DISPERSIVE EFFECTS OF WEAKLY COMPRESSIBLE AND FAST
ROTATING INVISCID FLUIDS

VAN-SANG NGO & STEFANO SCROBOGNA

ABSTRACT. We consider a system describing the motion of an isentropic, inviscid, weakly com-
pressible, fast rotating fluid in the whole space R?, with initial data belonging to H® (]RJ) ,8>5/2.
We prove that the system admits a unique local strong solution in L> ([0,7]; H® (R?)), where T
is independent of the Rossby and Mach numbers. Moreover, using Strichartz-type estimates, we
prove the longtime existence of the solution, i.e. its lifespan is of the order of e~ a > 0, without
any smallness assumption on the initial data (the initial data can even go to infinity in some sense),
provided that the rotation is fast enough.

1. INTRODUCTION

In this paper, we consider the following system of weakly compressible, fast rotating fluids in the
whole space R?
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Here, the Rossby number ¢ represents the ratio of the displacement due to inertia to the displacement
due to Coriolis force. On a planetary scale, the displacement due to inertial forces, i.e. the collision
of air molecules (in the case of the atmosphere) or water molecules (in the case of oceans) is generally
much smaller than the relative displacement due to the rotation of the Earth around his own axis.
Away from persistent streams such as the Gulf stream, the value of Rossby number is around 1073.
On the other hand, the Mach number is a dimensionless number representing the ratio between
the local flow velocity and the speed of sound in the medium. For geophysical fluids appearing in
meteorology for exemple, the Mach number 0 is also very small.

We want to have a few words about the low Mach-number regime and the fast rotation limit.
For the incompressible limit, the fluid is expected to have an incompressible behaviour. In the
fast rotation limit, the Coriolis force becomes dominant and plays a very important role. Indeed,
the fast rotating fluid have tendency to stabilize and to move in vertical columns (the so-called
“Taylor-Proudman” columns). This phenomenon can be observed in many geophysical fluids (such
as oceanic currents in the western North Atlantic) and is well known in fluid mechanics as the
Taylor-Proudman theorem (see [38] for more details).
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We remark that if ¢ < 6 or € > 6, then either the high rotation or the weak compressibility
dominates the other, and one can separately take the high rotation limit and the weak compressible
limit. In this paper, we are interested in the case where these two numbers are very small and
where the high rotation and weak compressibility limits occur at the same scale, i.e. § =& — 0.
Moreover, in our study, we suppose that the fluid is inviscid and isentropic, which means that it
has no viscosity and the pressure satisfies

P = P(p) = Ap",

where A > 0 and v > 1 are given. We refer the reader to [38| and the references therein for further
physical explanations, and to [8] for a brief physical introduction of fast rotating hydrodynamic
systems with strong emphasis on the problem under the mathematical point of view.

1.1. Weakly compressible, fast rotating fluids and related systems. Let us give a brief
introduction of systems related to (CRE.g). In general, the motion of a compressible fluid with
a homogeneous temperature can be derived from the laws of conservation of mass and of linear
momentum (see 2], [30] or [32] for instance), and is described by the following system

O (pu) + div (pu @ u) — div (o) = pf
Op + div (pu) = 0.

Here, o is the stress tensor and f represents the external body forces acting on the fluid (grav-
ity, Coriolis, electromagnetic forces, etc...). For an isotropic newtonian fluid, the stress tensor is
supposed to be linearly dependent on the strain rate tensor D = % (Vu + TVU), and writes

U:—p1+)\diVU+M(VU+TVU),

where the scalar function p stands for the pressure, 1 is the identity matrix (tensor) and p, A are
the Lamé viscosity coefficients (which may depend on the density p), p > 0 and g+ A > 0. In fluid
mechanics, p is referred to as the dynamic viscosity of the fluid and in a case of a barotropic fluid,
p is a function of the density p only. These considerations lead to the following system describing
the motion of a compressible newtonian barotropic fluid

(CNS) { O¢ (pu) + div (pu ® w) — div (Adiv u + p (Vu+ 7 Vu)) + Vp = pf

Op + div (pu) = 0.

In the case of low Mach-number flow, the Mach number 6 is suppose to be very small (the fluid is
pseudo-incompressible), let

t 1 t
Po(he) w dn- ().
so the system (CNS), endowed with some initial data, becomes
1
O <p9u9) + div <p9u9 ® ue) — pAu® = AV div o + ﬁVP(pH) =0f
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In the inviscid case where A = p = 0 and we obtain the following system
1
Oy <p9u9) + div (peu‘9 ® ue) + —VP(pe) =0f

02
(CEy) Oy’ + div <p9u9> —0

0,0 (0.0
(")) = ()

Now, for geophysical fluids such as the oceans or the atmosphere, effects of the rotation of
the Earth can not be neglected. Rewriting the systems (CNSy) or (CEp) in a rotating frame of
reference tied to the Earth, we have to take into account two factors, the Coriolis acceleration
and the centrifugal acceleration. We assume that the centrifugal force is in equilibium with the
stratification due to the gravity of the Earth, and so can be neglected. We also suppose that the
rotation axis is parallel to the xg3-axis, and that the speed of rotation is constant, which is often
considered in the study of geophysical fluids in mid-latitude regions. Then, the system (CNSy)
writes

Oy (p€’9u€’9> + div (pe’eua’e ® u8’9> — pAu? — AV div u?
1 1
+ @VP (,0870) + geS A (peﬂua,é) -0
(CRNS. )
drp=? + div (pa’eua’e) =0

0 0 o c,0 €0
(72| = (5°)

In the case where there is no viscosity, we obtain the system (CRE, ).

1.2. Brief recall of known results. For non-rotating fluids, many results have been obtained
concerning the systems (CNSy) and (CEy) in the case of well prepared initial data, i.e.

ph=1+0(0?) and divu)=0(9),
for which, we refer to the works [25], [27], [29] or [31]. In the case of il prepared initial data, it is
only assumed that
pg =1+ ng
and (bg,ug) are only bounded in some suitable spaces which does not necessarily belong to the
kernel of the penalized operator. If IP’ug — vp when 6 goes to zero', one expects that u? — v where
v is the solution of the incompressible Navier-Stokes equations

0w+ v - Vo — pAv + VII =0,
(INS) dive =0
V), = vo.

The expected convergence is however not easy to be rigorously justified. The main difficulty lies
in the fact that one has to deal with the propagation of acoustic waves with speed of order 71, a
phenomenon which does not occur in the case of well prepared data.

In [33], P.-L- Lions proved the existence of global weak solutions of (CNSy). The fluid is supposed
to be isentropic and the pressure is of the form P (p) = ap?, with certain restrictions on v depending
on the space dimension d. In the same setting P.-L. Lions and N. Masmoudi in [34] proved that
weak solutions of (CNSy) converges weakly to weak solutions of (INS) in various boundary settings.
This result is proved via some weak compactness methods (see also [24] and [18]). In the work of

Here P is the Leray projector on the space of solenoidal vector fields defined as P = I — A~V div
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B. Desjardins, E. Grenier, P.-L. Lions and N. Masmoudi [14], considering (CNSy) with f =0, in a
bounded domain €2 with Dirichlet boundary conditions, the authors proved that as # — 0, the global
weak solutions of (CNSy) converge weakly in L? to a global weak solution of the incompressible
Navier-Stokes equations (INS). In [13], using dispersive Strichartz-type estimates, B. Desjardins
and E. Grenier proved that the gradient part of the velocity field (i.e. the gradient of the acoustic
potential) of the system (CNSy) converges strongly to zero. We also refer to the works of E. Feireisl
and H. Petzeltova (see for example [21], [22]) concerning the compactness properties and the longtime
behaviour of weak solutions of (CNSp). Finally, we want to mention the works of R. Danchin [10]
and [12]. In [10], the author proved global existence of strong solutions for the system (CNSy) for
small initial data in some suitable, critical, scale-invariant (Besov) spaces, in the same spirit as in
the work of M. Cannone, Y. Meyer and F. Planchon [4] or the work of H. Fujita and T. Kato [23]
for the incompressible model. In [12], R. Danchin addressed the convergence of (CNSy) to (INS) for
ill-prepared initial data when the Mach number 6 tends to zero. When the initial data are small,
the author obtains global convergence and existence, while for large initial data with some further
regularity assumptions, it is shown that the solution of (CNSy) exists and converges to the solution
of (INS) in the same time interval of existence of the solution of (INS). For compressible inviscid
fluids in the non-rotating case, in A. Dutrifoy and T. Hmidi [16], the authors considered the system
(CEp) in R? with initial data not uniformly smooth (i.e. the C! norm is of order O (=), a > 0).
The convergence to strong, global solutions of 2D Kuler equation is proved by mean of Strichartz
estimates and the propagation of the minimal regularity. In this incompressible limit context, we
also mention the work of G. Métivier and S. Schochet [35].

The literature concerning incompressible fast rotating fluids is broad. Here, we only restrict
ourselves to mention some important previous works on the whole space case. For a complete
survey of the whole space case and the other cases, we send to the book [8] and the references
therein. We first recall the works of J.-Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier [6]
and [7] for incompressible viscous rotating fluids, with initial data of the form

ug = U + U,

where the 2D part up only depends on (x1,x2) and the 3D part uy belongs to the anisotropic
Sobolev spaces H**, with s > % It is proved that the 2D part is governed by a 2D incompressible
Navier-Stokes system, while the 3D part converges to zero as the Rossby number € — 0, using
Strichartz estimates obtained for the associated linear free-wave system. As a consequence, if the
rotation is fast enough, the solution of the 3D incompressible viscous rotating fluids exists globally
in time and converges to the solution of the 2D incompressible Navier-Stokes system. In the case of
incompressible, inviscid fluids, however, we cannot get the global existence of strong solutions when
the rotation is fast, due to the lack of smoothing effect given by the viscous term. It is proved in A.
Dutrifoy [15] that if the rotation is fast enough (¢ — 0), the solution of an incompressible inviscid
rotating fluid can exist in long time intervals of size at least equivalent to Inlne~!. However, in
the case where the viscosity is not zero, but very small (of order %, for « in some interval [0, ag|),
when the rotation is fast enough, the global existence of strong solutions can still be proven in the
case of pure 3D initial data (see [37]).

