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Steady-State Simulation of LCI-Fed Synchronous Motor Drives 
Through a Computationally Efficient Algebraic Method

Sobhan Mohamadian, Alberto Tessarolo, Senior Member, IEEE, Simone Castellan, and Abbas Shoulaie

Abstract—Wound-field synchronous motors (WFSMs) fed by
load-commutated inverters (LCIs) are widely used for high-power
applications in many fields like ship propulsion, oil and gas indus-
try, and pumped-storage hydropower generation. Several design
architectures exist for LCI drives, depending on the number of
LCIs and their dc-link connection as well as on the number of
WFSM phase count. The prediction of LCI drive performance at
steady state is important in the design stage, especially in regard
to the prediction of the torque pulsations, which can give rise to
serious mechanical resonance issues. This paper proposes an alge-
braic method to simulate the steady-state behavior of LCI drives in
all their configurations of practical interest. Compared to conven-
tional dynamic simulation approaches based on differential equa-
tion solution, the method is much more computationally efficient
and requires a very limited knowledge of system parameters. Its
accuracy is experimentally assessed by comparison against mea-
surements taken on a real LCI drive arranged according to various
possible schemes. Furthermore, the advantages of the proposed al-
gebraic method over the dynamic simulations are highlighted by
comparison against the simulation results on a high-power LCI-fed
WFSM drive in MATLAB/Simulink environment.

Index Terms—Algebraic model, load-commutated inverter,
switching function, torque pulsations, wound-field synchronous
motors.

I. INTRODUCTION

LOAD-COMMUTATED inverters (LCIs) are frequently
used to supply medium-voltage wound-field synchronous

motors (WFSMs) in high-power drives for many fields of
applications such as the oil and gas industry [1]–[3], large ship
propulsion [4]–[6], gas turbine starters [7], and pumped-storage
hydropower plants [8]. LCI drives are practically used in differ-
ent possible design arrangements. The simplest one consists of
a conventional three-phase WFSM fed by a single LCI [4]; in
order to improve the output torque quality and enhance system
fault tolerance, a dual three-phase WFSM is also frequently
adopted wherein the two-stator three-phase windings are
supplied by two LCIs [4], [9]–[11]. Furthermore, to mitigate
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possible interharmonic issues in the dc-link current and
output torque, the two LCIs can have their dc links suitably
interconnected [12].

The prediction of LCI drive operation at steady state is im-
portant in the system design stage, especially in order to predict
the output torque waveform and its harmonic spectrum. In fact,
torque harmonics are known to be a possible source for severe
mechanical resonance phenomena [2], [12], [13], which need to
be carefully avoided in the design stage.

The conventional approach to predict LCI performance is
based on modeling the drive system in such dynamic simulation
environments as MATLAB/Simulink [14]. This is known to
pose some challenges mainly due to the following reasons: the
computational burden, especially if many operating conditions
have to be investigated [13]; the need to wait for the system
to reach a steady-state working point; an appropriate setting
of initial conditions [15]; the accurate knowledge of system
parameters, in particular those included in the WFSM dynamic
model [16]; and the knowledge of PI regulator parameters of
control loops.

In this paper, a method is proposed to simulate the steady-
state performance of LCI drives, making use of appropriate
switching functions [17]–[19]. The approach is very flexible as
it can be easily adapted to fit all the aforementioned LCI drive
arrangements of practical interest. Compared to conventional
dynamic simulations, as it will be shown in Section VI, it brings
the following advantages: it does not involve the solution of any
differential equation and only includes closed-form algebraic
formulas, resulting in a fairly higher computational efficiency
and much faster simulation times; it does not require initial con-
dition setting; it does not need to wait for steady-state conditions
to be reached; it requires a limited set of system parameters. A
restraint of the method is that it works only for steady-state
operation and is not suitable for investigating drive operation
during transients.

The methodology is experimentally assessed against mea-
surements taken on a real drive system configured according to
different design schemes. In all the arrangements and working
conditions taken into account, the proposed approach is shown
to yield accurate results, which are in satisfactory accordance
with measurements.

The paper is organized as follows. In Section II, the main
drive configurations under study and the prototype drive used
for validations are described; in Section III, an algebraic model
is derived to determine dc-link voltages; in Section IV, dc-link
voltages are used to compute dc-link currents; in Section V,
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Fig. 1. Possible LCI-fed drive system arrangements: (a) single three-phase
LCI-fed WFSM; (b) dual three-phase LCI-fed WFSM with independent con-
verters; (c) dual three-phase LCI-fed WFSM with interconnected dc links.

both dc-link voltages and currents are used to derive an alge-
braic algorithm to obtain motor torque waveform. In each of
the aforementioned sections, the description of the calculation
procedure is followed by its relevant experimental validation.
Finally, in Section VI, MATLAB simulations are provided to
better highlight the advantages of the proposed method over
conventional dynamic simulation approaches.

II. POSSIBLE LCI DRIVE TOPOLOGIES AND THEIR

MODELING APPROACH

A. Description of the Topologies

In Fig. 1, the three dominant types of LCI-fed drives are
depicted. Single three-phase LCI-fed drives [see Fig. 1(a)]
are widely used in grid-connected gas turbine starters [7] and
pumped-storage hydropower plants [8]. In order to mitigate the
dominant torque harmonic component (having six times the
motor supply frequency, [14]) in a single three-phase drive,
dual three-phase WFSMs are employed in most high-power,
medium-voltage industrial drives where two separate three-
phase LCIs feed the electric motor, as shown in Fig. 1(b). How-
ever, some interharmonics can arise in the dc-link current due
to the difference between motor and mains frequencies [12].
These interharmonic currents contribute to torque pulsations,
which can cause catastrophic mechanical resonances if their
frequency is near to one torsional natural frequency (TNF) of
the overall plant shaft line [13]. In the attempt to prevent the

Fig. 2. (a) Block scheme of the experimental equipment (single three-phase
LCI-fed WFSM if switch B is open and switches S are in the upper position, dual-
three-phase LCI-fed WFSM with independent converters if switch B is closed
and switches S are in the upper position, dual three-phase LCI-fed WFSM
with interconnected dc links if switch B is closed and switches S are in the
lower position); (b) dual three-phase machine used as the LCI-fed motor and
dc generator used as the load; (c) converter and input transformer cubicle; and
(d) control cubicle.

problem, dual three-phase LCI-fed drives with interconnected
dc links [see Fig. 1(c)] are proposed [12].

The mentioned LCI drive topologies will be investigated in
this paper by proposing a computationally efficient approach to
predict their steady-state performance with no need for dynamic
simulations. The proposed approach will be assessed using the
experimental setup, shown in Fig. 2, which can be arranged in
the three configurations, shown in Fig. 1, by suitably setting
switches S and B, as explained in Fig. 2. As it can be seen from
Fig. 2, there are mainly three control loops, used to, respec-
tively, control the following quantities: speed, dc-link current,
and field current. Three reference values are set off-line to the
desired values (test conditions are mentioned in Table IV) by
the operator, namely, the reference speed, the firing angle of
the LCIs, and the reference stator line-to-line rms voltage. The
latter is used to control the field current so that the stator line-
to-line rms voltage follows the reference value through a PI
regulator. This PI regulator outputs the firing angle of a phase-
controlled rectifier, which feeds the rotor excitation circuit. A
dc motor is coupled to the WFSM shaft acting as a generator
(load for the WFSM) injecting the power back to the grid via
a phase-controlled converter. The measured data are sampled
with a sampling frequency of 100 kHz (apart from the torque,
for which the sampling frequency is 10 kHz), saved in Excel
formats, and then processed by MATHCAD software.
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TABLE I
WFSM RATINGS

Power 250 kW Power factor 0.9
Line-to-line voltage 380 V Speed 1500 r/min
Stator phase current 225 A Number of poles 4

TABLE II
DC-LINK INDUCTANCE AND WFSM PARAMETERS USED

IN THE ANALYTICAL MODEL

Ld c 3.8 mH L ′′
d 0.25 mH

Rs 0.0043 Ω L ′′
q 0.27 mH

TABLE III
ADDITIONAL PARAMETERS OF THE EXPERIMENTAL WFSM

d-Axis transient open-circuit
time constant T ′

d 0

3.5 s d-Axis transient short-circuit
time constant T ′

d

0.22 s

d-Axis subtransient
short-circuit time constant T ′′

d

0.009 s Unsaturated direct
synchronous reactance Xd

9.0 mH

d-Axis transient reactance
X ′

d

0.48 mH q-Axis synchronous
reactance Xq

2.9 mH

Negative sequence reactance
X 2

0.26 mH Motor mass 1800 kg

Zero-sequence reactance X0 0.14 mH Moment of inertia J 10.4 kg·m2

TABLE IV
WORKING POINTS OF THE RECORDED WAVEFORMS FOR THE LCI-FED

DRIVE TOPOLOGIES

Single-Three-Phase
Drive

Dual-Three-Phase
Drive with Separate

DC Links

Dual three-phase Drive
with Interconnected DC

Links

Motor speed [r/min]
ωm

1484 1490 1220

LCI firing angle (°)
αm

140 150 150

Line-to-line voltage
(V) VL r m s

374 374 340

DC-Link Current (A)
Id c

108 52 56

Machine ratings and parameters needed for the analytical ap-
proach are reported in Tables I and II, respectively. It can be
noted that only a very limited number of parameters is needed,
namely, the dc-link inductance Ldc , stator phase resistance Rs ,
and the subtransient d- and q-axes inductances L′′

d and L′′
q . In ad-

dition to the data listed in Tables I and II, some more parameters
of the machine are available in Table III.

