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ABSTRACT

In this note, we study Togliatti systems generated by invariants of the
dihedral group Dy acting on k[zo,x1,x2]. This leads to the first fam-
ily of non-monomial Togliatti systems, which we call GT-systems with
group Do4. We study their associated varieties Sp,,, called GT-surfaces
with group Dyg4. We prove that there are arithmetically Cohen—Macaulay
surfaces whose homogeneous ideal, I(Sp,,), is minimally generated by
quadrics and we find a minimal free resolution of I(Sp,,).

1. Introduction

Togliatti systems were introduced in [13], where the authors related the ex-
istence of homogeneous artinian ideals failing the weak Lefschetz property to
the existence of projective varieties satisfying at least one Laplace equation.
Precisely, a Togliatti system is an artinian ideal I C k[zo,...,z,] generated
by r < ("Iﬁ;l) forms Fi, ..., F,. of degree d which fails the weak Lefschetz
property in degree d — 1. The name is in honour of E. Togliatti who gave a
complete classification of rational surfaces parameterized by cubics and satisfy-
ing at least one Laplace equation of order 2 (see [22] and [23]). Since then, this
topic and related problems have been the focus of attention of many works, as
one can see in [1], [2], [4], [5], [6], [11], [12], [14], [15] and [21]. Notwithstanding,
most expositions and results deal with monomial Togliatti systems, while the
non-monomial case remains barely known.

Recently, in [12] and [5] the authors studied GT-systems, a new family of
monomial Togliatti systems having a special geometric property. A GT-system
is a Togliatti system I; whose associated morphism ¢, : P* — P*a~! is a
Galois covering with cyclic group Z/dZ. This geometric property establishes a
new link between Togliatti systems and invariant theory. Precisely in [4] and [6],
the authors apply invariant theory techniques to investigate both GT-systems
and their images X4 = oy, (P"), the so-called GT-varieties. These varieties are
actually monomial projections of the Veronese variety vq4(P™) C P(njd)_l of P™
from the linear space (Igl) generated by the Macaulay’s inverse system of I;.
Interest in these varieties relies on the following two problems. The first one is
to determine whether Xy is an arithmetically Cohen-Macaulay (in short a CM)
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monomial projection of v4(P™). This contributes to the longstanding problem,
posed by Grébner in [8], to determine when a projection of v4(P™) is a CM.
The second one is the classical problem of finding a minimal free resolution
of the homogeneous ideal of a projective variety. In this note, we extend the
notion of GT-systems and GT-varieties, as presented in [4], to the action of any
finite group, including non abelian ones. This sheds new light on the study of
non-monomial Togliatti systems. In this work, we focus on the dihedral group
action on k[xg,z1,22]. We show that the invariant theory point of view used
in [4] provides enough techniques to study the GT-system I54 associated to the
dihedral group and to tackle the geometry of the GT-surfaces Sp,, defined by
the GT-system Ioq4.

More precisely, we fix integers 3 < d, 0 < a < ¢ with ged(d,a) = 1 and € a

2
2dth primitive root of 1. We set e = £2 and let

pa : Dag — GL(3, k)

be the linear representation of Dyg = (7,n|7? = n? = (y7)? = 1), the dihedral
group of order 2d, defined by