Let us now focus on fast rotating, compressible fluids. To the best of our knowledge, there is
no result yet concerning the inviscid system (CRE. ). In the viscous fast rotating case, in [20], E.
Fereisl, I. Gallagher and A. Novotny studied the dynamics, when # = ¢ — 0, of weaks solutions of
the system (CRNS. ) in R?x]0, 1], with non-slip boundary conditions

73 _— J—
us ‘:1:3=0,1 =0 and (5273, —81,3,0)|x3:0,1 =0,
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where S is the viscous stress tensor
2
S(Vu) =p (Vu—i—TVu = 3divu[> .

Their result relies on the spectral analysis of the singular perturbation operator. Using RAGE
theorem (see [39]), the authors proved the dispersion due to fast rotation and that weak solutions
of (CRNS, ) converges to a 2D viscous quasi-geostrophic equation for the limit density. We refer
to [20] for a detailed description of the limit system. In [19], Feireisl, Gallagher, Gérard-Varet and
Novotny studied the system (CRNS, g) in the case where the effect of the centrifugal force was taken
into account. Noticing that this term scales as €72, they studied both the isotropic limit and the
multi-scale limit: namely, they supposed the Mach-number to be proportional to €™, for m > 1. We
want to point out that, in the analysis of the isotropic scaling (m = 1), the authors had to resort to
compensated compactness arguments in order to pass to the limit: as a matter of fact, the singular
perturbation operator had variable coefficients, and spectral analysis tools were no more available.
Recently in [17], F. Fanelli proved a similar result as the one proved in [20], by adding to the system
(CRNS,g) a capillarity term and studying various regimes depending on some positive parameter.

To complete our brief survey of known results, we want to remark that all the compressible
systems previously mentioned are isothermal. In the case of variable temperature, the generic
system governing a heat conductive, compressible fluid is the following

Op + div (pu) = 0,
O (pu) + div (pu @ u) — div (1) + VP = pf,

(o5 )) o (o) )

which can be derived from the conservation of mass, linear momentum and energy. We refer the
reader to [32| and references therein for more details. Here, the fluid is always supposed to be
newtonian and e = e (t,x) is the internal (thermal) energy per unit mass. The heat conduction ¢
is given by ¢ = —kVT, where k is positive and 7T stands for the temperature. If e obeys Joule rule
(i.e. e is a function of T only), the initial data is smooth and the initial density is bounded and
bounded away from zero, the existence and uniqueness of a local classical solution has already been

known for a long time (see [26] or [36]). In [11], for p € [1,00], R. Danchin proved that (HCCNS)
N

LS|
admits a local (in time) solution in the critical scale-invariant space B, (RN ) if p < N and the

(HCCNS)
=div (7-u) —divg+ pf - u,

solution is unique if p < 2N/3.

1.3. Main result and structure of the paper. The aim of this paper is to study the behavior
of strong solutions of the system (CRE. ) in the limit § = ¢ — 0 and in the case of ill-prepared
initial data in the whole space R3, say

po =1+ ebg.
Let 7 = (v — 1)/2. We consider the substitution
Ay A)L/2 _
1per = B 3_)1 (p°)
and (CRE; ) becomes (after a few algebraic calculations)
u 1 (uf u® - Vu® +506°Vo* |
(1.1) % <b> - B (b> + <u Vb —|—7badivu5> =0,

(%, 07) |10 = (ug; %) »
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where B is the following operator

0 1 0 -0
. —1 0 0 —~02
(1.2) b= 0 0 0 —~03 |’

—501 —H0» —7H03 0

and where 0;, for any ¢ € {1,2,3} stands for the derivative with respect to z; variable. Moreover
we can write the nonlinearity as follows

u® -V 0 0 Fb0
(1.3) u® - Vu® +75 b5V | A(U5, D) U* = 0 u® -V 0 ;baaé u®
’ u - VbE +7 bodivu® ) ’ a 0 0 u® -V Ab°0s b )’

7b° 01 Fb°0s 7b° 03 ut-V

3
where U* stays for (156) With all the above considerations, the system (1.1) can be rewritten as

1
QU® — _BU® + A(U", D)U" =0,
Ulymo = Us = (4, b5) -

(1.4)

Remark 1.1. We would like to underline that, given a L? (R?’) vector field F', we have

(BF| F)ags) = (EF‘ ﬁ)mm) —0

In order to state our result, we recall the definitions of the functional spaces we will use in our
paper. We use the index “h” to refer to the horizontal variable, and the index “v” or “3” to refer to
the vertical one. Thus, 2, = (21, z2) and &, = (£1,&2). The anisotropic Lebesgue spaces L} L with

p,q > 1 are defined as

LELARY) = IP(R; LAR)) = {u € 8« ull g 1y = [/

2
Rh

P 1
qd:L‘h] P < —|-OO}.

/ lu(zp, z3)|? dos
Ry

Here, the order of integration is important. Indeed, if 1 < p < g and if u : X1 x X9 — R is a function
in LP(X1; L9(X3)), where (X1, du1), (Xo,dusz) are measurable spaces, then u € LI(Xo; LP(X7)) and

HuHLQ(Xg;LP(Xl)) < HUHLP(Xl;L‘I(XQ))'

We recall that the non-homogeneous Sobolev spaces H® (R3), with s € R, are defined as the closure
of the set of rapidly decreasing smooth functions under the norm

1
def PN 2
fulla- = ([ (1+16) @) P ac)
R3
where @ is the usual Fourier transform of w. For any s > 0, sg > 0, 1 < p < 2, we define the spaces
(1.5) Yosop = HF (R 0 L2 L2 (R?) 0 LRL2 (RP)',

endowed with the norm

(16) el = max { ol vl 1 el g
From now on, for any initial data U5 € Y 5, p, We set

2
(L.7) C(U§) = max { UG | g0+ 1UG 1200}

The main result of this paper is the following theorem.
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Theorem 1.2. Let s > 5/2, so > 0 be fized constants, 1 < p < 2. For any ¢ > 0 and for any
U5 € Ys 50.p there exist a time TX > 0 and a unique solution U = (u®,b%) of system (1.1) with initial

data U§, satisfying U € C ([O, Tr]; H® (R3)). Moreover, there exist positive constants C' > 0, a > 0
and €* > 0 such that, for any € €]0,e*],

7 2 oo
T U5 e

where C(Uj) is defined in (1.7).
Remark 1.3.

(1) The estimate of the lifespan T of U® is much better than in [15] (for incompressible fast
rotating fluids). The reason is that we only consider 3D initial data of finite energy in R3.
As a consequence, the limit system is zero, since the only vector field of finite energy in R3
which belongs to the kernel of the penalized operator B is zero. In the more general case
where the initial data is the sum of a 2D part (which belongs to the kernel of the penalization
operator B) and a 3D part (of finite energy in R3), the limit system is not zero but some
2D nonlinear hyperbolic system. Thus, in the case of general data, we can only hope for a
similar lifespan as in [15]. This general case will be dealt with in a forthcoming paper.

(2) For fixed € > 0 and for small U, the lifespan is inversely proportional to the Y 4, ,-norm
of U§, which is expected for this type of hyperbolic system with small initial data.

(3) The initial data can be chosen not only to be large but to blow up as ¢ — 0. Indeed, for
data U5 ~ &%, with 0 < w < g, the maximal lifetime of the solution still goes to oo as

Tr > e (@72 5 o,

Throughout this paper, we set
(1.8) Cror={CER}| [E| <R, || =1 |8 =1}
Our strategy to study the system (1.1) consists in finding a solution to (1.1) of the form
U = (u,b%) = U +U®

where U™ = (ﬂa,ga) and U°® = (ﬂs,g€> are respectively solutions to the following systems

-1~
U — éBUa 0 a0 — ~BU* + A(U, D)U = 0

T g = i (D) (5, 55) 0% _ = (= 0n (D) (uf. b5)

Here, the frequency cut-off radii 0 < r < R will be precisely chosen, depending on ¢ and ¥, g is
a radial function supported in Cg’g r and is identically equal to 1 in C, g. The precise definition of
U, p will be given in (3.1) in Section 3. We will also prove in Section 3 that, if R is sufficiently large,
the system describing U* can be considered as a 3D hydrodynamical system with small initial data,
which is known to be globally well posed in critical spaces (see [4], [10], [23], [28]). For the linear
part U~ which describes the evolution of 3D free waves, we will prove that it goes to zero in some
appropriate topology using similar Strichartz-type estimates as in [6], [7], [15] or [37]. We want
to emphasize that, unlike the RAGE theorem used in [20], Strichartz estimates give very precise
quantitative estimates of the rate of decay to zero of U", as ¢ — 0.

This paper will be organized as follows. In Section 2 we introduce the notation and a detailed

description of the critical spaces that we are going to use all along the work. Moreover, we introduce
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some elements of the Littlewood-Paley and the paradifferential calculus, which are primordial for
the study of critical behavior of nonlinearities. In Section 3, we study a specific decomposition of
the initial data in two parts, one only containing medium Fourier frequencies and the other very
high or very low frequencies and we provide a precise control of the latter. Section 4 is devoted
to the study of the cut-off linear free-wave system associate to (1.1). Using the spectral properties
of the operator B defined in (1.2), we prove some Strichartz-type estimates for this system, which
show that its solutions vanish in some appropriate L? (R+; L4 (R3)) spaces as € — 0. The nonlinear
problem is finally dealt with in Section 5, where, combining with the results of Section 4, we prove
an existence result for the system (1.1). Finally, we prove the lower bound estimate of the maximal
lifespan T given in Theorem 1.2.

2. PREMILINARIES

The aim of this section is to briefly recall some elements of the Littlewood-Paley theory, which
is the main technique used all along the paper.

2.1. Dyadic decomposition. We recall that in R, with d € N*, for R > 0, the ball B4(0, R) is
the set

Ba(0,R) = {g eR? ;| < R}.

For 0 < r1 < 79, we defined the annulus
Aa(ri,m9) € {5 eR? : ry < ¢ < 7“2}.

Next, we recall the following Bernstein-type lemma, which states that derivatives act almost as
homotheties on distributions whose Fourier transforms are supported in a ball or an annulus. We
refer the reader to [5, Lemma 2.1.1] or |1, Lemma 2.1] for a proof of this lemma.

