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Abstract. We argue that in the case of identical particles the most natural identification
of separability, that is of absence of non-classical correlations, is via the factorization of
mean values of commuting observables. It thus follows that separability and entanglement
depend both on the state and on the choice of observables and are not absolute notions. We
compare this point of view with a recent novel approach to the entanglement of identical
particles, which allows for the definition of an entanglement entropy from a suitably defined
reduced particle density matrix, without the need of labelling the system constituents.
We contrast this figure of merit with the aforementioned lack of an absolute notion of
entanglement by considering few paradigmatic examples.
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1. Introduction

For distinguishable particles the notion of entanglement has a well-defined
and universally accepted formulation [1]; however, this is not the case for
indistinguishable particles, where the debate is still open on whether the
required symmetrization or anti-symmetrization of identical particle states
can be by itself a source of entanglement as a usable tool for quantum tech-
nologies [2 – 11], see also the recent review [12]. Typically, what one tries to
do is to export to the case of bosons and fermions what one thinks to be a
fundamental mark of entanglement in the case of distinguishable particles.

Taking as a mark of separability for pure states, namely of absence of
entanglement, the lack of correlations among commuting observables, one
can consistently formulate a theory of entanglement for identical particles
systems, and of its applications, using only the tools of the second quantiza-
tion approach to quantum statistical mechanics [2, 9, 13 – 25]. The resulting
evidence is that separability and entanglement are not absolute notions as
they depend on the sets of commuting observables that are chosen. Mathe-
matically, these sets have the structure of an algebra, and more specifically
of a C∗-algebra [26, 27]. In other terms, the same state can be seen both as
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separable with respect to two commuting sub-algebras and as entangled with
respect to a different pair of commuting sub-algebras. This is also true for
distinguishable particles; however, in that case there is a privileged choice
of commuting sub-algebras, namely the ones associated with each specific
particle. This attribution of observables to specific particles is not possi-
ble anymore in the case of identical particles, so that the need and also the
opportunity of referring to far wider classes of commuting sub-algebras and
correlations naturally emerge.

Recently, a new approach to the description of identical particle systems
has been proposed [28, 29, 30]: through a modification of the first quantiza-
tion approach to identical particle systems, states are constructed without
assigning particle labels to single particle states and thus without the need
to symmetrize or anti-symmetrize tensor product states. Instead, in this for-
mulation, which we shall refer to as the no-label approach, the many-body
structure is encoded through an original definition of the scalar products
between states (with the same number of particles). Moreover, within such
a context, a projection-like operation from higher to lower particle number
sectors of the Fock space can be constructed and used to firstly derive a one
particle-like reduced density matrix from pure states of two identical parti-
cles and, secondly, to define the amount of their entanglement as the von
Neumann entropy of the reduced one-particle density matrix, exactly as one
does in the case of two distinguishable particles. Particular applications of
this approach regard the attribution of entanglement to bipartite states of
two identical particles with a spatial and an internal degrees of freedom by
localizing them in space.

In the following we first motivate the approach to identical particle entan-
glement based on factorization of correlation functions, which we also briefly
summarize, then we provide a short overlook of the no-label approach and
finally we compare the conclusions of the two approaches in a few simple
concrete examples.

2. Separability and Entanglement for Distinguishable Particles

In the common lore, quantum entanglement stands for correlations without
classical counterparts [1]: these non-classical correlations set the ground for
technological performances otherwise impossible basing on purely classical
means [31, 32]. In the case of a classical system, the simplest correlations are
those embodied by two-point expectation values: these involve the averages

µ(X1X2) =

∫

X
dµ(s)X1(s)X2(s) (1)

of products of two stochastic variables X1,2(s) over a suitable measure space
X with respect to a probability distribution µ(s). Through (1), the probabil-
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ity distribution µ(s) assigns mean values to all possible stochastic variables
and therefore completely characterises the statistical properties of the sys-
tem or, in more physical words, the probability µ(s) exhaustively defines the
state of classical systems. For instance, absence of correlations between two
stochastic variables X1,2(s) relative to a given state µ(s) is described by the
factorization

µ(X1X2) = µ(X1)µ(X2) . (2)

In quantum mechanics, the probability distribution µ is usually replaced
by a density matrix, or mixed state, ̺ acting on a Hilbert space H, that is
by a convex combination

̺ =
∑

j

λj |ψj〉〈ψj | , λj ≥ 0 ,
∑

j

λj = 1 (3)

of weighted one-dimensional projections |ψj〉〈ψj |, the so-called pure states:
these provide complete descriptions of the quantum system states. Mixed
states instead correspond to statistical ensembles distributed according to
the given weights, whereby two-point correlation functions in (1) then read

