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Abstract

In this paper we investigate a mathematical model arising from volcanology describing surface defor-
mation effects generated by a magma chamber embedded into Earth’s interior and exerting on it a uniform
hydrostatic pressure. The modeling assumptions translate mathematically into a Neumann boundary value
problem for the classical Lamé system in a half-space with an embedded pressurized cavity. We establish
well-posedness of the problem in suitable weighted Sobolev spaces and analyse the inverse problem of de-
termining the pressurized cavity from partial measurements of the displacement field proving uniqueness
and stability estimates.
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1. Introduction

In this paper we investigate a linear elastic model describing surface deformations in a vol-
canic area induced by a magma chamber embedded in Earth’s crust. From the mathematical point
of view we introduce a simplified version of the model assuming the crust to be a half-space in a
homogeneous and isotropic medium and the magma chamber to be a cavity subjected to a con-
stant pressure on its boundary (for more details see, for example, [7,8,12,17]). More precisely,
given C a fourth-order isotropic and homogeneous elastic tensor, with Lamé parameters A and pu,
denoting by u the displacement vector and by R the half-space, we end up with the following
linear elastostatic boundary value problem

div(CVu) =0 inR3\C
(CVu)n=pn ondC ()
((C%u)eg =0 onR?

where Vu is the strain tensor, C is the cavity, p > 0 represents the pressure acting on the bound-
ary of the cavity, n is the outer unit normal vector on dC and ez = (0, 0, 1).

The main purpose of this paper is to derive quantitative stability estimates for the inverse prob-
lem of identifying the pressurized cavity C from one measurement of the displacement provided
on a portion of the boundary of the half-space.

In order to address this issue, we first analyse the well-posedness of (1) under the assumption
that 0C is Lipschitz. We highlight that for the well-posedness we can either impose explicitly
some decay conditions at infinity for # and Vu (see, for example, [7]) or, more suitably for
our purposes, set the analysis in some weighted Sobolev spaces where the decay conditions are
expressed by means of weights. In particular, we will show the well-posedness in this weighted
Sobolev space

HI(R3\C) = {u eD'R3\0), € 2R3\ C), Vu e L2(R® \E)}, ?)

u
1+ xP)7

where D’ (R? \ C) is the space of distributions in R? \ C, with the norm given by

”””?1,},(11%3_\6) - <”(1 * |x|2)_1/2””i2<R3_\E> + ”V”"iZ(RZ\E))' @

Even if the analysis of the well-posedness of general elastic problems in the half-space via
weighted Sobolev spaces is known, see [6], we would like to emphasize that in our framework
we have two principal difficulties and novelties to treat: the first one concerns the fact that the
problem is stated in an unbounded domain with unbounded boundary and with non homoge-
neous Neumann boundary conditions on the cavity. The second one is related to the derivation
of quantitative stability estimates of the solution in H,L (R3 \ C). To this end, we need to derive
a quantitative weighted Poincaré inequality and a Korn-type inequality in R3 \ C. As far as we
know, these inequalities are known in a quantitative way only for bounded domains, see [4], and
for conical domains, see [11].

Therefore, the first part of this paper is devoted to prove quantitative Poincaré and Korn in-
equalities in R> \ C using some a priori information on the cavity C. This allows us to derive
the following estimate for the unique solution u of problem (1)



”u”Hul,(]Ri\E) =cp,

where the constant ¢ depends on the Lamé parameters, on the Lipschitz character of dC and
on the distance of C from the boundary of the half-space. This estimate is fundamental for the
direct problem and it is also necessary to establish stability estimates for the cavity in terms of
the measurements.

To prove the stability result for the inverse problem we need stronger regularity on the cavity.
We follow and adapt when needed the results contained in [15,16]. From the point of view of
the rate of convergence it is well known that, despite of smoothness assumptions on the cavity,
only a weak rate of logarithmic type is expected. In our case we are able to prove a log—log type
estimate and not the optimal logarithmic one proved for the scalar case (see [1]) due to the lack
of a doubling inequality at the boundary for the solutions of the Lamé system.

The paper is organized as follows. In Section 2 we give the notation used in the rest of the
paper and definition on the regularity of the domains. In Section 3, we set the analysis of the
elastic problem in the weighted Sobolev space, proving first the constructive Poincaré and Korn
inequalities and then giving the result of the well-posedness. Section 4 is devoted to the analysis
of the inverse problem and the derivation of the uniqueness and stability results.

2. On some notation and useful definitions

In this section we set up notation and some definitions paying specific attention to the regu-
larity of bounded domains.

In the sequel, we denote scalar quantities in italic type, e.g. A, i, v, points and vectors in bold
italic type, e.g. x, y, z and u, v, w, matrices and second-order tensors in bold type, e.g. A, B, C,
and fourth-order tensors in blackboard bold type, e.g. A, B, C.