B. Algebraic Modeling Approach

For some types of studies, the transient behavior of the drive
can be of interest; in this case, its complete dynamic modeling in
such environments as MATLAB/Simulink is necessary, as dis-
cussed in [14]. In many other circumstances, the designer can
be interested in predicting only the steady-state performance
of the drive. In this case, running numerical dynamic simula-
tion, based on solving a system of highly nonlinear differential

Fig. 3. Simplified equivalent circuit of the first three-phase winding set of the
dual three-phase WFSM connected to LCI1.

equations, which model the machine, the power electronics, and
the control algorithms, can be redundant and a computationally
efficient approach can be adopted, as proposed next, based on
purely algebraic analytical calculations. The methodology is
mainly aimed at analytically predicting the waveforms of the
following quantities: the dc-link voltage, the dc-link current,
and the electromagnetic torque for all the drive configurations
presented in Section II-A. The torque waveform is the quantity
of highest practical interest due to the well-known potentially
adverse impact of its harmonic components. However, the dc-
link voltages and current waveforms can be computed first as
their knowledge is required for torque waveform prediction.

Different parameters, such as the firing angle of the LCIs and
rectifiers, the commutation inductance, the different frequencies
of the grid- and motor-side ac voltages, the different possible
types of dc-link connections (see Fig. 1), the voltage amplitudes
on the ac sides and the dc-link inductance, can affect the torque
waveform. As it will be clarified later by analyzing the harmonic
spectrum of the dc-link voltage, current, and torque, the effect
of all the aforementioned parameters can be studied by the use
of the proposed analytical model.

III. DC-LINK VOLTAGE PREDICTION

DC-link voltages are not very significant quantities in them-
selves; however, they need to be estimated as a basic data for
the subsequent evaluation of dc currents and motor torque wave-
forms.

DC-link voltages either at the rectifier’s outputs (udcg1 or
udcg2) or LCI’s inputs (udcm1 or udcm2) are independent of the
dc-links type of connection (see Fig. 1). Each of these voltages
can be extracted by analyzing the ac-side voltages of each con-
verter (on both motor and grid sides) through properly defined
switching functions, which are determined by the conduction se-
quences of its thyristors. The approach to calculate the dc-link
voltage is next explained in detail for LCI1, i.e., with respect
to udcm1 , as the other dc-link voltages can be computed with
exactly the same procedure applied to the other thyristor bridges.

A. Model Description

For the purpose of computing udcm1 , the equivalent circuit
shown in Fig. 3 is used. Fig. 3 shows LCI1 connected to a
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three-phase winding set of the WFSM. In this model, the stator
phase resistances of the motor are neglected [20] and each
motor phase is modeled as a sinusoidal back electromotive force
(EMF) in series with the commutating inductance, LC m [20].
In regard to the motor phase back EMF, its actual waveform
is slightly distorted due to the rotor saliency, which mainly
causes the third, fifth, and seventh harmonics to arise in it.
However, the rotor pole shoe is typically shaped so that the total
harmonic distortion of the no-load voltage is less than 2% and
the amplitude of each harmonic component is usually less than
1% of the fundamental [21]. This makes it definitely reasonable
to model the motor back EMF with a sinusoidal wave. Since the
motor back-EMF waveform is also a function of rotor speed, it
could be affected by speed pulsations due to the torque ripple.
However, in high-power machines (fed by LCI drives), the rotor
moment of inertia is such that torque pulsations have no signifi-
cant effect on the speed. This is confirmed by the fact that, both
based on measurements and on simulations, speed oscillations
are lower than 1% at steady-state and rated conditions.

The voltage ea1(t) represents the back EMF across phase a
of the first three-phase winding set, and, being assumed to have
a sinusoidal waveform, it can be written as

ea1(t) = Vm sin(ωm t − φ0m ) (1)

where the subscript m refers to motor-side quantities, ωm is the
motor electrical pulsation in rad/s, Vm is the amplitude of the
phase voltages, and φ0m is the initial phase angle. The other
phase voltages are properly displaced, i.e., by either +120 or
−120 electrical degrees, with respect to phase “a1.”

Disregarding the dc-link current ripple, LC m acts only during
the commutation intervals, i.e., when the current path changes
from one phase to the other. For high-power synchronous
machines, LC m can be sufficiently approximated as a time-
invariant quantity equal to the average of the d-axis and q-axis
subtransient inductances, i.e.,

(
L′′

d + L′′
q

)
/2 [20].

It should be mentioned that the impact of a commutation
occurring in one LCI, e.g., LCI2, on the dc-link voltage of
the other LCI, e.g., udcm1 in Fig. 1, is negligible. This fact is
explained in Appendix A and justifies the fact that the voltage
at each converter dc terminals can be determined disregarding
the other converters.

More precisely, the dc-link voltage of each individual LCI
is going to be computed as the sum of two terms: the no-load
dc-link voltage u0

dcm1 , which would appear in the absence of
currents (i.e., disregarding the commutation voltage drops), plus
the commutation voltage drop ΔuL

dcm1 across LC m . In other
words, we can write

udcm1 (t) = u0
dcm1 (t) + ΔuL

dcm1 (t) . (2)

Consistently with (2), superscript “0” will be used in the pa-
per to denote voltages disregarding commutation phenomenon,
while superscript “L” will denote the correction terms to be
added to these voltages in order to account for commutations.

Fig. 4. Switching scheme of the thyristors in LCI1.

Fig. 5. Schematic waveforms for currents ia1 and voltages ea1 , ea1c1 .

B. Expression of the DC-Link Voltage as a Function of
AC-Side Voltages

The algebraic computation of dc-link voltages requires the use
of appropriately defined switching functions, which are meant
to transfer the thyristor switching or commutation patterns into
closed-form mathematical expressions.

The basic idea of the switching functions used in this paper is
that the dc-side voltages in each thyristor converter bridge can
be univocally determined once the switching sequence is de-
fined. By switching sequence, we mean a diagram like the one
shown in Fig. 4 for LCI1. In this scheme, there are two types
of conduction intervals: 1) normal conduction intervals, lasting
120 electrical degrees each, where two thyristors belonging to
different phases conduct simultaneously; 2) commutation inter-
vals, which are characterized by the simultaneous conduction of
three thyristors, with a duration of μm electrical degrees each
(μm being the commutation overlap angle [10]). θ0m in Fig. 4 is
equal to φ0m − π + π/6 + αm , with αm being the firing angle
of T1 measured with respect to its reference, selected as the
zero-crossing instant at which the voltage ea1c1(t) changes from
positive to negative. This is graphically illustrated in Fig. 5.
Regarding the terminal motor-side and line-side voltages, these
are assumed to be sinusoidal only for illustration purposes, i.e.,
to show the phase relationships among them and between them
and the currents. In the calculations, the commutation voltage
drops occurring in line-side and motor-side voltages are fully ac-
counted for. Also, the dc-link current is assumed to be smooth
in the computation of the dc-link voltage. Neglecting current
ripples is not an issue in computing the commutation drops
because commutations are very short. Instead, the assumption
of smooth dc-link current introduces some differences between
analytical and experimental dc-link voltages. Later, the effect
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of this approximation and the various sources of discrepancies
between the measured and reconstructed dc-link voltages will
be discussed in more detail.

In order to compute udcm1 with a switching function approach
it is convenient to express udcm1 as (see Fig. 3)

udcm1 (t) = vx1a1 (t) − vy1a1 (t)

=
[
v0

x1a1 (t) + ΔvL
x1a1 (t)

]
−
[
v0

y1a1 (t) + ΔvL
y1a1 (t)

]

= u0
dcm1 (t) + ΔuL

dcm1 (t) (3)

where vx1a1(t) is the voltage vx1(t) − va1(t) between points x1
and a1; vy1a1(t) is the voltage vy1(t) − va1(t) between points y1
and a1; superscripts “0” and “L” denote, as usual, the quantities
computed disregarding commutation voltage drops and the cor-
rection terms to account for the latter; u0

dcm1(t) = v0
x1a1(t) −

v0
y1a1 (t) and ΔuL

dcm1(t) = ΔvL
x1a1(t) − ΔvL

y1a1 (t).
On the other side, the voltages between a phase terminal and

points x1 and y1 disregarding commutations [e.g., v0
x1a1 (t) and

v0
y1a1 (t) appearing in (3)] are shifted by 180 electrical degrees

with respect to each other with reverse polarity, i.e., v0
y1a1 (t) =

−v0
x1a1(t + π/ωm ). For example, let us take an instant t = t0

at which T3 and T2 are conducting (interval S3 in Fig. 4) so that
the point x1 is connected to b1 in Fig. 3 and v0

x1a1 (t) is equal
to −ea1 (t0) + eb1 (t0) because the current is assumed to be
smooth and its consequent voltage drop across LC m is zero. At
t = t0 + π/ωm , T6 and T5 are conducting (interval S6 in Fig. 4)
so that point y1 is connected to point b1 in Fig. 3 and v0

y1a1 (t)
is equal to −ea1(t0 + π/ωm ) + eb1(t0 + π/ωm ), which, being
ea1 and eb1 sinusoidal, is equal to −v0

x1a1 (t0). This holds for
any choice of t0 and thereby proves that

v0
y1a1 (t) = −v0

x1a1(t + π/ωm ). (4)

As a consequence, we can write

u0
dcm1(t) = v0

x1a1(t) − v0
y1a1 (t) = v0

x1a1(t) + v0
x1a1(t + π/ωm ).

