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Abstract It is extended to twisted spectral triples the fluctuations of the metric as
bounded perturbations of the Dirac operator that arises when a spectral triple is
exported between Morita equivalent algebras, as well as gauge transformations which
are obtained by the action of the unitary endomorphisms of the module implementing
the Morita equivalence. It is firstly shown that the twisted-gauged Dirac operators,
previously introduced to generate an extra scalar field in the spectral description of
the standard model of elementary particles, in fact follow from Morita equivalence
between twisted spectral triples. The law of transformation of the gauge potentials
turns out to be twisted in a natural way. In contrast with the non-twisted case, twisted
fluctuations do not necessarily preserve the self-adjointness of the Dirac operator. For
a self-Morita equivalence, conditions are obtained in order to maintain self-adjointness
that are solved explicitly for the minimal twist of a Riemannian manifold.
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1 Introduction

The gauge bosons of the standard model of elementary particles are described by
(quantum) fields that, from a mathematical view-point, are connections 1-forms for
a bundle over a (four dimensional) spin manifold M, with structure (gauge) group
U(1) x SU(2) x SU(3). Noncommutative geometry provides a framework to put the
Higgs field on the same footing—that is as a connection 1-form—or more precisely
as the component of a connection 1-form in the noncommutative (discrete) part of the
geometry. For this to make sense, one needs a notion of connection extended beyond
the usual manifold case, to the noncommutative setting.

In Connes approach [9], this is done starting with a spectral triple (A, H, D) where
A is an involutive algebra acting by bounded operators on a Hilbert space H, and
the Dirac operator D is a densely defined self-adjoint operator on H with compact
resolvent, such that the commutator!

8(a) :==1[D,a] (1.1

is bounded for any a in A (or in a dense subalgebra). The noncommutative analog
of the module of sections of a vector or tensor bundle is a A-module £ with some
properties. Gauge fields are given by an Q2-valued connection on &, where Q is a A-
bimodule of 1-forms. A natural choice of these, associated with the derivation (1.1),
is the A-bimodule

Qb (A) = {Zj 4D b1, aj.b; € A} (1.2)

L As usual, when there is no risk of confusion, we identify an element a of .4 with its representation 7 (a)
as a bounded operator on H.



The simplest choice for £ is the algebra A itself. A connection is then encoded fully
in a self-adjoint element w in Q})(.A). The later acts on the Hilbert space H, so that
D + o makes sense as an operator on . By taking into account more structure, in
particular the real structure J, one refines the above definition and defines the gauged
Dirac operator as®

Dy,:=D+w+eJw (1.3)

where ¢/ = +1 as dictated by the K O-dimension of the spectral triple. This is an
operator on 7, that has all the properties required to make (A, H, D,,) a spectral
triple. The substitution of D by D,, is a fluctuation of the metric, the latter ‘associated’
with the starting D.

When applied to the spectral triple of the standard model, these fluctuations generate
the gauge fields of the electroweak and strong interactions, together with the Higgs
field [4]. There is, however, a part D’ of the corresponding Dirac operator which does
not fluctuate, that is

[D',a] =0foranya € A. (1.4)

This point was not relevant until the recent discovery of the Higgs boson. The prediction
for its mass coming from noncommutative geometry turned out nof to be in agreement
with the experimental result. As a way out, one turns the component of D’ (which was
taken to be a constant parameter v € C) into a field o € C*°(M). Doing so, one
introduces a new scalar field in the standard model that eliminates some instability in
the Higgs potential, and provides a new parameter allowing one to fit the mass of the
Higgs [3].

The substitution v — o does not follow from an ordinary fluctuation of the met-
ric. Nevertheless, it may be obtained in a similar manner if one relaxes one of the
defining condition of a spectral triple,—the first-order condition. This proposal has
been developed in [5,6], and the phenomenological consequences have been investi-
gated in [7]. An alternative approach, following the “grand symmetry model” of [12],
has allowed in [13] to generate the field o within the framework of twisted spectral
triples [11]: the field o is obtained as a twisted version of a fluctuation of the met-
ric, with a twisted first-order condition. A twisted fluctuation of the metric comes
from substituting in the forms (1.2) the commutator [ D, a] with a twisted commutator
[D, al, := Da — p(a)D, using an automorphism p of A, resulting into a bimodule

QL (A, p) = {Z,- 4D, bjly. aj.b; € A} (1.5)
The twisted-gauged Dirac operator is then defined as
Dy, :==D+w,+€Jw,J! (1.6)

where w, € Q},(A, p) is a twisted 1-form such that the resulting operator (1.6) is
self-adjoint.

2 Usually, one denotes by A a self-adjoint element of Q]D (A) considered as a gauge connection. Here, we
use o instead, in order to avoid a profusion of symbols “A” .



Twisted spectral triples and twisted 1-forms were introduced in [11] to deal with
type III factors. In [ 14] we extended the construction to encompass the real structure J,
and showed that many properties of metric fluctuations still make sense in the twisted
case. In particular:

e Given a twisted spectral triple (A, H, D; p) and a twisted-gauged Dirac operator
Dy,, the data (A, H, D,, » p) is a real twisted spectral triple with the same real
structure and K O-dimension;

e Twisted fluctuations form a monoid:3 the twisted fluctuation D,, ) +a); +€'J a);, J!

of Dy, is the twisted fluctuation D + w), + e’JwZJ_l of D with w) = v, + w),.

However, important aspects and consequences of fluctuating the metric are yet to be
understood for the twisted case. In particular:

e Usual fluctuations appear as a particular case of a general construction of exporting
a spectral triple (A, H, D) to a Morita equivalent algebra B. The operator (1.3)
is obtained as the covariant derivative on the bundle £ that implements a Morita
equivalence of A with itself. The twisted fluctuations in (1.6) mimic the expres-
sion for the non-twisted case, but their possible interpretation in terms of Morita
equivalence has not been addressed.

e Is there an interpretation of the bimodule QID(A, p) as a module of connection
1-forms?

e What is a gauge transformation in the twisted context?

In this paper, we show that Morita equivalence is directly implemented for twisted
spectral triples. The twisted-gauged Dirac operator Dy, is—up to an endomorphism—
a covariant operator associated with a connection on the algebra 4 thought of as an
A-bimodule. This result is obtained in Sect. 3 by viewing A first as a right .4-module
(Corollary 3.6), then as a left .A-module (Corollary 3.11), and finally as a bimodule,
taking into account the real structure (Proposition 3.13). In Sect. 4 we deal with gauge
transformations. These are implemented as in the non-twisted case by the action of
some unitary endomorphism u, the only difference being that the law of transformation
of gauge potential has to be twisted (Proposition 4.3). We also show in Proposition 4.5
that the twisted-gauged Dirac operator is obtained by the twisted adjoint action of the
operator Ad(u). This raises the question of the self-adjointness of the gauged-twisted
Dirac operator, which is investigated in Sect. 5. We work out in Proposition 5.2 some
conditions on the unitary u guaranteeing that this self-adjointness is preserved. These
conditions are solved for the case of minimal twist of a manifold (Proposition 5.4).
Interestingly, we obtain other solutions than the obvious ones (that is the unitaries
u invariant under the twist). Before that, we begin in Sect. 2 with some recalling of
twisted spectral triples.

In [2], there is a modified definition of a real spectral triple, in which only the reality
structure is generalized while remaining in the framework of usual spectral triples
(that is no twisted commutators between the Dirac operator and algebra elements). It
is shown there that this allows for fluctuations of Dirac operators, which do not change
the bimodule of one forms.

3 There is a misprint in the statement of this property in [14, Prop. 2.7]: D, in (2.30) there should be D.



2 Twisted real spectral triples

This section collects well-known material on and properties of real twisted spectral
triples.

A twisted spectral triple is the datum (A, H, D) of an involutive algebra 4 acting
via a representation 7 on a Hilbert space H, with D an operator on H having com-
pact resolvent (or with a similar condition when A is not unital), together with an
automorphism p of A, such that the twisted commutator

[D.al, := Da — p(a)D 2.1)

is bounded for any a in A. It is graded if there is a grading I" of H, that is an operator
such that I = I'*, I'? = 1, that commutes with .A and anticommutes with D.
The real structure is an antilinear operator J such that

J?=¢l, JD=¢DJ, JT =€'TJ (2.2)

where the sign ¢, €/, ¢” € {1, —1} define the so-called K O-dimension of the spectral
triple. The operator J allows one to define a bijection between .4 and the opposite
algebra A°,

a®:=Ja*J !, (2.3)

which is used to implement a right .4-module structure on H
Ya:=a°y Yy eH, aecA 2.4)

This right action of A is asked to commute with the left action (the order-zero condi-
tion),
la, Jb*J 11 =0 Va, be A, (2.5)

thus turning H into a .A-bimodule. In addition, one requires a twisted first-order con-
dition [14]:
([D,aly, Jb*J 'y =0 Va, be A (2.6)

where p° is the image of p under the isomorphism between Aut(A) and Aut(A°)
given by
pr>p° with p°@®) = (p~(@)°. 2.7)

This choice of isomorphism is dictated by the requirement made in [11] that the
twisting automorphism, rather than being a x-automorphism, it satisfies the condition:

pa®) = (p~ (@)*. (2.8)

Equation (2.7) thus guarantees that “the automorphism commutes with the real struc-
ture”, since one has:

p°(IB* TN = p°(b°) = (p~ ' B))° = J(p ) T = Jp*) T (2.9)



Definition 2.1 A twisted spectral triple (A, H, D; p) together with a grading I', a real
structure J satisfying (2.2) as well as the order-zero condition (2.5), and the twisted
first-order condition (2.6) is called a real twisted spectral triple.