The transpose of a second-order tensor A is denoted by AT and its symmetric part by

A=1(A+aAT).
To indicate the inner product between two vectors # and v we use u - v = Y, u;v; whereas for
second-order tensors A: B =), j aijbij. The tensor product of two vectors # and v is denoted

by u ® v = u;v;. Similarly, A ® B = A;; By represents the tensor product between matrices.
With |A| we mean the norm induced by the inner product between second-order tensors, that is

Al =+vA:A.
We denote the open half-space
{x = (x1,x2,x3) R} : x3 <0} =R

and we represent with R? its boundary, that is the set {x = (x, x2, x3) € R3 : x3 = 0}. The set
B, (0) denotes the half ball of center 0 and radius r, that is

Br_(O):{xelR3 :x12+x%+x32<r2,X3<0}.

With B/ (0) we mean the circle of center 0 and radius r, namely



B.(0) = {x e R? : x} + x5 <r?).
We denote with d(A, B) the distance between the two sets A and B, that is
d(A,B):=inf{lx —y| : x € A,y € B}
and with dy; (A, B) their Hausdorff distance, namely

d3(A, B) :=max{sup inf |[x — y|, sup inf |[x — y|}.
xcAYE yeBX€A

The unit outer normal vector at the boundary of a regular domain is represented by n.
2.1. Domain regularity

In the following sections, the constants appearing in the inequalities will depend on some a
priori information of the constitutive parameters of the linear elastic model and on the a priori
geometric and regularity assumptions on the cavity. For this reason it is important to recall the
definition of C*¢ regularity for a bounded domain.

Definition 2.1 (C* regularity). Let 2 be a bounded domain in R3. Given k, &, with k € N and

0 <« <1, we say that a portion S of 92 is of class Ck with constant ro, Eo, if for any P € §,
there exists a rigid transformation of coordinates under which we have P =0 and

QN By (0) = {x € By (0) : x3> Y (x")},

where ¥ is a C5¢ function on B;O (0) c R? such that

¥ (0) =0,
Vy(0) =0, fork>1

1Yl ke s, @) = Eo-
When k=0, a = 1, we also say that S is of Lipschitz class with constants rq, Eg.
3. The direct problem

In this section, we will analyse the well-posedness of the following linear elastostatic bound-
ary value problem

div(CVu) =0 inR3\C
(CVu)n=pn ondC )
(CVu)e3; =0 onR2

where p > 0 represents the pressure, C is the cavity, n is the outer unit normal vector on dC and
e3 = (0,0, 1). C is the fourth-order isotropic and homogeneous elastic tensor given by



C:=MeI+2ul,
where A and u are the two constants Lamé parameters, Iis the identity matrix in R3 and I is the
fourth-order identity tensor such that TA = A, for any second-order tensor A.
We first provide some physical information on the cavity C and the elastic tensor C.

3.1. Main assumptions and a priori information

For the study of the direct problem (4), we assume that the constant Lamé parameters satisfy
the inequalities

32+2u>0 and u >0, ®))
that is the tensor C is strongly convex:
CA:A > &AP, (6)

with & = min{2u, 20 4+ 31}, see [9].
The cavity C is supposed to be a bounded domain with Lipschitz regularity, that is

dC is Lipschitz with constants g and Ey. 7

Additionally, we impose some a priori information on the size of the cavity and its distance from
the boundary of the half-space. In particular, denoting with diam(A) the diameter of a set A, we
require

By, (0) D C, (8)
d(C,R% > Dy, )
diam(C) < Dy, (10)

where, without loss of generality, we can assume that the constant Dy > 1.

Remark 3.1. From here on, for simplicity of reading, we omit the dependence of some constants
on the Lamé coefficients A and u, on the parameters rg, Eg, Do related to the a priori information
on the cavity C and on sy which represents the radius of the circle where the measurements are
collected. For its definition see Section 4.

We highlight that, since we are in the half-space, namely an unbounded domain with un-
bounded boundary, the study of the well-posedness of the direct problem (4) can be done either
imposing some decay conditions at infinity for the function u# and Vu (see for example [7]) or
setting the analysis in a suitable weighted Sobolev space. We choose this second strategy. So we
recall the definition of the weighted Sobolev space for domains of type R> \ C. To do that, we
denote the space of the indefinitely differentiable functions with compact support in R? \ C by
D(R3 \ €) and with D' (R3 \ C) its dual space, that is the space of distributions.



Definition 3.1 (Weighted Sobolev space). Given the function

p=+IxH"? (11)

we define
HL(R3\C) = {u eD'[®R3\ 0), % e L2R3\C), Vu e L2(R> \6)}. (12)

This weighted Sobolev space is a reflexive Banach space, see for example [5] and references
therein, equipped with its natural norm

el s \e) = (up—‘uniz(m o HIVal] g @). (13)

We recall that the weight is chosen so that the space D(ﬁi \ C) is dense in Hul) (R3 \ 0), see
[5,10]. When we deal with bounded domains D C (R3_ \6) we emphasize that Hl}) (D) reduces
to H'(D) regularity, hence the usual trace theorems hold. For generalizations and more details
on weighted Sobolev spaces see, for example, [5,6,10] and references therein.

The study of the well-posedness of (4) is therefore accomplished using Lax—Milgram theorem
in H l}) (R3 \ C) space. We stress that the use of the weighted Sobolev space is the natural approach

to obtain a quantitative Hl}) (R3 \ C) estimate in terms of the boundary data. To this end we need
first to have constructive Poincaré and Korn-type inequalities.