Tr(ρAB) =
∑

j

λj 〈ψj |AB|ψj〉 , (4)

where A = A† and B = B† are observables that is self-adjoint operators on
H. If A and B commute, AB = BA is an observable in analogy with the
integrand of (1); moreover, the statistics of the outcomes of measurements of
A and B are independent of each other. The statistical independence ensuing
from commutativity must then correspond to absence of correlations among
the observables A and B with respect to a pure state |ψ〉〈ψ|. This is equiv-
alent to the request that the corresponding two-point correlation function
factorize

〈ψ|AB|ψ〉 = 〈ψ|A|ψ〉〈ψ|B|ψ〉 . (5)

Of course, for a generic mixed state ̺, Tr(ρAB) 6= Tr(ρA) Tr(ρB), even in
the absence of quantum correlations in the constituent pure states; however,
this lack of factorization is due to the classical correlations carried by the
weights λj in (3).

As far as separability and entanglement of distinguishable particles are
concerned, these are concepts related to a natural notion of locality embodied
by (local) quantum observables of bipartite quantum systems S1 + S2 that
are typically tensor products O1⊗O2 of observables O1 pertaining to system
S1, that is acting on the Hilbert space H1 of S1, and O2 pertaining to system
S2, that is acting on the Hilbert space H2 of S2. The observables O1,2 are

embedded within the algebra of operators of S1 + S2 as Õ1 = O1 ⊗ 1 and
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Õ2 = 1 ⊗ O2 so that Õ1Õ2 = O1 ⊗ O2. Then, pure states |Φ12〉 carrying no
correlations with respect to O1,2 are such that

〈Φ12|Õ1Õ2|Φ12〉 = 〈Φ12|Õ1|Φ12〉 〈Φ12|Õ2|Φ12〉 . (6)

These states are known as separable vector states and are of the form |Φ12〉 =
|φ1〉 ⊗ |φ2〉. Indeed, if |Φ12〉 = |φ1〉 ⊗ |φ2〉, the above factorization occurs for
all possible choices of observables O1,2. Vice versa, consider the Schmidt
decomposition

|Φ12〉 =
∑

j

λj |φ(1)j 〉 ⊗ |φ
(2)
j 〉 ,

with Schmidt coefficients λj > 0 and orthogonal vectors 〈φ(a)k |φ
(a)
ℓ 〉 = δkℓ,

a = 1, 2. By choosing in (6) O1 = |φ(1)i 〉〈φ
(1)
i | and O2 = |φ(2)j 〉〈φ

(2)
j |, it follows

that λiλj = λ2iλ
2
j for all possible pairs of Schmidt coefficients. Together with

the normalization condition
∑

j λ
2
j = 1, this implies that only one of them

can be different from zero. Therefore, if |Φ12〉 satisfies (6) for all possible
single particle observables O1,2, it must be of the form |Φ12〉 = |φ1〉 ⊗ |φ2〉.

Pure states for which factorization fails for at least one pair of observables
O1,2 as defined above are then entangled. In the case of mixed quantum states,
being separable, that is non-entangled, means being a convex combination of
separable states

ρsep =
∑

j

λj |ψ(1)
j 〉〈ψ

(1)
j | ⊗ |ψ

(2)
j 〉〈ψ

(2)
j | ,

∑

j

λj = 1 , λj ≥ 0 , (7)

so that

Tr(ρsepO1 ⊗O2) =
∑

j

λj 〈ψ(1)
j |O1|ψ(1)

j 〉 〈ψ
(2)
j |O2 |ψ(2)

j 〉 , ∀ O1,2 , (8)

whereby correlations are only those supported by the weights λj .

Remark 1 The factorized form of separable pure states is clearly associated
with the tensor product structure, H = H1 ⊗ H2 of the Hilbert space H

of the compound system S1 + S2. In this standard context, the locality of
observables of the form O1 ⊗O2 is implicitly understood with respect to the
given tensor product structure of the Hilbert space H. Their locality is a
particular instance of algebraic independence, namely of commutativity: it
is also of particle type, since O1,2 are observables that can be attributed to
degrees of freedom identifiable with different particles. We will refer to this
kind of locality as particle locality.
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The following example shows that, by allowing for more general algebraic
independence than particle-locality, even in the standard settings, is not pos-
sible to establish the absence of correlations independently from the context,
i.e. from the choice of the algebras. For the sake of simplicity, let S1,2 be
finite level systems, so that H1 = C

d1 and H2 = C
d2 and local observables

O1⊗O2 are constructed from O1 = O†
1 belonging to the sub-algebra Md1(C)

of d1× d1 matrices, respectively O2 = O†
2 from the algebra Md2(C) of d2× d2

matrices.