1 0 0 1 0 0
pa(T) = Mgaa—a= 10 e* 0 and p,(n)=c=1[0 0 1
0 0 ed@ 01 0

Since ged(a,d) = 1, the finite cyclic group (p, (7)) of order d coincides with
(Mg1,a-1) C GL(3, k). We set Caq the finite cyclic group of order 2d generated
by £1Id and let Dog = Dag x Caq C GL(3, k) be the cyclic extension of Dyy. We
denote by Io4 the ideal generated by all forms of degree 2d which are invariants
of Dyg. Our main goal is to relate the ideal I»4 to the ring RP2¢ of invariants
of Dyg4. Using the structure of the ring RP24 we determine a minimal set of ad
generators of Isg4, formed by monomials and binomials, and we prove that it is a
minimal set of generators of RP2a_ This allows us to establish that the ideal Iog
is a GT-system with group Ds4, once proved in Lemma 4.1 that puog < 2d + 1
(see Theorem 2.1). As a consequence, we obtain that RP2¢ is the coordinate
ring of the surface Sp,, = ¢r,, (P?) associated to the GT-system Is4. Through
this connection, we prove that Sp,, is a CM and we compute a minimal free
resolution of RP2¢. In particular, we show that its homogeneous ideal I(Sp,,) is
minimally generated by quadrics and we determine a minimal set of generators.
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Let us explain how this note is organized. We begin establishing in Section 2
all the preliminary results and definitions needed in the sequel. In particular,
we define the extended notion of GT-system with respect to any finite group
acting on k[zo,...,x,]. Section 3 is devoted to finding a set of fundamental
invariants of Dyg. We prove that RP2¢ is minimally generated by monomials
and homogeneous binomials of degree 2d, which we completely determine (see
Theorem 3.7) using the structure of the ring RP2¢. We compute the Hilbert
function, series and polynomial of R”2¢ and we establish that RP2¢ is a level
algebra with Castelnuovo-Mumford regularity three. In Section 4, we intro-
duce a new family of non-monomial Togliatti systems that we call GT-systems
with group Dsg and we study their associated varieties; we call them GT-
surfaces with group Dyg. We identify the coordinate ring of any GT-surface
with group Doy with the ring RP2¢. This allows us to translate geometrically
the results obtained in Section 3. We show that any GT-surface with group Dag
is a CM. In addition, the information from the Hilbert series and the regularity
allow us to compute a minimal free resolution of the homogeneous ideal I(Sp,,)
of any GT-surface Sp,, with group Dyg (see Theorem 4.6). In particular, we
show that I(Sp,,) is minimally generated by quadrics. Right after, we focus on
determining a minimal set of generators.

NoOTATION. Through this note k& denotes an algebraically closed field of char-
acteristic zero and GL(n, k) denotes the group of invertible n x n matrices with
coefficients in k.

ACKNOWLEDGMENT. The authors are very grateful to the anonymous referee of
an earlier version of this work for providing insightful comments and directions
which have substantially improved this paper.

2. Preliminaries

In this section, we collect the main concepts and tools we use in the body of
this note. First, we relate the weak Lefschetz property of artinian ideals with
varieties satisfying a Laplace equation and we recall the notion of a Togliatti
system introduced in [13]. Secondly, we see that quotient varieties by finite
groups are Galois coverings and we extend the notion of GT-system from [12]
to any finite group G. Finally, we review some basic facts on the theory of
invariants of finite groups needed in the sequel.
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WEAK LEFSCHETZ PROPERTY. Set R = k[xo,...,Z,] the polynomial ring and
let I C R be a homogeneous artinian ideal. We say that I has the weak
Lefschetz property (WLP) if there is a linear form L € (R/I); such that,
for all integers j, the multiplication map

xL: (R/I)j_1 — (R/I);

has maximal rank, i.e., it is injective or surjective. In [13] Mezzetti, Miré-Roig
and Ottaviani proved that the failure of the WLP is related to the existence of
varieties satisfying at least one Laplace equation of order greater than 2. More
precisely, they proved:

THEOREM 2.1: Let I C R be an artinian ideal generated by r forms Fy, ..., F,
of degree d and let I~ be its Macaulay inverse system. If r < (":ﬁ;l), then

the following conditions are equivalent:

(i) I fails the WLP in degree d — 1;
(ii) Fi,...,F,. become k-linearly dependent on a general hyperplane H
of P";
(iii) the n-dimensional variety X = Im(yp) where @: P --» p("aY) -1 js
the rational map associated to (I71)4, satisfying at least one Laplace
equation of order d — 1.

Proof. See [13, Theorem 3.2].

In view of this result, a Togliatti system is defined as an artinian ideal
I C R generated by r < (":i;l) forms of degree d which fails the WLP in
degree d — 1. This name is in honor of Togliatti who proved that the only
smooth Togliatti system of cubics is

I = (x%,x?,x%,xoxlxg) C klzo, x1, 2]

(see [3], [22] and [23]). The systematic study of Togliatti systems was initiated
in [13] and for recent results the reader can see [11], [14], [1], [15], [12], [4]
and [5]. In this paper, we will restrict our attention to a particular case of
Togliatti systems, the so-called GT-systems which we are going to introduce

now.

GALOIS COVERINGS AND GT-SYSTEMS. Let us recall the notion of a Galois cov-
ering. A covering of a variety X consists of a variety Y and a finite morphism
f:Y — X. The group of deck transformation G := Aut(f) is defined to be
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the group of automorphisms of Y commuting with f. We say that f:Y — X
is a covering with group Aut(f). If the fibre of a covering f : Y — X over a
general point consists of d points we say that f is a covering of degree d.

