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1. Introduction

Liouville theorems of quasilinear elliptic systems has been an active research area since the publication
of the seminal works [13], [7]. Since then, a huge number of papers have been published on this topic. See
for instance [17], [14].

One of the main reasons for studying Liouville’s theorems, apart from their intrinsic interest, lies in the
fact that they are a powerful tool to demonstrate existence results for the Dirichlet problem of associated
problems in bounded domains of R. See [8], [1], [3], for some results in this direction.

In this paper we prove some Liouville theorems of general quasilinear second order elliptic systems and
inequalities in R¥ in divergence form. The interested reader may refer to [11], [10] for earlier results related
to this work and to [5] and [6] for more recent outcomes.

Perhaps the main interest about our analysis is that we do not assume any kind of variational structure
on our problems. In this way we can apply to prove existence theorems for general systems. The simplest
problem that we have in mind in the semilinear case (see also [15]) is the following,
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—Au = uProlrw™, in RV,

—Av = uP2uPw", in RY, (11)
—Aw = uBvP3w®, in RV,
u>0,v>0 w>0 in RY,
and its quasilinear counterpart,
—Apu = uProtrw™, in RV,
—Av = uP2uw" in RY
! ’ - (1.2)
—Ayw = uBoP3ws, in RY,

u>0,v>0,w>0 in RV,

where as usual, A, = div(|V(.)|]P"2V(.)), p > 1, and similarly for the other two operators. We emphasise
that here, the exponents of the power nonlinearities are real numbers (they can be negative).
In this paper we concentrate our attention on the following problem

—div(p(z, u, Vu))
—div(y(z, v, Vv))
—div(e(z, w, Vw)) > h(u,v,w) in R",
u>0,v>0 w>0 in R™,

fu,v,w) in RY,

>
> g(u,v,w) in R™,

(1.3)

which is a strong generalization of (1.1) and (1.2). In (1.3), div(%%(-, -, V) are general operators satisfying
a classical structure condition (see Definition 1 below for the precise assumption), and f, g, and h are
nonnegative continuous functions on R3 =]0, +00[x]0, +00[x]0, +00[ with an unique hypothesis on their
behaviour near the origin (0,0, 0).

We emphasise that our assumptions on the nonlinearities allow us to study singular systems. See Re-
mark 4.

The results proved in this paper are a substantial generalization of those proved in [4] for the scalar case,
and [5] and [6] for systems of two equations. However, to keep our exposition simple and transparent we
bound our interest to systems with three equations. Extensions of the results contained in this paper can
be proved for systems containing more than three equations or inequalities. This will be a subject of our
future work.

We point out that not all Liouville theorems proved in this paper are sharp. On one hand, this is due
to the complexity of the problem and, on the other hand, this paper can be considered just a beginning of
more systematic study for this kind of systems. However, we emphasise that we do not assume any kind of
behaviour of the solutions at infinity.

This paper is organised as follows. In the next section we fix some notations, hypotheses and definitions
that we shall make throughout the paper. Section 3 is devoted to the key a priori estimates of the solutions
of the problems under consideration. See in particular Lemma 10 and its consequences. Finally the last
section contains the main result of this paper (see Theorem 16) and other related theorems.

2. Multicomponent quasilinear systems

In this paper we shall study system quasilinear inequalities whose differential operators are in divergence
form, namely

Lu(z) = div(&/ (z,u, Vu)).
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Our model case is the p-Laplace operator.

Definition 1. Let O C RY be an open set. Let p > 1 and 7, : O x R x RY — R be a Carathéodory
function. The function 7, is called S-p-C, strongly-p-coercive, if there exist two constants a,a > 0 such that

(S-p-C) (e (z,t,w) - w) > a|lw|? > a|d,(z,t,w)P  for all (z,t,w) € Q x R x RV,
see [11] and [12] for details.

As it is well known, a multicomponent system is a system that involves more than two equations. In this
section we state some preliminary facts about the problem

—div () (z, u, Vu))
—div(ey(z, v, Vv))
—div(e,(z, w, Vw)) > h(u, v, w) in ,
u>0,v>0, w>0 in €.

f(u7v7w) in Q’

g(u’ IU’ w) in Q’

Along the whole paper we shall use the following assumption.