EXAMPLE 6 Let d1 = d2 = 2: the statistical independence of the local
observables O1,2 fails in general for the (maximally entangled) Bell states:

|Ψ±〉 =
1√
2

(
|0〉 ⊗ |1〉 ± |1〉 ⊗ |0〉

)
(9)

|Φ±〉 =
1√
2

(
|0〉 ⊗ |0〉 ± |1〉 ⊗ |1〉

)
, (10)

with |0〉 and |1〉 the orthonormal basis in C
2 given by the eigenstates of σ3:

σ3|k〉 = (−1)k|k〉, k = 0, 1. Indeed, choosing O1,2 = σ3, one gets

〈Ψ+|σ3 ⊗ σ3|Ψ+〉 = −1 6= 〈Ψ+|σ3 ⊗ 1|Ψ+〉 〈Ψ+|1⊗ σ3|Ψ+〉 = 0 . (11)

Let now A+, respectively A− be the commutative sub-algebras of M2(C) ⊗
M2(C) generated by the identity and the projectors PΨ

+ and PΦ
+ onto |Ψ+〉

and |Φ+〉, respectively by the identity and the projectors PΨ
− and PΦ

− onto
|Ψ−〉 and |Φ−〉. The two sub-algebras A± commute and their expectation
values with respect to (9), (10) factorize, indicating that from this point of
view even the Bell states can be identified as not entangled. At the same
time, the expectations with respect to |Ψ〉 = |0〉 ⊗ |0〉, which factorize with
respect to the particle-local pair (M2(C) ⊗ 1, 1 ⊗M2(C)), do not factorize
with respect to (A+,A−). Indeed,

〈Ψ|PΦ
+ PΦ

− |Ψ〉 = 0 6= 〈Ψ|PΦ
+ |Ψ〉 〈Ψ|PΦ

− |Ψ〉 =
1

4
. (12)

Therefore, |Ψ〉 is separable with respect to particle-locality, while it is no
longer separable with respect to the algebraically independent sub-algebras
A±. Clearly, the observables

PΦ
± =

1

2

(
|0〉〈0| ⊗ |0〉〈0| + |1〉〈1| ⊗ |1〉〈1| ± |0〉〈0| ⊗ |1〉〈1| ± |1〉〈1| ⊗ |0〉〈0|

)

are sums of tensor products and thus particle non-local.
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From these considerations, one sees, even in the simplest possible setting,
that, by abandoning the notion of locality associated with particle identifica-
tion, and referring instead to algebraic independence, namely to commuting
pairs of sub-algebras, then separability and entanglement immediately be-
come notions that need to be specified in relation to the specific context
provided by the chosen pairs of commuting sub-algebras. Obviously, in the
standard, distinguishable particle case, one is mainly concerned with particle-
locality because particles can be naturally identified. However, this is not
true anymore for identical particles and one is naturally forced to replace
particle-locality by algebraic-independence.

3. Identical Particle Entanglement

In this section, we consider the case of identical, namely indistinguishable par-
ticles. Clearly, the fact that their Hilbert spaces must be either symmetrized
(bosons) or anti-symmetrized (fermions) hampers the emergence of a unique
(natural) tensor product structure for the Hilbert space over which to base
the notion of separability and entanglement. Of the many different possible
approaches to the problem that appeared in the literature in the last years,
we will consider and compare two of them. The first one [13, 20, 16, 17] bases
the notion of separability on the absence of classical correlations with respect
to products of pairs of commuting observables, while the second one [28 – 30]
makes use of a suitably constructed one particle-reduction of identical particle
states.

3.1. Second quantization approach

Identical particles are most suitably addressed by means of second quanti-
zation which is based on the introduction of a single-particle Hilbert space
H and the corresponding creation, a†(f), and annihilation, a(g), operators,
with single-particle vector states f, g ∈ H, the so-called modes. They satisfy
Canonical Commutation or Anticommutation Relations:

[a(f), a†(g)] = 〈f |g〉 (CCR) , {a(f), a†(g)} = 〈f |g〉 (CAR) , (13)

while all other commutators and anti-commutators vanish. Polynomials in
these operators construct the algebra A of operators that are used to describe
many-body systems consisting of bosons and fermions. Fermionic and bosonic
states amount to positive, normalized linear functionals

ω : A 7−→ C , ω(x†x) ≥ 0 ∀ x ∈ A , ω(1) = 1 . (14)

We refer to ω as a state in that it generalizes the standard (pure and mixed)
quantum states given by O 7→ Tr(ρO) where ρ is any density matrix. Pure
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states are those expectation functionals that cannot be convexly decomposed
into weighted sums of other expectation functionals over A: the simplest
instance of pure state on either bosonic or fermionic A is provided by the
vacuum vector |0〉 such that

ω(a(f)) = 〈0|a(f)|0〉 = 0 , ω(a†(f)) = 〈0|a†(f)|0〉 = 0 ∀ f .