3.2. Weighted Poincaré inequality and Korn-type inequality
In this section we want to prove a weighted Poincaré inequality and a Korn-type inequality in
R3 \ C using a suitable partition of unity.
Let us consider two half balls B,”(0) and B (0), with » < R, such that
C C B, (0) C B;(0).
Using the a priori information (9) and (10) on the cavity C, we fix
r=3Dy and R =4Dy.

We consider a specific partition of unity of R? . In particular, we take @1, ¢ € C*°(R?) such
that

0<¢r¢2<1 and ¢ +¢@=1 inR, (14)
with
¢»m=0, ¢ =1, in B, (0), (15)
p1=0, ¢=1, in{lx| > R}NRZ, (16)
|V<p1|s%, |V¢2IS%, in By (0)\ B, (0), (17)



where ¢ is an absolute positive constant thanks to the choice made for » and R.
In the following it is useful to split By (0) = 3 B/ (0) U 3 B%(0), where 3 B (0) is the circle
B (0) whereas 835’? (0) is the spherical cap. We first prove Poincaré inequality

Theorem 3.2 (Weighted Poincaré inequality). For any function u € HJ, (R3 \ C) there exists a
positive constant ¢, with ¢ = c(rg, Eg, Do), such that

/

R3\C

u2

P

dx <c f |Vu|*dx, (18)

R3\C
where p is defined in (11).

Proof. From (14) we find that

2
< 2(‘ %
L2(R3\C)

We study N7 and V5.
From the property (16) and since p~! < 1, we get

u 2

0

u
=
0

u
$2—

2
‘ o

) =2(N7 + N).

L2(R3\C) L2(R3\0)

2

u
P1— 19)

Ni=|
P

<llerl s - onc)-
L2(BR (0\O) FBR OO

Therefore, since ¢; = 0 on 83;’e (0), we use the quantitative Poincaré inequality for functions
vanishing on a portion of the boundary of a bounded domain, see for instance [4] (Theorem 3.3,
in particular Example 3.6), finding

2 2
where c is a positive constant such that ¢ = c(rg, Eo, D). In this way, we obtain
2 2 2

Now, from the property (17), we have

juf?

B (O\C B (0\B; (0)

By (20), (21), (22) and recalling (14), we have

u

2
<< —_
||(Plu||L2(BE(0)\C) =cC ( )0

2
ValLa g one |- 23
L2{|jx|>r}NR3) + ”LZ(BR (0)\C)) (23)



Applying Hardy’s inequality for the exterior of a half ball in the half-space (see [11], Lemma 3,
p- 83) to the first term in the right-hand side of the inequality (23), we find

u 2

P

2
§C||Vu||L2({|x‘>r}mei)' (24)

L2 ({lx|>r}NR3)

Inserting (24) in (23) and then going back to (19), we have

o <c(IVa122, g + 17012, )
Pl 285000 L2(BR (0\O) L2({lx|>r} NR2) (25)

2

<c “vu “Lz(Ri\F) .

Analogously, using the properties (14) and (15) and applying again Hardy’s inequality (see [11],
Lemma 3, p. 83), we find

ull? ul?
NF‘@_ <|“ < Va2, ;
pllzeie) — IPlqx=rnr?) Elx=r 0k (26)
SC”VMH%](Rz\f)

Putting together the inequalities (25) and (26) we have the assertion. O

Before proving a Korn-type inequality in the exterior domain of a half-space, we state, for the
reader’s convenience, a slight modification of a lemma proved by Kondrat’ev and Oleinik in [11]
(see Lemma 5. p. 85) for the case of a function u € Hulj (R3_ \ C). This lemma will be useful in
the proof of the Korn inequality.
Lemma 3.3. Let u € Hllv (R3 \ C). For every r' < r there exists a positive constant ¢ such that

IVul 2= ry ey < VR 2=y nR2 )

where ¢ = c(r, r’).

Now, we are ready to prove the following quantitative Korn inequality.

Theorem 3.4 (Korn-type inequality). For any function u € H,L (R3.\ C) there exists a positive
constant c, with ¢ = c(rg, Eg, Dy), such that

/|Vu|2dx§c / \Vu|?dx. (27)

R3\C R3\C

Proof. From the definition of the functions ¢1, @7, see (14), we have
Va3 g3\ < 2(||V(¢1u>||iz(R3_ 2 HIV@mI], 5 \a) 1= 2N +AY).

8



We study, separately, the two terms A{ and .
By (16) we find

N =1V 172\ = IV @725 016 (28)

hence, since ¢1 =0 on E)B,be (0), we apply the quantitative Korn inequality for functions vanishing
on a portion of the boundary of a bounded domain, see for instance [4] (Theorem 5.7), getting
for ¢ = c(rg, Eg, Do)

< 2
||V((p1u)||L2(B ONC) = C”V((plu)“LZ(BE(O)\f)

< c<||u ® Vo ||L2(B (0\O) + ||(plvu”Lz(B (0)\C))

where in the right side of the previous inequality we have used

e ® Vo |? <lu®Ve|?

L2(B ()\O) L2(BR (D\O)'

From (22), the properties (14) and Hardy’s inequality (24), we have

lu® Vel +igiVul?