H1. The functions 7, o, o : Q x R x RY — RN are S-p-C, S-¢-C and S-r-C respectively, N >
max{p,q,7} > min{p,q,r} > 1 and the functions f,g,h :]0,00[x]0, 00[x]0, c0[— [0, 00[ are continu-
ous.

Definition 2. The set of three functions (u,v,w) € Wlicp(ﬂ) X Wlicq(ﬂ) X Wﬁ)g (Q) is called a weak solution
of (3.2) if
fu,v,w), g(u, v, w), h(u,v,w) € Llloc(Q)v
|£{p(a u, vu)|p', |%(7 v, vv)|q" |m(7 w, vw)|Tl € Llloc(Q)’

and the following inequalities hold

/(%(x,qu Vor) z/fuquh,
Q

Q

/(%(w,v,Vu v¢2 2

9(u, v, W),

(- (z,w, Vw) - Vez) > [ h(u,v,w)eps,

D\ e
f@\ D\

for all non-negative functions ¢1, ¢2, ¢3 € Cg ().
We say that a weak solution (u,v,w) is trivial if either u =0 or v =0 or w =0 a.e. in Q.

Moreover in what follows we shall assume that f, g, h satisfy the following hypotheses.
(fo) there exist py >0, g1 >0, 11 > 0 such that

lim inf —f(T’ 319

At e >0 (possibly infinity),



(go) there exist pa >0, g2 >0, r2 > 0 such that

e g(1 6 Q) o
r&rgri zr;f o rPaguacT >0 (possibly infinity),

(ho) there exist p3 >0, g3 > 0 and r3 > 0 such that

o (T E,0) G
Tgrgl}i_lclgo m >0 (pOSSlbly mﬁnlty).

Remark 3. The conditions (that we do not assume along the paper)

max{pe,p3} >0, max{q,q3} >0, max{ry,r} >0, (2.2)
max{qy,r1} >0, max{ps, 72} >0, max{ps, g3} >0, (2.3)

assure that the system is a genuinely strongly coupled. Indeed, for instance, in the case that f,g are pure
powers, that is f(7,£,() = PR and g(71,&,() = 7P2£92("2 if r1 = ro = 0 (i.e. (2.2) does not hold),
then the system can be decoupled, since the first two equations of (2.1) do not depend on w.

Remark 4. The assumptions (fy), (go), (ho) cover also the case of singular nonlinearities. Indeed, if for
instance f(7,n,¢) = £ with a, 8,7 > 0, then (fy) is fulfilled with p; = 0, ¢; = 8 and r; = 7. Indeed in

T )

this case we have,

f(r.§,0
THEFC—0 TPLED(TT oo

For some results applicable to the singular case, see Lemma 11 and Proposition 14 below.

By Bgr we denote the euclidean ball in RY of radius R centred at the origin, while Ag stands for the ring
Ag = Bgr\ K/Q. In the rest of the paper, for sake of simplicity, by inf 4 u we denote the essential infimum
of u on the set A, that is essinf 4 u

We recall the following classical,

Proposition 5 (Weak Harnack inequality). Suppose that <7, is S-p-C and @ C RY is an open set. Then there
exist 0 > 0 and cg > 0 such that for any weak solution u of

—div(e)(z, u, Vu)) > 0 in €,
u>0 in €,

for any R > 0 such that Bog C 2, we have

1/0 .
(WH) (ﬁ fBR u") < cy infg, , u.
For a proof see for instance [12], [16].

Remark 6. The hypothesis S-p-C can be relaxed by requiring that the operators are of weak-p-C type and
an Harnack type estimate holds. See [4] and [2]. However in this paper, for sake of brevity, we shall deal
only with the S-p-C case.

The following is a direct consequence of (WH). See Proposition 1 and Remark 2 of [6].
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Proposition 7. If (WH) holds for the three nonnegative functions u, v and w, then (WH) also holds for
u + v 4+ w. Furthermore, there exists a positive constant C independent of u,v,w, such that,

inf (u+v+w) <C’<inf w+ inf v+ inf w),
Br Br/2 Bry2 Br/2

for all R > 0 such that Bag C €.