Two-point correlation functions of the form ω(x1x2) give access to the spatial
correlations among observables x1,2 localized within volumes V1,2. These ob-
servables are in general self-adjoint polynomials in creation and annihilation
operators a(f), a†(f) with f supported within either volume V1 or V2. In
the bosonic case, these polynomials generate sub-algebras A1,2 that, because
of (13), commute when V1 and V2 do not overlap. When ω is pure, that is
when it cannot be convexly decomposed, then factorization

ω(x1x2) = ω(x1)ω(x2) ∀ x1 ∈ A1 , x2 ∈ A2 , (15)

shows absence of spatial correlations; namely, that ω is spatially-separable,
while

ω(x1x2) 6= ω(x1)ω(x2) (16)

for some x1 ∈ A1, x2 ∈ A2, reveals non-local spatial correlations, or, equiva-
lently, that ω is spatially entangled (entangled with respect to spatial modes).
By changing modes, for instance by considering single particle vector states
that are superpositions of those localized within V1 and those localized within
V2, then one can construct a pair of commuting subalgebras (B1,B2) different
from (A1,A2), with respect to which a spatially-separable state may easily
become entangled.

In fermionic systems, elements of different sub-algebras can also anticom-
mute in accordance with microcausality [20, 22, 25].

EXAMPLE 7 The simplest physical instance where the previous arguments
could be put to test is provided by N condensed (bosonic) cold atoms confined
in a two-well potential. The single particle Hilbert space is C

2 spanned by
two vectors, {|L〉, |R〉}, representing an atom being localized within the left,
respectively right well. Spatial-locality is associated with the independent
pair of commuting sub-algebras given by the two sub-algebrasAL,R generated

by the creation and annihilation operators aL, a
†
L and aR, a

†
R such that

a†L|0〉 = |L〉 , a†R|0〉 = |R〉 .

The two sub-algebras commute because of the CCR (13); they have in com-
mon only the identity operator and, together, they generate the entire bosonic
algebra A over the single particle Hilbert space C

2. In the N -particle sector,
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spatially-separable pure states are the Fock number states with k particles
in the left well and N − k particles in the right well:

|k〉 :=
(a†L)k√
k!

(a†R)N−k
√

(N − k)!
|0〉 . (17)

One can check that, if P (aL, a
†
L) and Q(aR, a

†
R) are polynomials in the left

and right creation and annihilation operators, then

〈k|P (aL, a
†
L)Q(aR, a

†
R) |k〉 = 〈k|P (aL, a

†
L) |k〉 〈k|Q(aR, a

†
R) |k〉 .

Indeed, by using the canonical commutation relations, one can rewrite

1

(N − k)!
aN−k
R Q(aR, a

†
R) (a†R)N−k = Q0 +Q1 ,

1

k!
akL P (aL, a

†
L) (a†L)k = = P0 + P1 ,

where Q0 and P0 are sums of products anR,L(a†R,L)n of same powers n ≥ 0
of annihilation and creation operators, while Q1 and P1 contain terms with
different powers. Since [Qa, Pb] = 0, a, b = 0, 1, and Q1|0〉 = P1|0〉 = 0, one
gets

〈k|P (aL, a
†
L)Q(aR, a

†
R) |k〉 = 〈0|Q0 P0|0〉 = 〈0|Q0 |0〉 〈0|P0 |0〉

= 〈k|P (aL, a
†
L) |k〉 〈k|Q(aR, a

†
R) |k〉 .

The previous form of pure states is not only sufficient for being spatially-
separable, but also necessary. Indeed, one can show that any pure separable

state on A is of the form P(a†L)Q(a†R)|0〉 with suitable polynomials P and Q
in the left, respectively right creation operators.

The Bogoliubov transformation

b± =
aL ± aR√

2

provides creation and annihilation operators associated with the delocalized
modes

|E±〉 =
|L〉 ± |R〉√

2
.

The latter states approximate the eigenstates of the single particle double-
well Hamiltonian

H = E (|L〉〈L| − |R〉〈R|) + U(|L〉〈R|+ |R〉〈L|) ,
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with 0 ≤ E ≪ U . The new modes b± thus provide an energy-local bipartition

consisting of the two commuting sub-algebras B± = {b±, b†±} with respect to
which the spatially-separable state |k〉 in (17) is no longer separable as it is
a sum of states of the form

(b†−)k√
k!

(b†+)N−k
√

(N − k)!
|0〉 .

3.2. Particle entanglement without particle labels

In a recent approach to identical particles entanglement aiming at avoiding
any statement based on the erroneous labelling of particles that cannot be
identified, a one-particle reduction operation from the state of two identical
particles to one was introduced, thereby allowing for the quantification of
identical particle entanglement by means of the von Neumann entropy of the
so obtained reduced density matrix. We briefly review this no-label approach.

