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ABSTRACT: We apply a recently developed time-dependent density functional theory
(TDDFT) algorithm based on the complex dynamical polarizability to calculate the
photoabsorption spectrum of the following series of closed-shell icosahedral clusters of
increasing size (namely, [M13]

5+, [M55]
3−, [M147]

−, and [M309]
3+ with M = Ag, Au), focusing in

particular on their plasmonic response. The new method is shown to be computationally very
efficient: it simultaneously retains information on the excited-state wave function and provides a
detailed analysis of the optical resonances, e.g., by employing the transition contribution map
scheme. For silver clusters, a very intense plasmon resonance is found for [Ag55]

3−, with strong
coupling among low-energy single-particle configurations. At variance, for gold clusters we do not
find a single strong plasmonic peak but rather many features of comparable intensity, with partial
plasmonic behavior present only for the lowest-energy transitions. Notably, we also find a much
greater sensitivity of the optical response of Ag clusters with respect to Au clusters to cluster
charge, the exchange-correlation (xc) functional, and the basis set, as demonstrated via a detailed
comparison between [Ag55]

q and [Au55]
q. The results of the TDDFT algorithm obtained with the

complex dynamical polarizability are finally compared with those produced by alternative (real-time evolution or Lanczos)
approaches, showing that, upon proper choice of numerical parameters, overall nearly quantitative agreement is achieved among
all of the considered approaches, in keeping with their fundamental equivalence.

1. INTRODUCTION

The calculation of photoabsorption spectra for large molecules
is nowadays considered to be a standard task in quantum
chemistry, and this has become possible thanks to the accuracy
of the time-dependent density functional theory (TDDFT)
formalism, which includes most of the physics of linear optical
response phenomenon as well as its efficient implementation in
publicly available quantum chemistry codes.
The most common way to tackle this problem in quantum

chemistry consists first of solving the Kohn−Sham (KS)
equations of density functional theory (DFT) by expanding the
molecular KS orbitals as linear combinations of atomic
functions and second of recasting the TDDFT equations in a
form involving the diagonalization of matrix Ω according to the
density matrix formulation of Casida.1 In this scheme, the
TDDFT problem is reduced to the extraction of the
eigenvalues and eigenvectors of Ω, a matrix whose dimension
is the product of the number of occupied and virtual orbitals
(Nocc × Nvirt), which can thus be huge for large systems. Such
an approach has been implemented in many codes, such as

ADF,2−4 and can be made efficient by taking advantages of (a)
the point group molecular symmetry, (b) the Davidson
diagonalization iterative algorithm that is well suited for very
large matrices, (c) electron density fitting techniques through
the use of auxiliary basis functions, and finally (d) massive
parallelization. This scheme can be computationally feasible
even for very large molecules (up to hundreds of atoms)
provided one is interested only in the lowest part of the
absorption spectrum. However, because of the intrinsic
limitation of the Davidson algorithm, which becomes numeri-
cally unstable when too many eigenvalues are requested, the
higher-energy part of the spectrum of large molecules is
basically inaccessible. This situation is encountered, for
example, in the calculation of the photoabsorption spectra of
metal clusters that exhibit plasmonic behavior because the
clusters are quite large and the plasmons lie at moderately high
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energy so that the number of eigenvalues requested is
potentially too high to be practicable using the Davidson
algorithm. For this reason, alternative approaches, based on, for
example, the real-time propagation of the wave function5 or on
Lanczos chains,6 have been considered as possible alternatives
to the Casida scheme. The schemes developed by Grimme
consisting of simplified TDA7 and TDDFT8 are also worth
mentioning, and a linear-scaling TDDFT algorithm has been
proposed by Zuehlsdorff.9 Very recently, Nobusada developed a
massively parallel implementation of TDDFT based on real
time and real space.10 The real-time approach developed by
Govind11 and the spin-adapted one developed by Li12 represent
other important contributions to the field.
The real-time schemes do not suffer from energy limitation

issues in the calculation of the spectrum but partially lose
information for the excited-state wave function so that very
useful analysis tools that are naturally included in the Casida
scheme become less straightforward. Such an analysis allows
one to describe electron excitations as a linear combination of
one-electron excited configurations and therefore gives a
complete description of the photoabsorption spectrum in
terms of electronic structure. To avoid the diagonalization
bottleneck and simultaneously keep the useful analysis of
excitations, recently a new TDDFT algorithm has been
proposed13 that extracts the spectrum from the calculation of
the complex dynamical polarizability. In this approach, the
TDDFT equations are projected onto the density fitting
auxiliary basis set and therefore the associated numerical
problem is recast into the resolution of a nonhomogeneous
linear system with a dimension much smaller with respect to
that of the Casida approach. The matrix dimension of such
linear system is k × (Nocc + Nvirt) instead of Nocc × Nvirt of the
Casida Ω matrix, with k = 1.91 or 1.6 for Au and Ag,
respectively. In this new scheme, the spectrum at each
frequency is obtained as an independent calculation; moreover,
the algorithm is easily parallelizable and applicable essentially to
all systems for which a DFT calculation is affordable. The
potentials of this approach are demonstrated in the present
work by studying two series of noble metal clusters (Ag and
Au) containing up to 309 atoms. Noble metal clusters are
systems of great interest because they play an important role in
many different fields, for example, catalysis and material science.
More specifically their optical properties deserve special
attention in terms of both basic science and technological
applications (optoelectronic devices, thermal treatment of
cancer, cell imaging, i.e., colorimetric probes for DNA
detection, realization of nanoantennas, application in SERS
spectroscopy, etc.).14−16 In fact, noble metal nanoparticles
exhibit surface plasmonic resonance (SPR), a very intense
optical absorption peak in the UV−vis region, due to the
coherent and collective oscillation of the metal free electrons
subjected to electromagnetic radiation. Fundamental open
issues exist in this field, for example, the dependence of the
shape and peak of SPR on the nanoparticle size and shape.
From a more theoretical and computational point of view, the
formalism to describe the SPR must go beyond the one-
electron description as a result of the collective nature of the
SPR but must also be very efficient because the SPR shows up
when the cluster size goes beyond at least 2 nm. For these
reasons, a very efficient TDDFT algorithm should be, at the
moment, the most promising way to study plasmonics in
nanoclusters theoretically.