Lemma 8 (Lemma 3.1 [/]). Let u : RN — [0,00) be a function such that infgnx u = 0. Assume that (WH)
holds with exponent o > 0, then for all e > 0

ApNTY BrnNTY*
i AROTE] i 1BROTE

=1
R—o0 |AR| ’ R—o0 |BR|

where T = {x € RN : u(z) < e} and Ag = Bg \ Bg/2.
From now on, if not otherwise specified, for ¢ > 0, we set
T. = {z € RY : w(z) +v(z) + w(z) < }.
3. General a priori estimates
A slight variation of the proof of Theorem 2 of [6] gives the following.
Theorem 9 (General a priori estimates). Assume that H1 holds. There exist positive constants,
1 =c1(e) > 0,c0 = ca(y) > 0,c3 = c3() >0

such that if (u,v,w) is a weak solution of (2.1), then for all R > 0 such that Bar CC Q, we have
1 Pt
@ / f(u,v,w) < CIR_p <léllfu) )
Br
1 -t
—q (:
Bl /g(u,v,w) < &R (gl}fv) , (3.1)
Br

1 r—1
@ / h(u,v,w) < ecsR™" (iélfw) )
R
Br

In what follows we shall concentrate our attention to the problem,

_dlv(%(xv U, VU)) Z f(ua v, ’l,U) in RN7
—div(eZy(z, v, Vv)) > g(u, v, w) in RV,
—div(e(z, w, Vw)) > h(u,v,w) in RY,

infgny u = infgwy v = infgy w = 0.

The following is the key of our results.



Lemma 10. Assume that H1 holds. Let (u,v,w) be a non trivial weak solution of (3.2).
If (fo) holds, then for all € > 0 sufficiently small and R > 0 sufficiently large the following estimate holds

; p1—p+l( qi( ; L« -P
(A;%fTE u) (A;%fTE v) (A;%fTs w)™ < cR7P, (3.3)

where T. = {z € RN : w(z) +v(z) + w(x) < e} and Ag = Br \ Bp/».
Similarly, if (go) and (hg) hold we have, respectively

: p2( 3 q2—q+1( s T2 < —q
(Allg%fTs w) (Allzrrlwf:rg v) (A}J%fn w) < eR7 (34)
and
3 p3 3 qs : rg—r4+1 < —-r
<A11£1fTE u) (A}%I}waE v) <A11§1fTE w) SR (3:5)

Proof. Let us prove (3.3), the proof of (3.4) and (3.5) being similar. From (fy) it follows that for a suitable
¢ > 0 there exists € > 0 such that,

f(1,6,0) > erPren ™ for e > 71,6, > 0. (3.6)

From the first inequality of (3.1) we obtain

/ Flu,,) < cRP| Agl(inf u)P ™" < R |Ag( 1, (3.7)

Br

inf w
ArpNT-
On the other hand using (3.6), we have

B{f(um,w)z / flu,v,w) > c / WPyt

ArNT: ArNT-
hence,
D1yd1 4,71 < - ; p—1 .
uProTw™ < cR |AR|(A11%%fTEu) (3.8)
ArpNT-
Therefore
(inf w)P( inf 0)"( inf w)™ <cR_pﬁ( inf w)P~! (3.9)
ArNT. ArNT. ApNT. - |Ar NTe| ArNT.

and so, by Proposition 7 and by Lemma 8 applied to the function u + v + w,

( inf u)pl*lﬁl( inf v)®( inf w)™ <cR7P,
ArNT. ArNT. ArNT:

for R sufficiently large. O
From the above lemma we immediately deduce the following Liouville theorem.

Lemma 11. Assume that H1 holds. If (fo) holds with p1 = g1 =71 =0 or (go) holds with py = g3 =193 =0
or (hgo) holds with ps = q3 = r3 = 0 then (3.2) has no non trivial weak solution.
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Proof. Without loss of generality assume that (fp) holds with p; = ¢ = r1 = 0. By contradiction, let
(u,v,w) be a non-trivial weak solution with infgy v = infgwy v = infgx w = 0. With the same notation of
Lemma 10, from (3.3) we have

e—(p—=1) < ( inf u)*(Pfl) < c¢R7?,
ArNT-

and letting R — 400 we get a contradiction. 0O
Since Lemma 11 holds, we realize that the following assumption is natural.