L2(BR (0\O) L2(BR (0\O)

(IIVu||L2({|x|> JNR2) + ||vu”L2(B (0)\C))

u

0

IA

+ | Vu?
L2{Jx|>r}NR3)

L%(Bg (0)\C)>

Applying Lemma 3.3 to the first term in the right side of the previous formula, we find

IVall? <c|Vull?

L2{jx|>r}NR3) = L2({|x|>r'} NR3 )’

where we choose ' = 2Dy < r so that C C B, (0) (see the a priori information (8)). Putting
together all these results and going back to (28), we have

+ [ Vu| cIVu|? (29)

L2(Bz (0\C) LXR3\C)"

M <C<”V”” L2<{|x>r}mR3)>

In a similar way, using the properties (14) and (15), we find

Ny =V (g}

@ = V@O aps)
<c<||u®quzlle (> ARE) +”‘P2V“”L2({x>rmR3>)

From the properties (14) and (17) of ¢,, we get



”u®V(p2”L2({|x|>r}ﬂR3 _|_||(102V ”Lz({\x\>r}ﬁR3)

o

Using again Hardy’s inequality (24) and the result in Lemma 3.3 in the last two terms of the
previous formula, we find

u 2

0

Vu
L2({jx|>r}NR3) * ”L2 {Ix|>r}NR3) )

Ny <c||Vul|? <c||Vul? (30)

L2({jx|>r"} NR3) = LAR3N\C)’
Finally, collecting the results in (29) and (30), we have the assertion. O
3.3. Well-posedness

To study the well-posedness of problem (4) we use a variational approach. We suppose, for
the moment, u regular and the test functions v in D(Ei \ C). Multiplying the equations in (4)
for the functions v and integrating in R? \ C, we obtain

f CVu:Vvdx = —p/n vdo(x), VveDE® \C).
R3\C aC
Now, from the density property of the functional space D(Ei \ C) into the weighted Sobolev
space defined in (12), problem (4) becomes:
find u € H) (R \ C) such that
a(u,v)=f(v), VveH,R>\0), 31
where a : Hul) R3\C) x Hul) (R3 \ C) — R is the bilinear form given by
a(u,v) = f CVu:Vvdx, (32)
R3\C

and f: HJ} (R3\ C) — R is the linear functional given by

f(v):—p/n-vda(x). (33)

aC

Now, we can prove
Theorem 3.5. Problem (4) admits a unique solution u € Hul) R3 \ ©) satisfying
ltl yp 231 < €. (34)

where the constant ¢ = c(A, i, ro, Eg, Do).

10



Proof. To prove the well-posedness of problem (4) we apply Lax—Milgram theorem to (31).
Therefore, we need to prove the coercivity and the continuity property of the bilinear form (32)
and the boundedness of the linear functional (33).

Continuity of (32).

From the Cauchy—Schwarz inequality we have

la(u, v)| =

/ CVu:Vvdx

R3\C

<c||Vu ”Lz(Ri\f) ”VUHI}(RE\E)

< cllull gy @ vo vl g @ o)

where ¢ = c(A, ).

Coercivity of (32).

We apply the constructive Poincaré and Korn inequalities proved in Theorem 3.2, Theorem 3.4
and the strong convexity condition of C, see (6). In detail, we have

a(u,u) = / (C%u:?udxze”%u”z

L2(R3\C)
R3\C
> clVul?, s = cllul?) o o
= LAR3\C) = HL®R3\C)’

where the constant ¢ = c¢(A, u, ro, Eg, D).
Boundedness of (33).
Let us take B, Do (0). Then applying the trace theorem for bounded domains, we find

—p/n -vdo (x)

aC

v
= CP||U||L2(ac) <cp (H ; + ”VUHLZ((Bz_DU(O))\C))

Lz((BZ_DO(O))\E)
= CP||U||H]L(R§\E)-

Applying the Lax—Milgram theorem we obtain the well-posedness of problem (4). Moreover, by
means of the strong convexity condition of C, see (6), and from the application of the Korn and
Poincaré inequalities, see Theorem 3.2 and Theorem 3.4, we find that

2 <

1y @ ) =<

= SCP||U||HIL(R37\5),

/ CVu:Vudx

R3\C

p/nouda(x)

aC

where the constant ¢ = c(A, u, ro, Eo, Do), hence the assertion of the theorem follows. O
4. The inverse problem: uniqueness and stability estimate
In this section we will investigate the following inverse problem: given the displacement vec-

tor u on a portion of the boundary of the half-space can we detect uniquely and in a stable way

the cavity C?

11



We suppose to have the measurements on BA/.0 0)={x eR?: x% + x% < s(z)} contained in
{x3 =0}, with s9 < Dg. To prove a stability estimate for the inverse problem we need to require
more regularity on C than (7). In particular, we suppose that:

aCis of class C> with constantrg and E. 35)

In addition, we recall that C satisfy the a priori information (8), (9) and (10). We also assume
that

R3 \ Cis connected.