For p the identity automorphism, one gets back the usual notion of a real spectral
triple.
The set of twisted 1-forms is the .A-bimodule QID(.A, p) defined in (1.5) with
product
a-wy-b=pl@wyb VYa, be A, w,cQ(Ap). (2.10)

The left action of A is twisted by p to guarantee the twisted commutator
8p(+)==1[D, -1p (2.11)
be a derivation of A in Q})(.A, p), that is (cf. [11])
8,(ab) = p(a) - 8,(b) +6,(a) - b. (2.12)

Thus, €2 lD(.A, p) is the A-bimodule generated by §,; and it acts as bounded operator
on H, since so do both A and [D, A],. It is worth stressing a difference between the
right and left action of A on 1-forms when acting on H. By the very definition in
(2.10), one has

(wp - )Y = wpay = wp(ayr), (2.13)

while

(a-wp)¥ = pl@wpy # a(wp¥). (2.14)

3 Twisted fluctuation by Morita equivalence

In the non-twisted case, the fluctuations of the metric arise as a way to export a spectral
triple (A, H, D) to an algebra B which is Morita equivalent to .4, in a way compatible
with the real structure. An important role is played by a connection on a module that
is moved to the Hilbert space (Sect. 3.1) thus resulting into a gauged Dirac operator
(Sect. 3.2). This construction is extended to the twisted situation in Sects. 3.3-3.6. The
main result is Proposition 3.13, which shows that the twisted-gauged Dirac operator
(1.6) is obtained by Morita equivalence, in a way similar to the one for the usual
gauged Dirac operator (1.3).

3.1 Moving connections to Hilbert spaces

We recall how an Q-valued connection on a right (or left) .A-module £ yields a map
Von £ ®@c H (or H ®c &), when both the A-bimodule Q2 and the algebra A act on
‘H. This map does not pass to the tensor product £ @ 4 H (or H ® 4 £). We get in
Propositions 3.1 and 3.2 compatibility conditions between the actions of .4 and



which guarantees that this lack of A-linearity of V is captured by the derivation § that
generates 2.
A derivation of an algebra A with value in a A-bimodule Q isamapd : A — Q
such that
d(ab)y =6(a)-b+a-5(b) 3.

where - denotes the right and left .A-module structures of 2. An Q2-valued connection
on aright A-module £isamap V : £ - £ ® 4 Q satisfying the Leibniz rule

Vina) — V() -a=nQ®da) Yne&, acA, (3.2)

where the right action of A on £ ® 4 2 comes from the right module structure of Q:
MRw)-a=nmR(w-a) Vnek&, we. (3.3)

When both A and 2 acts (on the left) on a Hilbert space H, we use the connection

V to define an operator (still denoted V) from £ ®c H to itself. To this end, it is useful
to use a Sweedler-like notation: for any n € £ we write

V) =n0)®@nay noy €€, na € L 3.4
where a summation is understood. By the action of €2 on H, there is a natural map
ERQCRLXH—>EQCH, MQw)Y =nQ (wy), 3.5)
that induces a map
V:EQcH — EQcH (3.6)
defined by
Vi@ y) = (no @nw) ¥ =no @ ) Vneé, ¢ eH. 3.7
Somewhat abusing notation, this is often denoted as V(n)y.
This map cannot be extended to the tensor product £ ® 4 H over A because there is

no reason that V(na)y — V(n)ay vanishes. However, this incompatibility is captured
by the derivation 8, providing the actions of €2 and .A on H are compatible.

Proposition 3.1 [f the (left) actions of 2 and A on 'H are such that
(w-a)y =way), (3.8)
then the map V in (3.7) satisfies the Leibniz rule

Vna)y —V(may =n@d8a)y Vnel&, ac A, v €H. 3.9



Proof In Sweedler notations, the Leibniz rule (3.2) reads

ma)y ® ma)ay —noy ® Ny -a) =n Q d(a). (3.10)

Hence, using condition (3.8) in the second equality

V(na)y — V(may = (na)) ® ma)y¥ — noy @ nay(ay)
= (ma)o) ® Ma)my —no) ® (M) - )Y
= ((na) ) ® ma)ay — no ® () - a)) ¥
=m®da)y.

Equation (3.9) follows by (3.5). O
Similarly, an Q2-valued connection on a left A-module £isamapV : £ - Q@4 E

such that
V@an)—a-V(n) =8(a)®n Yae A, neé, (3.11)

with left multiplication by A on Q2 ® 4 £ coming from the left module structure of €2,
a-(w®n) =@ w)®n Vnek, we Q. (3.12)

For any n € £, we shall now write with Sweedler-like notation
V) =ne-n®no) no) €E, N1 € Q. (3.13)
When A acts (on the right) and 2 acts (on the left) on a Hilbert space H, the connection
on the left module defines a map similar to the one in (3.6) with minimal changes. The

map
HXxQLRcE—> H®cE, W) (w®n) = (wy) n, (3.14)

inducesnowamap V: HQc & > HQc &€

Vi ®n) = )me-n ®no) =0=ny) ®no  Ynel&, yeH. (3.15)

We denote this map as ¥ V(). Again, the obstruction to extend (3.15) to H ® 4 £ is
captured by the derivation &, if the actions of € and .4 are compatible.

Proposition 3.2 If the left action of Q2 and the right action of A on 'H are such that
(a- o)y =wYa), (3.16)
then the map V in (3.15) satisfies the Leibniz rule

Yy V(an) = yaV(n) = 8@y @ 1. (3.17)



Proof In Sweedler notations, the left Leibniz rule (3.11) becomes

(an)-1 ® (an)y — (a - n-1)) @ ney =) 1. (3.18)

Using condition (3.16) in the second equality:

Y Vian) —yaV(n) = (an)—ny & (an)o) — n-na)  no)
= (am-ny ® (an) oy — (@ - n-n)y¥ & no)
= W) ((an) (-1 ® (an)) — (@ - n-1)) ® n©)
= (¥)(8(a) @ 7).

Equation (3.17) follows by (3.14). O

3.2 The non-twisted case

For completeness, the details of the construction are reported in Sect. 1, while here we
recall the important steps. Following [8], a fluctuation from D to the gauged operator
D, given in (1.3) with w € QID(A), is seen as a two-step process: starting with a
real spectral triple (A, H, D), J one first implements a self-Morita equivalence of .A
using as module the algebra itself, viewed as a right A-module £g = A. This yields
a new spectral triple (A, H, D + w) with o € QlD(A). However, this is not a real
spectral triple. To correct this lacking, one repeats the operation using still the algebra
as a module, but this time as a left A-module £, = A. The iteration yields the real
spectral triple (A, H, D, = D 4+ o + JoJ 7).

Recall that at a first level, the algebra 3 is Morita equivalent to the unital algebra
A if it is isomorphic to the algebra of A-linear (adjointable) endomorphisms of a
finite projective (right say) .A-module &g, that is B >~ End 4(Er). Assuming &g is a
hermitian module, that is it carries an A-hermitian structure, one use this structure to
make the tensor product

Hr=ER®@AH

into a Hilbert space (with Hilbert product recalled in (A.2)), on which the algebra B
acts on the left in a natural manner. The “simplest” action of D on Hg, that is

Drn®@y):=n®@DYy Vnelr, v e€H (3.19)
is not compatible with the tensor product of A4; it needs be corrected by a connection
V with value in Q })(.A). The resulting covariant derivative, Dg := Dg + V, is well

defined on H g. With the notation (3.4) for the connection, this operator can be written
as

Dr(®v¥)=nQ DY +no) @ mny¥) VYnel, v eH. (3.20)



When V is self-adjoint, the datum (B, Hg, Dg) is a spectral triple [1]. It could be said
to be ‘Morita equivalent’ to the starting (A, H, D). However, when (A, H, D) is a
real spectral triple, its real structure J is not a real structure for (B, Hg, Dg). To cure
that, one uses the right action (2.4) of A on H to fluctuate a second time, using a left
module £ endowed with an .4-hermitian structure. One considers the Hilbert space

Hr =H®sEL
on which the simple operator,
DY ®n) =Dy ®n, (3.21)

is now made compatible with the tensor product thanks to a (left) connection V°. The
resulting covariant operator Dy + V° is well defined on H 1, with an expression similar
to that in (3.20).

Combining the two constructions, one obtains an operator D' = D +V + V°on a
Hilbert space Hrr = Er ® 4 H ® 4 €. The real structure requires that V. = V°.

For a self-Morita equivalence of A, that is B >~ A, one gets that D’ is the gauged
operator D, defined in (1.3), for a self-adjoint element w in Q}) (A). Thus, the spectral
triple (A, H, D,,) obtained by fluctuation of the metric is self-Morita equivalent to the
starting one (A, H, D).

3.3 Lifting automorphisms

To adapt the construction above to the twisted case, one needs some action of D on
‘Hr and Hy whose non-compatibility with the tensor product can be corrected by
derivations with value in b(.A, 0). Such operators are obtained in Propositions 3.5
and 3.9 below, by twisting the operators D and Dy, of (3.19) and (3.21) with a lift
of the automorphism p to the module.