Definition 2.2: A covering f : Y — X of a variety X is a Galois covering if the
group Aut(f) acts transitively on the fibre f~1(x) for some z € X, and hence
for all x € X. We say that f : Y — X is a Galois covering with group Aut(f).

Quotient varieties by finite groups of automorphisms work particularly well
with respect to Galois coverings.

PROPOSITION 2.3: Let X be a projective variety and G C Aut(X) be a finite
group. If the quotient variety X/G exists, then 7 : X — X/G is a Galois
covering.

Proof. See [4, Proposition 2.3].

For further details on quotient varieties see, for instance, [16]. In [12] and [4],
the authors studied a particular class of Togliatti systems arising from actions
of the cyclic group over R. In particular, let d > 3 and 1 <a<b<d-1
be integers such that ged(a,b,d) = 1. We denote by My, the matrix
diag(1, e?, e?) C GL(3, k), where e is a dth root of 1. Then, let p, ,: Cq— GL(3, k)
be the representation of Cy = (7|7% = 1), the cyclic group of order d, given by
Pab(T) = Mg.qp C GL(3, k). With this notation, they proved:

PROPOSITION 2.4: Let Iy C k[xg, 21, x2] be the ideal generated by all forms of
degree d which are invariants of p, ,(Cq). Let u(I4) denote the minimal number
of generators of I;. If u(I4) < d+ 1, then I is a Togliatti system. Moreover,
the associated morphism ¢y, : P? — PrU4)=1 is a Galois covering with cyclic
group Z/dZ.

Proof. See [4, Corollary 3.5].
The above result motivates the following definition.

Definition 2.5: Let G be a finite group. We say that a Togliatti system
I=(F,...,F,) C Ris a GT-system with group G if the associated mor-
phism 7 : P* — P"~! is a Galois covering with group G.

The study of the GT-systems with cyclic group Z/dZ is presented in [4], [5],
[6] and [12]. In all these papers, the group G is abelian and the GT-system is
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monomial. In this note we study GT-systems with non-abelian finite group G,
more precisely with G the dihedral group, and we get the first examples of a
non-monomial GT-system.

INVARIANT THEORY OF FINITE GROUPS. A finite group of automorphisms of
the affine space A"T! can be regarded as a finite group G C GL(n+1, k) acting
on the polynomial ring R. Let us denote by

RY ={feR|g(f)= [ VgeG}

the ring of invariants of G. The ring R® inherits the natural grading of R, that
is R¢ = ®t20 RY, where RS := R, N RY. We have the following result.

LEMMA 2.6: Fixt > 1 and let G C GL(n+ 1, k) be a finite linear group acting
on R. Then
dimy, RS = |(1;| > trace(g"))
geG

where g*) is the linear map induced by the action of g on R;.
Proof. See [20, Lemma 2.2.2].

Geometrically, R is the coordinate ring of the quotient variety of A"*!
by G. To be more precise, let {f1,..., ft} be a minimal set of generators of the
algebra RY, often called a set of fundamental invariants, and let k[w, .. ., wy]
be the polynomial ring in the new variables wi,...,ws;. Then, the quotient
variety of A"*! by G is given by the morphism 7 : A"t — 7(A"+1) C A? such
that 7(ao,...,an) = (filao,...,an),-.., fi(ao,-..,a,)). The ideal I(w(A"T1))
of the quotient variety is called the ideal of syzygies among the invariants
fis- -+, ft; it is the kernel of the homomorphism from R to k[ws, ..., w;| defined
by w; — fi, i =1,...,t. We denote it by syz(fi1,..., fi). We have:

PROPOSITION 2.7: Let G C GL(n + 1,k) be a finite group acting on A™*!.
Let f1,..., f: be a set of fundamental invariants and let w : A" — A! be the
induced morphism. Then,

(i) w(@A"*Y) is the affine quotient variety by G with affine coordinate ring RC.

(i) RY = k[wy,...,wi/syz(fi,--., ft)-
(iii) 7 is a Galois covering of w(A"*1) with group G. The cardinality of a
general orbit G(a), a € A" is called the degree of the covering.

Proof. See [19, Section 6] and Proposition 2.3.
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If we can find a homogeneous set of fundamental invariants { f1,..., f:} such
that 7 : P® — P! is a morphism, then the projective version of Proposition 2.7

is true.

