm3) 0.5 Csol (mol/mm3) 2
cs,i (mol/mm?) 5 Cext (mol/mm?3) 1
Ch,maw (mol/mm3) 500 ot 1
kq 3x 107" € 5x 1072
B (m/s) 10~ L1, Ly (mm) 2,3
ki, ko 0.1, 0.1 Rap (m?/(mol ¥ s)) 5 x 1075
Emaz (A1) 3 Eo (h™1) 0.9
ug (m/s) 5x 1077
x107¢ ; ; "
28 + —#*Cs
o— Cl
26 | .
24 f
2|
20 |
18}
16|
14t
12}
10f - — e
8 b= . aail
"_,"
6 o P
4 / /.r"/-
2t - E i
o el | | | | , -
0 5000 10000 15000 20000 25000 30000 35000
Time -10 h

FiG. 4. Behavior of masses of interstitial fluid, solid drug, and dissolved drug during 10 hours.

the middle column, (ii) where ¢;, = 50, the drug delivered is not effective in fighting
the infection; on the right column (iii) a second focus in the interface is added to case
(1). In situations (ii) and (iii) biofilm formation is observed and the infection evolves
out of control.

In Figure 6 the evolution of the bacterial mass during 10 hours is represented
for ¢;» = 5, ¢;p = 10, and ¢;, = 50. Observing the three plots we conclude that
there exists a threshold ¢}, for the initial bacterial concentration such that there is an
inversion in the evolution of the infection. For the data used in the simulations, 5 <
cip < 10. For ¢;, =5, it can be observed that 1.5 hours after the surgical procedure,
the bacterial density decreases and the amount of bacteria is almost null after 6 h. In
the case the initial inoculation during the surgical procedure is ¢; ;, = 10, 50, the drug
eluted from the coating is not enough to fight the infection.

Contamination of the medical device and adjacent tissue: The influence of topol-
ogy and location.

The dependence of the fate of the medical device on the degree of contamination,
illustrated in Figures 5 and 6 is not a surprising result. In fact, it is expected that
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Fi1G. 6. Evolution of the bacterial mass during 10 hours for ¢; , =5, ¢; p = 10, and c; = 50.

a more severe initial contamination leads to an uncontrolled infection as established
in section 3. The effect of the initial topology and location of the inoculation is
less intuitive. How does this initial topology influences the evolution of the infection
process? Does the location of initial contamination in the adjacent tissue matter? We
consider three cases, represented in the schema of Figure 7, all of them with the same
initial bacterial mass:

(i) one bacterial agglomerate with ¢;;, = 10 was inoculated during the surgical
procedure;
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Cib=5
Cib=10

Cib=10 Cib=5 Cib=5
(i) (i) (iii)

F1c. 7. The initial topology of the contamination.

~#- Scenario (i) 18 / \ —— Scenario (iil) -a=1.5e-4

o
—#— scenario (i 2 —#— Scenario (i) - a=1.5e-4
20 o Scenario (i) o~ Scenario (i) -a=1.5¢-4

= .
0 5000 10000 15000 20000 25000 30000 35000 0 5000 10000 15000 20000 25000 30000 35000
Time -10 h Time 10 h

FiG. 8. Bacterial mass in scenarios (i), (i), (iii) of Figure 7 with o = 10™%—left; a =
1.5 x 10=%—right. The total initial bacterial mass is the same in the three cases; the location
and topology of the contamination is different.

(ii) the medical device was contaminated with a focus of ¢, = 10 with a semi-
circular geometry; moreover the adjacent tissue was also contaminated during the
surgery with a focus of ¢;;, = 5;

(iil) two bacterial agglomerates with ¢;;, = 5 were inoculated in the adjacent tissue.

The initial total mass of bacteria is the same in the three cases. In Figure 8
we exhibit the evolution of masses in cases (i)—(iii). The surprising result is that
although the initial bacterial mass is the same for the three scenario, the total mass
of bacteria evolves differently.