Assumption 3.3 With a right A-module &£ (resp. a left .A-module £), the automor-
phism p can be lifted to £ in the sense that there is an invertible linear map p : £ — &
such that,

p(na) =np(a) resp. plan) =pla)n ¥Vneé&, acA (3.22)

Example 3.4 With a right A-module g = pAY for a projection p = (pjx) €
Maty (A), which is invariant for p, that is p(px) = pj«, one defines the action of
p € Aut(A) on & by

P (1) mn
o :=p : for n=p| | €& njecA (3.23)
p(N) N

10



Similarly, the action of p on a left A-module &, = A" p with an invariant projection
is given by

o = (em),....,oan) p for n=@n,....nxn)p €&, njeA (3.24)

In particular, for the trivial module g = £ ~ A (that is p = 1) which is the case
relevant for the self-Morita equivalence, then p is simply the automorphism p.

3.4 Morita equivalence by right module

We first investigate the implementation of Morita equivalence for a twisted spectral
triple (A, H, D; p) using a hermitian finite projective right .A-module g (definitions
are in Sect. 1).

Consider the Hilbert space Hg = Egr @4 H. As “natural action” of D on Hg, one
considers the composition of Dg in (3.19) with the endomorphism p of Assumption
3.3, that is,

(P@D) o DRY®Y) =p() @ DY Vnelr, V¥ eH. (3.25)

This is not compatible with the tensor product over A since

(P ®1)oDr)Y(na®@v¥) — (P ®@1) o Dr)(n ® ayr)
= p(na) ® DY — p(n) ® Dayr
=p(mp(a) ® DY — p(n) ® Dayr
=p(n) ® pla)DY — p(n) ® Dayr
=—p(n) ®[D,al,¥ (3.26)

has no reason to vanish. The r.h.s. of (3.26) is—up to a twist—the action on Hg of
the derivation (2.11). So to turn (3.25) into a well-defined operator on H g, one should
proceed as in the non-twisted case and add the action of a connection.

Proposition 3.5 Let V be an Qb (A, p)-valued connection on Eg. Then, the operator
Dr:=(F®1)o(Dr+V) (3.27)

is well defined on Hg, with V the map on Eg @ H induced by the connection, as in
(3.7).

Proof The module law (2.10) guarantees that (w, - @)y = w,(ayr), so that by Propo-
sition 3.1 the map V satisfies the Leibniz rule

Va)y —Vmay =Vna®y) =V ®@ay) =n®8,(a)y. (3.28)

Therefore,

(0@ oVIa®y) — (P ®1L) o VY(n®ay) = pn) ®p(@)y.  (3.29)

11



Putting this together with (3.26), one obtains
Dr(na®y) — Dr(n®ay) =0, Yaec A, nefg ¥ eH. (3.30)

Hence the result. O

The explicit form of D R, with the Sweedler-like notation of (3.7), is

Dr(®¥) :=p(m) ® DY + p(nwy) ® yw), Vnelg, ¥ eH. (331

For the case of a self-Morita equivalence, thatis 5 = Eg = A, this operator reduces
to a bounded perturbation of D by elements in QID(A, 0).

Corollary 3.6 In case Eg is the algebra A itself then Dg = D + wp, with w, €
Q5 (A, p).

Proof Clearly now p = p. Withd,(-) := [D, -1,, as for the non-twisted case recalled
in Sect. 1, any connection V on g = A decomposes as

_ Vo(a) =1 ® §,(a) is the Grassmann connection,
V=Vo+we, where {wp(a) =1Q®wpa withw, € QL(A, p).

(3.32)
Hence

Dra®y):=(p®1) (a® DY +1®8,()¥ + 1 wpay), (3.33)
=p@ DY +1Q6()Y +1Q® wpay
=1Q® (D + wpay.

Identifyinga ® ¢ =1 ® ay withay and 1 ® (D + wp)ay with (D + wp)ay, one
gets that D actson H >~ A®4 H as D + w,,. O

The operator D + w, has a compact resolvent, being a bounded perturbation of an
operator with compact resolvent; and [D + w,, al, = [D, al, + [w, al, is bounded
for any a € A, since w), is bounded. Furthermore, any grading I" of (A, H, D) will
anticommute with w,, hence with D + w,,. Thus, as soon as w, is self-adjoint, one
gets a twisted spectral triple

(A, H, D+ wy; p). (3.34)

However, and as it happens for the non-twisted case, a priori a real structure J of
(A, H, D; p) needs not be a real structure for (3.34). Indeed, J (D + w,) = €'(D +
wp)J ifandonly if w, = Jw,J ~! which has no reason to be true due to the following
lemma.

Lemma 3.7 Let (A, H, D; p) together with J be a real twisted spectral triple. With

w, = Zj a;[D,bjl, € QLA p), (3.35)

12



one has
o I o o
Jw,J7 =€ E j(a;‘) [D, (b;‘-) 1pe. (3.36)

Proof Without loss of generality, we may take w, = a[D, b],. Then

Jw,J ™V = JalD,bl,J ™" = JaJ 7 IID,b,J 7" = (a*)°J[D, b],J !
= (a")°(JDbJ™ ' — Jp(b)DJ ™)
=€ (@) (DIbI™ = Jp(b)J "' D)
=€ (@) (DIbI ™ = p°(JbJ~HD
= €'(a®)°[D, (b™)°1pe, (3.37)

where we used (2.9) in the fourth line. O

To implement the self-Morita equivalence of A in a way which is compatible with
the real structure, one proceeds as in the non-twisted case, and fluctuates the triple
(3.34) using also a left-module structure thus considering altogether an .A-bimodule
E.

3.5 Morita equivalence by left module

Let (A, H, D; p), J be areal twisted spectral triple. Given a left A-module £y, the right
A-module structure (2.4) of H allows one to define the Hilbert space H; = H®4 &L
with Hilbert product recalled in (A.17). As an action of D on H, we consider the twist
of the action (3.21) by the endomorphism 5!, following Assumption 3.3:

A7 NoDL:HL = Hi, v®n— DYy (). (3.38)

As before, this is not compatible with the tensor product since

(1® 7 HoDr) (W @an) — (1 ® 5" o Dr(Ya®n)
=DyY®p '(an) — DWa)® 5" ()
= (DY)p (@) ® 5~ (n) — Da®y @5 (n)
(p @)Dy ® () — Da°y ® p~ ' (n)
—([D.a%1po¥) ® 5~ (). (3.39)

where in the last line we used (2.7). Again, equation (3.39) has no reason to vanish.
In order to correct it via a connection, one needs to check that [D, a®],- is actually a
derivation.

Lemma 3.8 The twisted commutator

§,(a) :==[D, a’]pe (3.40)



is a derivation of A in the A-bimodule
QL (A°, p°) 1= [Zj @D, b3e, a5, b5 € A, (3.41)
with product law
a-wp-bi=p°(b°)wya® Va,be A, o€ Q})(AO, p). (3.42)
Proof By explicit computation of the twisted commutator, one has

82(ab) = [D, b°a],e = p°(b°)[D, a°lpe + [D, bl pea® = 65(a) - b +a - 83(b).
(3.43)

To check that (3.41) is a A-bimodule, first notice that by construction it is stable under
the left multiplication by .A°, hence under the right multiplication by A defined by
(3.42). In addition,

o°® - (ab) = p°((ab)®) ®° = p°(b°)p°(a®)w® = (@° - a) - b, (3.44)

showing that © b (A°, p°) is a right A-module. Stability for the left multiplication by
A follows from (3.43):

a-[D,b%)pe =[D,b%]pea® = [D, (ab)°lpe — [D,al, - b. (3.45)
The left .A-module structure is obtained checking that
(ab) - w° = w°(ab)° = w°b°a® = (b-w°)a° =a- (b ). (3.46)
Finally, the bimodule structure follows from
(a-0°)-b= (a);’,ao) b= p°(b°) w,a® = (a); b)a® =a - (wj - b). (3.47)
This finishes the proof. O

Therefore, the r.h.s. of (3.39) is—up to a twist—the action on H of the derivation
8,. And once again, in order to define a linear operator on H, using D, one needs to

correct the action (3.38) with a connection, this time with value in Q},(.A", 0°).

Proposition 3.9 Let V° be an Q2 }) (A°, p°)-valued connection on the module Ey . Then
the following operator is well defined on Hyp,

DL:=(1®5 Yo (DL +V°), (3.48)

where V° denotes the map induced on H Q@c &1, by the connection, as in (3.15).
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Proof By (3.42), the actions of Qb(A", p) and A on H; are compatible as in (3.16),
that is,

(a-w)Y =0 ay = v, (Ya). (3.49)
Hence by Proposition 3.2 the connection V° satisfies the Leibniz rule
VoW ®@an) — Ve (Ya®n) =38, (a)y ®n. (3.50)

Therefore

((]1 @75 Do vo) W ®an) — ((11 ®p Do 6) Wa®n) =8y p " ().
(3.5D)
Together with (3.39) this yields 5R W ®an) — 5R (Yra ® n) = 0, hence the result. O

With the Sweedler-like notations of (3.15), the explicit form of 5L is

DLy ®n) =Dy @5 ')+ (-ny¥) ® 5~ (noy)- (3.52)
To get the more friendly 5L for a self-Morita equivalence, one needs a relation

between Q1 (A, p) and 2} (A°, p°) similar to the one between Q1 (A) and Q1 (A°)
given in Lemma A.3.