Before proceeding, we highlight that the proof of the uniqueness and the stability result is based
on the possibility to build the displacement field

p
X
30+ 24

u=

(36)

so to reduce problem (4) to a problem with homogeneous Neumann boundary conditions on the
boundary of the cavity. A straightforward calculation shows that @ satisfies the Lamé system and
the boundary condition on C satisfied by u.

In this way, the function

w:=u-—u, 37

satisfies the following boundary value problem

div(CVw) =0 inR3\C

Vw)n =0 3
((CAw)n on g (38)
(CVw)e; = —pes onRR

w+4ueHL R\ O),

where e3 = (0, 0, 1). The inverse problem reduces therefore to determine the cavity C from a
single pair of Cauchy data on B;O (0) of the solution to problem (38).

In the sequel, we denote w; = u; — u, for i = 1,2, where w; and u; are respectively the
solutions to (38) and (4) with C = C;, for i = 1, 2. It immediately follows that

W) — Wy =u| —uy, inR3\ (C,UGy). (39)
Moreover, we indicate with

G the unbounded connected component of R \ (C1UCy). 40)
Notice that B; (0) C 3G.

12



By, (0) R?
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Fig. 1. The two domains Cy and C; and the domain D.

4.1. Uniqueness

Although the procedure to get the uniqueness result for the inverse problem is known in the
literature, for the reader’s convenience, we give a sketch of the proof.

Theorem 4.1. Given the single pair of Cauchy data {w, —pe3} on B;O (0) there exists at most
one pair (C,w) satisfying problem (38).

Remark 4.2. Theorem 4.1 is true under weaker regularity assumptions on the cavity C. In fact,
it is sufficient to have dC of Lipschitz class.

Proof of Theorem 4.1. Suppose by contradiction that there exist two cavities C; and C», with
C1 # C», and the corresponding vector displacements wy, wy such that

Wi

w, (CVw))es = (CVwy)e3 = —pes.
B; (0)

=W =
B}, (0) B}, (0) o B, (0)

From the unique continuation theorem for solution to the Lamé system, see [19], we have
w; = wy, in G,

where G is defined in (40). Next, we consider two different cases of intersection of the domains
C1 and C3. In fact, all the other possibilities can be reduced to these two configurations. For
example, we take the domain D as in Fig. 1, where the function w; is well-defined and satisfies
the elastostatic equations, finding

/((C’V\wz) :/V\wz dx = /((C’V\wzn) -woydo(x).
D aD

Since CVwon =00n dD NIC, and by the unique continuation property CVwsn =CVwn on
I'=0@DNaCy) CaG, we get

/((C’V\wz) Vw,dx = /((C’V\wln) ~wydo (x) =0,
D r,

hence wy = Ax +a in D, where A € R3*3isa skew-symmetric matrix and a € R3. From the

unique continuation principle applied to wy — Ax — a we obtain that wy = Ax +a in R \ C;,
hence (CVw;)n =0 on By, (0), that is a contradiction.

13



B, (0) R?

Fig. 2. The two domains C and C and the domain D = D U D5.

The second case we analyse is related to the setting in Fig. 2. To prove the contradiction, in this
case we can consider, for example, the domain D = D1 U D,, where D1 and D; are represented
in Fig. 2. We emphasize that in this setting if we only consider the domain D; we will not be able
to find a contradiction. In fact, from the unique continuation and the Green’s formula we would
not be able to prove that the energy of the system related to the function w, is equal to zero in
D . Instead, considering the region D and taking w,, which satisfies div((C%wz) =0in D, from
the Green’s formula we find, as before,

/((C%wz) :Vw,dx =0,
D

hence wy = Ax + a in D, with A € R¥*3 a skew-symmetric matrix and a € R>. Applying the
unique continuation principle to wy — Ax — a we have that wy = Ax +a in R? \ C», hence
((Csz)n =0on B;O (0), that is a contradiction. O

4.2. Stability estimate

In this section we state and prove the stability estimates for our inverse problem by adapting
the arguments contained in [15] and [16] to the case of a pressurized cavity in an unbounded
domain. In order to keep the proof of the main result as readable as possible and since the strategy
to get the stability theorem is similar of the one obtained in [15] we will not repeat all the
details of the proofs of the auxiliary results we need. The main idea behind the stability result
(Theorem 4.8) is to give a quantitative version of the uniqueness argument. More precisely, we
combine two steps:

1. the propagation of the smallness of the Cauchy data up to the boundary of the cavities,
leading to an integral estimate of the solutions (see Propositions 4.6 and 4.7);

2. an estimate of continuation from the interior (Proposition 4.4).

The basic tool for both steps is the three spheres inequality stated in Lemma 4.5.
In the sequel, for any o > 0, we denote by

Qp = {x € Q : dist(x, 9Q2) > o}.

We first prove a regularity result on the solution of problem (4). To this end, we consider a
bounded domain Q c R? such that

14



00 € C3 with constants ro, Eo, 41)

B, (0) CC O CC By, (0), 42)
where o > 2 and § > 3, with @ < . Now, we have the following regularity estimate.