This proposal is neither a first quantization approach making use of (anti)-
symmetrized Hilbert space vectors, nor a second quantization approach based
on mode creation and annihilation operators. Instead, it is derived from the
standard Hilbert space structure of single particles and from the following
construction of two-particle states and their scalar products.a Given single
particle vector states |φ1,2〉 in a Hilbert space H, two-particle vector states are
generated from linear combinations of all pairs (φ1, φ2), denoted as |φ1, φ2〉
among which a scalar product is defined by

〈φ1, φ2|φ′1, φ′2〉η = 〈φ1|φ′1〉 〈φ2|φ′2〉+ η 〈φ1|φ′2〉 〈φ2|φ′1〉 , (18)

where 〈φ|φ′〉 is the usual single particle scalar product, while η = 1 for
bosons and η = −1 for fermions. Though the result is the same as with
(anti-)symmetrized tensor products of single particle vector states, in this
case there is no need for labelling the states with particle indices and then
proceed to symmetrization or antisymmetrization. From direct application
of (18) there follows linearity, e.g. α|φ1, φ2〉 = |αφ1, φ2〉 = |φ1, αφ2〉, for all
α ∈ C, and that

〈φ1, φ2|φ′1, φ′2〉η = η 〈φ1, φ2|φ′2, φ′1〉η (19)

for all φ1, φ2 ∈ H, so that, under vector exchange, |φ1, φ2〉 = η |φ2, φ1〉. The
states |φ1, φ2〉 correspond, in the usual first quantization formalism endowed
with tensor product between individual particle Hilbert spaces, to the follow-
ing unnormalized states

1√
2

(|φ1〉 ⊗ |φ2〉+ η|φ2〉 ⊗ |φ1〉) , (20)

aThough extendible to more than two particles, we shall however restrict our consider-
ations to the simplest possible non-trivial scenario.
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whose norm is
N = 1 + η|〈φ1|φ2〉|2. (21)

According to the fact that the action of linear operators must comply with
particle identity, in a first quantization setting, one defines the action of a
single particle operator A on two-particle states as the operator A(1) which
formally acts on the 2-particle state as

A(1) |φ1, φ2〉 = |Aφ1, φ2〉+ |φ1, Aφ2〉 . (22)

We shall refer to A(1) as the 2-particle extended (or just as the extended)
single-particle operator. By linearity and because of (19), for one-particle
projections Pψ := |ψ〉〈ψ| one finds

P
(1)
ψ |φ1, φ2〉 = |ψ, 〈ψ|φ1〉φ2 + η 〈ψ|φ2〉φ1〉 , (23)

whence the second vector suggests to define the following reduction operator
Π2→1
ψ from two particle states to one particle states,

Π2→1
ψ |φ1, φ2〉 = 〈ψ|φ1〉 |φ2〉+ η 〈ψ|φ2〉 |φ1〉 . (24)

Let us now consider an orthonormal basis {|ψk〉}k in the one-particle
Hilbert space H and a subspace K linearly spanned by a subset K of these
vectors with associated orthogonal projector PK =

∑
k∈K |ψk〉〈ψk|. Given a

normalized two-particle vector state

|Φ12〉 :=
|φ1, φ2〉√
N

, (25)

one can then associate with it a K-reduced one-particle density matrix ρKΦ by

|Φ12〉〈Φ12| 7−→
∑

k∈K
Π2→1
ψk
|Φ12〉〈Φ12|(Π2→1

ψk
)†

and normalization of the right-hand side. Using (24) one gets

ρKΦ :=
1

2NK

∑

k∈K
Π2→1
ψk
|Φ12〉〈Φ12|(Π2→1

ψk
)† (26)

=
1

2NK

(
〈φ2|PK|φ2〉 |φ1〉〈φ1|+ 〈φ1|PK|φ1〉 |φ2〉〈φ2|

+ η(〈φ1|PK|φ2〉 |φ1〉〈φ2|+ 〈φ2|PK|φ1〉 |φ2〉〈φ1|)
)
, (27)

with the normalization

NK =
1

2

∑

k∈K
‖Π2→1

ψk
|Φ12〉‖2

=
1

2
〈φ1|PK|φ1〉+

1

2
〈φ2|PK|φ2〉+ ηRe (〈φ1|PK|φ2〉〈φ2|φ1〉) . (28)

10
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Similarly to the case of bipartite states of distinguishable particles, the
entanglement content of the bipartite state |Φ12〉 is then measured by the
von Neumann entropy of the K-reduced density matrix

EK(Φ12) = S(ρKΦ) = −Tr(ρKΦ log ρKΦ) . (29)

Remark 2 Notice that the reduction illustrated above does not yield a density
matrix supported by the subspace K; rather, it is supported by the two-
dimensional subspace generated by |φ1,2〉 with matrix elements depending on
K. As explicit in (26), while the entanglement measured by (29) does not
depend on the chosen orthonormal basis of K, it however depends on the
subspace K.