Lemma 3.10 Any wp = Zj a;?[D, b‘j’.]po in Q})(.Ac’, p°) acts on H as

0 =€ Jo,J™! (3.53)

forw, = Zj a;‘[D, b;‘f]p € Q})(A, 0).

Proof Without loss of generality, we may take wy = a°[D, b°],-. Using equation
(2.9) one gets

a°[D, b°)pe = a®Db° — a®p°(b°)D = Ja*J ' DIb* I~ — Ja* T Ip(b*)J 7D,
= (Ja*Db*J—1 - Ja*,o(b*)DJ_1> = Jw,J ! (3.54)
where w, := a*[D, b*], € QID(A). O

In case of a self-Morita equivalence B = £ = A, then Dy is just a bounded per-
turbation of D by Q})(.AO, p), similarly to the right module case of Corollary 3.6.

Corollary 3.11 In case &y, is the algebra itself, then

Dp =D+ € Jw,J ™" with o, € Q5 (A, p). (3.55)

15



Proof Any Q 1D(.A°, p)-valued connection V° on & = A decomposes as

Vola) = 8; (a) ® 1 is the Grassmann connection,
w,(a) = (wpa®) ® 1 where wj € Q})(A", 0).
(3.56)

Ve =V§+ o, where {

Hence

DLy ®a)=Dy ®p '(a)+ 8@y @1+ wa’y @1,
= (DY)p (@) ® 1+ (Da® — p°@°)D)y ® 1 + wa’y ® 1,
= (0 "@)°DY @ 1+ (Da® — p°(@)D)Y @ 1 + w3a’y ® 1
=Da’y @1+ wya®y @1, (3.57)

where in the last line we used (2.7). By identifying H ® 4 A >~ H, thatis y @ a =
a®y ® 1 with ¢ and similarly for (Da®y) ® 1 and (wja°y) ® 1, one gets that 5L
is the operator D + a);’). The results follows from Lemma 3.10, which states that w;’)
acts as €' Jw, J ! for some w, € QL (A, p). mi

For reasons similar to those of the right module case, and explained below Corollary
3.6, for a self-adjoint w, one has that the triple (A, H, D + e’prJ’l) is a (graded)
twisted spectral triple failing to admit J as a real structure, thus the need of a bimodule.

Remark 3.12 In (3.38), we have used p~! rather than p, so that the failure of linearity
is captured by &,. Twisting by p, one would arrive at 8;,1. Alternatively one may

require that p is a x-automorphism: equation (2.8) then implies p~! = p.

3.6 Bimodule and the real structure

To make the real structure compatible with Morita equivalence of twisted spectral
triples, one combines the two constructions above in a way similar to the non-twisted
case. Firstly, fluctuate the real twisted spectral triple (A, H, D; p), J using the right
module g = A, then fluctuate the resulting triple (3.34) via the left module £, = A.
This yields the triple (A, H, D’) where

D'=D+aw)+eJof]™ (3.58)

with wff and wé two elements of QID(.A, p) that are a priori distinct.

Proposition 3.13 It holds that D'J = €' D'J if and only if there exists an element w,,
in Qb (A, p) such that

D'=D+w,+eJw,J L. (3.59)

Proof From (3.58), one finds that J D’ = ¢’ D’J if and only if

(@ —wh) = J(@f — b~ =0. (3.60)
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Adding half of this expression to the r.h.s. of (3.58), one gets
D' =D+ 3k + ob) + €T30l + b (3.61)

: 1
Hence the result with w, := E(a)/If + wé). O

Proposition 3.13 shows that Morita equivalence together with the real structure
yields the twisted fluctuation (1.6). This answers the first question raised in the intro-
duction, and puts the twisted-gauged Dirac operator D’ = D,, , on the same footing
as the covariant operator D,,, namely as a covariant derivative associated with a con-
nection. The only difference is that, in the twisted case, the action Dg 1, of the Dirac
operator on H g, 7, and the action of the QID (A, p)-valued connection have to be twisted
by 1 ®7)and (1 ® 5.

Remark 3.14 1t is worth stressing that fluctuations by Morita equivalence translate to
the twisted case because the conditions (3.8) and (3.16), that allow one to pass the
Leibniz rule from the connection, as a map on &, to the connection as amap on Eg ® H
or H ® &1, are still valid in the twisted case, that is it holds that

(wp - )Y = wpay = wp(ay), Yla- o)) =w)ay = (Ya)o). (3.62)

Remark 3.15 By choosing the Grassmann connection, that is @ = 0 in Corollaries 3.6
and 3.11, one gets 5L = 5R = D, so that D' = D in (3.58). In other terms—and as
in the non-twisted case (see Remark A.6)—implementing the self-Morita equivalence
of A in a twisted spectral triple with the Grassmann connection yields no fluctuation
Dy, = D.

4 Twisted gauge transformation

A gauge transformation on a module £ is the action of a unitary endomorphism u of
£ on a Q-valued connection V on the module (see Sect. A.2 for details),

V= V' :=uVu* ucl). 4.1)

Given a spectral triple (A, H, D), with £ = A and Q = Q1 (A), a gauge transfor-
mation by # = u* a unitary element of .4, amounts to substituting the gauged Dirac
operator D + w + J w J~! with D + o* + J 0" J~! where

" =u[D,u*l+uwu®. 4.2)

(see (A.52)). This transformation maps a self-adjoint w € QE(A) to a self-adjoint
ot € QID(A), and gives the usual transformation rule of the gauge potential when
applied to almost commutative geometry (that is the product of a manifold by a finite
dimensional spectral triple).

It is clear that (4.2) cannot be valid in the twisted case, when one considers a con-
nection with value in the bimodule of twisted 1-forms. Indeed, given w, € Q}) (A, p),
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there is no reason for u[D, u*] 4+ u w, u* to be in QlD(.A, 0), because [D, u*] has no
reason to be in 2 })(A, p) (let alone to be a bounded operator). We show in Sect. 4.1
that a gauge transformation (4.1) in fact substitutes w,, in the twisted-gauged Dirac
operator D,,, = D + @, + €' Jw,J ! with

wp = pu)[D, u*l, + p(wwyu’. 4.3)
Furthermore, we show in Sect. 4.2 that a gauge transformation is equivalent to the

twisted conjugate action on the Dirac operator of the adjoint representation (A.55) of
the unitaries of A, that is,

Dy = p(U)D,,U* for U =Adw), ueU(A). (4.4)

4.1 Transformation of the gauge potential

In all this section, (A, H, D; p), J is a real twisted spectral triple, £ a hermitian
A-module and U (€) its group of unitary endomorphisms.

Lemma 4.1 Let V be a QE(A, p)-valued connection on E. Then, for any u € U(E),
one has

(P®1) V" =(p ou)Vu* fora right module, 4.5)
(1 ®p)V* =(pou)Vu* fora left module, (4.6)

with V" the gauge transformation (4.1) and p the endomorphism of € in the Assump-
tion 3.3. In particular, taking for € the algebra itself, one gets

(P @L)V"(a) = pu) @ 8,(u*a) + p(u) @ wou*a for & = Egr = A as right module,
(I ® p)V*(a) = 8, (au) ® pu*) + wp(au)® ® ou™) for & = &L = A as left module,

where now u is a unitary element of A, while w, € QID(A, p) and w; € QID(AO, 0°)

are the 1-forms associated with V as defined in Corollaries 3.6 and 3.11.

Proof Assume € is aright A-module. Forany n € £ andu € U(E), write V(u*(n)) =
’7’(40) ® 77(”1) with 772‘0) e £ and ’7’(41) € QE(A, p) (with an implicit sum). By (A.40), one
gets on the one hand

(P& H@Vu) ) = Fe D (utrfy) @) ) = i) @ nfy),  @7)
while on the other hand
((50 M)VM*) () = (,30 u)(’??o) ® 77?1)) = (50 ”(U?o))) ® 77?1) = 5(“(77?0))) ® 711(11)- (48)

Hence (4.5). The proof is similar for a left .A-module.
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For the second part of the lemma, for any a € £g >~ A with V = Vy + w,,, by
(A.47) and (3.32) one writes the r.h.s. of (4.5) as

((p ow)Vu*) (@) = ((p o w)V) (u*a) = (p ou) (Vo(u*a) + w,(u*a)) .,
=(pou)(1®38,(u*a)+1Qwyu*a)
=pW) @8,(u*a)+ pu) @ wyu*a. (4.9)

Similarly, fora € £, ~ A with V = V4w, by (A.47) and (3.56), the r.h.s. of (4.6)
reads

((pow)Vu*) (@) = ((pou)V) (au) = (p ou) (Vg (au) + w;’)(au)) ;
=(po u)(SZ(au) Q1+ w;’)(au)c’ ®1)
=8y (au) ® p(u™) + wp(au)® ® ou*). (4.10)

Hence the result. O

A gauge transformation (4.1) amounts to substituting (PR1)oV with (P ®1)oV¥#in
the definition (3.27) of D, and (1® p~") o V° with (1 ® 5~!) o V° in the definition
(3.48) of Dy . For the cases £ = A, one obtains the following explicit formulas.