It is first shown that the new algorithm is very efficient,
especially for the larger clusters that could not be treated by
means of the standard Casida approach. For example, in
[Au309]

3+ the dimension of the linear system in the present
approach is only 13 596, whereas the dimension of the Casida
Ω matrix would have been around 12 million. Finally, to
validate the new approach and to firmly assess the equivalence
of different TDDFT schemes, the photoabsorption spectra of
Ag55 and Au55 clusters are also predicted and compared by
using CP2K17 and turboTDDFT codes,18 which rely on real-
time propagation of the wave function and Lanczos chain
approaches, respectively. Interestingly, a comparison between
the optical response of Ag and Au clusters shows a greater
sensitivity of the Ag optical response to both physical and
numerical parameters such as the charge state, the exchange-
correlation (xc) functional, and the basis set, as a result of the
intrinsically stronger free-electron character of Ag and the
absence of strong s/d coupling with respect to Au.
The availability of an efficient method to treat photo-

absorption in large systems opens the way to study the behavior
of surface plasmon resonance (SPR), a typical optical property
of noble metal nanoclusters with many potential applications.

2. THEORETICAL METHOD
The theoretical method and its implementation have been
described in detail previously,13 so here we give only a brief
description of the salient features and refer the reader to the
original work for more information about the algorithm and
how to calculate the corresponding matrix elements.
The photoabsorption spectrum σ(ω) is calculated for each

value of the photon energy ω from the imaginary part of the
isotropic dynamical polarizability σ(ω):

σ ω πω α ω=
c

( )
4

Im[ ( )]
(1)

The isotropic dynamical polarizability is calculated for a
complex frequency, i.e., ω = ωr + iωi, where the real part ωr
corresponds to the actual photon frequency (energy) and ωi is
the imaginary part that refers to a broadening of the discrete
lines and is interpreted as the excited-state finite lifetime.19 For
the calculation of the spectrum, the isotropic part of the tensor
is actually extracted from its trace

∑α ω α ω=
=

( )
1
3

( )
i

ii
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where index i runs on the three spatial components x, y, and z.
The polarizability tensor is obtained from the following
expression

∫α ω ρ ω= ̅ ̅r z r( ) ( , ) dzz z
(1)

(2)

where ρz
(1)(ω, r)̅ is the Fourier component of the given

frequency of the first-order time-dependent density induced by
the external time-dependent scalar potential and r ̅ represents
the position vector whose components are the three
coordinates x, y, and z. According to TDDFT, the induced
density can be obtained from the dielectric susceptibility χKS(ω,
r,̅ r′̅) of a reference system of noninteracting electrons under
the effect of an effective potential VSCF

z (ω, r)̅, which is the sum
of the external potential plus the Coulomb and the response xc
potentials. The explicit expression of the dielectric susceptibility
can be found in ref 20.
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This is summarized by the following coupled linear
equations:

∫ρ ω χ ω ω̅ = ̅ ̅′ ̅′ ̅′r r r V r r( , ) ( , , ) ( , ) dz
z(1)

KS SCF (3)

∫ω ω
ρ ω

ρ
ρ ω

̅ = ̅ + ̅′ ̅′
| ̅ − ̅′|

+
∂
∂ ̅

ρ

V r V r
r r

r r
V

r

( , ) ( , )
( , ) d

( , )

z z z

z

SCF EXT

(1)

XC (1)

(0) (4)

The adiabatic local density approximation (ALDA)20 is
assumed in eq 4, and VEXT

z (ω, r)̅ corresponds in practice to
the z dipole component. Now eqs 3 and 4 can be written in
operatorial form

ρ χ= Vz
z(1)

KS SCF (5)

ρ= +V V Kz z
zSCF EXT
(1)

(6)

where in eq 6 K stands for the sum of the Coulomb and the xc
kernels.
Because of the linearity of eqs 5 and 6, it is possible to

eliminate VSCF
z and to obtain an equation for ρz

(1) that reads

χ ρ χ− =K V[1 ] z
z

KS
(1)

KS EXT (7)