Remark 3 Because of the action of the reduction operator Π2→1
ψ , the K-

reduced density matrix (26) does not reproduce the expectation values over
|Φ12〉 of the extended operator A(1) starting from the single-particle operator
A:

〈Φ12|A(1)|Φ12〉 6= Tr(ρKΦA) .

Indeed, application of (22) and (26) yields respectively

〈Φ12|A(1)|Φ12〉 =
1

N
[
〈φ1|A|φ1〉+ 〈φ2|A|φ2〉+ 2ηRe(〈φ2|A|φ1〉〈φ1|φ2〉)

]
, (30)

Tr(ρKΦA) =
1

2NK

[
〈φ1|A|φ1〉〈φ2|PK|φ2〉+ 〈φ1|PKφ1〉〈φ2|A|φ2〉

+ 2ηRe (〈φ2|A|φ1〉 〈φ1|PK|φ2〉)
]
, (31)

which are in general different. Equivalence between expressions (30) and (31)
can be established, for instance, if K = H, namely if PK = 1 and there is no
subspace projection but only single-particle reduction (note that in this case
NH = N ). There still remains, however, a factor 1/2 of difference between
(30) and (31), which could be corrected by normalizing the symmetrized
action (22) of single-particle observables. The physical origin of this factor
lies in the fact that the trace in (31) reproduces expectations of observables
supported by the single particle operators A ⊗ 1 or 1 ⊗ A, and not by the
symmetrized operator A(1). The latter is the only physically addressable
single-particle operators in the setting of indistinguishable particles. From its
definition in (22), it counts single particle contributions from both particles.
Moreover, in the K = H case, the density matrix (27) of the no-label approach
becomes

ρΦ =
|φ1〉〈φ1|+ |φ2〉〈φ2|+ η(〈φ1|φ2〉 |φ1〉〈φ2|+ 〈φ2|φ1〉 |φ2〉〈φ1|)

2(1 + η|〈φ2|φ1〉|2)
, (32)

which is formally equal to the standard reduced density matrix obtainable
by partial trace in the case of bipartite systems of distinguishable particles:

11
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that is, by considering |Φ12〉 defined as in (20) and by tracing over the first
or the second particle Tr(1)|Φ12〉〈Φ12| = Tr(2)|Φ12〉〈Φ12|.

3.3. The two approaches compared

We now consider the state |Φ12〉 = |φ1, φ2〉/
√
N in (25) with 〈φ1|φ2〉 = 0;

in the second quantization approach, |Φ12〉 = a†1a
†
2|0〉, where a†a|0〉 = |φa〉,

a = 1, 2. In this latter context, as already discussed in Sect. 3.1, |Φ12〉 is
separable with respect to the bipartition consisting of the two commuting

sub-algebras A1, respectively A2 generated by a1, a
†
1, respectively a2, a

†
2. On

the other hand, |Φ12〉 is of course entangled with respect to bipartitions
obtainable by a Bogoliubov transformation that linearly combines the a-
modes.

In the no-label approach, commuting extended single particle observables

O
(1)
1 and O

(1)
2 come from observables on the single particle Hilbert space H

such that [O1, O2] = 0. Then, using (22), one finds that factorization as

in (6), with Õj substituted by O
(1)
j , occurs if and only if (Oa = O†

a, a = 1, 2)

〈φ1|O1O2|φ1〉+ 〈φ2|O1O2|φ2〉+ 2ηRe
(
〈φ1|O1|φ2〉〈φ2|O2|φ1〉

)

= 〈φ1|O1|φ1〉〈φ1|O2|φ1〉+ 〈φ2|O2φ2〉〈φ2|O1φ2〉 . (33)

Given an orthonormal basis {|φj〉}j in H, consider the following cases:

1. O1 = |φ1〉〈φ1|, O2 = |φ2〉〈φ2|: O1O2 = 0 and both sides of (33) van-
ish. In this case, the two orthogonal projectors together with the iden-
tity generate two commutative sub-algebras commuting between them-
selves. Then, the mean-value with respect to |Φ12〉 factorizes, as in
the second quantization setting for the bipartition (A1,A2) discussed
before.

2. O1 = |ψ+〉〈ψ+|, O2 = |ψ−〉〈ψ−|, with |ψ±〉 = (|φ1〉±|φ2〉)/
√

2: O1O2 =
0 and the left-hand side of (33) equals −η/2, while the right-hand side
equals 1/2. In this case, the new projectors O1,2 generate two com-
muting sub-algebras (together with the identity) over which the mean-
values do not factorize for bosons (η = 1), while they do for fermions
(η = −1). This latter fact expresses the invariance of the singlet struc-
ture with respect to unitary rotations in the two-dimensional subspace
to which it belongs.