(5)
Similarly, the term ΔuL

dcm1 (t) can be defined as a function of
the voltage drops between phase a1 terminal and points x1 and
y1 during commutation periods, i.e., ΔvL

x1a1 (t) and ΔvL
y1a1 (t),

as

ΔuL
dcm1 (t) = ΔvL

x1a1 (t) − ΔvL
y1a1 (t)

= ΔvL
x1a1 (t) + ΔvL

x1a1(t + π/ωm ) (6)

where the equality ΔvL
y1a1 (t) = −ΔvL

x1a1(t + π/ωm ) is ex-
plained in Appendix B.

In conclusion, (2) can be rewritten according to (5) and (6) as

udcm1 (t) =
[
v0

x1a1 (t) + v0
x1a1(t + π/ωm )

]

+
[
ΔvL

x1a1 (t) + ΔvL
x1a1(t + π/ωm )

]
. (7)

C. Algebraic Calculation of DC-Link Voltages Through
Switching Function Approach

Equation (7) proves that the dc-link voltage is fully deter-
mined provided that the ac-side voltage functions v0

x1a1 (t) and
ΔvL

x1a1 (t) are known. In the next two sections, the procedure

Fig. 6. Periodic function f(θ).

to compute such terms through appropriate switching functions
will be explained.

1) Computation of v0
x1a1(t): In order to define v0

x1a1(t) al-
gebraically with a switching function approach, some insight
into the detailed operation of the converter LCI1 is needed.
The converter operation will be analyzed in all the conduction
intervals S1, S2, . . . , S6, shown in Fig. 4, by disregarding com-
mutations [i.e., intervals C1, C2, . . . , C6, which will be taken
into account when dealing with ΔvL

x1a1 (t)].
In the first and second intervals (S1 and S2) of the switch-

ing scheme shown in Fig. 4, T1 is in the conduction path
and v0

x1a1 (t) is equal to zero for θ0m < θ < θ0m + 2π/3.
During S3 and S4, T3 is conducting and v0

x1a1 (t) is simply
equal to −ea1(t) + eb1(t). Therefore, for θθ0m + 2π/3 < q <
θ0m + 4π/3, v0

x1a1 (t) is equal to

v0
x1a1 (t) =

[
−1 0 0

]
vm1(t) (8)

where

vm1(t) =

⎛

⎜
⎝

ea1(t) − eb1(t)

eb1(t) − ec1(t)

ec1(t) − ea1(t)

⎞

⎟
⎠ . (9)

Similarly, during S5 and S6 (θ0m + 4π/3 < θ < θ0m + 2π),
T5 is conducting and v0

x1a1 (t) is equal to −ea1(t) + ec1(t).
Thus

v0
x1a1 (t) =

[
0 0 1

]
vm1(t). (10)

Consequently, if we define the 6 × 3 matrix

S0 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0
0 0 0
−1 0 0
−1 0 0
0 0 1
0 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

(11)

then v0
x1a1 (t) can be written in a compact matrix form as fol-

lows:

v0
x1a1(t) =

6∑

jm =1

[S0 vm1(t)]jm
f
(
ωm t − θ0m + π

3 − jm
π
3

)

(12)
where [•]jm

indicates the jm th element of the vector in square
brackets and f(θ) is the function plotted in Fig. 6, which can be
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Fig. 7. v0
x1a1 (t) and f (ωm t − θ0m − (jm − 1) π/3) for jm = 5 and jm =

1 in a period of motor frequency.

defined with the following analytical expression:

f (θ)=

⎧
⎨

⎩

1, if 0 ≤ mod
(
|θ| − π

6
[sgn (θ) − 1] , 2π

)
<

π

3
0, otherwise

.

(13)

In (13), mod(a,b) returns the remainder on dividing a by b
and sgn(θ) is equal to 1 if θ is zero or positive, to −1 if θ is
negative.

As an illustration v0
x1a1(t) is plotted in Fig. 7 for a typical

operating point. Disregarding the scales of the vertical axis,
the function f (ωm t − θ0m − (jm − 1) π/3) is also plotted for
jm = 5 and jm = 1. According to (12), v0

x1a1 , at any time, is
equal to the sum of all the elements of a 61 vector. However,
depending on the time instant and because of the function f(θ)
defined in (13), all the elements are zero except one. For instance,
for θ0m + 4π/3 < ωm t < θ0m + 5π/3 (the fifth interval, S5, in
Fig. 4), f (ωm t − θ0m − (jm − 1) π/3) in (12) is only nonzero
for jm = 5, as shown in Fig. 7, and v0

x1a1(t) is consequently
equal to the fifth element of the vector [S0 vm 1(t)] as also
computed in (10).

2) Computation of ΔvL
x1a1(t): Due to the inductance LC m

shown in Fig. 3, the current commutation between two subse-
quent conducting thyristors is not instantaneous and lasts for a
time interval equal to μm /ωm , where μm is the commutation
overlap angle. The commutation intervals for LCI1 are denoted
in Fig. 4 as Ck with k = 1, 2, . . . , 6. Neglecting the stator phase
resistance, the commutation angle μm is calculated with the
following equation [20]:

μm = arccos

[
αm − 2LC m ωm Idc

Vm

√
3

]
. (14)

During C1 (θ0m < θ < θ0m + μm ), ea1c1(t) drives the cur-
rent in phase a1 to increase from 0 to Idc and to decrease in the
opposite direction in phase c1. Therefore, phases a1 and c1 are
short circuited and both switches T1 and T5 in addition to T6 are
conducting. In C2 (θ0m + π/3 < θ < θ0m + π/3 + μm ), T2
and T6 are, respectively, the incoming and the outgoing thyris-
tors, which conduct simultaneously together with T1. Thus,
during the first two commutation intervals (C1 and C2), T1 is
on and the commutation between (T1, T5) and (T6, T2) does
not affect vx1a1(t), which remains equal to zero like v0

x1a1(t)

Fig. 8. Equivalent circuit during the commutation interval C4 in LCI1
(conduction paths are shown in solid lines).

during S1 and S2. In other words, ΔvL
x1a1(t) is equal to zero in

C1 and C2.
During C3 (θ0m + 2π/3 < θ < θ0m + 2π/3 + μm ), T1 and

T3 are conducting simultaneously and vx1a1(t) is still zero.
Since v0

x1a1(t) is equal to (−ea1(t) + eb1(t)) during S3, the dif-
ference from the case without commutation, i.e., ΔvL

x1a1(t) =
vx1a1(t) − v0

x1a1(t), during C3 is equal to−(−ea1(t) + eb1(t)).
In other words, for C3, we can write

ΔvL
x1a1(t) =

[
1 0 0

]
vm1(t) (15)

During C4 (θ0m + π < θ < θ0m + π + μm ), the commuta-
tion between T2 and T4 occurs while T3 is also conducting. By
applying Kirchhoff voltage law to the short-circuit loop shown
in Fig. 8, one can write

LC m
dia1

dt
+ ea1(t) = LC m

dic1

dt
+ ec1(t). (16)

As ia1(t) + ic1(t) = −Idc is constant under the hypothesis
of disregarding the dc-link current ripple, we obtain

dia1

dt
=

−dic1

dt
. (17)

Substituting (17) into (16) yields

dia1

dt
=

ec1(t) − ea1(t)
2LC m

. (18)

Also, the expression for vx1a1(t) is extracted from Fig. 8 by
applying Kirchhoff voltage law to the path, including x1, T3,
eb1(t), ea1(t), and a1 yielding

vx1a1(t) = −ea1(t) + eb1(t) − LC m
dia1

dt
(19)

where it has been taken into account that the current in phase
“b1” is constant and does produce no voltage drop across LC m .
Substituting (18) into (19) gives

vx1a1(t) = eb1(t) −
ea1(t) + ec1(t)

2
. (20)

According to (20) and considering that, as per (8), v0
x1a1(t)

is equal to −ea1(t) + eb1(t) during S4, we can conclude that
ΔvL

x1a1(t) during C4 is

ΔvL
x1a1(t) = vx1a1(t) − v0

x1a1(t) =
ea1(t) − ec1(t)

2
. (21)

6



458 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 32, NO. 1, JANUARY 2017

Fig. 9. ΔvL
x1a1 (t) and g (ωm t − θ0m − (jm − 1) π/3) for jm = 5 and

jm = 1 in a period of motor frequency.