Proposition 4.2 For a gauge transformation with a unitary u € A, the operators
Dr = D + wp and D, = D + wj of Corollaries 3.6 and 3.11 are mapped to

573 =D+ a)/”) and 52 =D+ a);’)” where the transformed twisted 1-forms are given
by

wp = p@)D, u*, + p(u) w, u* 4.11)
a);” = p°(W*)[D, u]pe + p° ™) wpu’. (4.12)

Proof By Lemma 4.1, substituting V with V¥ in (3.33) yields the operator

Di(a ® ) = p(a) ® DY + p() ® 8,(u*a)y + p(u) ® wpu*ay,
=1® (p(@D + pW)D, u*aly) ¥ + 1 Q p(wwou*ay,
=1Q (D +pw)D,u*],)ay + 1 & pwwyu*ay, (4.13)
where in the last line we used

p(@)D + puw)[D,u*al, = p(u)Du*a = (D + pu)[D, u*],)a. (4.14)

Identifying ¢ ® ¥ = 1 ® ay with ayy in A @ 4 H >~ 'H, Eq. (4.13) shows that 5%
acts on H as D + w); with w)) as in (4.11).
Similarly, substituting V° with V° in (3.57) yields the operator

Dy ®a
= DY ®p~ (@) + 5@y ® p~ ' ) + wp(aw)°y ® p~' ),
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= (07" @D+ (07 WD, @) ) Y @ 1+ (07 @) )y @ 1,
= (p°@)D + p° WD, (au)°Ipe) ¥ ® 1 + p°(U**)wj (aw)’y @ 1,

= <D + p°wHID, u°]po) a’y @1+ p°(W*)wyu’ay @1, (4.15)
where we used (2.7) and, in the last line,
p°@*)D + p°(W*)[D, (au)1pe = p°W*)D(au)® = (D + p°W*)[D,u’]pe)a®.  (4.16)

Identifying ¥ ® a = a°¢ ® 1 with a°y in H ® 4 A >~ H Eq. (4.15) shows that 52
actson H as D + a);”, with a);’)” as defined in (4.12). O

Proposition 4.3 In a twisted spectral triple (A, H, D; p), the law of transformation
of the gauge potential is w, — o, with w,, given in (4.3).

Proof By Lemma 3.10, we substitute w$ in (4.12) with e’]w/L)J_l, with a)é €
Q })(A, p). Explicitly, using (2.7) and (2.8) to write

p°u*) = (o~ W*)° = (p)*)° = Jpu)J ", (4.17)
one obtains
(,()/O)u — pO(u*O)[D’ I/lo]po +,OO(M*O)(1);MO
= Jp)J'[D, ulpe + Jpu)J " wu°
—cJ (,o(u)[D, w1y + p () u*) =T @by g (4.18)

where in the third line we used again (4.17) to write

[D, u°lpe = Du® — p°(u°)D = DJu*J =" — Jp*)J™'D = € J[D, u*],J 7" (4.19)

Therefore, with the notation of Proposition 3.13, one has that @, = %(a)ff + a)’L)) is

mapped under a gauge transformation to

(@D + (@h)") = p)ID, u*], + 50 W)(@k + wh)u*,
= p)[D, u*], + p(uwyu*, (4.20)

that is “)Z as defined in (4.3). O

The transformation of the gauge potential of a twisted spectral triple is thus the usual
gauge transformation (A.52), in which the left action of # and the commutator have
been twisted by the automorphism. This suggests that a twisted fluctuation may also
be obtained by twisting the left action of Ad(«) in (A.56).
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4.2 Twisted action of unitaries

Let Ad(u) = uJuJ " denote the adjoint action on H of a unitary u € A as recalled
in (A.55):
Adw)y = uyu* =uJu171¢ Yy € H. 4.21)

We show in Proposition 4.5 that a twisted conjugation by Ad(u) of a twisted-gauged
Dirac operator D, yields the gauge transformation of Proposition 4.3. Preliminarily,
we begin by proving a twisted version of (A.56).

Lemma 4.4 Let (A, H, D; p) be a real twisted spectral triple; for any u € U(A)
define
p(Ad()) := Ad(p(u)) = p(u)Jp(u)J . (4.22)

Then, it holds that
p(Adw) DAdw) ™" = D + p()[D, u*1, +€'J pw)[D,u*], J~'.  (4.23)

Proof Letv := JuJ~! € A°. By (4.17) one has p°(v) = p°u*®) = Jpu)J ", so
that
Ad(u) =uv=vu, p(Adw)) = p)p°(v) = p°(v)p(u) (4.24)

by the order O condition. Using the twisted first-order condition (2.6) one computes:

p(Ad(w) D Adw) ™" = p°() (o) Du~")v™" = p°()(D + p)[D, u~"1)v™"!
= p°()Dv~" + p°W)pW)D, u" 0"
=D+ p°(W)[D, v 1o + p@)[D,u""],. (4.25)

By (2.2), one has

p° @)D, v e = p°()Dv = D =€ JpwyDu"'J! = D,
-1 -1
—cJ (D+p(u)[D,u ]p)J - D,

= ()?D+Jepw)D,u "1, =D =€Tow)D,u"",J7".
(4.26)

Plugged into (4.25), one gets (4.23). O

Proposition 4.5 Let (A, H, D; p), J be a real twisted spectral triple and consider a
twisted-gauged Dirac operator Dy, = D + w, + e’Ja)pJ_1 as in (3.45). Then, for
any u € U(A), one has

p(Ad()) Dy, Ad)™' =D + ol + € Joli J7! 4.27)

with transformed wj, given in (4.3).
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Proof For w, = a[D,b], (without loss of generality), one needs to compute
p(Ad(u)) w, Ad(u)~! and p(Ad(u)) Jw,J ' Ad(u)~!. By the twisted first-order
condition, one gets

P(AdW) @, Ad@) ™" = p() (p°@alD, bl,v™") u™!,
= p(u) (alD, bly)u~" = pwwou". (4.28)
In order to compute p (Ad(u)) Ja)pJ_1 Ad(u)~', one uses on the one hand,

o) Jo,J 'umt = p(u) JalD, bl,J ' uT =T (I p)J)alD, b, T,

= Ja[D,bl, J'ud)J 7w = Ja[D, b1,0 7 = Jw,J 7,
(4.29)

and on the other hand

p° () Jwp,J Mo = Jp) I T, d T Tum T = Tpww,u T, (4.30)
so that
p(Ad))Jw, ]~ Ad(w) ™! = p°(v) (p(u) JwyJ ™! u_l) v = Jpwu IV

(4.31)
Collecting (4.31) and (4.28) one gets

p(Ad(u)) (wp + e’Ja)pJ_1> Ad(w) ™" = p)wpu= " +€ Tpwou= TV, (4.32)

Together with (4.23), this yields the result. O

5 Self-adjointness

In the non-twisted case, a gauge transformation preserves the self-adjointness of the
Dirac operator. The transformed operator

Dy« = Ad(u)) D, Ad(u) ™! (5.1
is self-adjoint if and only if so is D,,, since Ad(x) is unitary (see Lemma 5.1 below).
Thus, starting with a spectral triple (A, H, D,,), a gauge transformation yields a spec-
tral triple (A, H, Dyu), which is unitary equivalent to the former [10]. This result is

no longer true in the twisted case: by Proposition 4.5 the gauge transformed of the
twisted-gauged Dirac operator D,,, is

Dy = p(Ad()) Dy, Ad(w)*, (5.2)

which has no reason to be self-adjoint, even if D, is self-adjoint.
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We next work out conditions on the unitary element u to guarantee that the opera-
tor Dy be self-adjoint. A simple condition would be that u is invariant for the twist:
p(u) = u. We show, for the example of the minimal twist of a spin manifold con-
structed in [14], that there exists other solutions than this trivial one.

5.1 Conditions for self-adjointness

Let us begin with recalling some properties of antilinear operators. The adjoint of an
antilinear operator C on a Hilbert space  is the antilinear operator C* such that

(CE,0)=(5.C"C), V&, 0 €eH. (5.3)
Such an operator is antiunitary if

(CE,Cc) = (£,¢), thatis C*C=CC*=1. (5.4)

Hence C* = C~!, as for linear unitary operators. However, one has to be careful that
the usual rule for the adjoint holds for the product of two antilinear operators C, C’,

(CC'E, ) = (C'E, C*¢) = (€,C"*C¢) sothat (CC')* =C™*C* (5.5)

but not for the product of an antilinear C with a linear T, for

(CTE,5) =(T§,C*¢) = (5§, T*C%). (5.6)

On the other hand, the usual rule for the adjoint holds for any product involving an
even number of antilinear operators, such as J7'J~! with T linear, that often appear
in this work. This is shown explicitly in the following lemma for 7 = u an unitary
element.

Lemma 5.1 Let (A, H, D) be a real spectral triple with real structure (the antilinear
operator) J. Then, for any unitary u € A, one has that Ad(u) = uJuJ " is unitary.

Proof The operator JuJ ! is linear, hence Ad(u)* = (JuJ ~")*u*. A direct compu-
tation yields

(JuJ 7', ¢) = I —E, J*¢) = (-6, urT*¢) = (£, (T D u*T*e) (5.7

that is, using J* = J L
*
(JuJ—l) — JurJ . (5.8)

Hence, Ad(u)* = Ju*J~'u*, so that Ad(u)* Ad(u) = Ad(u) Ad(u)* = 1. O

We now work out a condition on a unitary element # which is equivalent to Du
being self-adjoint. Taking advantage of the two formulas for Dy [the two sides of
(4.23)], we actually exhibit two conditions which are equivalent.