H2. (fo) is fulfilled with p1,q1,71 > 0 and at least one of them positive,
(go) is fulfilled with pa, ga, 79 > 0 and at least one of them positive,
(ho) is fulfilled with p3, ¢3,73 > 0 and at least one of them positive.

Let us introduce the number,

D :=qzr2(p—1—p1) + p3ri(q¢ — 1 — g2) + p2qu(r — 1 —r3)
—(p=1-=p1)(g—1—q2)(r —1—73) + p3qir2 + p2qsri.

Lemma 12. Assume that H1, (fo), (90), (ho) hold. Let (u,v,w) be a non-trivial weak solution of (3.2). For
>0, we set T. = {x € RN : u(x) +v(x) +w(x) < £}.

Ifgsro < (g—1—q)(r—1—r3), g2 < q—1, r3 <r —1, then for all ¢ > 0 sufficiently small and R >0
sufficiently large, we have

. D .p—bu
(Allgrlwag u)” < cR™%, (3.10)
where
O =1r1i(q—1—q2)+qqu(r—1—73)+p[(¢g—1—q)(r—1—r3) —qsra] + qqzri +rqi72. (3.11)

Furthermore, if D > 0 then for R large we obtain
/ flu,v,w) < cRN7PID 0, (3.12)
Br
Ifpsri<(p—1—p1)(r—1—r3), p1 <p—1,r3 <r—1, then for all € > 0 sufficiently small and R >0
sufficiently large, we have
: D~ .p—tu
(A,lggwaE v)” <cR™%, (3.13)
where
Oy :=rr2(p—1—p1) +ppa(r — 1 —r3) +q[(p — 1 — p1)(r — 1 —r3) — p3r1] + ppsra + rpari. (3.14)

Furthermore, if D > 0 for R large we obtain

N—q—250,
/9(u,v,w)§cR R (3.15)
Br



Ifpon < (p—1—-p1)(g—1—q2), p1 <p—1, g2 < g— 1, then for all ¢ > 0 sufficiently small and R >0
sufficiently large, we have

(3.16)
where

0w =qqs(p—1—p1) +ppslg—1—q2) +r{lp—1—p1)(¢—1—q) — p21] + pp2gs + qpsqu.  (3.17)
Furthermore, if D > 0, for R large we
/h(u,v,w) < cRN=""5 b, (3.18)
Br

Proof. In order to prove (3.10), we distinguish seven cases.

Case 1. g1 > 0 and g3 > 0. By (3.4) and (3.3), we have

i —1- 1— 1—
(inf 4 ,n7. ©)9 g2 g—pi=izez 1— = (inf 4T, u)(P —p1)(g—1—q2)/q1

cR™

(inf w)P? <c¢R™1

ARNT. (infa,nr. W)™ (inf 4o, w)"> i—se
therefore
(A;IrlwaE u)m_w cRTTPTR (AgrlwaE w)_”_rl(q_q—i_qg). (3.19)
Similarly, (3.4) and (3.5) imply
( inf w)“*% < cRTTT G ( inf u)fPZ*pS(q;i:qz), (3.20)

ArpNT. ArNT.

for all € > 0 and R sufficiently large. Combining together (3.19) and (3.20), we get

_(p=1-pj)(g—1—gq2) P243+P3(‘1*1*Q2> a—1—gqp
(inf u)pz a1 T @1 an)(r—1-r3)~r2a3 (T2+T1 a1 )<
ARrNT. -
_g—pd=l=a2 993+(g—1—qo)r a—1—qp
<R TP Ta (q—1—q2)(r—1—73)—r243 (T2+T1 a1 )

that is, by gsro < (¢ —1—q2)(r — 1 —73),

( inf u)(q—l—qa)D < cR(a—1=a2)[-P(a—1-g2)(r—1—-r3)+prags—qq1 (r—1-rs3)—qgsri—rraqn —rr1(g—1—-qz)]
ArpNT- -

Hence (3.10) holds, being g2 < g — 1.