3. O1 = |ψ+〉〈ψ+|, O2 = |ψ−〉〈ψ−|, with |ψ±〉 = (|φ1〉 ± |φj〉)/
√

2, j ≥ 3:
O1O2 = 0 and the left-hand side of (33) vanishes, while the right-hand
side equals 1/4. In this case, even the residual fermionic separability of
the previous point is lost.

12
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These examples show that, even within the no-label approach framework,
separability/entanglement of pure states are not absolute notions, since the
factorization of mean values depends on the specific commuting observables
one considers.

A further case considered in the no-label approach [28, 29, 30] is that of
a single particle Hilbert space with a dichotomic space degree of freedom
L,R and an internal one 0, 1 as in the case of cold atoms confined within the
left and right minima of a double-well potential and further distinguished
by a pseudo-spin variable. Then, the single particle Hilbert space is linearly
spanned by 4 orthogonal vectors |L, 0〉, |L, 1〉, |R, 0〉 and |R, 1〉. Within this
framework, the entanglement of various bipartite states |Φ12〉 is considered
by inspecting the reduction to left localized single-particle states obtained,
acording to (26) and (27), by restriction to the subspace KL spanned by |L, 0〉
and |L, 1〉:

ρLΦ =
〈φ2|PL|φ2〉|φ1〉〈φ1|+ 〈φ1|PL|φ1〉|φ2〉〈φ2|+ η

(
〈φ1|PL|φ2〉|φ1〉〈φ2|+ 〈φ2|PL|φ1〉|φ2〉〈φ1|

)

〈φ2|PL|φ2〉+ 〈φ1|PL|φ1〉+ 2ηRe
(
〈φ1|PL|φ2〉〈φ2|φ1〉

) ,

(34)

where we have defined PL := PKL
= |L, 0〉〈L, 0| + |L, 1〉〈L, 1| to simplify the

notation.
As observed before, ρLΦ is not the partial trace over the right degrees of

freedom that reduces |Φ12〉〈Φ12| to a density matrix for the left degrees of
freedom, and is thus crucial to understand what the von Neumann entropy
of ρLΦ12

can tell about the entanglement of |Φ12〉. As in [28, 29, 30], we shall
consider the following cases.

1. |Φ12〉 = |L, 0;R, 1〉, with single particle vector states |φ1〉 = |L, 0〉,
|φ2〉 = |R, 1〉: then,

ρLΦ = |R, 1〉〈R, 1| =⇒ EL(Φ12) = 0 (35)

so that |Φ12〉 is deemed separable in the no-label approach.

2. |Φ12〉 =
1√
2
|L, 0;L, 0〉; then,

ρLΦ = |L, 0〉〈L, 0| =⇒ EL(Φ12) = 0 . (36)

Then, again |Φ12〉 seems separable in the no-label approach.

3. |Φ12〉 = |L, 0;L, 1〉; then,

ρLΦ =
1

2

(
|L, 0〉〈L, 0| + |L, 1〉〈L, 1|

)
=⇒ EL(Φ12) = 1 , (37)

so that |Φ12〉 is established as maximally entangled by the no-label
approach.
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We now compare the separability and entanglement obtained above within
the no-label approach with the factorization of mean-values.

Let us then consider the orthogonal single particle projectors P1, P2; us-
ing (18) and (22) one obtains

〈Φ12|(P1)(1)(P2)(1)|Φ12〉 =
1

N
(
〈φ1|P1|φ1〉〈φ2|P2|φ2〉+ 〈φ1|P2|φ1〉〈φ2|P1|φ2〉

+ η
(
〈φ2|P1|φ1〉〈φ1|P2|φ2〉+ 〈φ2|P2|φ1〉〈φ1|P1|φ2〉

))
,

〈Φ12|(P1,2)(1)|Φ12〉 =
1

N
(
〈φ1|P1,2|φ1〉+ 〈φ2|P1,2|φ2〉

+ η
(
〈φ1|P1,2|φ2〉〈φ2|φ1〉 + 〈φ2|P1,2|φ1〉〈φ1|φ2〉

))
,

where N is the normalization factor in (21). In the three examples considered
above one thus gets

1. |Φ12〉 = |L, 0;R, 1〉, N = 1: let P1,2 = PL± := |L,±〉〈L,±| with

|L,±〉 :=
|L, 0〉 ± |L, 1〉√

2
,

then

〈Φ12|(PL+ )(1)(PL−)(1)|Φ12〉 = 0 ,

〈Φ12|(PL+ )(1)|Φ12〉〈Φ12|(PL− )(1)|Φ12〉 =
1

4
.

The state is thus entangled with respect to the single particle commut-
ing observables PL± , while (35) gives a vanishing entanglement entropy.

2. |Φ12〉 = |L, 1;L, 1〉, N = 2: let P1,2 = PL± := |L,±〉〈L,±| as before;
then,

〈Φ12|(PL+)(1)(PL− )(1)|Φ12〉 =
1

2
,

〈Φ12|(PL+)(1)|Φ12〉〈Φ12|(PL− )(1)|Φ12〉 = 1 .