23



Proposition 5.2 Let (A, H, D; p), J be a real twisted spectral triple, D, , d twisted-
gauged Dirac operator and u a unitary element of A. Then, the gauge transformed
operator Dyu in (5.2) is self-adjoint if and only if

Jow)J ' = —w), (5.9)

for
oWw) =u®[D, pu)ul,u** or w)=ulD,pu)ulu”, (5.10)

the two choices being equivalent.
Proof We write D = D,, » taken to be self-adjoint. Then Dwg = p(Ad(u))D Ad(u)*
is self-adjoint by Lemma 5.1 if and only if p (Ad(u)) D Ad(u)* = Ad(u) Dp(Ad(u))*

or, equivalently
Adw)*p(Ad(u))D = Dp(Ad(u))* Ad(u). (5.11)

By (2.8) and (2.5),

p(AdW)* = p)* Jp)* T = p~ W) J p~ W I ™" = p~ (AdW)"),
(5.12)
so that p (p(Ad(u))* Ad(u)) = Ad(u)*p(Ad(u)). Hence, condition (5.11) becomes

[D, p(Ad(u))* Ad(u)], = 0. (5.13)
By the order-zero condition, one has

p(Adw)* Ad(w) = pw)* Jpw)* I " udud ' = p(w)*u Jpu)uJ ' = uJus ™!
(5.14)

where u := p(u)*u. Therefore

[D, p(Ad(u))* Adw)], = [D, uJuJ '],
= pWID, JuJ ], +[D,ul,Jul ' = JowJ ! + o), (5.15)

with
o) == JowJ ' [D,ul,, (5.16)

where we used the twisted first-order condition as well as
p[D, JuJ 1, = J7! (Jp(u)J—1 JID, JuJ_l]p)
=y (Jp(u)J—1 (Dﬂu _ sz(u)D>) J
— eyl (Jp(u)rl[D, u]p) J!

—eJ (Jp(u)J—l[D, u]p) J = Jows .
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The first part of the proposition follows from (5.15), noticing that

p(w) = plp)*u) = p(p)*)pw) = u*pu), (5.17)
so that

o) = Ju*p)J ' [D, p(u)*ul, = Ju*J D, pu)*ul,JuJ "
=u®[D, p(u)*ul, u*°.

The second part of the proposition is obtained turning back to the definition of Dw%
that is the right-hand side of (4.23). One has that D is self-adjoint if and only if

(l — (@9)*) + €T (s — (@)*) T~ =0. (5.18)

By hypothesis Dy, = D + w, + Ja),OJ_l is self-adjoint, so that (w, — w;) +
€'J (wp —wh) J —1 = (. Therefore, from the definition (4.3) of %, equation (5.18)
becomes w (u) + €' Jw(u)J 1 = 0 with

w(u) = p)[D,u*], — (pW)[D, u*],)". (5.19)
The result follows remembering that p (u)[D, u*], = p(u)Du* — D, so that
o) = p(u)Du* —uDp(u)* =u (u*p(u)D - Dp(u)*u) u* = —ulD, puw)*ul,u*, (5.20)

where we used (5.17). O

Remark 5.3 One may check directly the equivalence of the two choices for w () in
(5.10). Writing @ := [D, p(u)*u],, one gets that for w () = u® [D, p(u)*ul, u*° =
u°wu*°, equation (5.9) is equivalent to

w=—€ (u)* (Juoa) u*® ]71) W) = —' u* Ju o u*J u, (5.21)
where we use that ©° is unitary, with (#°)* = (4™)° so that (u*°)* = u°, as well as

@) Ju® = JuJ ' JIu T =" Tud W I = uwt Ju(I Y = ut g,
(5.22)
and similarly »*° J~! 4°® = u*J~'u. On the other hand, for w () = u [D, o) ul,
u* = uwu*, Eq. (5.9) is equivalent to

w=—€u"JuwuJ u, (5.23)

which is precisely the r.h.s. of (5.21).

An obvious solution to (5.9) is that p(u#)*u twist-commutes with D. This happens in
particular when u is invariant under the twist, p(#) = u, so that p(#)*u = 1. An
extensive study of (5.9) and its solutions will be undertaken elsewhere. Here, we just
solve it in the simple example of the minimal twist of manifold.
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5.2 Minimal twist of a manifold

The minimal twist of a closed spin manifold M of even dimension 2m, m € N, has
been defined in [14] as the real, graded, twisted spectral triple

A=C®M)@C? H=L*M,S), D=j, J, p (5.24)
where C*° (M) is the algebra of smooth functions on M, the Hilbert space L?(M, S)
is that of square integrable spinors, with usual Dirac operator

2m
§=-iy y"V, and V, =0, +o" (5.25)
n=1

(y* are the Dirac matrices of size 2™, w" is the spin connection), the real structure
J is the charge conjugation operator composed with complex conjugation, and the
automorphism p

p(f.8)=(g ) V(f g € A= CP¥(M) & CZ(M). (5.26)

is the flip. The grading I" (the product of all the Dirac matrices) splits H in two
orthogonal subspaces H, on which each copy of C°°(M) acts independently (by
point-wise multiplication). The representation 7w of Aon H = Hy @ H_ is

7(a) = Sl 0 Ya = (f,g) € Awith f, g € C°(M). (5.27)
O gﬂzm—l

Finally, the K O-dimension of the twisted spectral triple (5.24) is 2m mod 8.

Proposition 5.4 In KO-dim = 0, 4, any unitary of A is a solution of (5.9). On the
other hand, in KO-dim = 2, 6, the only solutions are the trivial one w(u) = 0.

Proof A unitary u of A is (omitting the representation symbol and the identity oper-

ator)
161 0
"= <€0 e192> , (5.28)

where 01, 6, are smooth real functions on M. Hence,

e 12 0 0 el 0 .
) u = ( 0 o—i0 ) < 0 ei02> = ( 0 ei‘p) with ¢ :=6; —6s.
(5.29)

For any a € A, one has [14, eq. (5.9)]

(7, al, = —iy"*(@,a), (5.30)

26



so that

L A o (1(0u9)e® 0
k01— ik O R TR’ I .
[#, p(w)*ulp = —iy < 0 aﬂpw) v ( 0 —i(@upe )"

(5.31)
In addition [14, eq.(5.10)],
yHiu = py", (5.32)
so by an easy calculation
X P B 0
uld, p(u) ulpu™ = —iy ( 0 —i3u€0> . (5.33)
Furthermore, by [14, Lem. 5.2], for w, = —iy*p(a)d,b, one has
—1_ | =iy*p@@®)o,b* if KO-dim =0, 4,
Jopd = {—iy“a*aﬂp(b*) if K O-dim = 2, 6. (5:34)

Therefore, for K O-dim = 0, 4, one obtains (remembering that ¢ is a real function)

_ o ( Bulip)* 0 T G LU
* P i — _jyk H
Juld, p) ulpu™J " = —iy ( 0 3#(_1(/;)*) =-w ( 0 0,9

= —ul, p(u)*ulpu”, (5.35)

whereas for K O-dim = 2, 6 one has

[ _ . B, (—ig)* 0 i 0
* * 1 _ _ " " _ " "
Juld, p) ul,u™J =" = —iy ( 0 3. (p)* ) — R4 0 —10,¢

=ulp, p(u)*ul,u*. (5.36)

The result follows noticing that in even dimension, one has the sign ¢’ = 1, so that
(5.35) is solution to (5.9) for any u, while (5.36) is solution only when w (1) = 0. O

This simple example exhibits two interesting cases: the unitaries that preserve the
self-adjointness of the Dirac operator are either the whole group C*° (M, U (1) x U (1))
of unitaries of A, or the trivial solution to (5.9). Intriguingly, the group C*° (M, U (1))
of unitaries which are invariant under the twist is of no particular importance.

To understand why this is the case, recall from [14, Lemma 5.1] that in K O-
dimension 0, 4, one has JuJ ™! = u*, so that Ad(u) = 1. Therefore, the Dirac
operator is invariant under any gauge transformation, no matter whether u is invariant
under the twist or not. Moreover, the fact that the action of Ad(u) is trivial indicates
that the twisted fluctuations, are not generated by the action of a unitary. This fact can
be checked explicitly, computing w, = p(a)[D,a’], fora = (f,g).a’ = (f'. ¢'):
one gets from (5.30) and (5.32)

/
w, = p(@)[D,a'l, = —iy"ad a’ = —iy" (fagf . 3(;)tg/) , (5.37)
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and by (5.34)

s oo Fouf 0
Jw,J7 = —iyrta®oa” = —iy ( 0 70,3 ) (5.38)
so that
wp + Ja)p.]_1 = —iy" (f“ 0 ) (5.39)
0 gu

with f, = f 3, f + fd,f and g, = g 3,8 + g 3,8 real function on M. The rh.s.
of (5.39) is self-adjoint if and only if

. fu O : fu 0Y)Y
o= (4 )= (- (F o))

. f 0 . g 0

_—1;/“(6‘ g/x)_n/#(oﬂ fu)

= —i(fu + guv", (5.40)

that is if and only if fj, = —g,. In that case, (5.39) yields fz]wp =9 —ifuy"l, as
already shown in [14]. The point is that such a fluctuation cannot be obtained with
a = u a unitary and @’ = u*, that is for f = i1, g = €l f/ = ¢7101 o/ = ¢~if2,
since this would give f, = g, = 0.