The same approach as for C4 can be followed to extract
ΔvL

x1a1(t) during the fifth and sixth commutation intervals (C5
and C6). The final expressions for these two intervals are shown
in (22) and (23), respectively

ΔvL
x1a1(t) =

eb1(t) − ec1(t)
2

,

for θ0m +
4π

3
< θ < θ0m +

4π

3
+ μ (22)

ΔvL
x1a1(t) =

ea1(t) − eb1(t)
2

,

for θ0m +
5π

3
< θ < θ0m +

5π

3
+ μ. (23)

In conclusion, all the expressions found for ΔvL
x1a1(t) in the

commutation intervals C1.C6 can be combined into the single
compact matrix form shown below

ΔvL
x1a1(t) =

6∑

jm =1

[SL vm1(t)]jm
g
(
ωm t − θ0m +

π

3
− jm

π

3

)

(24)
where

SL =
1
2

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0
0 0 0
2 0 0
0 0 −1
0 1 0
1 0 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(25)

and

g (θ) =
⎧
⎨

⎩

1, if 0 ≤ mod
(
|θ| − μm

2
[sgn (θ) − 1] , 2π

)
< μm

0, otherwise
.

(26)

The function g(θ) has the same waveform as f(θ) shown in
Fig. 6 except for its “pulse” duration, which is not π/3 but μm .

As an illustration ΔvLx1a1(t) is plotted in Fig. 9 for a
typical operating point. Disregarding the scales of the verti-
cal axis, the function g (ωm t − θ0m − (jm − 1) π/3) is also
plotted for jm = 5 and jm = 1. According to (24), ΔvL

x1a1

Fig. 10. Circuit diagram of REC1 with its corresponding grid three-phase
voltages and commutation inductances Lcg .

at each time instant is equal to the sum of all the ele-
ments of a 61 vector. However, during each commutation pe-
riod, all the elements are zero except one. For instance, for
θ0m + 4π/3 < ωm t < θ0m + 4π/3 + μm (the fifth commuta-
tion interval, C5, in Fig. 4), g (ωm t − θ0m − (jm − 1) π/3) in
(26) is only nonzero for jm = 5, as shown in Fig. 9, and ΔvL

x1a1
is consequently equal to the fifth element of the vector [SL
vm 1(t)] as also computed in (22).

3) Note on the Computation of udcm2(t), udcg1(t),
udcg2(t): Up to this point, the detailed procedure for the com-
putation of the dc-link voltage udcm1(t) of LCI1 through an
algebraic switching-function approach has been explained. As
mentioned before, the other bridges of the drive can be treated in
the same manner by considering that their switching sequence
and their ac-side voltages are properly displaced with respect to
the case of LCI1.

In particular, the grid-side dc-link voltage udcg1 at REC1
dc terminals (see Fig. 1) can be computed with the same ap-
proach explained for udcm1 provided that, in (1), the grid-side
quantities (voltage Vg , pulsation ωg , initial phase φ0g ), and fir-
ing angle of rectifiers switches αg are considered instead of
their motor-side counterparts Vm , ωm , φ0m , and αm . Consider-
ing Fig. 10, udcg1(t) is determined as soon as voltages v0

p1u1 (t)
and ΔvL

p1u1 (t) are calculated according to their corresponding
switching functions.

For LCI-drive systems featuring a dual three-phase arrange-
ment [see Fig. 1(b) and (c)], the voltages at LCI2 and REC2
dc terminals need to be computed as well. For this purpose,
the symmetrical operation of converters makes it possible to
directly infer voltages udcm2 and udcg2 using the expressions
found for udcm1 and udcg1 as follows:

udcm2 (t) = udcm1

(
t +

π

6ωm

)
;

udcg2 (t) = udcg1

(
t +

π

6ωm

)
. (27)

Also for the following, it is worth noting that the motor side
parameters Vm , ωm , φ0m , and αm and the grid-side parameters
Vg , ωg , φ0g , and αg are not totally decoupled and some con-
straints must be imposed to reflect a feasible drive operation.

7
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In the real drive systems [see Fig. 2(a)], the grid-side firing
angle αg is dynamically changed by the control system to en-
sure that the dc-link current average value follows the reference
one. Due to the negligible dc-link resistance, the average values
of the dc-link voltages on the rectifier and inverter sides, must
be necessarily equal. This leads to a constrained choice of αg

according to the following relationship:

αg = acos

{
Vm

Vg
cos αm

[
1 +

1
2

(
1 +

ωgLC g

ωm LC m

)

×
(√

1 +
4πωm LC m Pm

9NηV 2
m cos2 αm

− 1

)]

(28)

where Pm is the motor output (mechanical) power, N is the
number of three-phase sets of the WFSM (N can be either 1 or
2 as explained in Section II-A) and η is the efficiency of the
overall drive system (assumed equal to 97%), including both
the WFSM and the LCI(s). The derivation of (28) is justified in
Appendix C.

D. Experimental Validation

For assessment purposes, the analytical results for udcm1 ex-
tracted with the proposed algebraic equations are next compared
to the measurements carried out on the three different topologies
shown in Fig. 1. Table IV shows the working points at which
the measurements are recorded for the three configurations.

In Fig. 11, udcm1 waveforms are shown for the operating
points given in Table IV. According to this figure, there is an
acceptable matching between predicted waveforms and mea-
surements for the different operating points. However, some
discrepancies arise due to different factors.

In order to explain the reason for the discrepancies, the har-
monic spectra of the experimental dc-link voltage udcm1 are
compared to that of the analytical waveform. It is worth spec-
ifying that the spectral analysis is approximated owing to the
necessarily limited time window (1 s) of the sample records,
which causes all the noninteger harmonic frequencies to be af-
fected by spectral leakage.

For the sake of brevity, the spectral analysis is presented only
for the second [see Fig. 1(b)] and third [see Fig. 1(c)] LCI-fed
drive system arrangements (in which the most significant dis-
crepancies occur between analytical results and measurements).
As expected, thanks to the assumption of smooth dc-link cur-
rent, only the components of frequency 6 kfm (k = 1, 2, 1/4),
with fm = 49.67Hz and fm = 40.8Hz for the second and third
system arrangement respectively, are present in the spectra of
the analytical dc-link voltage, shown in Figs. 12(a) and 13(a).
On the other side, the experimental dc-link voltage, in addition
to the harmonic components of frequency 6 kfm , contains
harmonic components of frequency 6 kfg , as shown by the
spectra in Figs. 12(b) and 13(b). This is due to the fact that the
dc-link current is affected by a noticeable ripple, in which also
harmonic components of frequency 6 kfg are included (see
Section IV). These current harmonics produce voltage drops
across the resistances and leakage inductances of the machine
and of the connections between the machine and the measuring

Fig. 11. udcm 1 waveforms for the three LCI-based drive topologies shown
in Fig. 1: (a) single three-phase; (b) dual three-phase with separate dc links;
(c) dual three-phase with interconnected dc links, with the operating points
shown in Table IV.

cubicle (these connections are about 70 m long), which reflects
in harmonics of frequency 6 kfg in the dc-link voltage.

The differences in the amplitudes of the dc-link voltage
harmonic components of frequency 6 kfm in analytical wave-
forms and measurements are both due to the aforementioned
voltage drops (neglected in the analytical model) and to the

8
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Fig. 12. Harmonic spectrum of the dc-link voltage, udcm 1 , shown in
Fig. 11(b). The amplitude is expressed as a percentage of its dc value for
(a) analytical approach (Udc = 472 V) and (b) experiments (Udc = 480 V).

uncertainties in the firing angle of the LCIs. In fact, in the LCI
drive used for testing, the firing pulse timing is based on the
voltage zero-crossing detection which, due to the highly dis-
torted motor terminal voltages, suffers from inaccuracy. In this
way the firing angle, which is set off-line to a reference value
by the operator, is determined with an error of approximately
±5°. For instance, considering the second operating point of
Table IV, if the firing angle is changed from 150° to 155° in the
analytical model, the amplitude of the 6fm harmonic decreases
from 17% to 15%, thus almost nullifying the difference with
the corresponding harmonic in the experimental spectrum.

IV. DC-LINK CURRENT PREDICTION

In this section, the dc-link current waveform will be derived
from the various dc-link voltages obtained in the previous sec-
tion.

For the sake of generality, the case of dual three-phase drive
arrangements [see Fig. 1(b) and (c)], having the two dc-link
currents idc1(t) and idc2(t), will be addressed, since the single
three-phase configuration can be covered by simply considering
idc1(t) only.

The dc-link currents idc1(t), idc2(t) include a constant com-
ponent Idc to which current pulsations iac1(t) and iac2(t) are
superimposed

idc1(t) = Idc + iac1(t); idc2(t) = Idc + iac2(t). (29)

The constant component Idc is relatively easy to deter-
mine based on the power balance considerations developed in
Appendix C, where the following expression is derived:

Idc =

−
√

3Vm cos αm +
√

3V 2
m cos2 αm +(4π/3)(Pm /Nη)ωm LC m

2ωm LC m
.