The state is thus entangled with respect to the single particle commut-
ing observables PL± , while (36) indicates separability.

3. |Φ12〉 = |L, 0;L, 1〉, N = 1: let PLa = |L, a〉〈L, a|, a = 0, 1; then,

〈Φ12|(PL0 )(1)(PL1 )(1)|Φ12〉 = 1 ,

〈Φ12|(PL0 )(1)|Φ12〉〈Φ12|(PL1 )(1)|Φ12〉 = 1 .

The state is thus separable with respect to the commuting sub-algebras
A0,1 generated by the projections PL0,1 together with the single-particle
identity operator, while (37) characterizes this state as maximally en-
tangled, regardless of the context.
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4. Conclusions

We argued that a universal and physically natural notion of separability,
and thus of entanglement, is based on the factorization of mean values of
commuting observables with respect to pure states.

This characterization is nothing but a mathematical expression of “ab-
sence of classical correlations” and covers the standard setting of distinguish-
able particles, while being easily extensible to identical particle systems of
fermions and bosons. An immediate consequence is that separability and en-
tanglement become properties not of the states alone, but of the states with
respect to specified commuting sub-algebras of observables.

We tested this notion against a recent novel point of view regarding the
description of identical particles, that we referred to as no-label approach,
based not upon the symmetrization or antisymmetrization of vector states,
rather on the introduction of a suitably constructed single particle density
matrix whose von Neumann entropy is taken as an absolute measure of en-
tanglement of two-particle states.

We showed that states with non-zero reduced von Neumann entropy turn
out to be separable (that is factorizing) over certain commuting sub-algebras
of observables and, vice versa, states with vanishing reduced von Neumann
entropy are instead entangled, that is non-factorizing, in relation to other
commuting sub-algebras. These examples indicate that, even within the no-
label formalism, one cannot assign an absolute figure of merit to quantify
entanglement, without specifying the type of observables one allows.
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[11] M. C. Tichy, F. de Melo, M. Kuś, F. Mintert, and A. Buchleitner, Fortschr. Phys. 61,
225 (2013).

[12] D. Braun et al., arXiv:1701.05152.

[13] F. Benatti, R. Floreanini, and U. Marzolino, Ann. Phys. 325, 924 (2010).

15



F. Benatti, R. Floreanini, F. Franchini, and U. Marzolino

[14] F. Benatti, R. Floreanini, and U. Marzolino, J. Phys. B 44, 091001 (2011).

[15] G. Argentieri, F. Benatti, R. Floreanini, and U. Marzolino, Int. J. Quantum Inf. 9,
1745 (2011).

[16] F. Benatti, R. Floreanini, and U. Marzolino, Ann. Phys. 327, 1304 (2012).

[17] F. Benatti, R. Floreanini, and U. Marzolino, Phys. Rev. A 85, 042329 (2012).

[18] U. Marzolino, EPL 104, 40004 (2013).

[19] F. Benatti, S. Alipour, and A. T. Rezakhani, New J. Phys. 16, 015023 (2014).

[20] F. Benatti, R. Floreanini, and U. Marzolino, Phys. Rev. A 89, 032326 (2014).

[21] F. Benatti, R. Floreanini, and K. Titimbo, Open Sys. Information Dyn. 21, 1440003
(2014).

[22] F. Benatti and R. Floreanini Int. J. Quantum Inf. 12, 1461002 (2014).

[23] U. Marzolino and A. Buchleitner, Phys. Rev. A 91, 032316 (2015).

[24] U. Marzolino and A. Buchleitner, Proc. R. Soc. A 472, 20150621 (2016).

[25] F. Benatti and R. Floreanini, J. Phys. A 49, 305303 (2016).

[26] O. Bratteli and D. W. Robinson, Operator Algebras and Quantum Statistical Mechan-
ics, Springer, Heidelberg, 1987.

[27] F. Strocchi, An Introduction to the Mathematical Structure of Quantum Mechanics,
2nd Ed., World Scientific, Singapore, 2008.

[28] R. Lo Franco and G. Compagno, Sci. Rep. 6, 20603 (2016).

[29] R. Lo Franco and G. Compagno, Sci. Rep. 7, 44675 (2017).

[30] B. Bellomo, R. Lo Franco, and G. Compagno, arXiv:1704.06359.

[31] M. A. Nielsen and I. L. Chuang, Quantum Computation and Quantum Information,
Cambridge, University Press, 2000.

[32] F. Benatti, M. Fannes, and D. Floreanini, in Quantum Information, Computation and
Cryptography — An Introductory Survey of Theory, Technology and Experiments, R.
Petritis, ed., Springer, 2010.

16