In K O-dimension 2, 6, one has that w(x) = 0 if and only if

(9. p(u)*ul, = 0. (5.41)

By (5.31), this mean thatu = (€', €i%2) with 6; — 6, a constant function. Notice that
this is a bigger set than the unitaries invariant under the twist (for which the constant
is zero). However, in any case, such unitaries do not generate a fluctuation. Indeed,
w, is still given by (5.37), but

“1_ _ou 29,8 0
Jow,J7 = 1y< 0 Fo.f ) (5.42)

Thus w, + Jw,J ~! is given by (5.39) with

fu:fauf/+gaug/v guzf,w (5.43)

With f = e g = ez, = e~ g = e 1% one gets f,, =10, (01 — 62), which
vanishes when 6; — 6, is constant. More generally, one finds back the result of [14]
noticing that for arbitrary f, f’ and g, g’, a computation similar to (5.40) yields that
w, + Jw,J ! is self-adjoint if and only if f, = g, = 0.

To summarize, one has the following result.
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Proposition 5.5 In K O-dimension 0, 4, the operator § has non-zero twisted self-
adjoint fluctuations given by

o, =9 —ifur"T,  fu € C(M,R). (5.44)

They are invariant under a gauge transformation, but are not generated by the action
of unitaries. In K O-dimension 2, 6, there is no non-zero self-adjoint fluctuations.

A. The non-twisted case

The material in this Appendix is well known and taken mainly from [10] and [8].

A.1 Fluctuations and Morita equivalence

Recall that a finitely generated, projective (right, say) .A-module £ is hermitian if it
comes equipped with an A-valued inner product, that is a sesquilinear map (-, -)s :
ExE— Asuchthat (§,&)y > 0forany & € &, ((§,n)e)* = (n, &) and (£a, nb)s =
a* (&, n) b, forallé, n € £anda, b € A. A similar notion goes for left modules with
a sesquilinear map -, -) : £ x &€ — A which is now linear in the first entry (and
anti-linear on the second). The module £ is taken to be self-dual for the A-valued
hermitian structure [16, Prop. 7.3], in the sense that for any ¢ € Hom 4(&, A) there
exists a unique ¢, € £ such that p(§) = (§¢, E)., forall& € £.

In the crudest version [16], the algebra B is Morita equivalent to the (unital) algebra
A if there exists a hermitian finite projective A-module £ such that B is isomorphic
to the algebra End 4 (£) of A-linear endomorphisms of £ which are adjointable (with
respect to the hermitian structure of £). In particular, an algebra is Morita equivalent
to itself. In that case, the module £ can be taken to be the algebra itself, with hermitian
map (a, b)y = a*b or 4(a, b) = ab*.

A.1.1 Morita equivalence by right module

Let us assume that the module implementing the Morita equivalence between .4 and B
is aright A-module Eg with A-valued inner product (-, -),. The action of B >~ End 4 (&)
on &g is not suitable to build a spectral triple, for £ is not an Hilbert space. However,
the tensor product

Hi:=Er @4 H (A1)

is an Hilbert space for the inner product [9, p. 562]

(m @Y1, m @ Y2)y, = (Ui, (m, mhe¥2dyy Ynium € g, Y1, Y2 €H,
(A.2)
with (-, -)7¢ the inner product of H. The action of B >~ End 4(£) is then extended to
Hr as
arG) M@ V) =bn @Y Vb e B. (A.3)
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To make D act on Hg, the simplest guess,
Dr(n®y) :=nQ® Dy, (A4)
is not compatible with the tensor product over A [8, p. 204] since
Dr(na @ ) — Dr(n®ay) =na @ DY —n® Day = —n @ [D,aly (A5)
has no reason to vanish. To correct this, one uses the derivation § = [D, -] of A in
the A-bimodule SZID(A) of 1-forms as defined in (1.2). Since both })(.A) and A act
on H as bounded operators in a compatible way (3.8), the r.h.s. of (A.5), viewed as

—(n ® é6(a))¥, is made zero by adding to Dg an Q})(A)—valued connection V on £.
One thus defines the gauged operator

Dr(n®@ V) :=n@ DY+ (Vmy Vnelr, ¥ €H, (A.6)
and checks by Proposition 3.1 that this is linear, since

Dr(na®@¢¥) — Dr(n®ay) = Dr(na @ ¥ —n @ ayyr) + V(na)y — (Vn)ay,

=—n®I[D,aly +1n Q8@ = 0. (A7)

If the right A-module & is finite projective thus of the type Eg = p. A" for some
N e N, with p a self-adjoint matrix in My (A) such that p> = p. Moreover, given a
derivation § of A in a A-bimodule 2, any Q2-valued connection is of the form

V=Vo+w (A.8)
where
3(n1) n
s(nn) NN

is the Grassmann connection, while  is an A-linear map g — £ ® Q, that is
wmna) =wn)-a Vnep,ac A (A.10)

In particular, for a self-Morita equivalence, the operator Dg has a friendlier form.
Proposition A.1 For B = A and Eg = A, one obtains

Dr =D+ w forsome w e QE(A). (A.11)
Proof Any connection Von g = Aiswrittenas V = §+w fora 1-formw € QlD (A).

Then,
Dr(@a® V) =a® Dy +1® (8(a) + wa). (A.12)
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Identifying a @ ¥ € Hg with ayy € H, one rewrites (A.12) as

Dg(ay) = aDy +8(a)y +way = aDy + (Da—aD)y +way = (D +w)(ay),
(A.13)
meaning that the action of Dy on H coincides with the operator D + w. O

Since w is bounded, the operator Dg has a compact resolvent and bounded com-
mutator with 4. Consequently, for a self-adjoint @ one gets that

(A, H, D + w) (A.14)

is a spectral triple [1], Morita equivalent to (A, H, D). Furthermore, any grading I
of (A, H, D), since anticommutes with any a[D, b], hence with w, thus with Dg, is
also a grading of (A, H, Dg).

However, if (A, H, D) is a real spectral triple with real structure J, the later is not
necessarily a real structure for (A.14). Indeed, J (D + w) = €'(D + w)J if and only if
w = € JwJ ! This has no reason to be true, because of the following lemma [whose
proof follows from (2.2), (2.3)].

Lemma A.2 Let (A, H, D), J be a real spectral triple, and v = Zj a;j[D,b;] €
QID(A). Then

Jol™' =€ Y @)D, &)°1] . (A.15)
j

A.1.2 Morita equivalence by left module

To implement A self-Morita equivalence in a way compatible with the real structure,
one uses A not only as a right A-module &g, but also as a left A-module &, (as
explained in this section), then as a A-bimodule £ (this is the content of Sect. A.1.3).

In defining the Hilbert space Hg in (A.1), one takes advantage of the left A4-
module structure of H induced by the representation . Alternatively, one has available
the right .A-module structure (2.4) of H, wa = a°y for v € H,a € A, which
offers a possibility to implement the Morita equivalence between .A and B thanks to a
hermitian finite projective left A-module &, with A-valued inner product -, -). One
thus considers the Hilbert space

Hr :=H®AEL, (A.16)
with inner product

(Y1 @01, ¥2 @ M), = (Y1 o1, 12) s V2) K- (A.17)

The right action of B >~ End 4(£) on & is extended to H, as

(W ®nb:=vy ®nb. (A.18)
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Again, the natural action
DLy ®n) =Dy ®n (A.19)
of D on H[, is not compatible with the tensor product over .4 because

DL(¥ ®an) — D(Ya®n) = (DY) ®an — D(Ya) @ n = (DY)a ®n — D(Ya) @1,
=a°(DY)®@n—D@y)®@n=—[D,a’ly ®n (A.20)

does not vanish. To correct this, one uses a connection V° on & with value in the
A-bimodule

1 oy __ o o o 10 o
Qp(A°) = {Zja,-[D,b,-], as, b e A } (A21)
generated by the derivation
8°(a) :=[D, a°], (A.22)
with bimodule law
a-w®-b:=bwa°. (A.23)

This law guarantees that (A.21) is indeed a bimodule over A and §° a derivation of
A (not of A°) with values in QID(AO). The relation between QID(AO) and QID(A) is
given by the following lemma, whose proof follows from (2.2) and (2.3).

Lemma A.3 Anyw°® = Z/ a;?[D, b‘]?] in QID (A°) acts on the left on H as the bounded
operator .
@ =€ Jwl ! (A.24)

foro =Y, ai[D,b%] € QL(A).

The right action of .4 and the left action of ID(.AO) on H (corresponding to a right
action of QID (A)) are compatible in the sense of condition (3.16):

(a-0°) = (0°a®)Y =0’ (Ya). (A.25)

The connection V° thus defines an operator 7{;, — H which satisfies the Leibniz
rule (3.17); therefore, the following is a well-defined operator on H ,

DL(y @n) =Dy @n+ V(¥ Q). (A.26)

For a left module £, ~ AN p with p = p> € My (A), the connection decomposes
as
Ve =Vj+w° (A.27)

with Grassmann connection
Von=©"n),....8%°0w)p Yn=0n,....on) €€, nj €A (A28)
while w° is amap £, — Q}D(AO) ®_4 & which is A-linear in the sense that
®°(an) =a-w°(n). (A.29)

We use this to get a more tractable expression for Dy, for a self-Morita equivalence.
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Proposition A.4 For B = A and £ = A, the construction above yields
Di=D+w’=D+¢€JoJ! (A.30)

for some w° = €' JwJ ! € QID(A"), with w € Q]D(A).