Lemma 2.1. Let k € N, d € N* and R,r1,r72 € R satisfy 0 < r1 < ry and R > 0. There exists a
constant C' > 0 such that, for any a,b € R, 1 < a < b < 400, for any A > 0 and for any u € L*(R?),
we have

(2.1) supp (@) C By(0,AR) =  sup [|0%ull;, < C*ARTGE—2) || .
=k
@D swp @ € Addn ) = CEN e < sup 070l < OOV el

In order to define the dyadic partition of unity, we also recall the following proposition, the proof
of which can be found in [5, Proposition 2.1.1] or [1, Proposition 2.10].

Proposition 2.2. Let d € N*. There exist smooth radial function x and ¢ from R to [0,1], such

that

4 38
(23) suppx € Bd 07 P supp ¢ € Ad o |

3 4" 3
(24) VEER?, x()+ ) p277¢) =1,

j=0

(2.5) i—i'l=2 = suppp(27)Nsuppp(277) =2,
(2.6) j>1 = suppxNsuppp(27.)=w.

8



Moreover, for any & € R, we have

(2.7) <O+ PR <L

j=0

N |

The dyadic blocks are defined as follows
Definition 2.3. For any d € N* and for any tempered distribution u € S'(R?), we set

Agu=F 1 (p(27[¢))u(e)) Vg € N,

Ayu=FH(p(lEhu()),

Aqu = 0, Vq < _27

Squ = Z Aq/u, \V/q > 1,
q¢'<g-1

where F and F~' stand for the Fourier transform and the inverse Fourier transform respectively.

Using the properties of ¢ and ¢, for any tempered distribution v € S'(R%), one can write
U= Z Agu in,
g>-1

and the non-homogeneous Sobolev spaces H* (]Rd), with s € R, can be characterized as follows

Proposition 2.4. Let d € N*, s € R and u € H*(R?). Then,

VI

fullg- o= ([ 16y @ P ae) ~ | 3 22 fagul

qg>—1

Moreover, there exists a square-summable sequence of positive numbers {cq(u)}q with zq cg(u)? =1,
such that

(2.8) [Aqull 2 < cq(w)27% [|ull g -

2.2. Paradifferential calculus. The decomposition into dyadic blocks allows, at least formally,
to write, for any tempered distributions v and v,

(2.9) uy = Z AquAgv
qEZ
q €L

The Bony decomposition (see for instance [1], [3] or [5] for more details) consists in splitting the
above sum in three parts. The first corresponds to the low frequencies of u multiplied by the high
frequencies of v, the second is the symmetric counterpart of the first, and the third part concerns
the indices ¢ and ¢’ which are comparable. Then,

wo = Tyv + Tyu+ R (u,v),
where

Tuv = Z Sq—1ulgv

q
R (u,v) = Z AqulAgv.
lg—q'|<1

Using the quasi-orthogonality given in (2.5) and (2.6), we get the following relations.
9



Lemma 2.5. For any tempered distributions u and v, we have

Aq (Sq/_lqu/v) =0 Zf ’q - q/’ 29
Aq (Squrlqu/’U) =0 if q' < q— 4.
Lemma 2.5 implies the following decomposition, which we will widely use in this paper
(2.10) Aguw) = Y Ay (Sg—1vAgu) + > Ay (Syraulgv).
la'—ql<4 q'>q—4

Finally, we recall the following lemma, a proof of which can be found in [1, p. 110].
11 1
Lemma 2.6. Let be p,q,r € [1,00] such that — + — = = and f € WP (]R3), ge L1 (R3). Then
p q T

(2.11) I1Ag, flgll e < C27 IV fll o llgl 2o »

where the commutator [Ag, f]g is defined as
[Ag, [1g = Aq(f9) — fAgg.

2.3. Auxiliary estimates. We first recall the following classical product rule in H*® (R3) spaces.

Lemma 2.7. For any s > 0, there exists a constant C' such that, for any u, v in H? (R3) NL>® (RB),

we have
s+1

(2.12) luvllgs < —— (lull poo Il + ol lull ) -

To prove Lemma 2.7, it suffices to decompose the data uv using the decomposition (2.10) and apply
repeatedly Holder inequality.

In Section 5, we need the following Chemin-Lerner spaces Lp ([O,t], Hs (R3)), with p > 2 and
t > 0, which are defined as the closure of the set of smooth vector-fields under the norms

1
||u”zp([07t]7Hs) - (Z 22qs HAQUH%P([OJ],LZ) ) 2‘
q

From the above definition, it is easy to see that, for any p > 2, LP ([O,t],H 5 (R?’)) is smoother
than L ([0,t], H* (R?)). From the above definition, we can prove the following lemma which gives
similar estimates as (2.8).

Lemma 2.8. Suppose that u belongs to LP ([O,t], H? (]R3)), with s > 0, then there exists a square-

summable sequence of positive numbers {cq(u)} -, with Zcq(u)2 =1, such that
q

||Aqu”Lp([o7t]7L2) < cq(u)2™? ”uHZp([o,t]’Hs) .

For functions in LP ([0, t], H® (R3)), we can prove similar estimates as in (2.12).
Lemma 2.9. Let T > 0. For any s > 0, there exists a constant C(s) depending on s such that, for
any u, v in L=([0, T], H* (R®)) N L>([0,T], L> (R?)), we have

HUUHZoo([O,T],Hs) < O(s) (H“HLOO([O,T],LOO) Hv”ioo([o,T],Hs) + HuHEoo([(LT],Hs) HUHLOO([O,T],LW)) .

Finally, we recall the definition of the weak-LP spaces and a refined version of Young’s inequality
that we need in Section 4 (see [1, Theorem 1.5] for a proof, for instance).
10



Definition 2.10. For 1 < p < oo and for any measurable function f : R — R, we define the space
LP>°(RY) & {f R — R measurable : || || 0 < —|—oo} ,

where the quasinorm

3=

def
1o Zsupru ({z € R+ |f(@) > A})7,
A>0
and where i is the usual Lebesque measure on RY.

Theorem 2.11. Let p,q,r €]1,00[ satisfying

1 1 1
S+ =1+-.
p r

Then, a constant C > 0 exists such that, for any f € LP>®(RY) and g € LI(R?), the convolution
product f x g belongs to L"(R?) and we have

(2.13) 1 *gllir < CUFll oo 9l Lo -

3. DECOMPOSITION OF THE INITIAL DATA

We recall that, for 0 < r < R, in (1.8), we defined
C’r‘,R = {§ € Rg ‘ ‘€| < R7 ‘gh‘ = r, |€3‘ = T} .
Let ¢ a C*°-function from R? to R such that

1 i 0<lé <1
0 if [§>2

and ¥, g : R3 — R the following frequency cut-off function

o (§s (5] ()]

Then, we have U, p € D(R?), supp ¥, g C C%’QR and ¥, p = 1 on C. g. We will decompose Uj in
the following way

Uy=Upy+ (70,
where

To = Prsllo = U a(D)Uo = F~ (W, (€)T0(€) )

Our goal is to get precise controls of the H*® (R3)—n0rms of ﬁo with respect to the frequency
cut-off radii r and R.

Lemma 3.1. Let s > 0, so > 0, p €]1,2] and the initial data Uy € Ys s, p, where Yy o is defined
as in (1.5) and (1.6). There exists § > 0 such that, for R > 0 large enough and r = R™°,

. < o

where C(Up) is defined in (1.7).
11



Proof. By the definition of H* (R3)—norm, we have

o], < ﬁg (1+16P)" [O0 @) desde + /53|<R (1+167)" [0 )| desdes
Enl<R

|€nl< [Enl<r

e[ (i) (o] ae
=L+ 1+ Is.

In what follows, we denote as Fy, and JF, respectively the horizontal and vertical Fourier transforms.

Let g, p’ be positive numbers such that ¢ = p%l’ ¢ =2 and p' = %. Thus 1 < p <2< ¢, and
p’ €]1,00] and the following relations hold

1 1 1 1

S-S =lL

p q P q

For the first integral, we write

_ 1+ |§h|2 + £§ ’ 2\ s
I _ﬁ§3<r ( 1_’_532’ (1—1-53)
l€nl<R

CR? 14&3)°

/|€3|<T/§h|<R( 3)
—~ 2

CR* 2)° déndes.

L. 1+ (©)| dendes

Plancherel theorem in the horizontal variable yields

I < CR* / (1+&)°
53‘<7‘ R2

0o(6)| desde

0o )] denics

0o )] denics

— CR* /ﬁ | /]R (11 ) | Falo (an, &) dandés.
3<'r

Applying Fubini theorem and Hoélder 1nequahty in the vertical direction, we get

v /

I < CR* (/ (1+&)" s) / </ | FoUo(n, &) d§3> dxp,
€3] <r RZ, \YRey

<C'R257"”1'/ (/ | FoUo ($h7€3)\qdf3> dxp,
r2 \ JRe,

Th

QN

Finally, we use Hausdorfl-Young inequality in the vertical direction, taking into account the relation
r ~ R™% to obtain

(32) b= [ (14167 +8) (00 @) deadn < CR Ul

[En|<R

Similar calculations lead to the following estimate for the second integral

(3:3) I = /53|<R <1 + !fh!2+§§> ‘(70( ‘ désdéy < CR™ 7 1Tol1Z2 1z -
|&n]<r
12



The third term contains only the very high frequencies, hence is much simpler to control

B m= [ (1eR) " (i) T @] e < R ol

We choose the free parameter § such that

)
— = 2(s+ sp).

/

Combining the estimates (3.2) to (3.4), we can conclude the proof. O

4. STRICHARTZ-TYPE ESTIMATES FOR THE LINEAR SYSTEM

We recall that the projector P, g associates any tempered distribution f to

(4.1) Prf = Urn(D)f = F 1 (00(©)6)).

where the function ¥, g is defined in (3.1). In this section, we consider the following frequency
cut-off free-wave system

1
U = -BU
(4.2) c
FFE
U ‘t:o = Pr.rUo.
where the linear hyperbolic operator B is defined in (1.2). Since the system (4.2) is linear and the
Fourier transform of the initial data are supported in Cg,z R, the Fourier transform of the solution

U® (t) is also supported in C%QR for any ¢ > 0. The aim of the present section is to analyze the
dispersive properties of system (4.2) as € — 0, i..e to prove the following theorem

Theorem 4.1. Let q € [2,+00]| and p > %. For any Uy € L? (]R?’), the system (4.2) has a global

solution U° such that,

— 3.3 _4 1
(43) “Ua}le(R+;Lq(R3)) < CR2 ar pep ||U0||L2(R3) .