In cases (i) and (iii) the plots have 3 phases: a first phase where the bacterial
mass increases, because the drug molecules and the bacteria need a certain interval of
time to meet; a second phase where the mass decreases due to the drug effect; a third
phase where the bacterial mass increases because the available amount of drug is not
enough to fight the infection. In case (ii) the focus with ¢;;, = 10 that occupies an half
circle is on the medical interface (Figure 7); consequently, the drug molecules eluted
from the surface immediately kick this interface agglomerate and the total mass of
bacteria sharply decreases. In cases (i), (ii), and (iii) the last increasing phase suggests
that the available drug is not enough to fight the infection (Figure 8(left)). In Figure
8(right) we illustrate the effect of the dissolution rate « that regulates the amount of
available drug. While in the simulations of Figure 8(left) we use a = 10~%, in Figure
8(right) @ = 1.5 x 10~%. In this case the mass of bacterial drug evolves differently in
the three scenarios. The illustrations in this subsection suggest that

e asepsis conditions of surgeries are crucial: the fate of the medical device
depends on the severity of initial contamination;
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—

0 5000 10000 15000 20000 25000 30000 35000 40000
Time - 10h

FiGc. 9. Behavior of the bacterial mass coming from a remote preexisting body site infection
during 10 hours.

e the contamination of adjacent tissues is harder to eliminate than the contam-
ination located on the device.

4.2. Fate of the surgical procedure in presence of a preexisting remote
body site infection. We will consider in what follows that the infection is not due
to inoculation during the surgical procedure but to a preexisting infection focus. This
preexisting infection focus is represented in the mathematical model by the boundary
condition (6)

Je(t) . 2 = —apCpext(t) on 009, t € (0,77,

where c¢p 4+ stands for the bacterial density of the remote preexisting focus.

It is assumed the remote infection is detected and therefore is being treated with
an additional systemic antibacterial drug. The behavior of the mass of bacteria that
reaches the boundary of the domain 0€2s , is represented in Figure 9.

In section 4.1 we have illustrated the influence of contamination during a surgical
procedure; in section 4.2 we consider an aseptic surgical operating room but the
existence of a remote site infection. A third situation is the simultaneous effect of
in situ contamination during the surgical procedure and the preexistence of a remote
body site infection. In Figure 10 we compare these three scenarios considering that
the initial bacterial contamination is ¢;;, = 5 and that the concentration of the remote
body site infection is represented in Figure 9. We conclude that, for the data used in
the simulations, the drug release from the surgical device is effective in fighting the
infection only in the case of device contamination.

We illustrate now the dependence of the bacterial population on some parameters
of the model.

Bacterial concentration coming from a remote preexisting body- cp ext-

The influence of the bacterial concentration coming from a remote preexisting
body site infection for two different magnitude is illustrated in Figure 11. As expected,
a higher severity of the remote infection implies the presence of a larger amount of
bacteria.

Tolerance: Activation level of By.

In Figure 12(left) is illustrated the behavior of the evolution of bacteria over 10
hours for different activation levels of the term S, in (2). This term accounts for
tolerance; that is, the ability of microorganisms to resist being killed by antibiotics.
As biofilm forms, tolerance increases dramatically. We assume that biofilm forms
on the interface polymer coating/tissue as the population density attains a certain
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%107 1 1 1 1 1 1 T —
/
—%— Only remote infection
40 o— Remote infection and surgical in situ contamination
—o— Only surgical in situ contamination
35 7 -

. . . | — e
0 5000 10000 15000 20000 25000 30000 35000
Time -10 h

Fic. 10. Bacterial mass during 10 h for: a remote body site infection, a remote body site
infection and occurrence of contamination during the surgical procedure, a contamination during
the surgical procedure.

x107

65 —#— Cbext(t) in Figure 9
©— 10 * Cbext(t) in Figure 9
60

55 r

] 5000 10000 15000 20000 25000 30000 35000
Time -10 h

Fi1G. 11. Behavior of the bacterial mass coming from a remote preexisting body site infection
for two different magnitude during 10 hours.

threshold. Two situations are simulated: the biofilm forms as the bacterial density is
larger than ¢, = 1; the biofilm forms as the bacterial density surpasses ¢ = 100. It
can be seen that the larger the density needed to form a biofilm is, the more efficient
the antibacterial fight is.

The race for the surface: The convection rate of the population.

In Figure 12(right) & = 100 is fixed and the dependence on the convection rate is
analyzed. Three different values are considered ug = 5x 1077, 3x 1077, and 2x 10~7.
The bacterial density is a decreasing function of ug. In fact when the population races
for the surface, the bacteria kick the drug molecules: A small convection rate gives
the colony a longer period to evolve before the action of drug is felt in the aggregate.

Resistance: Epqq. of the antibacterial drug.