Case 2. q¢1 =0, g3 > 0 and r1 > 0. Therefore, as in the previous case, by (3.4) and (3.5), we obtain (3.20).
Therefore by using (3.3), from (3.20) we have,

(inf w)Pr7 Pt < cRTP(inf w) "™
ArpNT- ArpNT-
qq3+r(g—1— 42) 2q3+p3(q 1— 42)

<cR™ P S —(a—T—a) Ta)( inf u) 1T2l13 (a=1—q2)(r—1-r3) |
ArNT:




That is

(inf u)P < ¢R™Pla—1=a2)(r=1=rs)=r2qs]—rilags+r(g—1=a2)]
R

Case 3. q1 =0, g3 > 0 and r; = 0. In this case (3.3) reads as

( inf u)pl_p'H <cR7P,
ArNT:

which, taking into account that (¢ — 1 — g2)(r — 1 — r3) — gsr2 > 0, implies the claim.

Case 4. g1 >0, g3 =0, and p3 > 0. Arguing as in the Case 1., by (3.4) and (3.3) we get (3.19) as before.
On the other hand since r3 < r — 1, from (3.5) we have

inf w > cR™=1-75 ( inf u)T—Il)—Ts. (3.21)
ArpNT- ArNT,

Hence, combining together (3.19) and (3.21), it follows that

_(p—1-p1)(a—1—gq3) p3 ( q*lfm) __,a-l—ax ( q*lﬂm)
( inf u)Pz + = ro+ry rm SR q—p =1 ro+ry a1

q1 1-r3 q1 -3 ,
ArNT.

which, since g;(r — 1 —r3) > 0, implies (3.10).

Case 5. g1 >0, g3 =0, and ps = 0. Arguing as in the Case 1., by (3.4) and (3.3) we get (3.19) as before.
While, from (3.5) we have

inf w>cR™1-73,
ArpNT.

which plugged in (3.19) yields the claim.

Case 6. ¢1 =0, g3 =0 and r; > 0. From (3.5) and then (3.3) we have

o r—1—rs
(AinfT u)P? < cR_T(AinfT w)" T < ecRTT <R_rpl(AinfT u)p r1p1> . (3.22)
rNT: rNT: rNT:
From (3.22) we deduce
( inf u)ps_(p—l—mr)ir—l—w) § CR_r_pp—il—m’

ArpNT.

which, together the fact that ¢ — 1 — g > 0, implies the claim.

Case 7. ¢ =0, g3 = 0 and r1 = 0. As in the case 3.

To complete the proof it remains to show (3.12). Inequality (3.12) is an immediate consequence of (3.1)
and (3.10), namely

i

/f(u,v,w) < cR7P|Ag|(

Br

inf wu
ArpNT.
< ¢RN-P= 5 {rri(a—1-a2)+aa1(r—1=rs)+pl(a—1-q2) (r—1-7s) —qsra]+aasri+7q1r2}

The proof of (3.13)—(3.18) follows the same pattern as above. So we omit the details. O
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Lemma 13. Assume that H1 and H2 hold. Let (u,v,w) be a non-trivial weak solution of (3.2). Then there

exists a constant ¢ > 0 such that for R > 0 sufficiently large the following inequalities hold,

p1 q1 T1

p—1 q—1 r—1
[ #uo.w) [ stwvw) [wow)| e [ puvw),
Br Br Br AR
P2 a2 _r2
p—1 g—1 1
[1wvw [ stuso.w) [rwow|  ser [ g o)
BR BR BR AR
p3_ a3 r3_
o1 -1 =1
/f(u,v,w) /g(u,v,w) /h(u,v,w) SCRO“‘_N/h(u,U,w),
Br Br Br AR
where
ap = 1P1+ Nodgy 4+ M=ty
g 1= —=py + Vg, + M= TT2,
az = ——p3 + —q

(3.23)

(3.24)

(3.25)

(3.26)

Proof. Let us prove (3.24). Assume that pa > 0 (the case 7o > 0 is similar). From (fo), (g0), (ho), it follows

that for a suitable ¢ > 0 there exists € > 0 such that,

F(1,6.Q) Z erP e ™, g(7,6,¢) = erP2EB(, h(7,£,¢) =2 er?gB ¢, for €> 7,6, > 0.