Writing the system (4.2) in Fourier frequency variable, we get

= 1 ~—=
0U" = gBUE

(4.4) _
U |i=0 = ¥,.r(&) U,
where
0 1 0 —15&
Sren —1 0 0 —i7&o
B() = 0 0 0 —i7&3

=761 —iy&e  —ivEs 0

The characteristic polynomial of 3(5) writes

~

(4.5) Paje) () = det (B(§) = M) = X+ (1472 [¢[2) 2 + 73,

So, straightforward calculations shows that the eigenvalues of g(ﬁ) are

SGETNE ((1 + 7P + 62\/ (1+721eP)” - 47263?)-

13




where €1, €3 € {—1,1}. We recall that, for any A, B € R, A?> > B, we have

Then, setting
A=1+7 ¢
2
B=(1+71¢P) - 47%},

we can rewrite the eigenvalues as

1
(46) daa(® =y (VI+ IR + 276+ 14 7 - 276 ).
We remark that a similar spectral analysis has already been performed in the work [20] with the

difference that the domain considered in [20] was of the form R? x T instead that R3.

Now, in order to understand the behavior of the solutions to (4.2) we define the following operators

G (1) f (@) = F 7 (2OF (9) () = / f (y) X O S geay,

3
REXRg

where the eigenvalues A (§) are given in (4.6)

— é =2 |¢|2 = —21¢12 _
A6 =+5 <\/1+7 €] +27§3+i\/1+7 €] —27£3> :
Lemma 4.2. Let 0 < r < 1 <K R and recall that

C’/‘,R = {f € R’ } ’gh‘ ) |£3| 2, ‘§| < R} :

Let W, g : R3 — R be a smooth function such that supp v, r C C%72R and \I'T,R\c = 1. Then,
R

1
_ g\ 2
1%y, 7 (D)GA () fll oo gy < CREr 2 (;) 17111 gy -

The standard method to prove Lemma 4.2 is to follow the microlocal study of G (t)f on each
dyadic ring in Fourier variable as in [6]. Here, in order to have a self-contained text which is short
enough, we present the complete proof of Lemma 4.2, using a simplified method as in [37]. We write

B R(DIGA 0 1) = [ 1) [ PO, ey = 1 (L) slo)

-,
3 9
3

where
(47) Ka(ra) = [ 0w, peyi.
¢
We remark that the invariance of K by rotation in the plane Rgh allows to restrict the study to the

case ro = 0. Indeed, if x5 # 0, we can perform a rotation of angle 8, with cotd = % to suppress
14



the second component of z. Let
A(¢) = \/1 + 72 [E[° + 2783
B(§) = 1+ 72| — 27¢,
M) = %3 (A(©) = B(9))

B e (1 1
ax(§) = O M) = +—5 (A(f) iB(&))’

We consider the operator
e 1 .
(4.8) Ly ——— (Id —iaydg,) .

Direct calculations give
Ly (67)\(5)+ix-£> — TN OFiE

thus, an integration by parts gives

Ky(r,z) = / MO (w, 1 (€)) d,
R3
3
where

1 1— 7a?
——— +i(Ogay) ———2
1+ 7a3 & (1 + T(Zi)z

1a)

(4.9) (T, r(8) = T+ra

a§2 \I/T,R(g) :

] \I}T,R(g) +

Lemma 4.3. Let 0 <r <1< R. There exists a constant C > 0 such that

COr—1

T,
‘ L (\I’T,R(f)” < 1—|—R_—67’27'§§'

Proof. Since supp ¥, p C Cg,zm there exist constants C1, Cy > 0 such that

Cir < A = /T 1enl? + (1 +76)* < CoR

Cir < BE) = R 16 + (1 -76)° < GoR

Remark that

1 1| _JAQ-BEOI _ A€ -BE’ 47 &3]

A€ B A +BE)  A©)BE) (A +B(E)  A©)B(©) (A©) +B(&)

Then, we can choose C; and Cy such that
(4.10) C1R73r |&] < |ax(é)] < Cor™t.

Differentiating a) with respect to &2, we get

! 1 iytes 1 1
@ =+ (715 % 51g) - 2 (e * 507)
Since A(&), B(§) > 7 |&2], by adjusting Ca, we can say that

(4.11) |0g,a0(€)] < Cor™ ™.
15




So, Estimates (4.10) and (4.11) yield
’ qu,R(g)

2
1+Ta/\

C
S 14+ R=6r27€2

COr—1
< -
1+ R6r27¢2
COr—1
S ———F5 95>
1+ R6p27¢2

2
1—r7ay

(1 + TCL%\)

1a)
— -0,V
’1+TG§\ () T‘,R(g)‘

i (Oe,an) 5V, k()

which imply
Crt

"Ly (W, r(6))] < T+ RS2

O
Lemma 4.4. For any 7 > 0,
IEA(T e < CRO 2773,
Proof. We recall that
Ba(ra) = [ eI (€
R3
¢
Then, using Lemma 4.3 and a change of variable with respect to £, we obtain
_ dé&o 9 _1 d¢ 9 _1
K . oo<c 1 —<CR3 2 2/ <CR3 2 2,
H )\(T )”LI r R 1+ R—6r27-£§ roeT R 1+ CZ roT
where C' is a generic positive constant that can be ajusted from line to line. (|
Proof of Lemma 4.2. We recall that
t
¥, k(D)6 (1) 1) = Ky (£.-)  flo)
Using Young’s inequality, we obtain
t 3 _9 g %
190 2(D)CA () Fll sy < C B (2 )| Il < OB ()7 I sy -
Lge
O

Remark 4.5. It is clear that the estimates in Lemma 4.2 are not optimal for ¢ < €. Indeed, for
t < g, since supp ¥, g C C%QR C B3(0,2R), using Bernstein lemma 2.1, we can simply bound

(4.12) H\IJT,R(D)GA(t)fHLoo(M) < CR’ HfHLl(RS) :
Lemma 4.6. For any q € [2,+0o0] and g € [1,2] such that % + % =1, we have

. L eni ] e
19D ey < € [Fmin L1572 () 1] e
16



Proof. We already prove that
£\ 2
9 RDICAO ey < O min {152 () s

The definition of ¥, r(D)Gx(t) implies that

19, 2 (D)CAD ] 25y < C 1l 2oy -
Since the point (%, %) belongs to the line segment [(0, 1), (%, %)], the Riesz-Thorin theorem yields

3

1y71-3
19D ey < € [Bmin L1572 ()] e

O

The following theorem gives Strichartz estimates of U" in the direction of each eigenvector of the

operator B.

Theorem 4.7. Let q € [2,+o0] and p > (14%1. Then,

3.3 _4 1
||‘l’r,R(D)G/\(t)fHLf(Lq(RB)) SCR2 ar ver ||f] 2gs) -

Proof. Following the ideas of [6] and |7], we will apply the so-called TT* method, which consist in
an argument of duality. Let p and § such that

and
== {gp €D (R xR?) | ”SDHLf(Lz) < 1}.

Considering ® = VU, g(D)y and using Plancherel theorem and Cauchy-Schwarz inequality, we have

H\I’T,R(D)GA(LL)fHLf(Lq(RS)) = SUP/R <\IIT7R(D)G>\(t)f, <P>Lg dt
+

peEE

e [ @B
+X £

peES
/ D (t,6) e Ot

Ry

< (2m) " sup | |
LPEE Lg

It remains to estimate

r-|

/ D (t,&) e Ot
Ry

17
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Recalling that () is an imaginary number, using several times Fubini’s theorem, Plancherel theo-
rem and Holder’s inequality, we have

%= </ &)(t,f)eé’\(f)dt,/ i(s,g)e?(@ds>
Ry Ry 1.2

_/RB (/ﬂh B(t, €)et dt) (/ﬂh@(s,g)e—i“f)ds) d¢
:/RJ (/ )2A<t E)D(s, e ¢ dsdt) de

/R / S —33)) (‘l’r,R(D)GA(t — s)(p(t’ 1;))dx dt ds

<C R, H‘P(S)HLE H‘IIT,R(D)G/\(t — S)Qp(t)”Lg dt ds.
+

Next, using Lemma 4.6, Holder’s inequality, we get

9 1 1_%
2
R? min 1,% ds dt
|t —s[?
1—2
Rl ]
min{ 1, —— s
[t =52

< Cllelgeny B O 1ol 3 % 240)]

P<o (el ledis
(R4)

<Clielguy)| [ Ie@l
+

Ly

)
p
Lt

1 1-2

r2e2 !

M(t) = |min{ 1, —— .
1t

If (p,q) = (+00,2), Theorem 4.7 is obvious from the definition of ¥, r(D)Gx(t). In the case
where ¢ > 2, we study two different cases

where

Opr> ‘chen]WGL2 For any ¢ > 2,

r—4e “+o0o —4
M g = / dt+/ (r 5) dt
L; 0 r—4e 13

+oo 11\ 5(27a
= (r_45)% 1 —I—/ <1> ( ) dr| <C (r_45)% .
1

[NJiS)
~—
[N
|
Q=
~—
kAN

LSAIN]

Thus, using the classical Young’s inequality, we obtain

(4.13) 1 <m0 iy 10y < R0 (710)? ol

18
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P
o Ifp= % then Young’s inequality does not work anymore because M ¢ L7 . However, it is

well known that |t|7% belongs to L2 (R), so

M(#) = [min {1, (rte)» 177 }] e i (®)

and .

2 Fa

M 2o~ ||I]77|| 2o (1)
Lt2’ Lt2’
Applying Theorem 2.11, we also get
3(1-2 2 3(1-2 _ 2 9
(4.14) 2 < R0 iy gy 1M1 g < ORC7E) 40) ol )
t

We deduce that,
§(1_z) 4Nt
I<CR?C ) (re)? ol py »
and,

195, R(D)GAO) | (1) < € 2m) B2 ar o | f] 2.

Remark 4.8. We want to make some remarks about the dispersive result in Theorem 4.7.

(1) Unlike the case of viscous fluids (see for instance [6], [7] or [37]), we cannot obtain disper-
sive estimates for W, r(D)G(t)f in an L} (L%)-norm, due to the fact that we do not have
damping effect given by the viscosity terms. This is one of the main reasons why we can
only obtain a longtime existence result.

