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Abstract— Focus of this letter is the oldest class of codes
that can approach the Shannon limit quite closely, i.e., low-
density parity-check (LDPC) codes, and two mathematical tools
that can make their design an easier job under appropriate
assumptions. In particular, we present a simple algorithmic
method to estimate the threshold for regular and irregular LDPC
codes on memoryless binary-input continuous-output additive
white Gaussian noise (AWGN) channels with sum-product decod-
ing, and, to determine how close are the obtained thresholds to the
theoretical maximum, i.e., to the Shannon limit, we give a simple
and invertible expression of the AWGN channel capacity in the
binary input-soft output case. For these codes, the thresholds are
defined as the maximum noise level, such that an arbitrarily small
bit-error probability can be achieved as the block length tends
to infinity. We assume a Gaussian approximation for message
densities under density evolution, a widely used simplification of
the decoding algorithm.

Index Terms— LDPC codes, threshold, Gaussian approx-
imation, density evolution, sum-product algorithm, capacity
approximation.

I. INTRODUCTION

IN HIS introduction to regular LDPC codes [1], Gallager
first noticed that these codes exhibit the so called “thresh-

old phenomenon” on binary symmetric channels (BSC),
as explained also in [2]: “as the block length tends to infinity,
an arbitrarily small bit-error probability can be achieved if the
noise level is smaller than a certain threshold”. Later Luby [3]
showed that irregular LDPC codes, performing better than
regular ones, exhibit the threshold phenomenon, too.

In [2] Chung et al. presented a method to estimate the
threshold for regular and irregular LDPC codes on memo-
ryless binary-input continuous-output AWGN (additive white
Gaussian noise) channels with sum-product decoding. This
algorithm is based on approximating message densities as
Gaussians for regular LDPC codes or Gaussian mixtures
for irregular LDPC codes. The thresholds are calculated as
the last value such that a recurrent sequence converges, or,
equivalently, as the first value such that the sequence diverges,
but no mathematical methods are provided to determine these
values, which can be found through an empirical trial and error
procedure.

This letter presents a mathematical method to allow
the noise thresholds evaluation, exploiting a moderately
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complex technique. This algorithm replaces the empirical
procedure suggested in [2] for regular codes, extending its
application to irregular codes, too. Our algorithm is based on
the idea that the problem of determining the last value such
that a recurrent sequence converges (or, equivalently, the first
value such that the sequence diverges), can be seen as a “static”
problem that can be assigned to a standard software, leading
to a significant computational simplification. This algorithm
has been derived using the quadratic degeneracy theory, thus
transforming a recurrence relation convergence problem in a
problem of mathematical analysis.

This result is important because in this way it is very simple
to determine which features should have an LDPC code to
satisfy the design constraints, or verify whether an LDPC
code has performances close to the Shannon limits, or if
there is room for improvement. Moreover, it allows the
design of capacity approaching codes based on noise threshold
maximization.

The letter also provides a simple and invertible expression
of the soft-output binary-input capacity. This is provided in
order to easily compare the performances of LDPC codes with
the Shannon limits. However, this is not the only possible
application of the expression we found. In fact, it may be
applied in all system evaluations that do not assume a generic
modulation scheme but a specific one, such as BPSK or QPSK.

The letter is organized as follows. In the next section,
the message passing decoding algorithm is described and the
concept of threshold is explained. Moreover, the Gaussian
approximation of message densities is recalled for regular and
irregular LDPC codes, respectively. In Sections III-A, III-B,
and III-C the proposed method to determine the thresholds is
described in terms of the algorithm, software, and numeric
results, respectively. In Section IV a simple and invertible
expression of the soft-output binary-input capacity is provided.
In Section V the obtained thresholds are described in terms
of their distance from the Shannon limit. Finally, Section VI
concludes the letter and gives some hints about a possible
follow up of this work.