Equation 7 is then represented over the basis set of the
auxiliary density fitting functions fμ. More precisely, only a
subset of the fitting set is enough to obtain convergent results.
Within this representation, the induced density assumes the
expression

∑ρ ω ω= ̅
μ

μ μ
⇀
r f r b( , ) ( ) ( )z

K
(1)

and the following nonhomogeneous system of linear algebraic
equations can be written in matrix formulation form:

ω− =S M b d[ ( )] (8)

In eq 8, S is the overlap matrix between fitting functions, b is
the unknown vector with expansion coefficients bμ(ω) of ρz

(1), d
is the frequency-dependent vector corresponding to the known
nonhomogeneous term whose components are

χ ω= ⟨ | | ⟩μ μd f z( )KS (9)

and finally the elements of frequency-dependent matrix M are

χ ω= ⟨ | | ⟩μν μ νM f K f( )KS (10)

In practice, eq 8 is solved for each value of the photon
energy.
It is important to recall that present TDDFT implementation

should be employed only below the ionization threshold. This
limitation is due to the localized nature of the basis set (STO),
which is suited for describing the long-range behavior in real
space of the bound states only.
For comparison, in the case of the [Ag55]

5+ and [Au55]
5+

clusters the photoabsorption spectrum has been calculated with
CP2K and QE codes as well.
In the CP2K code,17 the time-dependent Kohn−Sham

(TDKS) equations are explicitly integrated in time (see next
section for computational details), and from the so-produced
time-resolved TDKS solution, the TDDFT spectrum is

obtained via Fourier transform of the time-dependent dipole
moment resulting from a small instantaneous electric field
perturbation of the system wave function.
Within the QE suite of programs, the turbo TDDFT

package6,21 calculates the frequency-dependent polarizability as
the trace of the product between the dipole operator and the
response density matrix, where the latter is expressed as the
solution of the linearized quantum Liouville equation. The
specific Lanczos implementation does not require the explicit
evaluation of empty (virtual) states, thus reducing the
computational cost and allowing for the calculation of extended
portions of the spectrum in systems comprising several
hundred atoms.

3. COMPUTATIONAL DETAILS
The complex polarizability method has been implemented in a
local version of the ADF code. The LB9422 or the PBE23

exchange-correlation xc functionals were employed to obtain
the KS orbitals and eigenvalues from the KS equations, and the
exchange-correlation kernel is approximated by ALDA20 in the
TDDFT part by taking the derivative of the VWN24 LDA xc
potential. The basis sets as well as the auxiliary density fitting
functions employed consist of Slater type orbitals (STO)
included in the ADF database. The new program uses a subset
of the ADF fitting functions in order to save computer time by
ignoring fitting functions that are not necessary for an accurate
description of the photoabsorption spectrum. The choice of
this subset was made via preliminary test calculations on Ag2
and Au2. The calculations have been performed at the scalar
relativistic level with the zeroth-order relativistic approximation
(ZORA).25

To give a quantitative idea of the computational efforts and
the efficiency of the spectrum calculation from the complex
polarizability, for [Au309]

3+ the SCF procedure was employed
for 10 h using 16 cores on a Linux Infiniband Cluster with 8-
core Intel Haswell 2.40 GHz processors, and the resolution of
the TDDFT inhomogeneous linear system (dim = 13 596)
employed only 145 s using 16 cores for each energy point.
Because about 100 energy points are enough for a complete
description of the spectrum, the TDDFT linear system
resolution is comparable to the SCF effort. In addition, the
matrix elements calculation time should also be considered, so
in general a TDDFT calculation will be roughly comparable to
a gradient calculation in terms of computational cost.
In the CP2K package,17 a DVZP basis set26 and GTH

pseudopotentials27 were employed in the calculations, with a
real-space grid spacing of 0.25 Å. The PBE xc functional was
used in the KS equations and dynamics. Starting from a
ground-state calculation, an optical response is obtained by
subjecting the system to electrical pulses (with a strength of
0.0005 a.u.) in each of the three Cartesian directions and using
the time-evolution formalism to follow the electron dynamics.
In total, we sampled 19.3 fs using a time step of 0.012 fs. Time
damping of 7.3 fs was chosen to broaden the predicted
spectrum.
The TurboTDDFT code is part of the Quantum-ESPRESSO

(QE) package18 for the simulation of the ground and excited
states of solid-state systems based on (TD)DFT approaches. In
the present case, the [Ag55]

5+ and [Au55]
5+ clusters have been

simulated by using periodically repeated supercells, each
including the metallic cluster (i.e., 55 atoms) and a thick
layer of vacuum (∼18 Å) in the three spatial directions in order
to avoid spurious interactions between adjacent replicas. The
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PBE xc functional was used in solution of both DFT and
TDDFT problems. The single-particle wave functions (charge)
were expanded in plane waves up to an energy cutoff of 25 Ry
(250 Ry). Atomic potentials were described by using ab initio
ultrasoft pseudopotentials of the Vanderbilt type.28 The 4d
(5d) electrons of Ag (Au) have been explicitly included in the
valence shell. The Brillouin zone of the reciprocal lattice was
sampled at the Γ point. A jellium background is inserted to
remove divergences in the charged cells, and the Martyna−
Tuckerman correction29 to both the total energy and self-
consistent potential is applied to consider the system as
isolated. Optical spectra were obtained by evaluating 10 000
Lanczos cycles for each incoming light polarization and then
averaged over the three spatial directions.