(2) The result of Theorem 4.7 is slightly better than the dispersive estimates obtained in [15]

in the sense that we can treat the limit case p = %’ using Theorem 2.11 to get (4.14). In

general cases, (4.14) is known as the Hardy-Littlewood-Sobolev inequality, where one uses
d
the fact that the function || » belongs to LP*>° (RY) but not to L? (R%).

Proof of Theorem 4.1. We recall that in the Fourier variable, the system (4.2) writes
o

U = ééﬁg

(4.4) _
U |i=0 = ¥, r(€)U,
where
0 1 0 —1v&
B_ -1 0 0 —17v&
o 0 0 0 —17v&3

—1y&1  —iy2 —1YE3 0

We also recall that the eigenvalues of B are

Moer(6) = €13 <\/1 72 [ef? + 2785 + eay/1+ 72 el - 27&) !

with €,e2 € {—1,1}. Since the support of ¥,  is included in C%QR defined as in (1.8), we can

suppose that &3 # 0. So B admits four distinct eigenvalues and since B is a skew-Hermitian matrix,
19



the unit eigenvectors 761762 (&) corresponding to the eigenvalues A, ¢, (§) form an orthonormal basis
of R*. Decomposing

/UT)(f) = Z 061,62 (5) 761,62 (g)u
e1,e26{—1,1}

the solution of the system (4.4) writes

Twe= S Ua@ea®c, ,6)Van©)

61,626{—1,1}

Before performing the following calculations, we recall that thoughout the paper, we always use
C to denote generic positive constants that can change from line to line. Applying Theorem 4.7
and Plancherel theorem, we have

H[ EHLP Ry;L9(R3 < § : J ! WT,R(@eg)\q’Q(g) 061,62(5) i 61,62(5)
( bl ( ))
€1,e2€{—1,1}

< CR2 ar pep Z Hcel,eg(f) 761,62(‘5)’

€1,e26{—1,1}

Lp(Ry;La(R3))

.
L

Using Cauchy-Schwarz inequality and the orthogonality of {761752 (5)}, we get

> fea@Tane],- X ([ 3]cﬂ,@<5>7q,62<£>\2d5)%

L2
e1,e26{—1,1} £ eee{-1,1}
1 1
2 9 2
<X 1) L X [eaa@Vaa©)]
cre2€{~1,1} B e eaef-1,1}

[V

([ ¥ Coa®Van0f

3
€1,626{—1,1}

=2 ¥ Can®©Vau®]

61,626{—1,1}

L
Recall that,

/U\O(f) = Z 061762 (5) 761,62(5)'

e1,e26{—1,1}

Then, using Plancherel theorem, we finally obtain

€ 3_3 _4 1

HU HLP(R_,_;L‘I(R3)) < CR2 ar per ||U0HL2(R3) .
Theorem 4.1 is then proved. t
Remark 4.9. In what follows, we will only use a particular case of (4.3) with (p,q) = (4, +o0)

— 3 1 1
(4.15) HU8HL4(R+;L°°(R3)) < CRzr lei HUOHLQ(RS) :
20



5. THE NONLINEAR PART

£

In this section, we decompose the local solution U® = < ) of (1.1) into two parts

u

bE
Us=U" +U°,

where U* is the global solution of (4.2) and U* solves (locally) the system

~o 1w VuE — Vb
e | = e _
QU + BV = (—uEVbE — b div u€>

=0 = ﬁg = (1 - PT,R) US

(5.1)
ﬁa

As proven in Section 4, the linear system (4.2) is globally well-posed in L*°(R, H* (R3)4), for any
s > 0, and its solution goes to zero as ¢ — 0 in some LP (R;; L9)-norm. On the contrary, the
system (5.1) is a 3D nonlinear hyperbolic system, for which we can only expect to prove a long time
existence of the solutions in H*® (R3), s>1+ %, in the sense that, there exist 7° — +o0 as € — 0,

such that, Uc € L™ <[O,T€],H s (R3)4). The main goal of this section is to prove the following
theorem, which gives a lower bound estimate for the lifespan of Ue.
Theorem 5.1. Let s > %, 50 >0,1<p<2 Forany0 <e <1 and for any U5 € Ys s, p, where
Ys s0,p @5 defined in (1.5) and (1.6), there exist T} > 0 and a unique solution U* to the system (5.1),
with initial data ﬁg, satisfying UcecC ([O,Te*], H? (]R3)4). Moreover, there exist constants C > 0,
a >0 and * > 0 such that, for any e €)0,e*],
C
>
© T C(U§) e

where C(U§) is defined in (1.7). In addition, we can choose B > 0 such that the asymptotic behavior
of U¢ when € — 0 is determined as follows

Hﬁe Loo(0T4], H) © (EBS> '

The proof of Theorem 5.1 will be divided into two parts

Part 1 In the first part, using an iterative scheme, we prove that, for £y small enough (which will

be precised later), and for any € €]0, gg[, there exists a unique strong solution U® of (5.1) in
L ([0, T],H*® (R3)), with the lifespan T' > 0 independent of ¢.

Part 2 In the second part, we prove more refined estimates which allow to obtain the lower bound
for the maximal lifespan T given in Theorem 5.1.

5.1. Local-in-time existence result for the nonlinear part. Throughout this part, we will
always fix constants 5,0 > 0 and the Rossby number £ > 0. We also set the radii of the frequency
cut-off to be

(5.2) R=¢P r=RI9=¢

Our choice of these parameters will be explained and precised during the proof, at the place where
we need to adjust their values.
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Our goal is to prove the existence of a unique, local strong solution of the system (5.1). To
simplify the notations and the calculations, we rewrite (5.1) as follows

be div u®

~ ~ (> (3
8tUE+1BUE——uE-VU5—'y< b .Vb )
(5.3) <

Uf| =(01-P.r) U
t=0

where we set U = U° + U and where U" is the solution of (4.2) . Our approach can be resumed
in the following steps

(1) We introduce a sequence of linear systems, indexed by n € N starting from (5.3) and
by induction with respect to n, we construct a solution of the n-th system defined in

L™ <[O,Tn] L HC (R3)4>, for some given o €]s, s + so[ and for some T,, > 0. We empha-

size that ¢ will always be fixed during this stage.

(2) We prove that we can choose g9 > 0 small enough such that, for any € €]0,¢¢[, the se-
quence of solutions of the previously introduced linear systems are uniformly bounded in
L ([0,T%]; H (R?)*), for some T; > 0 independent of n.

(3) We prove that the sequence of solutions is a Cauchy sequence in L™ ([0, T:); H (R®)4).

(4) We check that the limit U* satisfies (5.1).

The main technique result needed for our approach consists in the control of the bilinear terms.
This control is given in the following lemma, which will be proven in the appendix.

Lemma 5.2. The following estimates hold

(5.4) /) VUS() | A0%(r)) | dr
_ —2qs
< C C(UE)by2 (UE)by2~% ( etonn )H o)’
(5.5) /)(A (0°(1) V(7)) | Ag (7)o + (A (0°(7) div (7)) | A (7)) dr
< O C(UE)b,2 2 R™F et 10 C(UE)b2 2 (R“”tigi +tHU€ ) HU ~ ,
LOO([O,t],HS) L= ([0,¢],H?)

where by 1s a summable sequence such that Zq by = 1.

Step 1. We fix o €]s, s + so[, say 0 = (s + %). For any n € N*, we define the operator

Jnf = f_l (1{|§‘<n}m{|§h|>1/n}ﬁ{|§3\>1/”}f>

which is continuous from L? (R3) to L? (R3). Setting U0 = 0, by induction, we define the following
family of linear systems, related to (5.3)
(5.3,)

aU" + 1Bﬁ"“ + ot («4 (UE +U", D) Jn+lﬁ"+l) - T (A (Us +0, D) ‘]”+1U€)

U‘?Jrol UnH F ' (1poninF (1= Prgr) Uo)
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A is defined in (1.3). We remark that since U° =0, U! is solution to the following linear system

~ 1~ _ ~ _ _
550 00" + -BU + .y (A(U%, D) 10" = =1 (A (U7, D) 1iT")
.90 . ~
Uy =Up =F " (1 F (1= Pr.r) Uo)
We have U° € L (R+, H~ (]RS)4), for any o > 0, because of its frequency localization property and
Lemma 3.1 implies that U3 € H(R3)*. Then, we can easily construct the solution U of the linear

system (5.3p) such that the support of F (ﬁl) is included in B (0,1).

Now, for any n € N*, let L2 (RS) be the space

Ly (R%) = {f € L? (R) | Supp f < ({I¢] < n} N {|&n] > 1/n} N {|&s| > 1/n}>} :
Let n > 0 be a fix positive constant and we suppose that, for any 0 < k < n — 1, we can construct
a unique maximal solution U¥*1 of (5.3;) in
4\ = 4
C (10, Tysa], Ly (R%)") NI ([0, Ty, HT (R)")
such that
o <n
EOO([OVTIH-J;HU)
Thanks to the embedding H° (R3) < L>®(R3), we have U° + U™ € L™ ([O,Tn], L (R3)4), which
implies that
Jni1 (A (UE LU (1) ,D) Jn+1¢) e I2(R%)*, Ve L2 (R}
Indeed, since the Fourier transform of J,1¢ is supported in B3(0,n + 1), using Bernstein lemma
2.1, we have

Jur (A (T +0°®).D) Jusie) |, < [T+ 00| _ IV Tusello

o
<77+ 0w e+ D lelle

We can rewrite (5.3,,) as an ODE
U™ = L, U + &,
where ® € L2 (R3)4 and the linear operator L£,41 maps continuously L2 (R3)4 to L2 (R3)4. The
Cauchy-Lipschitz theorem ensure the existence of a unique maximal solution to the system (5.3,,)
0t ect ([0, Tunl s 12 (R))
Moreover, since Jﬁ +1 = Jny1, applying J,11 to (5.3,), we obtain, by uniqueness, that
Jn-}-lﬁn—H _ (’j—n—i-l'

Hence, gntl belongs not only to L? (R3)4 but to L2 41 (R3)4, which conclude the first step by
induction.

Step 2. We recall that throughout this paper, we use C' to denote a generic positive constant which
can change from line to line. In this step, we want to prove that, for previously chosen € > 0 small
enough, the sequence {7},} is bounded from below away from zero, which means that there exists
T. > 0 such that, for any n € N,

(5.6) Hﬁ” <.