II. GAUSSIAN APPROXIMATION FOR LDPC CODES

Let us consider a regular (dv , dc)-LDPC code, where
dv and dc are, respectively, the column and row degrees of
the code parity matrix. Under belief-propagation decoding,
variable nodes and check nodes exchange “messages” between
each other iteratively. A check node gets messages from the
variable nodes it is connected to (“neighbours”), processes
the messages and sends the result back to its neighbouring
variable nodes. Similarly, a variable node receives messages
from its check nodes and returns the processed message back
to them. This two-step procedure is repeated many times.
After l iterations, the variable node decodes its associated bit
based on all information obtained from its depth-l subgraph
of neighbours.
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In soft-decision belief-propagation decoding, the messages
are the log-likelihood ratios (LLRs) of received bits. Denote
with v the output message of a variable node and with u
the output message of a check node. The two-step procedure
described above, called density evolution, is used to calculate
the thresholds of belief-propagation decoding, defined as the
maximum noise level such that the probability of error tends
to zero as the number of iterations tends to infinity [2],
assuming that the all-0 codeword was sent and fixing the
channel parameters, namely, the noise power.

Since in [2] it is shown that, without great sacrifice in
accuracy, a one-dimensional quantity, namely the mean of
Gaussian densities, can act as faithful surrogate for the mes-
sage densities themselves, which is an infinite-dimensional
vector, we assume that regular LDPC codes message dis-
tributions for AWGN channels are approximately Gaussian
and denote the means of u and v by m(l)

u and m(l)
v at

the l-th iteration, respectively. Moreover, the LLR message u0
from the channel is assumed to be Gaussian with mean
mu0 = 2/σ 2

n and variance 4/σ 2
n , where σ 2

n is the variance
of the channel noise.

Density evolution can be generalized to irregular LDPC
codes [4]. Consider an ensemble of random codes with
edge-perspective variable-node and check-node degree dis-
tributions λ(x) and ρ(x), respectively [2]. The polynomials
λ(x) and ρ(x) have degree dl − 1 and dr − 1, respectively.
In an irregular LDPC code, the number of edges connecting
to each node is not constant: hence, the messages a node
receives from its neighbours are a “mixture” of densities from
neighbour nodes of different degrees. We assume, as in [2],
that irregular LDPC codes message distributions for AWGN
channels are approximately Gaussian, based on the empirical
evidence.

III. THE PROPOSED METHOD

A. Algorithm
Following the analysis conducted in [2], we derive a simple

operative algorithm to calculate the thresholds by means of
the Gaussian approximation.

Instead of searching the last value of the parameter s
granting the convergence of the sequence

tl = gs(tl−1) (1)

where s corresponds to mu0 and tl to m(l)
u , i.e., instead of

looking for the threshold s∗, defined in [2] as the infimum
of all s in IR+ such that tl(s) converges to ∞ as l → ∞ -
which is subtly difficult - we solve a problem of quadratic
degeneracy [5] we could see as “static”, which can be assigned
to a standard software.

Being φ(x) given in Definition 1 in [2], where also an
exponential approximation is given (see Eq. (8)) to easily
calculate φ−1, we define gs(t) as:

gs(t) = φ−1(1 − [
1 − φ(s + (dv − 1)t)

]dc−1)
(2)

for regular LDPC codes and

gs(t) =
dr∑

j=2

ρ jφ
−1(1 − [

1 −
dl∑

i=2

λiφ(s + (i − 1)t)
] j−1) (3)

for irregular LDPC codes.

Fig. 1. Graphical representation of (4). Solid curve: y = gs (t); dashed
curve: y = t .

For g′′
s (t) �= 0 the “static” equivalent task is the solution of

the system of equations

{
gs(t) = t

g′
s(t) = 1

(4)

The first equation expresses the fact that t is a fixed point
of gs , the second one the fact that the graph of gs(t) is tangent
to the line y = t , bisector of I quadrant (Fig. 1).

B. Software

To implement the algorithm of previous section,
the Mathematica(R) software has been used. We report
here the instruction set we produced for a regular binary
( j, k)-LDPC code, where j denotes the number of neighbors
of a variable node and k the number of neighbors of a check
node:

σ[j_,k_]:=(
α = -0.4527;
β = 0.0218;
γ = 0.86;
φ[x_]:=Exp[α x∧γ + β];
iφ[y_]:=((Log[y] - β)/α)∧(1/γ);
g[t_,s_]:=iφ[1-(1-(φ[s+(j-1)t]))∧(k-1)];
s0 = 2.6;
s∞ = s/.FindRoot[{D[g[t,s],t]-1,

g[t,s]-t},{{s,s0},{t,1}}];
p = Sqrt[2/s∞];
Return[p] )
Let us explain the Mathematica(R) script line by line.