4. RESULTS AND DISCUSSION
The behavior of surface plasmon resonance (SPR), a typical
optical property of noble metal nanoclusters, has been the
subject of many studies. SPR starts to appear in systems whose
size is beyond about 2 nm, therefore containing more than
150−200 atoms. The size and shape effects are quite important
factors that have a strong influence on the energy position and
the intensity of the SPR. Shape can also be profitably exploited
to study SPR behavior in systems that are elongated in only one
dimension (nanowires), thus enabling a plasmonlike optical
response in clusters containing less than 100 atoms.30 Small
noble metal clusters do not arrange in the bulk fcc structure
because surface tension effects tend to destabilize such
configurations. Instead, they prefer to assume more spherical
shapes, such as icosahedral or decahedral. In this work, we have
considered only the most symmetric icosahedral structures.
Contrary to bulk systems, where plasmons can be excited

only by a longitudinal external electric field, in the case of
nanoparticles and clusters SPRs can be excited also by
transversal incoming fields, i.e., light. Thus, plasmonic features
of nanostructures can be easily characterized starting from their
optical absorption spectra. Several previous TDDFT studies are
available for both silver and gold nanoclusters,31−39 but more
specific works on icosahedral noble metal cluster series are
available for silver up to Ag55

40 and Ag561
41 and for gold up to

Au55
42 and Au1414

43 atoms. Moreover, a very recent real-time
TDDFT investigation on the icosahedral Ag55 cluster addressed
the specific interplay between plasmon and single-particle
excitations.44 Unfortunately, in these studies different methods
have been employed to treat the largest systems with respect to
the smaller ones in terms of both the exchange-correlation
functional and the numerical implementation (Casida-like or
real-time propagation) so that a precise assessment of size-
dependence effects is not readily available. The present work
consists, instead, of a fully coherent study of metal clusters of
both Ag and Au by using the same method and the same level
of accuracy for all considered sizes. This investigation is also
supplemented with an analysis of the electron transitions in
terms of one-electron excited configurations, which will be
conveniently presented in graphical compact form according to
the bidimensional transition contribution map (TCM) plots.45

4.1. Cluster Geometry. The icosahedral clusters have been
built starting with the simple M13 system, adding further shells
according to a Mackay protocol. The cluster structure has not
been optimized but is kept fixed by imposing that the average
interatomic distance is equal to the experimental bulk value;
indeed, it has been shown that structural relaxation has only a
minor impact on the optical properties of gold clusters.46 In the

regular icosahedron, two different interatomic distances are
defined, the intershell (R) and the intrashell (D) ones, which
are connected by the following geometric relation:

= +R
D

5 5
8

. Therefore, we have taken +R D
2

to be equal to

2.89 and 2.88 Å for Ag and Au clusters, respectively.
4.2. Photoabsorption of the [Agn]

q Series. We have
considered the first four members of the series of icosahedral
silver clusters [Ag13]

5+, [Ag55]
3−, [Ag147]

−, and [Ag309]
3+. The

charges have been chosen in order to have a closed-shell
electronic structure because the complex polarizability method
at the moment cannot treat open shells.
The photoabsorption spectra of this series, calculated at the

complex polarizability TDDFT level with the LB9422 xc
functional and DZ basis set, are reported in Figure 1. Apart

from the smallest cluster [Ag13]
5+, all of the others are

characterized by a very strong peak that grows and is red-shifted
with increasing cluster size, a behavior that is typical of plasmon
resonance.47 In [Ag55]

3−, the peak is actually split in two very
close contributions. The energy of the maxima are at 4.70, 4.30,
and 3.95 eV for [Ag55]

3−, [Ag147]
−, and [Ag309]

3+, respectively,
so it seems that the energy of the plasmon resonance is still
decreasing and has not yet reached its limiting value. It is
interesting to compare this finding with a previous TDDFT
study41 on the same icosahedral silver clusters that had
employed a very accurate real-time propagation method and
the adiabatic GLLBSC potential.48,49 In such a study, all of the
peaks were calculated at lower energies with respect to the
present work by 0.5−0.2 eV, and more interestingly, a red shift
of 0.4 eV was actually found on going from Ag55 to Ag147, which
is in good agreement with the present calculation, whereas a
very small red shift of only 0.1 eV was found on going from
Ag147 to Ag309. The difference in the energy of the maxima
between the two calculations is not surprising and can be
assigned to the different xc functionals employed. In the
previous work,41 the energy position of the resonance for Ag147
calculated with the PBE functional was found at about 3.2 eV,
i.e., shifted by 0.6 eV with respect to the value calculated at the
GLLBSC level (3.8 eV). The calculated spectrum of [Ag55]

3− is
in good agreement with that calculated by ADF with the DZ
basis set and the LB94 xc functional reported in ref 40, showing
the same double peak shape, although the present spectrum is
shifted by about 0.1−0.2 eV to higher energy. To check this
point, we have calculated the spectrum (not shown) for

Figure 1. Photoabsorption profiles of [Ag13]
5+, [Ag55]

3−, [Ag147]
−, and

[Ag309]
3+ calculated by complex polarizability TDDFT DZ LB94.