3. The algebra of invariants of the dihedral group

Throughout this section, we study the action of the dihedral group on the poly-
nomial ring R = k[xo, z1,22]. We fix integers 3<d, 0<a< g with ged(d,a) =1
and € a 2dth primitive root of 1. We set e = 2 and let p, : Dag — GL(3, k)
be the linear representation of Dag = (,¢|7% = 7% = (7)? = 1), the dihedral
group of order 2d, defined by (see [17])

1 0 0 1 0 0
pa(T) = Mgga—a= 10 e* 0 and p,(n)=c=1[0 0 1
0 0 ed@ 01 0

It is the direct sum of the trivial representation in GL(1,%k) and a faithful
representation in GL(2,k) of Dag. Therefore, the ring RP2¢ of invariants is
generated by the three algebraically independent invariants xo, z;x2 and x¢ +3
of Dayq (see [18] and [19]). Thus

RP2e — klzo, 122, 17‘11 + fcg] = B>l N RP2

is a non-standard graded polynomial ring.
Since ged(a, d) = 1, the finite cyclic group {(p, (7)) of order d coincides with

I':= <Md;1,d—1> C GL(3,/€).

We set Caq the finite cyclic group of order 2d generated by € Id and we define
I’ € GL(3, k) to be the cyclic extension of T, i.e. I' =T x Cay. Similarly, let

Doy = Doy x ng C GL(3, k)

be the cyclic extension of Doy. We see the ring of invariants RP2¢ of Dy, as a
k-graded subalgebra of R and RP2¢ as follows:
Rt = (O RP*,  where RP** := R}?2 = Ryqr N RV
>0
We relate RP2¢ to the ring R studied in [4] and this connection allows to com-

pute the Hilbert function, Hilbert polynomial and Hilbert series of R”2¢. We also
provide a complete description of a homogeneous k-basis for each RtD 2 ¢>1.
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Our main result shows that the graded k-algebra RP2¢ is generated in degree 1.

Let us begin with the following remarks.

Remark 3.1: The action of ¢ on a monomial x°z7* 252 is given by zg°z{?z5".

Therefore, the action of <M¢li;1,d—10> C GL(3,k) is the same as the action of
(diag(1,e71,e)!) € GL(3,k) for any 0 <1 <d — 1.

Remark 3.2: (i) If a monomial of degree 2dt is an invariant of I, it is also
an invariant of (diag(1,e?"1,e)) C GL(3,k). Actually, a monomial

xg°x]'x5? of degree 2dt is an invariant of I' if and only if there exists

r € {0,...,2t(d — 1)} such that (ao,a1,az) € Z%, is a solution of the
integer system
ap + a1 + ax = 2dt,
a1 + (d — 1)ag = rd.
Now
0<(d—1)a; + a2 =da; — (a1 — ag) =d(a1 + a2) — rd

is also a multiple of d. Hence (ag, a1, az2) is also a solution of the system

a0+a1+a2 = 2dt
(d—1Da1 4+ a2 = (a1 + a2 —r)d
which implies that z§°z{'z4? is an invariant of (diag(1, e, e)).
(ii) Any monomial of degree 2dt of the form a:gdt_zalx‘flxgl, a1 =0,...,td,
is an invariant of I'. There are exactly td + 1 monomials of degree td of
such a form.

Next, we compute the Hilbert function HF (RP2¢,t) of RP2e. Fix ¢t > 1.
Since HF(RP24 ) is equal to the Hilbert function HF(RP2¢ 2dt) of RP24, by
Lemma 2.6 we have

1 1
HF(RP2 t) = 9d Z trace(g(zdt)) = 9y trace ( Z g(2dt)),
g€p(D2a) g€p(Daa)

where g(zdt) is the restriction of g to Rag:. We choose the set of all monomials

of degree 2dt as a basis B of Rag:, namely B = {m1,...,my}, where
2dt + 2
N = dlmk Rgdt = ( 2+ )
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ProposiTION 3.3: With the above notation,
2dt? + (d + ged(d, 2) + 2)t + 2
5 .
Proof. Let m; be a monomial in B of degree 2dt. We denote by M the matrix

Z g(2dt)

9€p(D2a)

HF(RP2,t) =

which represents the linear map

in the above basis. We distinguish two cases.

CASE 1: m; € RY. Then by Remark 3.2,

2d if o(m;) = my,

M) =
0 d if o(m;) #m;.