(30)

Conversely, current pulsations iac1(t) and iac2(t) are more
difficult to determine but need to be found as they are responsible
for a portion of torque pulsations. They relate to the voltage
across the dc-link inductors (vind1(t) and vind2(t) in Fig. 1)
through the following differential equations:

vind1(t) = Ldc
diac1 (t)

dt
, vind2(t) = Ldc

diac2(t)
dt

(31)

where Ldc is the inductance of the dc-link inductors. Since
the voltage across the dc-link inductors can be easily found as
the difference between the dc-link voltages at LCI and rectifier
terminals (computed in Section III), the current pulsations could
be theoretically obtained from (31) as

iac1 (t) = iac1 (t0) +
1

Ldc

∫ t

t0

vind1(τ)dτ

iac2 (t) = iac2 (t0) +
1

Ldc

∫ t

t0

vind2(τ)dτ (32)

for a given instant of time t0 , as usually done in dynamic simula-
tion programs. One practical problem with this approach would
be that the initial values iac1(t0), iac2(t0) are unknown; the other
problem is that (32) requires a numerical integration (which is
time consuming), while the aim of this paper is to find an an-
alytical (algebraic) formulation for all the quantities of interest
at steady state.

Therefore, the methodology herein proposed to analytically
find the dc-link current pulsation waveform at steady-state is
based on the use of complex Fourier series expansions. To under-
stand the form of these Fourier expansions, one should consider
that, if fg is the operating frequency of the grid-side ac quantities
and fm that of the motor-side ac quantities, then the harmonic
spectrum of the ideal dc-link voltages at the rectifiers’ output,
udcg1(t) or udcg2(t), contain the frequencies 6 kfg (k = 1, 2, ...)
and the spectrum of the ideal dc-link voltages at the LCIs’ in-
put, udcm1(t) or udcm2(t), has the frequencies 6 kfm (by ideal
dc-link voltage we mean that the dc-link current is assumed to
be smooth, which implies that the dc-link voltages at the rec-
tifiers’ output are not affected by motor ac-side harmonics and
that the dc-link voltages at the LCIs’ input are not affected by
grid ac-side harmonics). As a consequence, the voltage across
the dc-link inductors vind1(t) and vind2(t) will generally have
the frequency components 6 kfg and 6 kfm according to the
superposition law (in particular, in the case of interconnected dc
links, the frequencies 6 kfg and 6 kfm are canceled out for odd
values of k [12]).

Based on these considerations, the two voltages vind1(t) and
vind2(t) across the dc-link inductors can be expressed as

vind1(t) =
∞∑

n=−∞
V̄1gnein(2πfg )t +

∞∑

n=−∞
V̄1mnein(2πfm )t

vind2(t) =
∞∑

n=−∞
V̄2gnein(2πfg )t +

∞∑

n=−∞
V̄2mnein(2πfm )t

(33)

9
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where
(
V̄1gn , V̄1mn

)
and

(
V̄2gn , V̄2mn

)
are the nth complex

Fourier coefficients of vind1(t) and vind2(t), respectively. The
subscript “m” is used to indicate the coefficients resulting from
motor-side converter operation and subscript “g” is used for the
coefficients resulting from grid-side converter operation.

Similarly, the dc-link current pulsations can be expanded as

iac1(t) =
∞∑

n=−∞
Ī1gnein(2πfg )t +

∞∑

n=−∞
Ī1mnein(2πfm )t

iac2(t) =
∞∑

n=−∞
Ī2gnein(2πfg )t +

∞∑

n=−∞
Ī2mnein(2πfm )t

(34)

where
(
Ī1gn , Ī1mn

)
and

(
Ī2gn , Ī2mn

)
are the nth complex

Fourier coefficients of iac1(t) and iac2(t), respectively.
By replacing (33) and (34) into (31), the following relation-

ships between the complex Fourier coefficients of dc-link volt-
ages and currents are obtained:

∞∑

n=−∞
V̄1gneinωg t = inωgLdc

∞∑

n=−∞
Ī1gneinωg t

∞∑

n=−∞
V̄1mneinωm t = inωm Ldc

∞∑

n=−∞
Ī1mneinωm t

∞∑

n=−∞
V̄2gneinωg t = inωgLdc

∞∑

n=−∞
Ī2gneinωg t

∞∑

n=−∞
V̄2mneinωm t = inωm Ldc

∞∑

n=−∞
Ī2mneinωm t . (35)

Equation (35) shows that for any n different from zero

Ī1gn =
V̄1gn

inωgLdc
, Ī1mn =

V̄1mn

inωm Ldc

Ī2gn =
V̄2gn

inωgLdc
, Ī2mn =

V̄2mn

inωm Ldc
(36)

which gives the complex Fourier coefficients of the dc-link
current for any n different from zero.

The problem is therefore reduced to computing the complex
Fourier coefficients of the voltage across the dc-link inductors
vind1(t) and vind2(t). These actually depend on the connections
between the rectifiers and inverters so, to derive their expression,
it is necessary to distinguish among the various drive configura-
tions shown in Fig. 1. For the two topologies shown in Fig. 1(a)
and (b) (single three-phase and dual three-phase with indepen-
dent dc links), we can write

vind1(t) = [udcm1(t) − udcg1(t)]

vind2(t) = [udcm2(t) − udcg2(t)] (37)

where the second of the two equations obviously holds for the
topology shown in Fig. 1(b) only.

For the configuration with interconnected dc links [see
Fig. 2(c)], the dc-link current is the same for both LCI1 and

LCI2 since they are connected in series. Consequently, the volt-
ages across both dc-link inductors, i.e., vind1(t) and vind2(t),
will be the same and given by

vind1(t) = vind2(t) = 1
2 [udcm2(t) + udcm1(t)

− udcg2(t) − udcg1(t)] . (38)

A. Complex Fourier Coefficients V̄1mn ,V̄1gn for Single
Three-Phase and Dual-Three-Phase Configurations with
Independent DC Links

For the drive arrangements given in Fig. 1(a) and (b), (37)
holds. By definition of complex Fourier series coefficients, using
(37) and (7) and the considerations made in Section III-C3, we
can write

V̄1mn =
1

Tm

∫ t0 +Tm

t0

udcm1(τ)e−inωm τ dτ

=
1

Tm

[∫ t0 +Tm

t0

v0
x1a1(τ)e−inωm τ dτ

+
∫ t0 +Tm

t0

v0
x1a1(τ + π/ωm )e−inωm τ dτ

+
∫ t0 +Tm

t0

ΔvL
x1a1(τ)e−inωm τ dτ

+
∫ t0 +Tm

t0

ΔvL
x1a1(τ + π/ωm )e−inωm τ dτ

]

V̄1gn =
1
Tg

∫ t0 +Tg

t0

udcg1(τ)e−inωg τ dτ

=
1
Tg

[∫ t0 +Tg

t0

v0
p1u1(τ)e−inωg τ dτ

+
∫ t0 +Tg

t0

v0
p1u1(τ + π/ωg )e−inωg τ dτ

+
∫ t0 +Tg

t0

ΔvL
p1u1(τ)e−inωg τ dτ

+
∫ t0 +Tg

t0

ΔvL
p1u1(τ + π/ωg )e−inωg τ dτ

]
(39)

where Tm = 1/fm , Tg = 1/fg , and t0 is a generic instant of
time.

Here the procedure to compute integrals in (39), including
v0

x1a1 (τ) and ΔvL
x1a1 (τ), is explained in detail since the cal-

culation of the integrals including v0
p1u1 (τ) and ΔvL

p1u1 (τ)
can be performed similarly by simply replacing the motor-side
quantities with the grid-side ones. In other words, the complex
quantities

C̄m
n =

1
Tm

∫ t0 +Tm

t0

v0
x1a1 (τ) e−inωm τ dτ (40)

D̄m
n =

1
Tm

∫ t0 +Tm

t0

ΔvL
x1a1(τ)e−inωm τ dτ (41)

have to be calculated.

10
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For this purpose, explicit expressions for v0
x1a1 (t) and

ΔvL
x1a1 (t) have been derived in Section III as per (12) and

(24) in terms of the switching matrices S0 and SL , the func-
tions f(θ) and g(θ) and the vector of motor-side voltages vm 1(t).
The latter, given by (9), can be expressed in complex form as
follows:

vm1 (t) = Aeiωm t − Be−iωm t (42)

where matrices A and B are given by

A =
Vm

i2

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

e−iφ0 m − e
−i

( 2π

3
+ φ0m

)

e
−i

( 2π

3
+ φ0m

)

− e
−i

( 4π

3
+ φ0m

)

e
−i

( 4π

3
+ φ0m

)

− e−iφ0 m

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

B =
Vm

i2

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

eiφ0 m − e
i

( 2π

3
+ φ0m

)

e
i

( 2π

3
+ φ0m

)

− e
i

( 4π

3
+ φ0m

)

e
i

( 4π

3
+ φ0m

)

− eiφ0 m

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (43)

Therefore, a primitive function (or indefinite integral) of
vm1 (τ) e−inωm τ will be of the form

�m1 (τ) =
∫

vm1 (τ) e−inωm τ dτ =

⎧
⎪⎪⎨

⎪⎪⎩

Aτ − 1
−2iωm

Be−2iωm τ n = 1

Aeiωm (1−n)τ

iωm (1 − n)
− Be−iωm (1+n)τ

−iωm (1 + n)
n �= 1.