Loo([0,T-);H7)
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We will prove (5.6) by induction. For n = 0, we have nothing to do. So we suppose that, for fix
T. > 0 which will be precised later, (5.6) is true for any 0 < k < n. Now, we want to estimate gt
in L ([0, T.),H? (R3))—norm. Applying A, to (5.3,,), taking the L?-scalar product of the obtained
equation with Aqﬁ "+ and then integrating with respect to the time variable on [0, ], we get

HAqﬁ”“(t)H; < |2z, +2/ |(Tns1dg (- 9O | AT (7) dr
+2/ ‘ n+1A (anbn+1) |A ~n+1>L2+
(T B (" divu™) | A |(7) dr

Using the same method as in the proof of Lemma 5.2, we decompose the bilinear term on the right
hand side of (5.7) into the following sums

t ~
/ ‘<Jn+1Aq (un . VUn+1)> ‘ AqUn—H‘ (7_) dr < B{L+1 + Bg+1 + B§z+1 +BZ+1,
0
and

/ ‘ n+1A (anbn-H) ‘A an+1>L2 < n+1A (b”dwu"“) ‘A bn+1>

(r)dr

<ottt optt g optt oyt

where, applying Lemmas A.1, A.2 and A.3 in the appendix, we have

t ~
0
=2 3 2q0 rrn41
< CUs e B* 526325002720 [T e o 0 | 07 Hzm@,ﬂ,m)
<CC(Us) tiei "7 b2 <1+HU"+1H )
Leo([0,8),H7)
1 ! TE ~ 1
(5.9) By* =/0 (8 @ VT7)) | A&,0" (7) dr
< CC(US) R™2 tieib,2-2 ||gm ‘ﬁn+1H~
Leo([0,t],H®) Loo([0,t],H)
3 1 6(5+26
<CCWUS) ntici- b2 2qa< +HUn+1H )
(Us)n Eoe0.1)
t -~ ~
(510) Bngl :/ ‘<Aq (ﬂe.VU"+1)> ’AqUn—i-l‘ (T) dr
0
< O C(US) R™ tictip,2—2e Un+1H
Le=([0,8),H7)
< C e tiei—2 "y 020 Un—i-lH
’ ! (0,0, H)
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(5.11)

and

(5.12)

(5.13)

(5.14)

(5.15)

Cn+1

n+1 __
02

Cn+1

B = [ (8 (-0 )) | 8,07 () de

- 2
< qu272qa ur N ‘UnJrl‘ ~
L ([0,¢],H®) L2([0,t],H?)
2
< —2go n+1H
Cntby2 U Foo (0 ALY’
/ (2, (278" A1) (7) dr + / (2, (0" aiva) [a8m )| () dr
5420 3 20 nt1
< 0o R btz 2 HU Hmm ) i P
< C oWy thei 1y (”Hﬁ"HHi )
Leo([0,t],He)
/ ‘ b”VBnJrl ‘Aqﬂnﬂ dT+/ ‘ b”dlv u"“) 1A, b"+1>‘ (1)dr
< CC(UE) R tictn22 ||gm|| ‘U”+1H~
Lo ([0,4],H°) Lo([0,t],H°)
< cewg)niie P e (14 om0
‘ L= (o)1)
t ~
/ ‘ < Vb"H) 1A, u"Jrl (7') dT—i—/ ’<Aq (5” div ﬂ"“) ‘Aqbn+1>‘ (1) dr
0
< CC(US) R™F tiein, 22 U”“H
Le=([0,4],H7)
< CC(UE)tiei—253y 020 ﬁn+1H~ :
Lo([0,t],H°)
n+1 / ‘ anbn—O—l) ’Aqﬁn+1>+<Aq (gndivan+1) ’Aqgn+1>‘ (7_) dr
2
< qu2—2qa Un _ ’Un-&-l) -
Lo ([0,],H7) £2([0,4,H)
Cntb 2= 2q0 Un-‘rl” ’
Lo ([0,],H)

where C(Uf) is defined in (1.7).

Inserting Estimates (5.8) to (5.15) into (5.7), multiplying the obtained inquality by 224°, then
summing with respect to ¢ > —1 and applying Lemma 3.1 lead to

o1

Leo([0,4],H°)

< C C(Up) 2P0 + Oyt HUWHW(

[0,4],H)
+CCUs) tiei™ o < HUWHLw([Oﬂ Hf’))'
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We recall that o €]s, s + so[ and n > 0 are fixed positive constants and § > 0 is given in Lemma
3.1. We choose g9 > 0, T, > 0 and 8 > 0 such that

ﬁ(5+25)<%

(5.16) Ol + C C(US) Tie

3 1
ceus) el +ocUs)Tael 7 <

Then, for any ¢ € [0, &¢], we deduce that,

<,

|7
Lo (0,72, H)

and Step 2 is concluded.

Remark 5.3. In fact, the time of existence T. = T > 0 depends only on g9 > 0 and thus is
independent of ¢, for € €]0, q].

Step 3. At first, we will prove that {(7"} is a Cauchy sequence in the space L™ ([O, T];L? (R3)4).
n

We define the auxiliary sequence {17”} by

vl =gt g, ¥neN.

For any n € N| VnHl is solution of the system
(5.17)

~ 1~ - ~ ~ - ~ _ _ ~
BV L SRV L g <U”, D) Vit A (vn, D) U™+ A (vn, D) U+ A(U°, D)V =0
€
‘7n+1‘ _ ﬁn-{—l . (771
-0 0 0
We will need the following estimates, the proof of which is simple and direct.

Lemma 5.4. The following estimates hold

2

‘<A ((7”,1)) ot | ) | <o Hvﬁ"

Hf/nﬂ‘
Lo

2
(a (7, 0) 00| 7o 71

)
)
(A (7 0) 7| 7)
)

’<.A (UE,D) ‘7n+1 f}—n—i—l

< CHvﬁ”

7

L ) L2 L2

<O VT . |7

‘~/n+1‘

L2 L2

< vT . [

~ 1
Taking the L? scalar product of the first equation of (5.17) with HV"+1HL2 VL and using

Bernstein Lemma 2.1, Lemma 5.4 and the Sobolev inclusion H? (]R?’) — Who (]RS), we obtain

)

(5.18) % Hf/”“(

< (o~
L2

We recall that, for any n € N,

AR ) (7

+ Hf/”
L2

H

<N

H U"

L>=([0,T];H?)
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and that Holder inequality and Estimate (4.15) give, for any 0 < ¢ < T,

3
i
L0 s ([ 5) 00 oo < € CORTERE S,

where C(U§) is defined in (1.7). Using Bernstein Lemma 2.1, we also have
~ —S S|~ |2
HV”+1 ( < / (1+17) " (1+1P) )UO} d¢ < C C(USn~%.
€|>n

Integrating (5.18) with respect to the time variable and taking into account all the above inequalities
and remarking that we already chose R = 7%, 8 > 0 (see formula (5.2)), we obtain
B(5426)

a1 < C C(US)n~ (nT L CCeUHTiei™"% ) (Uns1 + Un)

where for any n € N, we set

HUn+1 n

Un = Hf/ Loo([0,T],L2)

If we choose the parameters such that

B(5+20) <
(5.19)

then, for any & €]0, o[, we have

Unt1 < CCUS) % + vy,

5
27

mable, which in turn implies that {(7 ”} is a Cauchy sequence in L*° ([O,T],L2 (R3)4>. Since

s

Since s > the series ) yn~° is convergent, which implies that the sequence {v"}, is sum-

{(7”} is a bounded sequence in L ([O,T], He (R3)4>, for some o €]s, s + sg[, by interpolation,
n

we deduce that {ff”} is a Cauchy sequence in L ([O,T], H? (R3)4), and so, there exists U* in

n

o0 ([O,T], H? (]R3)4> such that
U= lim U™

n—+oo
Remark 5.5. Fixing s > 2, 59 > 0, 0 €]s, s + so[, n > 0, § > 0, the conditions (5.16) and (5.19)
can easily be satisfied by choosing 8 > 0, T' > 0 and g9 > 0 sufficiently small.

Step 4. It remains to verify if U¢ is a solution of (5.1). In fact, we only have to check if we can
pass to the limit in the bilinear term in the first equation of the system (5.3). Since s > %, classical
product laws in Sobolev spaces yield

4 (5=.0) T —a(@".D) 7],

o), e e) o)

‘Hs—l

Hs—l
< Hﬁn_ﬁs vﬁn+1H +H[7ﬂ_[75 HfjnJrlH
Hs—1 Lo oo Hs
+||o¢ v(om-oE)| o o -
Hs—1 L L He
<0H(7€ ﬁnJrl_ﬁs +C"ﬁn+1H _ﬁs
H Hs H Hs
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We recall that U™ and so U¢ are bounded in L ([0, T)|,H*® (]R3)4> by n > 0. Besides, we also prove
in Step 3 that

lim ‘(7” —U* =
n—-+00 Lo ([0,T],H*)
Thus, we obtain
lim HA (0%, ) 0% — A (U", D) ﬁ”“H — 0,
n—+0o Lee([0,T],H5~1)

which allows to pass to the limit and conclude Step 4.

We remark that by construction, U¢ € C ([0, T, L2(R*)*)nL> ([0, T], H? (R?)*), for some o > s,
which implies that UseC ( 0,77, H® (R3)4). To finish this part, we study the uniqueness and the

continuity with respect to the initial data of the previously contructed solution. More precisely, we
prove the following lemma.

Lemma 5.6. Let Uy € H550 s > 5/2,59 > 0. There exists a unique solution of the system (1.4)
in L ([0, T],H® (R3)4>. Moreover, if ® is the function which associates to Uy € H10 the unique
solution U of (1.4), then

@ et (1 (&)1 (jo,7]; H* (R?)')).