Imaginary broadening ωi = 0.15 eV.
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[Ag55]
3− with the ADF program employing the Casida

approach with the geometry of the present work and have
obtained perfect agreement with the results produced by the
complex polarizability algorithm reported in Figure 1. We can
conclude that three possible causes of this discrepancy can be
considered: the basis set, the xc functional, and the cluster
geometry, which in ref 40 was relaxed in C5v symmetry.
Besides a strong plasmonic resonance, the calculated spectra

do not show other important features, and only a weak
intensity modulation is apparent for all of the clusters above 5
eV. Although in this case the plasmonic behavior is clear cut, in
general it is very difficult to distinguish between a molecular-
like resonance and a plasmon: a general analysis has been
suggested by Jacob et al.50 but requires recalculation of the
spectra many times with different values of coupling parameter
λ, so such a procedure can be impractical for very large systems
such as the present ones. For this reason, in order to gain better
insight into the physics that governs the plasmonic features in
metal clusters, here we have performed a TCM analysis45 of the
spectrum, in correspondence with the maximum in the
intensity as reported in Figure 2. The TCM plots are very

convenient 2D representations of the one-electron excited
configuration coefficients that contribute to the excited state:
each excited determinant corresponds to a point in the plane,
the value on the X axis corresponds to the occupied orbital
energy, and the value on the Y axis corresponds to the
unoccupied orbital energy. For each excited determinant, a 2D

Gaussian function is added, with a weight proportional to its
coefficient in the excited-state expansion.
Before we start the discussion, it is useful to recall the typical

nature of plasmons in Ag and Au clusters. In silver, the plasmon
consists of a collective intraband sp → sp transition, and in
gold, it is mixed with interband d → sp transitions: this mixing
screens the plasmon so that in gold it is less intense than in
silver, at least when the cluster size is still small, as in the
present study.
We start the analysis with the [Ag55]

3− plasmon at 4.70 eV
(upper panel in Figure 2); in the TCM plot, we have also added
a white line that corresponds to the unoccupied−occupied
orbital eigenvalue difference equal to the excitation energy. To
read the TCM plots properly, it must be remembered that for
Ag clusters the sp band covers all occupied and unoccupied
orbitals and the d band is confined to well below the Fermi
level (εF), as reported in the DOS plots in Figure 3 of ref 41. In
the present case, the upper limit of the d band is at −6.2 eV (X
axis), which is about 4.7 eV below εF. Therefore, in the TCM
plot of [Ag55]

3− all of the spots correspond to intraband sp →
sp configurations, with the only exception being the region
around −7 eV on the X axis that instead corresponds to
interband d → sp configurations. Therefore, the plasmon
consists essentially of an intraband sp → sp excitation. The
collective nature of the plasmon can be inferred by the presence
of many spots in the TCM. Moreover, it is worth noting that
three strong spots lie on the white line, which correspond to
electron promotion between orbitals whose energy difference
matches the plasmon energy almost exactly. On the other hand,
there are important contributions coming from configurations
having energies well below the plasmon, in particular, between
−4 and −2 eV in the occupied orbitals (X axis) and between
−1 and 1 eV in the virtual orbitals (Y axis). On the contrary, the
configurations having energies above the plasmon excitation
play only a minor role: the only important contribution comes
from the already-identified interband d → sp configurations,
along with a few weak ones coming from the sp→ sp at around
2 to 3 eV in the virtual orbitals (Y axis). It is important to
discriminate the contributions according to their energy: the
presence of contributions with an eigenvalue energy difference
that is different with respect to the plasmon resonance indicates
a strong coupling among them. On the other hand, if the
eigenvalue energy difference matches the plasmon energy, then
the contributions are almost degenerate with the plasmon but
not necessarily coupled to it. The fundamental role played by
low-energy transitions in plasmons has been pointed out in a
previous study51 that employed model configuration interaction
(CI) calculations.
The TCM plots for the plasmons of [Ag147]

− and [Ag309]
3+

at 4.30 and 3.95 eV, respectively, are also reported in Figure 2,
displaying very similar patterns as in [Ag55]

3−. In both cases, the
interband d → sp “island” is observed at ca. −12 eV in [Ag147]

−

and at ca. −18 eV in [Ag309]
3+ in the occupied orbital energy

scale. All other contributions pertain to the sp → sp intraband
transitions. There are several contributions along the white line,
indicating quasi-degeneracy between the excited configurations
and the plasmon. Also in this case, important contributions
from lower-energy configurations suggest strong configuration
coupling and therefore collective behavior. By comparing the
present TCM analysis with the previous one on the Au86 gold
nanowire30 and [Au147]

− icosahedral clusters,13 we notice that
the Au86 gold nanowire displayed a very strong plasmon peak
and the most intense TCM contributions derived from lower-

Figure 2. TCM plots for [Ag55]
3−, [Ag147]