The function returns the value σ( j, k) = p =
√

2
s∗ ,

the approximate threshold σGAnew, reported in Table I for some
values of j and k, each with computational time of 2.6 ms.1

1In this research we have also produced a Mathematica(R) script imple-
menting the algorithm sketched in [2], obtaining computational times at least
one order of magnitude higher.
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TABLE I

APPROXIMATE THRESHOLD VALUES FOR VARIOUS
( j, k)-REGULAR LDPC CODES

The coefficients α, β and γ define the approximation φ(x),
called φ[x_] in the Mathematica(R) script, given in Eq. (8)
of [2], and its inverse φ−1(y), called iφ[y_]:

φ(x) := eαxγ +β α = −0.4527 β = 0.0218 γ = 0.86 (5)

φ−1(y) =
( log y − β

α

)1/γ
(6)

The informatic definition of gs(t), called g[t_,s_] in the
script, follows (2).

The constant s0 is an initial value for the internal algorithm
of Mathematica(R) to solve the system (4).

The system (4) has one solution (t∗, s∗) and s∞ gives s∗.
The threshold, in terms of noise power, is equal to 2

s∗ . The
instruction FindRoot[{D[g[t,s],t]-1,g[t,s]-t}
searches for the solutions (zeros) of the system

{
g′

s(t) − 1 = 0

gs(t) − t = 0
(7)

equivalent to (4). Of course, D[g[t,s]t] is the
derivative g′

s(t).
For irregular LDPC codes, defined by the polynomials λ(x)

and ρ(x), the informatic definition of gs(t) follows (3)

g[t_,s_] := Sum[ρ[[j]]iφ[1-(1-(Sum[λ[[i]]φ]

[s+(i-1)t],{i,2,dl}]))
∧(j-1)],

{j,2,dr}];

and the software returns the threshold σGAnew reported
in Table II for some good rate-1/2 codes listed in [6].

C. Numeric Results

With regard to regular LDPC codes, Table I reports in the
first 6 columns the values of Table I in [2] and in the 7-th the
corresponding values σGAnew = σ( j, k) which were computed
with the software given in the previous section. In the first
6 columns of Table I are reported the regular LDPC rates
r = 1 − j/k, the thresholds σGA evaluated in [2] using the
Gaussian approximation, the exact thresholds σexact evaluated
in [2] using the algorithms developed in [6], and the errors
in dB between the approximated and exact thresholds.

With regard to irregular LDPC codes, for the irregular
rate-1/2 LDPC (17) of [2], after defining the arrays with
the chosen values of λi and ρ j , reported in Table II with
dl = 20 and dr = 9, the software of previous section

TABLE II

PARAMETERS OF GOOD RATE-1/2 CODES LISTED
IN [6] WITH dl = 20, 30, AND 40

gives σGAnew =
√

2
s∗ = 0.947304, in good accordance with

the result 0.9473 of [2]. To validate the proposed method,
we report in Table II the σGAnew values also for some good
rate-1/2 codes listed in [6].

IV. BINARY-INPUT SOFT-OUTPUT

CAPACITY APPROXIMATION

Considering an AWGN channel with binary input and soft
output, the channel capacity is defined as [7]

C(γ ) := (log2 e)

×
(

2γ − 1√
π

∫ +∞

−∞
e−(y−√

γ )2
ln cosh(2y

√
γ )dy

)

(8)

where γ is the symbol signal-to-noise ratio.
The problem of finding an invertible approximation for the

function C(γ ) is important since it allows to determine the
estimated gap of the approximate thresholds we found from
the Shannon limit. This evaluation can be useful to identify
good and bad codes and get design guidelines for them.