(44)

At this point, the integration interval, ranging from t0 to
t0 + Tm , can be subdivided into the four subintervals marked
with letters A, B, C, D in Fig. 14 so that (40) can be written as

C̄m
n =

1
Tm

∫ t0 +Tm

t0

v0
x1a1 (τ) e−inωm τ dτ

=
1

Tm

(
I0
A + I0

B + I0
C + I0

D

)
(45)

where I0
A , I0

B , I0
C , I0

D denote the integrals extended over the
intervals A, B, C, D in Fig. 14.

In Fig. 14, jm,p indicates the conduction interval Sjm,p where
t0 is placed. Determination of jm,p is explained in Appendix D.

Based on these definitions and using (12) and (44), the terms
I0
A , I0

B , I0
C , I0

D in (45) take the form

I0
A =

∫ t1

t0

v0
x1a1 (τ) e−inωm τ dτ

=
{
S0

[
�m1

(
θ0m + jm,pπ/3

ωm

)
−�m1 (t0)

]}

jm , p

(46)

Fig. 13. Harmonic spectrum of the dc-link voltage, udcm 1 , shown in
Fig. 12(c) (the amplitude is expressed as a percentage of the dc value) for
(a) analytical approach (Udc = 396 V) and (b) experiments (Udc = 388 V).

Fig. 14. Example of conduction intervals, which could be placed within a
generic time interval (t0 t0 + Tm ).

I0
B =

∫ t2

t1

v0
x1a1 (τ) e−inωm τ dτ

=
∑

jm , p <jm ≤6

{
S0

[
�m1

(
θ0m + jm π/3

ωm

)

− �m1

(
θm0 + (jm − 1) π/3

ωm

)]}

jm

(47)

I0
C =

∫ t3

t2

v0
x1a1 (τ) e−inωm τ dτ

=
∑

1≤jm <jm , p

{
S0

[
�m1

(
θ0m + jm π/3 + 2π

ωm

)

−�m1

(
θ0m + (jm − 1) π/3 + 2π

ωm

)]}

jm

(48)

I0
D =

∫ t4

t3

v0
x1a1 (τ) e−inωm τ dτ =

{
S0

[
�m1 (t0 + Tm )

− �m1

(
θ0m + (jm,p − 1) π/3 + 2π

ωm

)]}

jm , p

. (49)

11
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Similarly, (41) canbe written as the sum of four terms as

D̄m
n =

1
Tm

∫ t0 +Tm

t0

ΔvL
x1a1(τ)e−inωm τ dτ

=
1

Tm

(
IL
A + IL

B + IL
C + IL

D

)
(50)

where IL
A , IL

B , IL
C , IL

D denote the integrals extended over the
ranges A, B, C, D shown in Fig. 14, where the conduction
intervals S1 . . . S6 are replaced by the commutation intervals
C1 . . . C6 (see Fig. 4). Keeping in mind (24) and (44) and know-
ing that the generic commutation interval Cjm has the same
starting point of the conduction interval Sjm but its duration is
μm /ωm instead of π/3ωm (see Fig. 4), one can easily find the
expression for the terms IL

A (bottom of the page), IL
B , IL

C , and
IL
D (bottom of the page) in (equations (51)–(53) shown at the

bottom of the page.
At this point, the overall integral (39) can be evaluated ana-

lytically as equation (54)–(55) shown at the bottom of the page
where the terms

C̄g
n =

1
Tg

∫ t0 +Tg

t0

v0
p1u1(τ)e−inωg τ dτ

D̄g
n =

1
Tg

∫ t0 +Tg

t0

ΔvL
p1u1(τ)e−inωg τ dτ (56)

can be computed with the same procedure described for C̄m
n ,

D̄m
n , applied to grid-side quantities, and where the following

relationships are used:

C̄m
n einπ =

1
Tm

∫ t0 +Tm

t0

v0
x1a1(τ + π/ωm )e−inωm τ dτ

D̄m
n einπ =

1
Tm

∫ t0 +Tm

t0

ΔvL
x1a1(τ + π/ωm )e−inωm τ dτ

(57)

C̄g
neinπ =

1
Tg

∫ t0 +Tg

t0

v0
p1u1(τ + π/ωg )e−inωg τ dτ

D̄g
neinπ =

1
Tg

∫ t0 +Tg

t0

ΔvL
p1u1(τ + π/ωg )e−inωg τ dτ . (58)

B. Complex Fourier Coefficients V̄2gn , V̄2mn for Dual-Three
Phase Configurations with Independent DC Links

The complex Fourier coefficients V̄2gn , V̄2mn for the voltage
vind2(t) given by (37) are obtained exactly as the coefficients
V̄1mn , V̄1gn except that LCI2 and REC2 are considered instead
of LCI1 and REC1.

C. Complex Fourier Coefficients V̄gn ,V̄mn for the Dual
Three-Phase Configurations with Interconnected DC Links

Since the dc links are connected in the interconnected con-
figuration, one set of Fourier coefficients are considered for the

IL
A =

⎧
⎪⎪⎨

⎪⎪⎩

∫ t1
t0

ΔvL
x1a1 (τ ) e−inωm τ dτ =

{

SL

[

�m1

(
θ0m +

(
jm,p − 1

)
π/3 + μm

ωm

)

−�m1 (t0)

]}

jm , p

if t0 < tp + μm

ωm

0, otherwise

(51)

IL
B =

∫ t2

t1

ΔvL
x1a1 (τ ) e−inωm τ dτ =

∑

jm , p <jm ≤6

{
SL

[
�m1

(
θm0 + (jm − 1) π/3 + μm

ωm

)
−�m1

(
θm0 + (jm − 1) π/3

ωm

)]}

jm

(52)

IL
C =

∫ t3

t2

ΔvL
x1a1 (τ ) e−inωm τ dτ =

∑

1≤jm <jm , p

{
SL

[
�m1

(
θ0m + (jm − 1) π/3 + μm + 2π

ωm

)

−�m1

(
θ0m + (jm − 1) π/3 + 2π

ωm

)]}

jm

(53)

IL
D =
⎧
⎪⎪⎨

⎪⎪⎩

∫ t4
t3

ΔvL
x1a1 (τ ) e−inωm τ dτ =

{
SL

[
�m1 (t0 + Tm ) −�m1

(
θ0 m +(jm , p −1)π/3+2π

ωm

)]}

jm , p

if t4 < t3 + μm

ωm

∫ t3 + μ m
ω m

t3
ΔvL

x1a1 (τ ) e−inωm τ dτ =
{
SL

[
�m1

(
θ0 m +(jm , p −1)π/3+μm +2π

ωm

)
−�m1

(
θ0 m +(jm , p −1)π/3+2π

ωm

)]}

jm , p

if t4 ≥ t3 + μm

ωm

(54)

V̄1gn = C̄g
n + D̄g

n + C̄g
n einπ + D̄g

n einπ

V̄1mn = C̄m
n + D̄m

n + C̄m
n einπ + D̄m

n einπ (55)
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LCIs input voltages as V̄mn and another for the rectifiers output
voltages as V̄gn . Hence, according to (38), we have

V̄mn =
1

Tm

∫ t0 +Tm

t0

1
2 [udcm2(τ) + udcm1(τ)] e−inωm τ dτ

V̄gn =
1
Tg

∫ t0 +Tg

t0

1
2 [udcg2(τ) + udcg1(τ)] e−inωg τ dτ .

(59)

Similar to the procedure described in Section IV-A, the final
equations for V̄mn and V̄gn are

V̄mn =
C̄m

n + D̄m
n + C̄m

n einπ + D̄m
n einπ

2

+
ein

π
6
(
C̄m

n + D̄m
n + C̄m

n einπ + D̄m
n einπ

)

2

V̄gn =

(
C̄g

n + D̄g
n + C̄g

neinπ + D̄g
neinπ

)

2

+
ein

π
6
(
C̄g

n + D̄g
n + C̄g

neinπ + D̄g
neinπ

)

2
(60)

D. DC-Link Current Computation

Once the coefficients
(
V̄1mn , V̄1gn

)
,
(
V̄2mn , V̄2gn

)
, or(

V̄mn , V̄gn

)
are computed as described in Sections IV-A, IV-B,

and IV-C, the complex Fourier coefficients of the dc-link cur-
rent are also known from (36) and the current pulsations from
(34). The overall dc-link current then results from summing the
current pulsation to the constant component (30) as per (29).