Proof. Let us consider two initial data Uy € H5t%0 s > 5/2 55 > 0,4 = 1,2. These data generate
two solutions Uy, © = 1,2, to the system

1
oU; — EBUf =-AU;,D)U;,
Uﬂtzo = Uz‘a,o-

We remark that U® = Uj — Us solves the system

(5.20) { DU + LBSUS = — A (3UF, D) U§ — A(UE, D) 6U¢

€
€ — € (>
U0 = Uiop—Usp-

Taking L? (R3) scalar product of the first equation of (5.20) with U¢, and considering the following
inequalities,

‘<A (6U, D) US

U | < VU5 ey 19071

L2(R3)

<A (U%, D) 6U*

5U6>

s | S IVUT ) 16T°| 72 ,

we deduce via Gronwall inequality, and the embedding H*® (R3) s Whoo (R3) that

2 fH( ||Us(r s +||US (T s dr
" Wy < 10Oy 5Ty W0 o

From the construction of the solution, we have
||Uf||ioo([o,T];Hs(R3)4) < HUZ?,OHHS(R?’) T,
hence

€2fot(”UT(T)HHs(R3)+||U§(T)”Hs(R3)>dT < e(4"+2”UioHHs(RS)”HU5,0||Hs(R3))T

)
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which implies the uniqueness and the continuity of the solution in the space L ([0, T); L* (R3)4).
The uniqueness and the continuity in L ([0, T);,H?® (R3)4> follow by interpolation. O

5.2. Lifespan of the nonlinear part. In this part, we will provide a control of the maximal
lifespan T of the solution previously constructed. Applying A, to (5.1), taking the L?-scalar

product of the obtained equation with Aq(? ¢ and then integrating with respect to the time variable
on [0,t], we get

(5.21) HAqﬁa H HA UDH +2/‘ VU(7)) | AT )>‘d7

+ 2/(: <A‘f < i > 1 Aqﬁ%)%

We recall that R = =%, 8 > 0. Then, using Lemma 3.1, we deduce the existence of £; €]0, 1[ such
that, for 0 < e < e,

dr.

Bsg

|&0]|, < ¢ cwsy r = 0 cwpy et <,
where C(Uf) is defined in (1.7). Let

Bsg
5.22 T, = T>0 : HU%H <2:, 0,7\
(5:22) = sun{ pecon ST VEE0.T)

The continuity of U® with respect to the time variable implies that 7 > 0. Multiplying (5.21) by
2245 and summing with respect to ¢ > —1, then using Lemma 5.2, for any ¢ € [0, Tp[, we obtain
1_ B(5+29)

~ 12 ~ 112
HUE - < HUOH L OC(UE) e
Loo((0.4), 1) He

3

+CCUf) (4 i

— 8(420) .

+tH

Lo=([0,2],H®)

LOO([O,t],HS)) H
which implies that for any 0 < ¢ < &1 and for any ¢ € [0, Tp|,

~ 12
[z < ety et Lo W) (e 42 HU .
Leo([0,t],H*) Le=([0,t],H*)
If
(5.23) B (10 + 40 + 4sp) < 1
and if
Bs 1
(5.24) C C(UE) (T4si P oS > <5
then there exists €9 €]0,e1] such that, for any 0 < & < €5 and for any 0 < ¢ < Tp, we have
~ 12
1 HU } <P 4 O o) tiei 20 < ochso,
2 Leo([0,1],H*)
and so,
D
Lee([0,t],H*)

Thus, the solution U* exists at least up to a time Ty > 0 satisfies (5.24). We remark that, if (5.23)
is satisfied, then there exists e3 €]0, 1[ such that (5.24) is satisfied, for any 0 < & < 3. Setting
* — - I
e =min{eg, 3}, « mln{4 5 ' 5 ok
29

}>O and C =



we deduce from (5.23) and (5.24) that, for any € €]0,&*],
T: > Ty > CC(Us) '™
Theorem 5.1 is proved. U

APPENDIX A. ESTIMATES ON THE BILINEAR TERMS

In this appendix, we prove important estimates on the bilinear term, which allow to prove Lemma
5.2. First of all, we prove the following lemma

Lemma A.1. Leti € {1,2,3} and 0; = % For any s > g and for all functions u, v and w in
H? (R3), we have

t
(A1) /0\<Aq<w<7>aiu<7>>mqu D) zal 47 < Cb2 72 10l oo 100y Nl Fe 0 4,10

(A2) /0 [(Ag(w(r) Bu(r)) | Agv(T)) 1 + (Ag(w(r) Biv(r)) | Aqu(r)),.| dr

< Obqr?qs el e o2 1l 220,100 10122 0.2

where by 1s a summable sequence such that Zq by = 1.

Proof. We will only prove Estimate (A.2). Estimate (A.1) can be obtained from (A.2) by choosing
u = v. Applying the Bony decomposition as in (2.10) to the products wd;u and wd;v, we can write

(A.3) /0 ‘<Aq(w(7') diu(T)) ‘ Aqv(T)>L2 + <Aq(w(7') Oiv(T)) | Aqu(T > }dT I+ Ip,
where

14 —/ ‘ A Z Sq+2 (Oiu) Agw ‘ Aqv> <Aq Z Sqr42 (0iv) Agw ‘ Aqu>‘(7) dr

q'>q—4 q'>q—4

IB:/OtKAq 3 Sq/_lw(‘)iquu’Aqv>+<Aq 3 S/_lw(?iAqrv‘Aqu>’(T)dT.

lg’ —q|<4 lg’—ql<4

Since Sg 42 continuously maps L™ (}R3) to L™ (R3), using Lemma 2.8, Holder inequality and the
Sobolev inclusion H* (R3) < W1*(R?), we get

(A-4) Ia < Z HSq’+28iuHL2([o7t],Lw) HAq’wHLm([o,t],m) ”A‘IUHLQ([O,tLLQ)

q'>q—4
+ Z HSq’+2ai”HL2([o,t],Loo) HAqleL‘X’([O,t],LQ) ||Aqu||L2([0,t],L2)
q'>q—4

< Cbg 272 HwHZoo([o,t],Hs) HU||2L“2([0¢]7H5)

where

{bl, =14 D 279 Doy (w) (cq(u) + ¢q(v) p € L1,

'>q—4
qa->q q

using Young convolution inequality and the fact that {cs(u)},, {cs(v)}, and {cqr(w)}q, are square-

summable sequences.
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To estimate the second term Ip of (A.3), we decompose I as in [9] or in [7]
Ip < Ip1 + Ip2 + Ips,

where

t
Ip = / |(Sqw AgOiu | Agv) + (Sqw Agdiv | Aqu)| (7) dr

t
Iy = / Z ‘<(Sq — Sq/_l) w Ay Oiu ‘ Aqv> + <(Sq — Sq/_l) w Ay O;v ‘ Aqu>| (1)dr
0

lg—q'|<4
Ips = / Z Aqv Sq’—lw] Aq’aiu ‘ Aq1)> + <[Aq, Sq/_lw] Aq/aﬂ) ‘ Aqu>‘ (T) dr
lg—q'|<4

Recalling that S, continuously maps L> (]R3) to L™ (]R3), an integration by parts, Holder inequality,
Lemma 2.8 and the Sobolev inclusion H*® (R?) < W1 (R?) give

t
(A5) o = [ 184(00(r) Agu(r) Ap(r)] dr
0
< quainLoo([o,t},Loo) HAqUHL2([0¢},L2) HAqUHm([o,t],Lz)
< by 27 ol o o1 1l 220100y 1022 010 -

where {bq}, = {cq(u)cq(v)}, is a summable sequence. For Ips, we remark that S; — Sy—1 does

not contains low frequencies and continuously maps L (R3) to L™ (R3). Then, using Bernstein
lemma 2.1 and Holder inequality, we obtain the same estimates as in (A.5)

(A6)  Im< c/ S (S = Sy 1w 21

lg’—ql<4

/

T)HL2 HAqU(T)Hp dr

+c/ S 168 = Sy 0w e 27 [|Ag0(r)]| 2 1 Dgu(r)]l 2 7

lg’ —ql<4

<0 Z 1(Sq — q’*l)ainLoo([o,t],Loo)HAq’“

lg'—q|<4

+C Z 1(Sq - SQ’—l)ai“’HLoo([o,t],Loo) HAq’“Hp([o,t],LQ) 1Al 22 (0,47,22)
la’—ql<4

‘Lz([o,t],L2) HAqU”L?([Qt},L?)

< Cby 9724 ||wHL°<>([O,t},HS) HUHZQ([OJLHS) ||U”z2([o7ﬂ,Hs)

where

bl =4 D, 279D (cy(v)ey (u) + cq(u)eg (v) p € L.
lg’ —ql<4 q

Finally, for the term Ip3, Holder inequality and Lemma 2.6 yield

Ip3 < C Z 271 qu’*lvaLoo([o,t],Loo) HAq’ai“HB([o,t},m) ”AQUHLz([O,t],L?)
lg—q’'|<4

+C Y, 27s V0| oo t0.1.00) 18000 | 2 0.4.12) 18920 L2012 -
lg—q'|<4
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Using the fact that S, continuously maps L™ (}R?’) to L™ (R?’), Bernstein lemma 2.1 and Estimate
(2.8), we have

(A7) Ips<C Z 29798, ’—1vaL<>o([0,t],L>o) [Agu ‘LQ([O,t},L2) ||A‘1U||L2([O,t],L2)

la—q'|<4

+C Z 2771]|s, ’—lvaLoo([o,t],Loo) [Agv ‘LQ([O,t],LQ) 1Aqull 20,4, 22)

lg—q'[<4
< Cby 27 a0l g 1) 10 70 1 102 0.0
where
{bgt, =< D 27006 (cp (u)ey(v) + g (v)cg(w) p € L.
lg’—ql<4 q

Inserting (A.4)—(A.7) into (A.3), we deduce Estimate (A.2). O

In order to prove Lemma 5.2, we also need the following estimates when the bilinear term contains
functions whose Fourier transform is localized in C, r (see (1.8) for the definition of C, g).
Lemma A.2. Let T >0, i € {1,2,3}, 0; = 6%1- and U" be the solution of the cut-off linear system
(4.2). For any s > 5, for all functions v and w in L> ([0,T), H* (R®)), for any component W of
U°, je{1,2,3,4}, and for any 0 < t < T, we have

(A.8) /‘ ) 0y ( (1)) ‘Aqw(7)>L2‘d7‘

5426

< CC(US) R™

3 1 _
t3e 50228 [[0]| oo (0,9, 101 Eoe o011, 105)

where C(Ug) is defined in (1.7) and by is a summable sequence such that »_ by = 1.