By (3.1), and Lemma 8 applied to the function u + v + w, for R large we have

p=1
r2
— . - - 1
[ o) < R AglGptup ! < R | e [
ks ArNT:
p—1
_ uP2 22" "
< cR7P|AR|" R |- Jagor, i
= (inf 4 A7, ©)92 (inf 4 A7, w)T2
p—1

P2
S [
(inf 4,7 v)2 (inf 4 A7, w)™2

T T

ScR_p_p?’; (qz2l+r 1)|A |1_—(1_QT1_T_1).

fA (u,v,w)
)

(fBRg(u,v,w) (fB uvw)Tl

This completes the proof of (3.24).

(3.27)

If po = ro = 0 then, by hypothesis H2 we have that gz > 0 and the inequality follows the same pattern.

Namely, by (3.1), (go) and Lemma 8, we have
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1
/g(u,v,w) < cR_q|AR\(iEI;1}£U)q_1 < cR7YAR| AR AT / 092

Br ArNT-

< ¢cRTTNOG) / g(u, v, w)

ArNT.

Since the proof of the remaining inequalities is similar to the one given above, we omit the details. O

4. Liouville theorems

In the previous results on a priori estimates as well as in the Liouville theorems we assume that infg~x u =
infgv v = infg~ w = 0. This hypothesis is quite natural. Indeed, when dealing with the prototype system

—Apu > f(u,v,w) in RV,
—Ayv > g(u,v,w) in RY,

(4.1)
—Ayw > h(u, v, w) in RY,
u>0,v>0 w>0,
we see that, by changing the unknowns and the nonlinearities as follows,
% :=wu—infu, ¥v:=v—infv, ©:=w— infw,
f(r,€,m) = f(r +infu, & +infv,n + inf w), (42)
g(7,&,m) = g(7 + inf u, £ + inf v, n + inf w), .
h(r,&,n) := h(r +inf u, € + inf v, 7 + inf w),
we deduce that (@, 0, w) solves the problem,
—Api > f(ii, 5,) in RV,
A0 2 (0, 0,) in RV, 43)
— A0 > h(i, 0,) in RY,
infag =0, info =0, infw=0.

On the other hand if (u,v,w) is a weak solution of (4.1) then, roughly speaking, the infima of u, v and

w must be a zero of f, g, and h:
f(inf w, inf v, inf w) = 0, g(infw,inf v, inf w) = 0, A(inf u, inf v, inf w) = 0.
Indeed we have,
Proposition 14. Let (u,v,w) be a weak solution of (4.1), then as (7,£,m) — (inf u, inf v, inf w) we have
liminf f(7,£&,17) =0, liminf g(7,£,n) =0, liminf A(7,£,n) = 0.

Proof. Suppose that liminf f(7,£,7) = ¢ > 0 (possibly +00) as (7,£,7) — (infw,inf v, inf w). A simple
translation argument as in (4.2) shows that we can consider (u,v,w) a solution of (4.1) such that infgry u =
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infgy v = infgv w = 0 and (fp) is fulfilled with p; = ¢; = r1 = 0. With the same notation of Lemma 10,
from (3.3) we have

e~ =1 < ( inf u)—(:ﬂ—l) < c¢R7?,
ArpNT:

and letting R — 400 we get a contradiction. 0O

In the proof of the following results, very often we prove for instance that, fRN f(u,v,w) = 0. This
information is enough to deduce that the solution is trivial. Indeed we the following lemma.

Lemma 15. Assume that H1, (fy), (go) and (ho) hold. Let (u,v,w) be a weak solution of (3.2). If
flu(z),v(x),w(z)) = 0 or g(u(z),v(z),w(x)) = 0 or h(u(z),v(z),w(x)) = 0 for a.a. z € RN, then ei-

theru=0orv=0 orw=0 a.ce. in RV.