As mentioned before, the antibiotic resistance can be simulated by decreasing
FEinaz- The influence of E,,,, on the bacterial mass during 10 hours is represented
in Figure 13—for Ep,.: = 3, 30 and considering the biofilm forms as the bacterial
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0 5000 10000 15000 20000 35000 0 5000 35000

Time -10 h

25000 30000 10000 15000 20000

Time -10 h

25000 30000

Fic. 12. Comparison of the bacterial mass for two different minimal bacterial concentrations
needed to form a biofilm—activation level of By: ¢ = 1 and & = 100—Ileft; influence of the
convection rate when ¢, = 100—right.
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F1G. 13. Influence of Emaa on the bacterial mass during 10 h (with & = 100).

density surpasses ¢, = 100. We remark that this parameter is responsible for the
efficiency of the drug in fighting the infection. As expected, an increase of E,, 4, leads
to a decrease of the bacterial mass along time.

5. Conclusion. The insertion of permanent or nonpermanent invasive medical
devices is a common procedure in modern surgical practice. Diseases of all body sys-
tems take benefit of these procedures—from catheters to heart valves, cardiovascular
stents, joint prostheses, therapeutic lenses, cochlear implants, ventricular assist de-
vices, artificial hearts, or brain stimulators. However, the insertion of medical devices
predispose to infection due to two main reasons: epithelial barriers are damaged with
the surgical procedure and surfaces are a support for bacterial growth and biofilm for-
mation. The most common cause of healthcare-associated infections can be attributed
to indwelling medical devices. As a consequence, worldwide nosocomial infections rep-
resent a major public health problem. The sustained delivery of antibacterial drugs,
dispersed in the surface of medical devices, is one of the strategies that can have a
central role in the prevention of those hospital-acquired infections. Nonetheless, many
questions do not have a clear answer by now. To move forward the debate, we present
a mathematical model that governs the evolution of a bacterial population under the
action of an antibacterial drug and assumes a surgery acquired infection and/or a
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preexisting infection in the patient. We believe this viewpoint that has been adopted,
regarding the in situ origin of the infection and/or a remote origin of the infection,
represents a contribution to advance our understanding of the problem.

The present paper has a double character. An applied character as the numerical
simulations provide some unexpected medical answers (sections 4.1 and 4.2) but also a
theoretical character as we establish a priori estimates for the bacterial concentration
and mass (section 3). These estimates exhibit upper bounds that provide meaningful
biological information. In Proposition 3.1 (surgical inoculation), the upper bound
represents a balance between the growth rate of the bacterial population, the action
of the drug, and the severity of the inoculation. In Proposition 3.2 the severity of a
preexistent infection appears as part of the balance.

Concerning the medical outcomes, we analyze three different scenarios:

1. Contamination during the surgical procedure;

2. Existence of a remote body site infection or postsurgical acquired infection;

3. Contamination during the surgical procedure and simultaneous existence of
a remote body site infection or a postsurgical acquired infection.

Regarding 1, 2, and 3, our simulations suggest

e The severity of the postsurgical infection and the fate of the medical device
depend on the degree of contamination of the indwelling device and the sur-
gical procedure itself (Figures 5 and 6);

e The severity of the postsurgical infection and the fate of the medical device
depend on the topology and location of the initial contamination (Figures 7
and 8);

e The local release of drug is more effective when a moderate contamination
has occurred during the surgery; an infection in a remote body site or a
postsurgery acquired hospital infection are not controlled by the local delivery
even if a co-adjutant systemic antibiotherapy is used (Figure 10);

e The evolution of the infection depends on the threshold concentration the
particular strain needs to form a biofilm (Figure 12(left));

We are aware that the problem of nosocomial infections is a complex one, involving
a multidisciplinary approach and multiple factors. Obviously only some of those
factors are considered in the model presented in the current paper. Consequently at
the present stage, the model should be viewed as a proof of concept, describing a
specific host—pathogen interaction. As the demand for indwelling medical devices is
expected to continuously grow during the next decade due to the increasing use of
minimally invasive surgeries, we trust now is the right time to study how concepts
and prototypes of a certain number of indwelling devices can handle with bacterial
infections.

6. Annex. Proof of Proposition 3.2.

In what follows we estimate [|cy(t)||r2(q), With Q = Q; U Qa, where |.||z2(0)
denotes the usual norm in L?(2) associated with the usual inner product (., 2@

We consider that the free drug concentration that arises in the definition of Fj in
2; has a lower bound 4;; that is, ¢q;(t) > €q,; in Q;,7 = 1,2. We also assume that
09;, i = 1,2, are counterclockwise oriented.

Preexistence of a remote body site infection.