Proposition 4.3. Under the assumptions (35) for C and (41), (42) for Q, the solution of problem
(4), satisfies

”u”Cl’l/z(E\C) S CP, (43)
where the constant c = c(h, u, &, B, ro, Eg, Do).
Before proving this theorem, we briefly recall the integral representation formula for the so-

lution to problem (4) derived in [7]. In particular, we define first the Neumann function, solution
to

div(CVN(-, y)) = 8,1 in R3
(CYNC, y)n =0 on R?2 (44)
N=o0(x[""), |VN|=0(x]"%) [|x|— oo,

where d is the delta function centered at y € R? and I is the identity matrix (see Theorem 4.9

in Appendix for its explicit expression). Then, for any y € @3_ \ C we have

u(y)=p f N(x, y)n(x)do (x) - / [(CV:N&, @] f)do@), @5

aC aC

where f is the trace of u on dC and n is the outer unit normal vector on dC (for more details
see [7]).

Proof of Theorem 4.3. Since the kernels of the integral operators in (45) are regular for y €
dQ \ 0C, we can estimate Dku(y), for k=0, 1, 2, 3, getting easily

|D*u(y)| < plaC|  sup [DENGe, I+ 10C1 21 fll20e)  sup  IDE(CVLNG, ).
xedC xedC
yeaQ\aC yedQ\aC

From the regularity properties of N and Theorem 4.9 in Appendix, we have

k Cc k -~ C
sup |DyN(x, )| < ——, sup |D,(CVeN(x, y)I< ——.,
xedC DET! xeoc T DET? (46)
yedQ\IC y€dQ\IC

where the constant ¢ = c(X, i, «). From the trace estimate applied in Q, we have
1Fllz20) < cllwl gy @@ < cp 47)

15



hence, from (46) and (47), we get
|Du(y)| < cp.
where the constant ¢ = c¢(\, u, «, ro, Eo, Dg). Therefore
ID*ullLx@ovic) <ep,  k=0,1,2,3. (48)

Next, we apply the following global regularity estimate for the elastostatic system with Neumann
boundary conditions (see [18], Theorem 6.6, p. 79) for u in Q \ C, that is

[|ue ||H3(Q\f) = C<||u||L2(Q\C) + I (C’V\u)n”vw/z,z(a(Q\C))), (49)
with ¢ = c(X, i, @, B, ro, Eg, Do). Now, observe that by (34)

=cp, (50)

”u”L2(Q\E) =c|—

Pl L2®R3\C)

where ¢ = c(A, u, o, B, ro, Eg, Do), while, for the term ||((C/V\u)n||W3/2_z(3(Q\5)) we have
(CVu)n=0, ondQ N {x3=0}, (CVu)n = pn, ondC,
and since 9C is of class C3 (see (35)) it follows ((C%u)n € C2(3C), hence
ICVwRy3r20c) < cp. (51)

Analogously, from the estimate (48) and the regularity of the boundary of Q, we find

ICVmR | y3r20v00) < cp- (52)
Therefore, collecting (50), (51) and (52), the estimate (49) gives

||u||H3(Q\f) =cp.

Finally, applying the Sobolev embedding theorem (43) follows. O
Proposition 4.4 (Lipschitz propagation of smallness). Under the assumptions (5), (8), (9), (10)

and (35), let w be the solution to (38). There exist R > 3Dgy, R = RQ», u,ro, Eg, Dg), and s > 1,
s =s(A, u, Eo), such that for every ¢ > 0 and every X € (Bg (0) \ C)sp, we have

—~ C —~
/ Vw|>dx > 7 / |Vw|? dx, (53)
By(X) Bg (O\C

where a, b, c > 0 depend on A, |1, ro, Eg and Dy.
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The proof of this proposition is based on the application of the three-spheres inequality. For
the reader’s convenience we recall here only the statement of the theorem in the case of the linear
elasticity in a homogeneous and isotropic medium; for a more general case and its proof one can
refer to [2,3].

Lemma 4.5 (Three spheres inequality). Let Q be a bounded domain in R3. Letwe HY(Q) be a
solution to the Lamé system. There exists 0%, 0 < 0* < 1, only depending on A and p such that
foreveryry,ra,r3, 7, 0 <ry <ry <r3 <0*r, and for every x € Qr we have

8 1-6

/ﬁwlzsc /ﬁwﬁ /ﬁwﬁ : (54)

Brz (x) | (x) r3 (x)

where ¢ > 0 and 8, 0 < § < 1, only depend on X, i, % and are monotone increasing functions of
r
r3’

Now, the Lipschitz propagation of smallness inequality can be proved.

Proof of Proposition 4.4. Let us denote 2 = B (0) \E, with R > 3Dy to be chosen later. Since
the hemisphere B; (0) has Lipschitz boundary with absolute constants r*, E*, B (0) has Lips-
chitz boundary with constants »*R, E*. Possibly worsening the regularity parameters of C, see
(35), we can assume Ey > E* and rp < r*R, so that the boundary of € is of Lipschitz class with
constants rg and Ey.