Proof. Suppose that f(u(x),v(z),w(x)) = 0 for a.a. z € RY. Thanks to Proposition 7 we can apply
Lemma 8 to the function u + v + w. Hence by (fy) we get,

(inf w)P* (inf v)?* (inf w)™ <

BR BR BR
< 1 / uProfi™ < cé/f(u v,w) =0
- |ARﬂT€| - |ARﬂT5| i ’
ArNT. AR

for R sufficiently large and ¢ > 0, where T. = {x € RY : u(x) + v(z) + w(z) < €}. Using (WH) on u or
v or w, we conclude that either w = 0 or v = 0 or w = 0 a.e. in RY. The proof of the remaining cases
g(u(z),v(z),w(x)) = 0 or h(u(z),v(z), w(x)) =0 for a.a. x € RY is similar. O

Theorem 16. Assume that H1, (fo), (90) and (ho) hold. Assume that one of the following hypothesis holds

a) qgsra < (q—1—gq)(r—1—r3), g2 <q—1,r3<r—1 and D% < 0, (where 0, is defined in (3.11));

or

b) psri<(p—1—-p1)(r—1—r3),p1<p—1,r3<r—1, and D% < 0, (where 0, is defined in (3.14));
or

) ppn <(p—1-—-p1)(g—1—¢q2), p1 <p—1,q2<qg—1, and Df_‘f < 0, (where 0y, is defined in (3.17)).

Then problem (3.2) has no non-trivial solution.

Proof. Suppose that (u,v,w) is a non-trivial weak solution of (3.2). Assume that a) is fulfilled. The proof
in the remaining case is similar.

Case D =0.If D =0, letting R — oo in inequality (3.10) of Lemma 12, we reach the contradiction 1 < 0.

Case D < 0. By (3.10) we get for all € > and R sufficiently large

inf w > R*%{TTl(lI*lflIQ)Jrqth(T*1*7’3)+p[(lI*1*lI2)(7"*1*7"3)*1137’2]441!137"1+7‘Q17"2}.
ARrNT- -

By letting R — oo we reach again a contradiction.
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Case D > 0. As proved in Lemma 12, by (3.1) and (3.10), we have for all ¢ > 0 and R > 0 sufficiently large

i

/ f(u,0,w) < cRP|Ag(

Br

inf w
ArNT.
< ¢RN-P- ”,%1{TT1(qflfqz)Jrqql(r717r3)+p[(q7lfqz)(T*l7r3)7q3r2]+qq3r1+rq1rz}'

Hence, letting R — oo it results that f(u,v,w) = 0 a.e. in RY. An application of Lemma 15, yields a
contradiction concluding the proof. O

The estimates in Lemma 13 can be used to recover a critical case' as the following results shows.

Theorem 17. Assume that H1, (fy), (90) and (hg) hold with p1 = 11 = pa = g2 = q3 = r3 = 0 and
psqarz — (p—1)(g = 1)(r — 1) > 0.

If
—1(g—1D(r—1 —1 —1)(r—1
N =D )} Smax{pHp +q(p )(r—1)
T : r
P3q1T2 1 b3 1 Pf 2 1 1 1 (4.4)
_ _ _ r_ 1)y —
gipl=t == Nt )}7
qn b3q1 72 172
then problem (3.2) has no non-trivial solution.
Proof. Let (u,v,w) be a non-trivial weak solution of (3.2). If
—1 —1)(r—1 —1 —1)(r—1
pal =ty = ):max{errp PN Gl Glenlt)
b3 p3r2 b3 p3r2
1 C1)(g—1 r—1 (-1
i p! L= ),r+q +p(q )( )}
q1 p3ga T2 q172
Without loss of generality we prove the theorem only when
~1)(g-1)(r—1 —1 — (-1
N[l(p )(g —1)( )]_p+7,p Pl (G}
p3qiT2 p3 p3T2
From (3.25), since ps > 0, we have
a3(p—1) r3g(p—1)
p3(a—1) p3(r—1)
/f(u, v, W) /g(u,mw) / h(u,v,w)
B B B
n n n (4.5)

p—1

P3

<CRN[1—’;;31(1—Q—“_3—1—%)]—19—”F—_31(E—Z%Jr:_:%) /h(u,v,w)

AR

! Here we refer to the critical case when in the nonexistence condition (4.4) the equality sign is allowed. See also Remark 18.
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From (3.24), since ro > 0, we have

p2(r—1) q2(r—1)
o (p=1) ra(a—1)
/h(u,v,w) /f(u,v,w) /g(u,v,w) (4.6)
Br Br Br
r—1
2
< CRN[ o) (17%7%)]”7 (3 ) /g(u,v,w)
AR
From (3.23), since ¢; > 0, we have
r1(g—1) r1(g—1)
q1(p—1) q1(r—1)
[otwow | [ o) [ v (4.7)