From (1) in ©; we deduce

1d
§a||cb(t)”2m(nl) = _/an Jcb(t)-nlcb(t)ds—Db1||VCb(t)||[2L2(Ql>]2 + (Fy(t)en(t), eu(t)) L2(ay)s
1

where ||.|[(z2(0,)2 denotes the usual norm in [L?(€4)]* induced by the usual inner
product (., .)[Lz(Ql)]z.
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Using the boundary conditions on 0€; ¢, 9 3, and 09 ; we get

(16)

1d

B dtHCb( )||i2(91) =

+ (Fp(t)en(t), ev(t)) L2(01)-

From (1) in Q3 we establish

1d

thHCb( )Hi?(sb)

— /dQ ) Jcb (t).mcb(t)ds - Dblecb(t)||[2L2(Ql)]2

= | T ®mes(t)ds = Dl Va0 o
2

— (ucp(t), Vep(t)) (2 u2 + (Fu(t)en(t), ev(t)) 12 (0s,)-

From the symmetric boundary conditions for ¢;(t) on 92 ; and 02, we easily obtain

1d

5 el

As we also have

—(uep(t), Vep(t)) 22 = ——-

Uo

2 Q2,1

ci(t)ds — %/ ci(t)ds,
0 21

= / —Je, (t).m2cs(t)ds — / ey (t)-ma2co(t)ds — D2 ||Veo () [[F2 0,2
Q1 21 Q2 T

— (ues(t), Ve () p2(aq)12 + (Fo(t)es(t), ev(t)) L2 (ay)-

then, taking into account the boundary condition for ¢, on 9 ,, we deduce succes-

sively

1d

by dtHCb( H2L2(92) =

/ —Je, (t).n206(t)ds + o /
0Q1 2]

Q2 1

uo

- Db2||vcb(t)“[2L2(Qz) 2 + (Fy(t)es(t), co(t)) L2 (ag)

2 Jog, .1

uo

Ch,ext(t)cn(t)ds

( )ds — 5> c%(t)ds

091 2

2

< / —Jey (t).m2cu(t)ds + —5 152 / c ceat(t)ds — Dia[|Ves(t )H[2L2(92)]2
o 2 Q2 T

HEGa. 0O+ (0= [ de
2,

where ¢ # 0 is an arbitrary constant.
Using the trace inequality

we obtain

1d

<

_ _ 2
/{mm e, (£)-mach(t )ds+( Db2+(5 :

+ (92 = 3) T+ ZT) les®lE 20 + FoB)en(®); eo(8)) 2

2
Qp

492

llev(D) 172 002,y <

5 ol a(a

ci,ewt (t)ds;

0,1

Ug

DT+ 5

UO
2

T (w22 6y + 100 ey )

1) IVes(OlIF2 e
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that is,
(17)
1d
5&”01)(75)“%2(92) < / —Jey (t).m2¢(t)ds + (— Doz + 52Tr) chb(t)”[zmmz)]Z
Q1 2

ap

2
t)ds.
462 /692,7,7 Cb,e:ct( ) S

In the previous inequality § satisfies 62 > ug. From (16) and (17), taking into
account the continuity of ¢,(t) on 9 2, the interface condition for the bacterial fluxes
on the interface 9€); o and the fact that the line integral does not depend on path
directions, we get

(18)
1d
2dt

+ 8T lle () 72(0) + (Fo()en(t), en(t)) L2y +

llew (01720 + min{ Dy, Dyg — 82T}V ey (8)[[Fr2ye < (Fo(t)en(t), e(t)) L2 (0

2
Qp

8T eu(t)]|7 —/ 7 o (D)ds.
+ lles@72(00) + 157 Jye, 4 Cheat (1) ds

Then taking into account that ¢ ;(¢) > 0,7 = 1,2, we obtain

(Fy()en(t),en(t)) oy = ; / | (E (1 - ”“)) - Emﬁd> 2

Cbmaz C50 + Cd,i

2 _
_ Cd,i
< 3" (B = Baee 7 Y )

—t C50 + Cd i

i

<max | Fy — €_ﬁbeEmazL ||Cb(t)H%2 Q)
=12 C50 + Cd,i @)

Considering the last upper bound in (18) we deduce

(19)
1£||Cb(t)||22 + min{ Dy, Dypp — 8°T, }|Ver () |72 qye < O"%/ i . (t)ds
2 dt L2(9) 1, &/b2 T (L2 = 452 0t b,ext
+0lles(B)]|7 20y, t € (0,TF],
with
(20) 0 = 6T, + max (EO — Eppage T Cd) ,
i=1,2 €50 + Cdi

Inequality (19) leads to the result present in Proposition 3.2.
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