Following similar arguments as those in [15] with the simplification of maintaining as inte-
grand function |§w|2, we find that there exist o9 = 0o(*, i, ro, Eg, R), with 0 < g9 < 1, and
s =5(A, 1, Ep), s > 1, such that for all 0 < ¢ < g¢ and for all X € Q,, it holds

g_Al_Bl log(1/0)

co’ / |/V5w|2dx

~ ~ o
/ |Vw|2dxzc1/|Vw|2dx v+De : (55)
B.® o /|Vw|2dx
Q

where c; > 0 only depend on A, u; 0 € (0,1),s > 1 depend on A, u, Eg and ¢, A1, By > 0
depend on A, u, Eg, ro, R. The main goal is to give a lower estimate of the ratio

to get the assertion of the theorem. To this end, we first notice that
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Fig. 3. The region S.

/ |§w|2dx / |§w|2dx

Qs Q\Qs T
(s+De 1 \Q(s+1)0 1— _1' (56)

/ﬁwﬁdx /|§w|2dx L
Q Q

Let us consider the integral Z,. Since w = u — u, see (37), we use the integral representation
formula (45) for the function u and the explicit expression of # in (36). In detail, we consider

S:{xeBR(O):ng—%R}. (57)

see Fig. 3. By a simple calculation we have | S| = (7/128)7 R>.
Ifx €dC, y € S, then by (45) and Theorem 4.9, it is easy to see that

o~ Cp
IVu(y)ISIVu(y)Isﬁ, Vyes,
where ¢ = c(A, u, ro, Eo, Do), hence
~ ~_ = p cp p
[Vw(y)| = [Vu(y)| — [Vu(y)| = —-— >

3a+21 R2 T 2(Gh+2p)’

where the last inequality holds choosing R = max{3 Dy, (2c_1(3k + Z,u))l/ 2}. In this way, we
have that

12=/|§w|2dxz/|§w|2dxch2R3, (58)
Q S
where ¢ = c(A, ).
Now, we estimate the integral 7| using the regularity result of the Proposition 4.3. First, we
split the integral domain as
Q\ Q41yp =F1U P,
where

Fi={xeQ:d(x,C)) <(s+ Do}, F={xeQ:dx,0B,(0)) <(s+ Do},

18



Fig. 4. The region  \ Q(541),-

see Fig. 4.
From (35), we notice that

|F1 U F2| < ¢(ro, Eo, Do)oR?. (59)

Choosing in (42) & = R/ Dy, where R = max{3Dg, (2c~' (3% +2u))"/?}, and B = 2a, then

B (0) CC O CC B,(0),

hence we apply the regularity estimate (43) for the two regions F; and F>. Now, we have that

IVwllzo@\Q4510) < (1VEI Lo @20 4100) + I VEI LS @\Q451100)) < €P-

where ¢ = c(A, u, ro, Eo, Dg). Therefore, from (59), we find

7 = / FwP dx < cp? 19\ Qo] < cp*oR>. 60)
Q\Q(s+1)0

Putting together inequalities (58) and (60), there exists o* = 0*(A, u, ro, Eo, Do) > 0, such that
for any ¢ < o*, we have

|Vw|?dx

11 Qe
Ly 2\Q6+10 <

) /|§w|2dx
Q

| =

Going back to (55) and (56) we have

/ |/V\w|2dx > (CQ3)

B,®)

G—A| —Bj log(1/0)

/|’75w|2dx,
Q

where ¢, A1, By depend on A, u, Eg, ro, Dy, for all o < ¢*. To conclude, we take ¢ < ¢, hence,
for every ¢ < min(c, ¢*) and noticing that logp > —1/p for 0 < o < 1, we get the assertion
choosing
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a = 6eAillogal and b= Bj|logo|+1. O

We omit the proof of the following two propositions, since they can be obtained using the
same strategy adopted in proving Propositions 3.5 and 3.6 in [15].

Proposition 4.6 (Stability estimates of continuation from Cauchy data). Under the assumption

(5) let C1 and Cy be two domains satisfying (8), (9), (10) and (35). Moreover, let w;, fori =1, 2,
be the solution to (38) with C = C;. Then, for ¢ < e~ p, we have

-1/6
f |Vw1|2dx§cp2<10g’10g£’> ,
p

C\C|

-1/6
f |sz|2dx§cp2<10g’10g£’) ,
p

CiI\C,

(61)

where the constant ¢ = c(A, |, ro, Eo, Do, s0).

The stability estimates in (61) can be improved when dG is of Lipschitz class, where G is
defined by (40), as stated in the proposition below.

Proposition 4.7 (Improved stability estimates of continuation from Cauchy data). Under the as-
sumption (5) let C1 and Cy be two domains satisfying (8), (9), (10) and (35). In addition, let us
assume that there exist L > 0 and 7y, with 0 < 7y < ro, such that 3G is of Lipschitz class with
constants 7o, L. Then, we have

= ’ &7y
[Vwi|“dx <cp”|log )
p

C\C
2\Ci 62)

= 9 ’ gy
[Vw;|“dx <cp ‘log—‘ ,
p
CI\C,
where ¢,y > 0 depend on A, u, ro, Eg, Do, so, L, 7o.

Now, we have all the preliminary results to prove the stability theorem.