We obtained the following couple of functions, one inverse
of the other, approximating C(γ ) and C−1(r), with forms,
respectively,

C(γ ) 	 1 − euγ w+v C−1(r) 	
( log(1 − r) − v

u

) 1
w

(9)

We propose these values:

u = −1.286 v = 0.01022 w = 0.9308 (10)

for which we found these limitations for the absolute and
relative errors ∀γ ∈ [0.1, 3.35] and ∀r ∈ [0.13, 0.98]

C1(γ ) := 1 − euγ w+v 	 C(γ )

⎧
⎪⎨

⎪⎩

|ε(γ )| < 0.0009

|εr (γ )| < 0.0021

(11)

C−1
1 (r) :=

( log(1 − r) − v

u

) 1
w 	 C−1(r)

⎧
⎪⎨

⎪⎩

|ε(r)| < 0.008

|εr (r)| < 0.0024
(12)
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Fig. 2. SNRgap [dB] vs. the code rate r = 1 − j/k for some ( j, k)-regular
LDPC codes: j = 3 (lower), 4, 5, 6 (upper).

The function C1(γ ) approximates C(γ ) very accurately
even if it is not correct for γ very close to 0, due to the
positive value of the parameter v.

V. DISTANCE FROM THE SHANNON LIMIT

Fig. 2 reports SNRgap in dB, the distance from the Shannon
limit in dB of the approximate thresholds we found - which,
in terms of noise power, are equal to (2σ 2

GAnew( j, k))−1 -
for some ( j, k)-regular LDPC codes. This graph rebuilds and
extends the analogous graph reported in [2].

To calculate this gap the following equation has been used:

SNRgap( j, r) := (2σ 2
GAnew( j, k))−1

C−1
1 (r)

(13)

where r is the code rate, r = 1 − j/k and C−1
1 (r), the inverse

of the channel capacity evaluated in r , is the symbol signal-
to-noise ratio γ for which C1(γ ) = r , i.e., the Shannon limit.

To evaluate C−1(r), a spline interpolation can be used, too,
derived in the Appendix.

As far as good rate-1/2 irregular codes, listed in Table II,
are concerned, the Shannon limit we obtain using our
approximation C−1

1 (1/2) is σShannon1 = 0.977813, in good
accordance with [6]. Using the spline interpolation reported
in the Appendix we obtain σShannon−spline = 0.978696.
In terms of noise power, the Shannon limit is given by
C−1

1 (1/2) = (2σ 2
Shannon1)

−1 = 0.522948 and C−1
spline(1/2) =

(2σ 2
Shannon−spline)

−1 = 0.522005. In the last two rows of
Table II are reported also the SNRgap and SNRgap−spline values
in dB, given by

SNRgap(dl) := (2σ 2
GAnew(dl))

−1

C−1
1 (1/2)

(14)

and

SNRgap−spline(dl) := (2σ 2
GAnew(dl))

−1

C−1
spline(1/2)

(15)

where the σGAnew values are those listed in Table II.

VI. CONCLUSIONS

In this letter, we provided an operative, though simple,
algorithm to determine the decoding thresholds of regular
and irregular LDPC codes over memoryless binary-input
continuous-output AWGN channels with sum-product decod-
ing. This algorithm was derived using the quadratic degeneracy
theory, thus transforming a recurrence relation convergence
problem in a calculus problem we could see as “static”.
This method can be used as a design tool which can be
employed towards finding degree distributions that approach
the Shannon capacity limit. This is a part of our ongoing
research.

In addition, we provided some approximations for the
calculation of the channel capacity, leading to approximate
decoding thresholds distances from the Shannon capacity limit.
The approximations provide reasonable estimates of these
distances, with less complexity with respect to the exact
calculation of the channel capacity.

APPENDIX

APPROXIMATION OF C(γ ) AND C−1(r)

The function C(γ ), defined in (8) by an integral from −∞
to +∞, is approximated in Mathematica(R) by a numeric
integration (NIntegrate) from −200 + √

γ to 200 + √
γ :

c[γ_] := Log[2,E](2γ-(1/Sqrt[Pi])NIntegrate

[Exp[-(y-Sqrt[γ])∧2]Log

[Cosh[2ySqrt[Gamma]]],

{y,-200+Sqrt[γ],200+Sqrt[γ]}])

To implement an approximation of the inverse C−1(r)
we used a spline interpolation C−1

spline(r) based on 66 points
(γi , C(γi )) = (C−1(ri ), ri ) with γi = 0.1, ..., 3.35 with steps
0.05, corresponding to 0.1314 ≤ ri ≤ 0.9806.
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