Br Br Br

_a=1l(q_P1__ ™1 4= 1 PP TT1
<CRN[1 a1 (1 p—1 T—l)] 9= p p—1T7=1 /fuvw

By applying first (4.5), then (4.6) and (4.7), and taking into account that p; =r1 =ps = ¢ =q3 =13 =0,
we get

p—1

P3

/f(u v,w) < cRN(lipT;l)fp /h(u,v,w)

Br AR

< en® 075 MOZ) 5 (f gw)

(p=1)(r—=1)
P3T2

AR

(p=1)(g—=1)(r—1)
34172

_e=DGDr=D ], p-1 o (p-D(r-1)
< CRN{l P39172 ] P=T"3 P3T2 /f u, v, w

(p=1)(g—=1)(r—1) (p=1)(g=1)(r—1)
P3d1T2 P3q1T2

A{ f(u,0,w) <e Bl f(u, 0, w)

Hence, f(u,v,w) € L*(RY) and letting R — oo we get f(u,v,w) = 0 in RY. Therefore, we conclude that
u=0,orv=0,orw=0 a.e. in RY, which contradicts our assumption.
The remaining cases can be proved similarly. O

Remark 18. Under the hypothesis py =r1 =pas =g =q3 =13 =0, D=p3sq1ra — (p—1)(¢—1)(r—1) >0
the condition “a) or b) or ¢)” in Theorem 16 can be formulated by (4.4) with the strict inequality. In this
sense Theorem 17 is an improvement of Theorem 16.

The following improves, from several points of view, an earlier result obtained in [9, see Remark 2.2].

Corollary 19. Assume that H1, (fo), (g0) and (ho) hold withp =qg=r, p1 =11 =pa = =q3 =13 =0
and psqir2 — (p — 1)3 > 0. If
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N:]i) —(p=1)?* <max{q(ra +p—1),r2(ps+p—1),p3(q +p— 1)}, (4.8)

3
(psqir2 — (p 1))p(p

then problem (3.2) has no non-trivial solution.

Theorem 20. Assume that H1, (fo), (g0) and (hg) hold withpy >p—1, ¢ >qg—1 and r3 >r — 1.
If

N — N — N-—r N — N — N —r
N > min q p; p+q1 q+7“1 , D2 p+QQ q+7"2 )
p—1 -1 r—1 -1 qg—1 r—1 (4.9)
N-p N-g  N-r '
b3 1 q3 1 TST—l )

then problem (3.2) has no non-trivial solution (u,v,w).

Proof. Without loss of generality assume that

N—-p N —q N—7r .
ay =p1 1 +aq + 7 =min < p;
p— q—1 r—1

N—er N—qu N—7r
r
p—1 (hq—l Y1

N—p N —q N-—r N-—p N —q N-—r
+q2 + 72 ) .
p—1 qg—1 r—1

D2

From (3.23) that for R > Ry, we have

p1

p—1

c1 fu,v,w) < cR* N | f(u,v,w) (4.10)
] /

T1
r—1

_q1
where ¢; := (fBRO g(u, U,w)) o (fBRg h(u,v,w)) > 0 for Ry large enough. Inequality (4.10) implies

p1—p+1
p—1

c1 /f(u,v, w) < cRM N, (4.11)
Br

Now if N > a3 the claim follows form (4.11) by letting R — +o00. While if N = a4, from (4.11) it follows
that f(u,v,w) € L*(R"), hence necessarily fARf(u, v,w) — 0, as R — +o00, which plugged in (4.10) implies
that f(u,v,w)=0. O

Remark 21. A simple analysis of the proof of the previous result shows that the claim still holds if one of
the following conditions is satisfied,

1. N > a1, p1 > p—1 and at least one inequality is strict,
or

2. N > ag, g2 > g — 1 and at least one inequality is strict,
or

3. N > asg, r3 > r— 1 and at least one inequality is strict.
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