E. Experimental Validation

Fig. 15 shows the comparison between the dc-link current
waveforms obtained with the analytical approach described
above and the measurements. The waveforms are extracted un-
der the operating conditions stated in Table IV for the three dif-
ferent configurations. It can be seen that a satisfactory matching
is achieved between analytical prediction and current record-
ings.

The harmonic spectra of the experimental and analytical dc-
link current are shown in Figs. 16 and 17 for the separate and
interconnected dc-link configuration, respectively. As expected,
observing the dc-link current waveforms [see Fig. 15(b) and
(c)], a good accordance is observable between the experimental
and analytical spectra. Harmonic components in the analytical
dc-link current result from the application of the superposition
law. Therefore, it can be deduced that the presence of 6 kfm

and 6 kfg harmonic frequencies in Fig. 16(a) and 12 kfm and
12 kfg in Fig. 17(a) is due to the independent operation of LCIs
and rectifiers, respectively. This is not true for the experimental
dc-link current. However, the limited discrepancies between
the amplitude of the harmonic components in the analytical and
experimental spectra testify that the 6 kfm and 12 kfm harmonic
frequencies are mainly due to the LCIs operation, while the 6 kfg

and 12 kfg harmonic frequencies are mainly due to the rectifiers
operation.

Fig. 15. DC-link current idc1 for the three LCI-fed drive topologies shown
in Fig. 1 with the operating points shown in Table IV: (a) single three-phase;
(b) dual three-phase with separate dc links; and (c) dual three-phase with inter-
connected dc links.

Thanks to the interconnected dc-link arrangement only har-
monic components of frequency 12 kfm and 12 kfg can be
found in the spectrum of Fig. 17(a). However, in the spectrum of
the experimental waveform, shown in Fig. 17(b), also compo-
nents of frequency 6 kfg (in particular 6fg and 18fg ) have ampli-
tudes different from zero. This results from the independent con-
trol of the two rectifiers [see Fig. 2(a)], which introduces slight

13
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Fig. 16. Harmonic spectrum of the dc-link current, idc1 , shown in Fig. 15(b)
relative to its dc value for (a) analytical approach (Idc = 52 A) and (b) experi-
ments (Idc = 52 A).

Fig 17. Harmonic spectrum of the dc-link current, idc1 , shown in Fig. 15(c)
relative to its dc value for (a) analytical approach (Idc = 57 A) and (b) experi-
ments (Idc = 57 A).

differences in the firing angles, thus causing the not complete
cancellation of the harmonic components of frequency 6 kfg

(with k being an odd integer). This phenomenon is better dis-
cussed in the next subsection dealing with the torque, where sim-
ulation results are provided to support the thesis that a difference
in the firing angles leads to the appearance of frequency compo-
nents that should be theoretically null in case of ideal operation.

V. TORQUE PREDICTION

The torque of the machine is defined as the mechanical power
transferred to the shaft divided by the speed [16]. Disregarding
the conduction drops of the switches, the power delivered to the
shaft is equal to the electrical power entering the LCI(s) feeding

Fig. 18. Flowchart of the proposed algebraic method.

the WFSM after subtracting the stator joule losses. This leads
to the following torque expression:

Tem (t) =
p [idc1(t)udcm1(t) + idc2(t)udcm2(t)]

ωm
− pPloss

ωm
(61)

where p is the number of machine pole pairs and Ploss rep-
resents the stator joule losses. Also, idc1(t) and idc2(t) are the
dc-link currents (see Fig. 1) computed as per Section IV and
udcm1(t) and udcm2(t) are the LCI input dc voltages computed
as discussed in Section III. As regards the losses in the stator
winding, we can write

Ploss = 3NRs (κIdc)
2 (62)

where the term κIdc is the rms value of the fundamental compo-
nent of stator phase current and N = 2 is the number of stator
three-phase sets. Assuming an ideal rectangular waveform for
the phase current (ia1 in Fig. 5), we have κ =

√
6/π [20].

To sum up, the proposed algebraic modeling approach to
compute the machine electromagnetic torque is illustrated step
by step in the flowchart shown in Fig. 18.

In Fig. 19, Tem (t) calculated by (61) is compared with the
results acquired from a torque meter mounted on the machine
shaft, showing an overall satisfactory matching.

The harmonic spectra of the analytical and experimental
torque waveforms shown in Fig. 19(b) and (c) are plotted in
Figs. 20 and 21, respectively. Comparison of the analytical spec-
tra with the experimental ones shows that the main harmonics
are the same and their amplitudes are satisfactorily matching.
The main harmonics of both the interconnected dc-link and

14
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Fig. 19. Electromagnetic torque Tem for the three LCI-fed drive topologies
shown in Fig. 1 with the operating points shown in Table IV: (a) single three-
phase; (b) dual three-phase with separate dc links; and (c) dual three-phase with
interconnected dc links.

the separate dc-link arrangements have frequencies 12 kfm and
12 kfg . Harmonic frequencies 6 kfm and 6 kfg (with k being an
odd integer) should not be found also in torque spectrum of the
separate dc-link configuration, thanks, respectively, to the 30°
displacement of the two-motor three-phase winding sets and the
30 electrical degrees displacements of the three-phase voltages
supplying the two rectifiers.

Fig. 20. Harmonic spectrum of the torque, Tem , shown in Fig. 19(b) rela-
tive to its average value for (a) analytical approach (Tave = 321 N · m) and
(b) experiments (Tave = 324 N · m).

Fig. 21. Harmonic spectrum of the torque, Tem , shown in Fig. 19(c) rela-
tive to its average value for (a) analytical approach (Tave = 361 N · m) and
(b) experiments (Tave = 356 N · m).

Actually, in the spectra of the experimental waveforms, shown
in Figs. 20(b) and 21(b), also components of frequency 6 kfg

have amplitude different from zero, even if their amplitudes are
very small with respect to the main harmonics. This is due to the
presence of 6 kfg (with k odd integer) frequency components in
the spectrum of the dc-link current, owing to the aforementioned
slight differences in the independently controlled firing angles
of the two rectifiers.

The effect of differences in the firing angles of the two
rectifiers can be analyzed by the analytical model, setting the
firing angle αg2 different from αg1 . Fig. 22 shows how even a
small difference between αg2 and αg1 causes the harmonics of
frequency 6 kfg (with k odd integer) to appear in the spectrum
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Fig. 22. Harmonic spectrum of the analytical torque relative to the dc
component when the firing angles of the two rectifiers are different, i.e.,
αg 2 = αg 1 + 2, in the third operating point of Table IV.

TABLE V
RATINGS OF THE MACHINE USED IN DYNAMIC SIMULATIONS

Apparent Power 1 MVA Stator Phase Current 1034 A
Line-to-Line Voltage 570 V Speed 300 r/min

TABLE VI
MACHINE PARAMETERS USED FOR DYNAMIC MODELING

Stator resistance rs 1.8 mΩ d-Axis leakage inductance
Ll k d

a
0.015 mH

Excitation resistance rf
a 0.6 mΩ q-Axis leakage inductance

Ll k q
a

0.024 mH

d-Axis resistance rk d
a 5.1 mΩ d-Axis magnetizing

inductance Lm d

0.63 mH

q-Axis resistance rk q
a 8.6 mΩ q-Axis magnetizing

inductance Lm q

0.54 mH

Stator leakage inductance
Ll s

0.07 mH Number of pole pairs p 2

Excitation leakage inductance
Ll f

a
0.05 mH Moment of inertia J 100 kg·m2

Load characteristics: Frictional, with torque given by Tl = Kl ωm , Kl = 10.2
N·m·s/rad (ωm being the mechanical speed).
aRotor parameters are referred to the stator.

of the analytical torque. In the example of Fig. 22, where
αg2 = αg1 + 2, the amplitude of the harmonics of frequency
6 fg and 18fg is even higher than the corresponding harmonics
in the spectrum of the experimental torque [see Fig. 21(b)].

VI. EVALUATION OF THE PROPOSED METHOD EFFECTIVENESS

COMPARED TO THE DYNAMIC SIMULATIONS

In order to better highlight the computational effort of dy-
namic numerical simulations compared to the proposed ana-
lytical approach, a complete high-power three-phase LCI-fed
WFSM drive system is implemented in MATLAB/Simulink en-
vironment. Ratings of the machine are mentioned in Table V.
Also, a complete list of parameters which are essential to con-
struct the dynamic model is given in Table VI. It can be seen
that, contrary to the proposed analytical model, dynamic simu-
lation requires the knowledge of a large amount of parameters.
A set of seven differential equations including those for the
three stator dq0 circuits, three rotor circuits (excitation, d-axis
and q-axis dampers), and the equation of rotor motion are to be
implemented to model the behavior of the machine [16]. As re-
gards the control section, three PI regulators (see Table VII) are
needed to control speed, dc-link and field currents (a three-phase

TABLE VII
PI REGULATOR COEFFICIENTS IN THE SIMULATIONS

Regulator Proportional Gain Integral Gain

Speed controller 60 8955
DC-link current controller 0.005 0.746
Excitation current controller 0.19 2.26

Fig. 23. Simulation results for reference and real values of (a) rotor mechanical
speed and (b) dc-link current.

thyristor bridge rectifier is used to feed the field current) [20].
The adjustment of the proportional and integral coefficients for
the three regulators to achieve a good dynamic response may
also be troublesome [22], [23].