−, and [Ag309]
3+ taken at

plasmon energies E. εi (X axis) and εa (Y axis) refer to occupied and
virtual orbital energies. Each white line corresponds to εa − εi = E.
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energy configurations, indicating strong configuration coupling.
On the other hand, in the [Au147]

− cluster the plasmon peak
was much weaker, and only minor contributions were found
from low-energy configurations. All of this is consistent with
the present analysis. The importance of the lower-energy
contributions in plasmons has been pointed out in a previous
real-time TDDFT study44 and has proven fundamental to
discriminate between plasmon and single-particle excitations.
In addition to the TCM analysis, we have also inspected the

resonant part of the first-order time-dependent perturbed
density, that is, the imaginary part of the solution of previous eq
7, calculated at the plasmon energy for the three largest silver
clusters. The results are reported in Figure S1 of the Supporting
Information. As expected, all of the plots display typical dipolar
character consistent with the classical interpretation of the SPR
in terms of charge density oscillations. This confirms the
plasmonic nature of the resonance given above. However, it is
worth noticing that it is not possible to extract from the simple
perturbed density plots the same amount of information
derived from the TMC plots that are confirmed to be a more
powerful analysis tool.
4.3. Photoabsorption of the [Aun]

q Series. In parallel
with the silver clusters, we have considered an analogous series
of icosahedral gold clusters [Au13]

5+, [Au55]
3−, [Au147]

−, and
[Au309]

3+, with the same charge states as in the silver case so as
to obtain a closed-shell electronic structure for all four clusters.
The photoabsorption spectra of the cluster series, calculated at
the TDDFT level with the LB9422 xc functional and the DZ
basis set, are reported in Figure 3. The spectra look very

different with respect to silver: there is no leading peak that
may be easily attributed to a plasmon resonance but rather a
smoothly growing intensity starting at around 2−3 eV
depending on the cluster, followed by a wide modulation
displaying maxima at 3.50, 4.40, and 5.50 eV for [Au309]

3+ and
3.50, 4.10, and 5.50 eV for [Au147]

−. For the three largest gold
clusters, the intensity is still growing up to 7 eV, and the
absolute intensity is much weaker than for a silver cluster by a
factor of 3. The absence of strong plasmons is not surprising: in
a previous work on gold nanowires30 it has been shown that a
clear plasmon emerges only when the cluster size exceeds 2 nm.
In the case of Au68 with a length of 2.02 nm, only an incipient
weak plasmon was observed, whereas for Au86 with a length of
2.59 nm, a very intense plasmon was found. In the present
work, the distances between the two most distant atoms of

[Au309]
3+ and [Au147]

− are 2.25 and 1.68 nm, respectively, so
only a weak plasmon should be expected even for the largest
cluster. It is worth noting that the [Au147]

− cluster has been
considered as well in a previous work,46 exhibiting a first
plasmonic peak at 2.95 eV that is consistent with a shoulder
found in the present work at around 3 eV. In that work, it was
not possible to go beyond 3.2 eV because the Davidson
algorithm implemented in ADF was not practical for extracting
a larger number of eigenvalues. Interestingly, the absorption
profile of the [Au309]

3+ cluster also displays a shoulder at
around 3.2 eV, which is very likely the evolution of the shoulder
of [Au147]

− at 3 eV.
To identify possible plasmonic behaviors, in Figure 4 we have

considered the TCM analysis of the three most intense features

of [Au147]
− and [Au309]

3+. We start with [Au147]
− at 3.50 eV:

taking into account (i) that the Au 5d band lies between −10
and −12 eV on the occupied orbital energy scale (X axis) and
(ii) that the remaining states belong to the 6s6p band, we find
that the leading contribution is a d → sp interband transition,
with important intraband sp → sp contributions even from
lower energies. This suggests that coupling is present and
indicates a collective behavior typical of plasmons, at least to
some extent. Going to the next maximum at 4.10 eV, we notice
a drastic decrease in the role played by the lower-energy
configurations and a concomitant increase in the d → sp
interband transition character, so in this case the plasmonic

Figure 3. Photoabsorption profiles of [Au13]
5+, [Au55]

3−, [Au147]
−, and

[Au309]
3+ calculated by complex polarizability TDDFT DZ LB94.

Imaginary broadening ωi = 0.15 eV. Figure 4. TCM plots for [Au147]
− and [Au309]

3+ taken at energies
corresponding to photoabsorption maxima E. εi (X axis) and εa (Y
axis) refer to occupied and virtual orbital energies, respectively. Each
white line corresponds to εa − εi = E.
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behavior has almost disappeared. Finally, at 5.50 eV the
coupling is negligible, so this feature does not carry any
plasmonic character and can be classified as a pure d → sp
interband transition.
Moving to the next cluster [Au309]

3+ at 3.50 eV, we find again
clear coupling with lower-energy configurations, confirming the
plasmonic nature of this feature. The next peak at 4.40 eV
displays only very weak coupling that disappears completely at
5.50 eV. We can summarize all of these findings by saying that
the feature at 3.50 eV in both clusters has definite plasmonic-
like nature, which is not pure but hybridized with d → sp
interband excitations. Such hybridization is present also in the
feature at 4.10 eV of [Au147]