Lemma A.3. Let T >0, i€ {1,2,3}, 0; = 8%1 and U" be the solution of the cut-off linear system
(4.2). For any s > 5, for all functions v and w in L> ([0,T), H* (R®)), for any component W of
U°, je{1,2,3,4}, and for any 0 < t < T, we have

(A.9) /! (1) | Agu(r)) 2] dr < C C(UF) B2 355,272 [olle 0 1

and

(A.10) /\<A (@ (r) B0(r)) | Agwo(r)) 2 + (Ag (@ (r) (1)) | Agu(r)),a|dr

+25

< CCU§) R™E Hieib,272 v 1

([0,4],H?) Hw”iw([o,t],ﬂs) )

where C(Ug) is defined in (1.7) and by is a summable sequence such that 3 by = 1.

Proof of Lemma A.2. We apply the same Bony decomposition into paraproducts and remainders
as in (A.3) and we have

(A.11) /‘ ) O (1 ) | Aqw(r) >L2‘d7' Ja+ Jg,
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where

JA—/ ‘ A S Syse (97 ))A,U(T)‘Aqw(7)>

q'>q—4

Jp = /;KAC, 3 Sq/_lv(T)Aq/(?iﬂj(T)‘Aqw(T)>L2‘dT.

lg' —ql<4

‘ dr
L2

For the term J4, Lemma 2.8 and similar estimates as in (A.4) imply

Ja < Z HSQ’+2 aiﬂjHLl([O,t},Loo) HAq’“

q'>q—4

‘Lm([o,t],LQ) HAQUHLOO([O,t],L?)

< CRt1 ||U° ~2as

‘U HL4([07t]7Loo)2 Z 2~ _q)scq’(“)cq(w) HUHZoo([o,t},Hs) HwHZoo([o,t],HS)

q'>q—4
Using Estimate (4.15) and fixing 0 < r = R_5 0 > 0, we have
(A.12) Ja<C C(UO)

—2qs ||’U||Loo ([0,t],H*) HwHZOO([O,t],HS) 3

where

{bl, =4 D 270Dy (v)eg(w) p €',

'>q—4
q>q q

The term Jp is a little more difficult to estimate. Using Holder inequality and the fact that Sy _q
continuously maps H?® (R3) into L? (R3), we have

JB < Z S LlUHLOO([O,t],LZ) ”Aq/az‘ﬂjHLl([o,t],Loo) HAquLOO([O,t],L?)
la'—ql<4

3 =€
SORET Y (180T | ooy 10 Lo o, 110) 18401 o o, 22
lg'—ql<4
Estimate (4.15) implies
5+26 § 1
(A13) Jp <CR™Z tiet Y ||AgPrrUol| o 10l poo o, 12601 o o 1,12)
lg'—ql<4
+2§ 3 s
< CR™Z 1ieib, 272 | Up|l 1 [0l Loo 0,67, 29) 1wl Fo0 0,41, 71)
5425 3

< CCWUHR R0, 27 ollze o 100y 10 Zoe 0.1 -

where
{baty =3 D 270y (Us)eg(w) p €.
lg'—ql<4 q
Putting (A.12) and (A.13) into (A.11), we deduce Estimate (A.8). O

Proof of Lemma A.3. As in the proof of Lemma A.1, we will only prove Estimate (A.10). Estimate
(A.9) will follow if we choose v = w. Applying the Bony decomposition into paraproducts and
remainders, we have

(A.14) /KA (@ (r) 8i0(r)) | Aq(r)) 2 + (A (@ (1) B(r)) | Ago(r)) | dr < Ka + Ko,
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where

Ky /t ‘<Aq Z Sq/+2 (le) Aq/ﬂj ‘ Aqw> + <Aq Z Sq’+2 (azw) Aq’ﬂj ‘ AqU>‘(7') dr
0 ¢ >q—4 q'>q—4

t
KB:/ (a0 > Sya@dgdw | Aw)+ (A D Sy a@Agduw | Ap)|(r) dr.
0 lg’ —q|<4 lg’—q|<4

The term K 4 can be bounded by similar estimates as we did for Jp in (A.13)

(A.15) K4 < Z HSquZ”HLoo([o,t],H) HAq/&ijLl([o,t],Loo) HAqw”L‘”([O,t],L2)
q'>q—4
+ Z qu’+2wHL°°([0,t],L2) HAq’aijLl([OvtLLm) 1841l o 22
q'>q—4
<SOR™Ftiet 3 [[AgPrnlioll 2 1ol o o) 1890 e 0,22
q'>q—4
+CR™tien Y || AgPrrUl| 2 0]l o oy, 115) 1860120 0,00
q'>q—4

5425 3 1 —90s
<C’C(lj(‘;:)R 2 t454bq2 2q HUHZOO([O,t],HS) ||wHZ°°([O,t},HS)’

where

{boly =14 D 279 Doy (U) (cq(v) + cq(w)) p € L.

q'>q—4 q
The term Kp is more difficult to estimate because we can not simply commute S,/ and 9;. So,
we use the same method as for the term Ip of (A.3) and we decompose

Kp < Kp1 + Kp2 + Kps,

where
t
Kp) = / (S, Agdiv | Aqw) + (S Agdiw | Ago)| (7) dr
0
t ) .
fope = / S 1Sy = Sg-1) W Agdiv | Aqw) + (S — Sy—1) W Agdiw | Ago)| () dr
0 Jg—q|<4
t , ,
Kps = /0 Z ([, Sy—1 ] Agdiv | Aqw) + ([Ag, Sg—1T | AgOiw | Agu)] () dr.
lg—q'|<4

For Kp1, performing an integration by parts, we have

(A.16) Kpy = /0 15,03 (7)) Ago(r) Agu(r)| dr

T7E
< ||S,0:U HL1([0¢]7L00) 1Aqull poe ((0,01,22) | Bqwll poe ((0,01,12)

5425 3 1 —90s
<C’C(ZYO{':)R 2 t454bq2 2q HUHZOO([O,t],HS) ||wHZ°°([O,tLHS)’
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where {bq}, = {¢q(v)cq(w)}, is a summable sequence. For Kps, we have

(A17) Kp<C / S 680 = ST (@) o 27 [ Ao ()| 1Agw(E) 2 dr

g’ —ql<4
+C / > N6Sa = Sy ()] g 27 [ Agw ()] 2 1 Ag0 (Dl 2 d7
l¢'—q|<4
<S¢ Z H (Sq — Sql—l)VUEHLl([O,t],L‘X’) HAq’U }LOO([O,t],LQ) HAqw”Lw([o,t],m)
lg’—ql<4
+C Z 1(Sq - Sq,*I)VUEHLI([O,t},LOO) HAq’wHLw([o,t},w) ”Aq”HLoo([o,t],m)
lg'—q|<4

5426 3

< O C(UGRF 0327 [0l| 2 o, 1109 10 Eoe 0., 110) -

where

{bg}, = { Z 9—(d'=q)s (cq (V) eq(w) + ¢y (w)cq(v))} el
q

lg’—ql<4

Finally, for Kp3 we can write

(A.18) Kps < C Z 20~ HSQ’—IVHJ'HLl([O,t],L“’) HAq’”
lg—q’|<4
oY s, v, (0.05) 1200l oo (0..22) 1800 oo 0.4, 2)

lg—q'|<4
5426 3

< CCUSR = ticib,2 205 ||y

‘LOO([O,t],LQ) ||AquL°°([0,t],L2)

2o o,g,09) 1N o 0.1,185) -

where

{bg}, = { Z 9—(a'=4q)(s—1) (cq (v)eg(w) + cq/(’w)cq(’u))} et
q

lg’ —ql<4

Summing Estimates (A.15) to (A.18) and putting the obtained result into (A.14), we deduce In-
equality (A.10) of Lemma A.3. O

Proof of Lemma 5.2 We recall the decomposition of U® as the sum

then, we can write

/( VU(r ’AUE > ‘dT A+ Ay + As + Ay,



where

A1:/0 (8 (@ () VO (1) | A0°()) | dr
t €
Agz/o (8 (@) - VU (1) | 8,0°(7)) | dr
t ~
A3:/0 <Aq (aﬁ(T)-VUE(T)) ]AQUE(T)>L2] dr
t
Ay= /0 (8, (@) - VI @) | A0°(7) | dr.
Using Lemma A.2; we have
€ —2qs 5426 ,3 1 ||~
A1 < CCWy) b2 2R et O7)|
~ 112
Ay < CCUS) b2 2 R™ 2"t ||U|| .
L= ([0,t],H*)
For As, using Lemma A.3, we have
~ 112
As < C C(UE) b2 2 R™ 2" tien |UF| - .
Leo([0.1],1%)

Finally, for A4, Lemma A.1 and the Sobolev embedding H* (]R3) s oo (]R3), with s > %, simply
yield

2 2

£

rre

< Cb27 %5 ||U

Ay < Cb27% ||UF
LQ([O t],H?)

Lo°([0,4],H?) Loo([o,t],Hs) Loo([0,4],Hs)

Now, we can prove (5.5) exactly in the same way as we do to prove (5.4). We can decompose the
term on the right hand side of (5.5) as

/ ‘ PIVE(D) | AgT (7)) 2 + (g (°(7) div (7)) \Aq56(7>>L2\ dr
Al + AL+ A+ A
where
" :/Ot <Aq (58 () Vi (7_)) } Aqﬂe(7)>L2 4 <Aq (56(7_) div u5(7)> ‘ que (7')>L2 dr
A :/Ot <Aq (55 (r) Vi (7_)) } Aqae(T)>L2 + <Aq (55(7) div uE(T)) ‘ que (7')>L2 dr
A :/Ot <Aq (Bs () ViF (7_)) | Aqae(T)>L2 + <Aq (55(7—) div uE(T)) ‘ A (7')>L2 dr
A :/Ot <Aq (bg( )V (r )) | Aqa6(7)>L2 + <Aq (55(7-) div uE(T)) | A (7')>L2 dr.

Using Lemma A.2, we have

3
t1e

A < CC(UE) b2 2R

Loo([0,t],H?)

él
ticd

Ay < CC(UE) b2 2 RS

Loo(0,4],H?)
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Next, Lemma A.3 yields

2

Al < CC(UE) b2 2 R™ 2 tiet |U°

Lo ([0,4],Hs)

Finally, Lemma A.l and the Sobolev embedding H* (R3) s Whoe (R3), with s > %, imply

2 2

NG €

Ay < b2 @ | fe 0.4, ’ b

< COb,27 %% Hﬁg

L2([0,4],H?) Ew(m¢LHs)H Loo([0,t],H)

Lemma, 5.2 is then proved. O
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