Proof The decomposition (A.27) will now read V° = 6° 4+ »° with the form »° be
such that
®w°@a)=a-w° = (a-w°) =wad". (A.31)

Therefore;

D ®a)=DYy ®a+8@y @1+ way 1,
=DY)a@1+ (Da® —a°D)y @1+ w°a’y @1,
— DY @1+ (Da° —a® D)y @ 1 + ’a®y @ 1
— D@ ) ® 1 + ®a®y @ 1. (A32)

Identifying a°¢v @ 1 = ¢ ® a = Ya ® 1 in Hy with a®y € H, one obtains that D,
acts as D + w°. The rest of the result follows from Lemma A.2. O

As in the right module case, when w is self-adjoint the datum
(A, H,D+eJwl ™Y (A.33)

is a spectral triple, admitting as grading any grading of (A, H, D). However, it is
not a real spectral triple for the real structure J, because J(D + € JoJ ') = (D +
e JoJ~HJ if and only if o = €' JwJ L. This has no reason to be true, by Lemma
A2.

A.1.3 Morita equivalence by bimodule and the real structure

To make the real structure compatible with Morita equivalence of spectral triples, one
needs to combine the two constructions above. Explicitly, given a real spectral triple
(A, H, D), one first implements the self-Morita equivalence of .A by using the right
module £g = A—thus obtaining the spectral triple (A.14), and then uses this with
the left module £, = A. This yields the Morita equivalent spectral triple (A, H, D’)
where

D =D+wg+eJogJ ! (A.34)

with wg, wr, two self-adjoint elements of Qb (A), apriori distinct. It is the real structure
that forces these two 1-forms to be equal.

Proposition A.5 The real structure J of (A, H, D) is a real structure for the Morita
equivalent spectral triple (A, H, D') if and only if there exists @ € Q]D(.A) such that

D =Dy, =D+w+eJoJ " (A.35)
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Proof By an easy computation, one finds that J D' = ¢’ D J if and only if
(wr — wg) — €' J(wp —wg)J ' =0. (A.36)
Adding half of this expression to the r.h.s. of (A.34), one gets
D' =D+ $(wr + o)+ €T +w)] " (A.37)

Hence the result with w := %(a)R + wr). O

Remark A.6 Taking as a connection the Grassmann connection in the definition (A.6)
of Dg (i.e. V = Vp), one finds that Dg coincides with D. Similarly, taking V° = V;
in (A.26) yields D;, = D. Then D’ in (A.34) coincide with D as well. In other terms,
given a real spectral triple (A, H, D), implementing the self-Morita equivalence of
A using the Grassmann connection on the A-bimodule A leaves the Dirac operator
invariant (i.e., it fluctuates with w = 0).

A.2 Gauge transformations
Also the material in this section is well known and mainly taken from [10] and [8].
A.2.1 Gauge transformations on a hermitian module

An endomorphisms # € End 4(€) of a hermitian A-module £ is unitary if u*u =
uu® = idg, where the adjoint of an operator is defined using the hermitian structure
by

(T*n, &) == (n,T&), VT €Endy(&), & nef. (A.38)

Unitary endomorphisms form a group U (&), acting on 2-valued connections on £ as
V% :=uVu* Yu eUE), (A.39)

where U (£) acts on € Q 2 (if £ is aright A-module) or Q ® £ (if £ is a left A-module)
as
u®idg, or idgQu. (A.40)

Not surprisingly, such an action is a gauge transformation.

Proposition A.7 The operator V" is a connection, for any u € U(E) and connection
V.

Proof In case £ is a right A-module, one gets from (A.40) and (3.3) that
u(Vim) -a) = wvVm) -a. (A4D)
Hence,

Vi (na) = uV@*(na)) = uV@*(ma) = u (Vw*m).a +u* () @),
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= @V@*m)).a+n®s) = V'mn).a+n®sa),
showing that V* is a connection. For a left .A-module £ one has from (3.12)
u(a-vVm) =a-u(Vmn)), (A.42)
so that

Vi(an) = uV@*(an) = uV(au* ) = u(a- V@* () + 8@ @ u* (),
=a-uVu* () +8a) ®n=V"'().a+da ®n.

Hence the result. O

With Vj the Grassmann connections an @ defined in (A.8) or (A.27), any connection
V=Vo+o (A.43)

is mapped under a gauge transformation to
Vi = Vo + o, (A.44)

with the gauge transformation fully encoded in the law of transformation of the gauge
potential
»— o' (A.45)

Explicitly, given a right (or left) . A-module £g = p AN (or &, = A" p), a unitary
endomorphism is a unitary matrix in My (A) that commutes with p,

UELR) = {u € My(A), [u, pl =0, u*u =idg}, (A.46)

and acts by ordinary matrix multiplication
u(n) == p(un) for n € Eg, u@®) := (qu*)p for n € &. (A.47)
The choice to act with u* instead of u in the left-module case is discussed in Remark
A'9C'}iven a derivation § of A, we denote by &(u), §(u™*) the elements of My (R2) with
components & (u;;) or S(u;"j) € Q,1<i,j< N, where u;;, u’; € A are the compo-

ij
nents of u, u™.

Proposition A.8 The gauge transformations on right and left modules are given by

") = pu-8@®)-n+ul@u () Vne &, (A.48)
@"(n) :=n-8u) -u" p+ul@u*(m)) Vnec. (A.49)
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Proof For n = p(n;) € Er (with n; € A), using that p commutes with »* and
pn = n, one gets

Vo(u™ (1)) = Vo(pu™n) = Vo(u™pn) = Vo(u™n)
(ui;nj) S(uip) - mj+ui;-8(n;))
=r : =p :
$(uy;m;) S(uy;) - mj +uy; - 8(;)
= pdW®) - n+u*Vo(n),

with summation on the index j = 1, ..., N. Acting with u on the left, one gets
Vo =Vo+pu-8wu®). (A.50)
the result follows from (A.43), (A.44). Similarly, for n € £, one has

Vou*(m) = (8(mjuj1), ..., 8(mjujn)) p
= (8j) - uji+nj -8, ....8m;) ujn +nj-8u;n))p
= Vo(n) -u+n-8u)p.

Acting with the endomorphism u on the left, which by (A.47) amounts to multiply by
the matrix ™ on the right, one obtains

Vo) = Vo) +n-8w) -u* p. (A51)
Hence the result. O

A.2.2 Gauge transformation for a spectral triple

Let (A, H, D) be areal spectral triple, and consider the right A-module £ = A, with
derivation §(-) = [D, -] in the .A-bimodule Q})(.A) defined in (1.2). The equation
(A.48) yields the usual law of transformation of the gauge potential,

" =u[D,u*] +uwu®. (A.52)

Under a gauge transformation, the gauged Dirac operator D,, in (1.3) is thus mapped
to
Dy =D+ 0" +€eJo" . (A.53)

Remark A.9 To write (A.53), one applies the gauge transformation @ — " on the
operator D, obtained in Proposition A.5, that is once w;, and wg have been identified.

For the sake of coherence, let us check that the same result follows by applying the
gauge transformation on w;, and wg independently. Consider the left module £, = A
with derivation 6°(a) = [D, a®]in Qb (A°) definedin (A.21). By Lemma A.3, a gauge
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potential in Qb (A isw® = €' Jor J ' withwy € Qb (A). The law of transformation
(A.49) reads

0" =8°w) - ut +u-0 - ut =u"8(u) + utwu®,
= u*°[D, u°] 4+ u*°0°u® = €' Ju[D,u*1J ' + € Tuwu* I =Tt T
Thus, the operator D + wg + €' Jwy J ! in Proposition A.5 is mapped under a gauge

transformation to D + % + €' Jw! J~!, meaning that » = %(wR + wr) is mapped to

1
%(a)% +o}) =u[D,u*]+ ME(Q)R 4+ wp)u* =u[D, u*] + uwu™. (A.54)

One thus finds back (A.52), as expected.

Remarkably [10], the gauge transformation D,, — D, can be retrieved from the
adjoint action on H of the unitary group of A, defined by using the real structure. That
is, for any unitary element u € A, u*u = uu™ = 1, one defines

Adw)y =uyu* = uJqulw Yy € H. (A.55)

Under this action, the Dirac operator is mapped to Ad(u) D Ad(u)~!. By the order-
zero and the first-order conditions, one shows that [8, Prop. 1.141]

Ad(w) DAdw)™" = D+ u[D, u*] + € Ju[D, u*1J ", (A.56)

which is nothing but the operator D« of (A.53) obtained for v = 0 so that " =
u[ D, u*] from (A.52). More generally, for a gauged Dirac operator

Dy=D+o+e JoJ™! (A57)
where w is an arbitrary self-adjoint element of Q]D(.A), one has [8, Prop. 1.141])
Ad(u) Doy, Ad(u)™" = D (A.58)

with w" defined in (A.52).
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