−. We can expect that as the cluster
size increases this hybridization should decrease, giving rise to a
strong, pure plasmon contribution at low energy followed by
pure d → sp interband excitations at higher energy.
Moreover, we have considered the induced density, reported

in Figure S2 of the Supporting Information. As in the previous
case, all of them display the typical dipolar shape, consistent
with the plasmon. The only noteworthy feature in the
perturbed density is a kind of fringe that reduces the dipolar
distribution of the density, well apparent in the equatorial faces
of [Au309]

3+ at 4.4 and 5.5 eV and to some extent in [Au147]
− at

5.5 eV. They might be an indication of reduced or absent
plasmon character. Also, in this case the TCM analysis has
provided much more informative than the induced density in
assessing the nature of the spectral features in terms of the
electronic structure.
4.4. Analysis of Photoabsorption for [Ag55]

q. Among
the series of silver clusters, we have selected Ag55 as an example
of a relatively small cluster to be further analyzed with other
methods and with different schemes in order to assess the
importance of the various computational approaches. In Figure
5, we consider the effect of the charge and of the xc functional.
In the upper panel of Figure 5, the photoabsorption is
calculated with the LB94 xc functional with two different
charges, −3 and +5, both of which have a closed-shell electronic
structure. The charge effect is quite dramatic: whereas with a
charge of −3 a clear-cut plasmon is observed, with a charge of
+5 the sharp plasmonic peak disappears and a broader structure
whose maximum is red-shifted by about 0.7 eV is obtained. A
very similar and equally strong effect in which the plasmon is
quenched was observed in the icosahedral silver cage,52

[Ag92]
2+, when passing from LB94 to the LDA xc functional.24

This behavior indicates that the plasmon is not yet robust and
that a change in the number of electrons and therefore in the
electronic structure is enough to quench it; this effect is
expected to be larger for smaller clusters, where quantum size
effects are more pronounced. Nevertheless, it should be noted
that a change of eight electrons is significant for a cluster
containing only 55 atoms. The effect of the xc functional on
[Ag55]

5+ is quite modest (central panel), as is the charge effect
using the PBE functional (lower panel). In the upper panel of
Figure 6, we considered the effect of the basis set in the case of
the PBE functional. Only rather modest differences are evident
on going from the DZ to TZ2P set, with the most important
one being the shift in the maximum of about 0.2 eV to lower
energy, as expected because of the greater variational freedom
assured by the larger basis set on the excited-state wave
function. Finally, in the lower panel of Figure 6, the spectra
calculated with QE and CP2K have been reported together
with that calculated from complex polarizability. The agreement
between QE and CP2K is excellent, but the complex

polarizability approach slightly overestimates the position of
the peak at around 3.9 eV. This disagreement is likely an effect
of the basis set: as discussed above, a basis set enlargement
tends to decrease the peak energy (upper panel), thus going in
the direction of the QE and CP2K results.

Figure 5. Photoabsorption profiles of [Ag55]
q calculated by complex

polarizability TDDFT DZ and imaginary broadening ωi = 0.15 eV.
The charge and xc are shown in the insets.

Figure 6. Photoabsorption profiles of [Ag55]
5+ calculated by TDDFT

PBE. Upper panel: complex polarizability with imaginary broadening
ωi = 0.15 eV. Lower panel: QE, CP2K, and complex polarizability with
imaginary broadening ωi = 0.075 eV. Basis sets and methods are
shown in the insets.
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In Figure S3, we have also compared the present complex
polarizability algorithm with ADF results for both [Ag55]

3− and
[Ag147]

−, and the discrepancies are within the limits already
found in the previous work.13 In [Ag147]

−, ADF gives a plasmon
resonance that is a little bit too wide with respect to the
complex polarizability method, which is likely due to the
presence of two strong individual lines in the discrete spectrum,
and tiny variations in the energy difference between the two
lines are enough to cause a change to the plasmon shape.
4.5. Analysis of Photoabsorption for [Au55]

q. In Figure
7, we have performed the same analysis as that concerning the

charge and the xc effects for [Au55]
q clusters. At variance with

respect to silver, the effects for [Au55]
q are not relevant: the

general shape of the profiles does not change qualitatively if the
charge or the xc functional is varied. It is curious that for both
LB94 and PBE the change in the charge state from −3 to +5
causes a red shift at low energy and a blue shift for energies
above 6 eV, so the charge effect cannot be simplified as a rigid
translation on the energy scale.
In Figure 8, the role of the basis set (upper panel) is

considered. Going from DZ to TZ2P, a slight intensity decrease
is observed for energies below 5 eV, whereas above 8 eV, the
profiles look rather different, suggesting that the high-energy
part of the spectrum is more demanding in terms of basis set
requirements (as expected because we enter the continuum
part of the spectrum). The comparison among the three
methods (QE, CP2K, and complex polarizability) is fairly good:
for the feature at 2.8 eV, the three methods are in excellent

agreement with each other; only above 3.2 eV do some
discrepancies appear, but they do not alter the qualitative shape
of the profile. In conclusion, we can say that Ag55 is much more
sensitive than Au55 to the charge, xc functional, and basis set as
a result of the plasmon that is present only when the LB94 xc
functional and charge −3 are employed. On the other hand, for
Au55 the plasmon is not yet present in full; therefore, the
spectral differences are consequences of subtle modifications of
the electronic structure.
In Figure S3, we have also compared the present complex

polarizability algorithm with ADF results for both [Au55]
3− and

[Au147]
−, and the discrepancies are within the limits already

found in the previous work.13 In this case, it is apparent that for
the basis set employed in the ADF code it is very hard to
describe the high-energy part of the spectrum, which is properly
described only up to 4.0 and 3.5 eV for [Au55]