As mentioned previously, it may take a relatively long time
for the dynamic simulation to reach steady-state conditions. For
instance, the reference values of the machine speed and dc-
link current (which is the output of the speed PI regulator) are
compared to their actual values in Fig. 23. In the simulations, the
speed reference is set to 0.4 pu. Also the speed initial condition
is set to 0.4 p.u. in the motion equation to minimize the settling
time and inhibit possible system instability. Fig. 23 shows that
the required time for the actual speed to reach the steady-state
value is around 1 s. The measured real time to finish 1 s of
simulation is around 90 s while the analytical model takes less
than 1 s to give the desired steady-state results on the same
computer.

In Fig. 24, the simulation results for the steady-state
waveforms of idc(t), udcm(t), and T(t) are compared to
the analytical model outputs. The steady-state quantities are
ωm = 1200 r/min (mechanical), αm = 145, αg = 68, μm =
7.2, Idc = 600A, Vm = 202V, and Vg = 473V.

It can be seen that analytical predictions are in better accor-
dance with simulation results than with measurements. This is
due to several reasons. For example, in the simulations the ma-
chine stator fluxes extracted from the machine model are utilized
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Fig. 24. Comparison between simulation and analytical results for a three-
phase LCI drive steady-state operation: (a) LCI input voltage, (b) dc-link current,
and (c) electromagnetic torque.

for the switching of LCI thyristors, while in the actual system
the measured voltages are used for the same purpose. Motor
fluxes are less distorted due to the commutation transients than
stator voltages and thereby enable a more precise LCI synchro-
nization with the desired firing angle αm . In addition, all the
parasitic effects due to the impedance of the cables connecting
the machine and the LCI are present in the measurements but
not in the simulations.

VII. CONCLUSION

LCI-fed WFSM drives are widely used for high-power ap-
plications thanks to their established technology, reliability, low
cost, and high efficiency. They include various possible topolo-
gies, such as the single three-phase one, the dual three-phase ar-
rangement with independent dc links, and the dual three-phase
configuration with interconnected dc links. In this paper, a new
method has been proposed and experimentally validated to pre-
dict the steady-state performance of an LCI drive by computing
dc-link current, dc-link voltage, and motor torque waveforms
in a fully analytical way. By defining appropriate switching
functions, explicit algebraic formulas have been derived cov-
ering all the LCI drive configurations of practical interest and
enabling the designer to quickly investigate their behavior in a
wide variety of operating conditions. Compared to conventional

Fig. 25. Phasor diagram of the two three-phase winding sets showing that
the magnetic axis of the commutating phases in LCI2, i.e., ec2 (t) − eb2 (t), is
perpendicular to that of the conducting phases in LCI1, i.e., ea1 (t) − ec1 (t).

simulation tools based on the numerical solution of differen-
tial equations, the proposed method gives almost instantaneous
results, requires a very limited knowledge of system parame-
ters and directly yields steady-state current, voltage and torque
waveforms with no need to wait for transients to extinguish.

APPENDIX A

It can be theoretically proved that the commutation transients
in one LCI have a negligible distorting effect on the dc-link volt-
age waveform of the other LCI in a dual three-phase LCI-fed
drive. This can be done by writing the voltage-current differen-
tial equations of the two three-phase winding sets during each
commutation period and showing that the resultant magnetic
coupling (mutual inductance) between the commutating phases
(belonging to one three-phase winding set) and the conduct-
ing phases (belonging to the other three-phase winding set) is
negligible. This fact can be also intuitively justified, taking the
commutation in LCI2 (see Fig. 1) as an example. The conduc-
tion intervals in LCI2 are the same as those shown in Fig. 4
for LCI1 except for a 30 electrical degrees phase shift. For in-
stance, the commutation interval between T6 and T2 (C2 in
Fig. 4), starts at θ = θ0m + π/3 while the same commutation
interval (let us call it C2

′
), between the same thyristors (let us

call them T6
′
and T2

′
, in LCI2) starts at θ = θ0m + π/3 + π/6.

Hence, during the interval θ0m + π/2 < θ < θ0m + π/2 + μm ,
T1 and T2 in LCI1 and T1

′
, T6

′
, and T2

′
in LCI2 are conduct-

ing (assuming that commutations do not overlap in the two
LCIs or, in other words μm < π/6 [10]). In this period, udcm1
is equal to ea1(t) − ec1(t). According to the phasor diagram
shown in Fig. 25, the magnetic axis of the commutating phases
in LCI2, aligned with the vector ec2(t) − eb2(t), is perpendic-
ular to that of the conducting phases in LCI1, aligned with the
vector ea1(t) − ec1(t), indicating the zero mutual coupling in
the case of a round rotor. The same can be applied to all the
other commutation intervals.

The aforementioned example, i.e., commutation between T6
′

and T2
′
in LCI2 and its effect on udcm1 , is also investigated via

simulations in Fig. 26. Here, the machine used in Section VI for
simulation studies is configured in dual three-phase arrangement
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Fig. 26. Simulation waveforms focusing on the effect of commutation be-
tween T6

′
and T2

′
(while ic2 changes from 0 to −Idc ) on udcm 1 .

with the dc links interconnected. It is evident from Fig. 26 that
despite the rotor saliency, the effect of commutation in LCI2 is
negligible on udcm1 .

APPENDIX B

As in the case of (4), the equality ΔvL
y1a1 (t) =

−ΔvL
x1a1 (t + π/ωm ) can be shown to be true by taking com-

mutation intervals C3 and C6 as examples. According to (15),
ΔvL

x1a1 (t′) is equal to −(−ea1(t′) + eb1(t′)) with (θ0m +
2π/3)/ωm < t′ < (θ0m + 2π/3 + μm)/ωm . During C6 (which
is displaced by 180 electrical degrees with respect to
C3), T5, T6, and T4 are conducting simultaneously and
vy1a1(t′′)(t′′ = t′ + π/ωm ) is equal to zero because T4 con-
nects phase terminal a1 to point y1. If the commutation
is not taken into account, at interval S6 (θ0m + 5π/3 <
θ < θ0m + 2π), T6 is conducting and therefore phase ter-
minal b1 is connected to point y1. Hence, v0

y1a1 (t′′) is
equal to eb1(t′′) − ea1(t′′) and, consequently, ΔvL

y1a1 (t′′) =
vy1a1 (t′′) − v0

y1a1 (t′′) = 0 − (eb1 (t′′) − ea1 (t′′)). Since the
phase back EMFs have sinusoidal waveforms, it can be sim-
ply observed that ΔvL

y1a1 (t) = −ΔvL
x1a1 (t + π/ωm ).

APPENDIX C

The average value of the dc-link current Idc could be cal-
culated according to the motor output power and LCI’s input
active power such as

Idc =
Pm

NUdcm1η
. (C1)

Average values Udcm1 of udcm1 and Udcg1 of udcg1 [see
Fig. 1(a)] are

Udcm1 =
3
π

√
3Vm cos αm +

3
π

ωm LC m Idc (C2)

Udcg1 =
3
π

√
3Vg cos αg − 3

π
ωgLC gIdc . (C3)

Extracting Udcm1 from (C1) and substituting it into (C2),
a quadratic equation is obtained where Idc represents the

unknown. Among the two solutions of the equation, one is
positive and the other is negative. Since thyristor bridges are
unidirectional, only the positive solution is kept, which gives

Idc =

−
√

3Vm cos αm +
√

3V 2
m cos2 αm +(4π/3)(Pm /Nη)ωm LC m

2ωm LC m
.

(C4)

Disregarding the dc-link resistance voltage drop Udcm1 =
Udcg1 . Therefore, equalizing (C2) and (C3) and substituting (C4)
into them, with some algebraic manipulations (28) is obtained.

APPENDIX D

The lower integration limit t0 in (45) is placed in a certain
conduction interval Sjm,p . Therefore, as illustrated in Fig. 14,
it is
[
θ0m +

π

3
(jm,p − 1)

]
ω−1

m ≤ t0 ≤
[
θ0m +

π

3
jm,p

]
ω−1

m .

(D1)
From (D1), by few algebraic manipulations, we obtain

jm,p ≤ 3
π

(t0ωm − θ0m ) + 1 ≤ jm,p + 1. (D2)

From this, it is inferred

jm,p = trunc
[

3
π

(t0ωm − θ0m ) + 1
]

. (D3)

We can now prove that 1 ≤ jm,p ≤ 6. In fact, if 1 ≤ jm,p ≤ 6
by (D2), we have

1 ≤ 3
π

(t0ωm − θ0m ) + 1 ≤ 7. (D4)

That is

0 ≤ t0ωm − θ0m ≤ 2π. (D5)

Equation (D5) is true because t0 has been chosen so that
0 ≤ t0/ωm − θ0m ≤ 2π (see Fig. 14).
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