Theorem 4.8 (Stability estimate). Under the assumption (5) let C1 and Co be two domains sat-
isfying (8), (9), (10) and (35). Moreover, let u;, for i = 1,2, be the solution to (4) with C = C;.
If, given ¢ > 0, we have

ey — w2l 208y o)) = & (63)

then it holds

-n
dyy(3Cy, 9Ca) < c(log ‘ logED , (64)
p

20



for every e < e~ ! p, where the constants ¢ and 1, with 0 < 1 < 1, depend on A, j1, ro, Eo, Do and
50-

Proof. Since (39) holds, we prove the assertion using the function w;, for i = 1, 2. In this way
we can apply the same proof strategy contained in [16]. In the sequel we simply denote with dyy
the Hausdorff distance dy;(0C1, 9C3).

Let us prove that if > 0 is such that

/ Vwi?dx <7, /ﬁwzldeSn, (65)
C\Cy CiI\C
then we have
2\ —1/b
dHSc(log1> , (66)
n

where b, ¢ depend on A, u, ro, Eg, Do.
We may assume, with no loss of generality, that there exists xo € dC; such that

dist(xg, 0C2) = dy.
In this setting, we have to distinguish two cases:

1. Bg, (x0) C Co;
2. By, (x0) NC2 =0.

Let us consider case (1). By the regularity assumption made on dCj, see (35), there exists x| €
C> \ Cq such that

_ 1
Bia,, (x1) C (C2\ Cy), with t = ——x—.
1+ /1+E}

By the first inequality in (65), taking ¢ = td3 /s in Proposition 4.4, we have

0= [ Fwilaxz [ Rl [ Swla (©7)
e

Cz\fl Bo(x1) B};\El
where we recall that R = R(X, i, ro, Eg, D). By (58), we find that
/ [Vw|*dx > cp?,
Bx\Ci
so that, going back to (67), we have
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2 2
n>-L_— ‘P (68)

- — b
Py ea(th /8)

From this inequality it is straightforward to find (66).

Case (2) can be proved in a similar way by substituting w| with w» in the previous calculations
and employing the second inequality in (65).

Now, applying (61), that is taking

e \—1/6
n=cp2(log‘log—‘> :
p

we obtain from (66) that

—1/b
dy < c(loglog ‘ log ED , (69)
p

where we require ¢ < e~ ¢p to have a positive quantity in right side of the previous inequality;
the positive constants b, ¢ depend on A, u, ro, Eg, so and Dy.

Next, to improve the modulus of continuity of this estimate we recall a geometrical result,
first introduced and proved in [1], ensuring that there exists dy > 0, dy = do(rg, Eg) such that
if d3;(3C1, dC7) < dp, then the boundary of G is of Lipschitz class with constants 7y, L, only
depending on ry and Ey. By (69), there exists &g > 0 only depending on A, u, ro, Eg, so and Dy
such that if € < gg then dyy < dp. In this way G satisfies the hypotheses of Proposition 4.7 hence
the assertion follows. O

Acknowledgments

The authors thank Prof. Cherif Amrouche for his kindness in suggesting and providing some
useful papers and for his enlightening advice. Andrea Aspri and Elena Beretta thank the New
York University in Abu Dhabi (EAU) for its kind hospitality that permitted a further develop-
ment of the present research. Andrea Aspri thanks OAW (Austrian Academy of Sciences) and
RICAM for giving him the possibility to finish this paper. Edi Rosset is supported by FRA2016
“Problemi inversi, dalla stabilita alla ricostruzione”, Universita degli Studi di Trieste and by Pro-
getto GNAMPA 2017 “Analisi di problemi inversi: stabilita e ricostruzione”, Istituto Nazionale
di Alta Matematica (INdAM).

Appendix A. Neumann function for the Lamé operator in the half-space

This appendix is devoted to the explicit expression of the Neumann function for the Lamé
operator in the half-space presented in [13,14]. Before doing that we recall the fundamental
solution I of the Lamé operator, that is the so called Kelvin—Somigliana matrix. I is the solution
to the equation

div(CVT) =8I,  x eR3\ {0},
where 8¢ is the Dirac function centered at 0 and I is the identity matrix. Setting C,, , :=
1/{16z (1 — v)}, where v is the Poisson ratio v = A/(2(A + w)), the explicit expression of
I'= (Fij) is
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(3 —4v)8ij XiXj

file)= _C"’”: x| FE

}, i,j=1,2,3, (A1)

where §;; is the Kronecker symbol.
Given y = (y1, y2, y3), we set y = (y1, y2, —y3). Now, we have

Theorem 4.9 ([7]). The Neumann function N of problem (44) can be decomposed as

N@x,y) =T —y) +R'x =5 + »3R*(x = F) + y; R*(x — ),

where T is the Kelvin matrix, see (A.1), and R, k = 1,2, 3, have components R;‘j given by

RY() = Cun{—(F +c,8)8i — B —4vymin; f
+ cv[8izn; — 8;3(1 — 5i3)ni]f§ +o(1 =631 — 3j3)nifljf§2}

RE () :=2Cu o {3 = 40)[8i3(1 = 8;3)m; + 8;3(1 — 8ia)ni | f~ — (1 = 283)8im3 f°
+3(1—283))minna f°}

R} (n) :=2C 0 (1= 283){8i; /> — 3mim; .

fori, j=1,2,3, where ¢, :=4(1 —v)(1 — 2v) and

1
f@):=—, g = ——.
] 7l —n3
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