3− and [Au147]
−

respectively.
Finally, we compare the performances in terms of computa-

tional efforts among the three methods (CP2K, QE, and
complex polarizability) for [Au55]

3−. CP2K was run on a cluster
employing 96-core Dual Intel Haswell E5-2670 CPUs (2.3
Ghz) and needed 5 h 54 min (elapsed time) to complete all
calculations. The QE was run on a Linux Infiniband cluster
employing 192-core Intel Haswell (2.4 GHz) processors and
needed 4 h 55 min. The complex polarizability program was
run on a HP Proliant ML350 gen9 server employing 10-core
Intel Xeon E5-2650-V3 (2.3Ghz) processors and needed 4 h 38
min. Of course, for an accurate timing comparison the same
computer and the same core number should have been
employed. However, if we assume that CPU time is the elapsed
time multiplied by the core numbers and that it is corrected for
the clock frequency, then we find that the computational efforts
for CP2K, QE, and complex polarizability are proportional to
12:21:1, respectively. Although these numbers should be taken
with caution, we can conclude by saying that the present
complex polarizability algorithm can be even 1 order of

Figure 7. Photoabsorption profiles of [Au55]
q calculated by complex

polarizability TDDFT DZ and imaginary broadening ωi = 0.15 eV.
The charge and XC are shown in the insets.

Figure 8. Photoabsorption profiles of [Au55]
5+ calculated by TDDFT

PBE. Upper panel: complex polarizability with imaginary broadening
ωi = 0.15 eV. Lower panel: QE, CP2K, and complex polarizability with
imaginary broadening ωi = 0.075 eV. Basis sets and methods are
shown in the insets.
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magnitude more efficient with respect to other codes such as
CP2K and QE for metal clusters containing up to 55 atoms.
Such a comparison should not be extrapolated to a larger
cluster size that deserves more specific analysis.

5. CONCLUSIONS
In this work, we have applied a recently developed new
TDDFT algorithm13 to a series of closed-shell icosahedral Ag
and Au clusters, containing from 13 to 309 atoms. The
photoabsorption spectrum is extracted from the imaginary part
of the complex dynamical polarizability, solving a non-
homogeneous linear system and avoiding the diagonalization
of the Casida matrix, which represents a problematic step when
too many eigenvalues need to be calculated to cover the large
energy interval of interest. The new method has proven not
only to be very efficient, but also very powerful in terms of the
analysis of the excited-state wave function, which has been done
by employing the 2D TCM scheme. For silver clusters, a very
intense plasmon resonance has already been found for [Ag55]

3−.
When the cluster size increases, the feature gains intensity and
is red-shifted, a behavior typical of plasmon resonances. The
TCM analysis identified strong coupling among low-energy
excited configurations with intraband sp → sp character, and d
→ sp interband excitations play a minor role. For gold clusters,
the situation is quite different because we did not identify a
single strong plasmon as in silver clusters but rather many
features of comparable intensity. The TCM analysis revealed
that only for the lowest-energy features can partial plasmonic
behavior be singled out, with moderate coupling of low-energy
excitations together with important interband d → sp
excitations. As the energy increases, the coupling with low-
energy excitations disappears and the features become pure
interband d → sp excitations.
The analysis of the spectral features revealed that the

photoabsorption in the [Ag55]
q cluster is very sensitive to the

cluster charge and the choice of the xc functional and basis set.
In particular, the strong plasmon calculated with the LB94 xc
functional and q = 3− is suppressed if the charge is changed to
q = 5+ or if the PBE xc functional is employed. The PBE results
obtained with the complex dynamical polarizability compare
fairly well with those calculated by using real-time evolution or
Lanczos approaches via the QE and CP2K codes. However,
being so sensitive to physical and computational choices, when
using localized basis functions attention needs to be paid to
basis set completeness issues as shown by the fact that when
using the new algorithm only a basis set enlargement from DZ
to TZ2P produced nearly quantitative agreement with both QE
and CP2K.
The same analysis for the [Au55]

q cluster shows that in this
case the results are much less sensitive to the charge, xc
functional, and basis set as a result of the marginal role played
by plasmonic features that do not dominate the spectrum any
longer. In this case, the match among the complex dynamical
polarizability and the QE and CP2K methods is even better
than for the silver homologue.
The efficiency of the complex dynamical polarizability

method together with the power of the TCM analysis suggests
that further applications to more complex and realistic systems,
such as metal clusters protected by ligands and therefore with
reduced symmetry, are feasible and should be able to make an
important contribution to rationalize and clarify the many
questions still existing in the field, triggering further
technological applications.
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