CASE 2: m; ¢ RY. If ¢ is a dth root of unity, we have the equality
I+&+- 4+ =0,
This, in addition to Remark 3.2, gives M; ;y = 0.

Let p$, be the number of monomials of degree 2dt in RT. Thus, we have
obtained that
(2d) HF (RP24 ) = d(uSy, + td + 1).
By [4, Theorem 4.5], S, is equal to the Hilbert function HF(RT,2t) of the
ring R" in degree 2t. By [4, Theorem 4.11]

Usge = 2dt* + 2t + ged(2, d)t + 1,
which completes the proof.

From the above result, we directly obtain the Hilbert polynomial HP(RP24, t)
and the Hilbert series HS(RP2¢, 2) of the ring RDP24.

ProrosiTioN 3.4: With the above notation, the Hilbert polynomial and the
Hilbert series of RP2¢ are given by the following expressions:

(i) HP(RP24,t) = 1 (2dt* + (d + ged(d, 2) + 2)t + 2),
(i) HS(RP20,2) = () 1)y (75510222 4 HEGEDT22 4 1),
Next, we use the relation between the two rings R”2¢ and R' to determine a

k-basis of any vector space RtD“, t > 1, and to find a k-algebra basis of RP2¢,
Fix ¢ > 1 and consider RtDQd.
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PROPOSITION 3.5: A k-basis Bogs of the vector space RtD“ is formed by:
(i) the set of td + 1 monomial invariants

2dt _ 2dt—2 2dt—4,2 2 td, td
x5, Ty T1T2, L] T1Ty, ..., T Ty

of T' of degree 2dt; and
(ii) the set of all binomials x°x{* x5 + xg°x]2x5" of degree 2dt such that
a1 # ay and x§°z{ w3 € RV,
Proof. By Remark 3.2(i), there are exactly 3 (u$;, —td—1) binomials of the form
zix{tad? + 20?28 € RY of degree 2dt with a; # as. Since the forms in (i)
and (ii) are k-linearly independent, the result follows from Proposition 3.3.

We illustrate the above result with a couple of examples.

Example 3.6: (i) For d =3 and Djy.3 = (M3.1 2,0), we have:

6 3.3 3.3 4 6, .6 4 4 2 2.2 33
Bo.g = {xg, xpxy + xqxy, Tox 12, T + T, ToX T + ToX1X5, TGLTTS, T7T5

HF(RP23 1) = 1.

12 9,3 9.3 .10 6,.6 6,6 .74 7 4
Bis = {:170 , LX) + LTy, Ty T1X2, LTy + ToTs, TaXiL2 + TL1Ts,

8,22 .39 3.9 4.7 4 7 ,.5,..5,..2 525 .63 3
ToTiT, Tox] + XLy, ToL T2 + TnX1Xs, ToL Ty + Lo Ty, Lo Ly,

12 12 10 10 ,.2,.8.2 2,28 36,3 3,.3,.6
1T+ X537, Xox] X2 + XX 1Ty, TuXTI Ly + TL Ty, Tl Ty + LT Ly,

4.4 .4 .93 3,.9 7,4 4.7 .2.5.5 6.6
ToL{Ty, TITH + TTTy, LT Ty + TL] Ty, LT Ty, x1x2},

HF(RP22,2) = 19.
(ii) For d =4 and Dy.4 = (My,1 3,0), we have:

8 4.4 4.4 6 8 8 2,5 2 5
Boy = {:co, ToTi + Tk, Tpx1T2, T + Ty, TTix2 + XL T,

422 6.2, 2.6 .23 3 4 4
TT] Ty, TTy + T To, TETTTY, T1To ),

HF(RP24,1) = 9.

16 12, 4 12,4 14 8. 8 8.8 10,5 10 5
By = {xo , X Ty + Ty "Xy, Xy T1X2, Xgx] + XXy, Ty X1X2 + Xy T1T5,

12,22 4 12 4,12 6.9 6 9 .8.6.2 8.2 6 .10..3.3
T T{X3, Tox1” + X", XTI X2 + TaT1T3, XLiX5 + ToXITs, Ty LT,

16 16 2,13 2 13 4,102 4.2.10 ..6..7.3 6,37
Ty Xy, Tux" X2 + TuX1Ty”, Lo X5 + TaXITy , LT Ty + XL Ty,
8,4 4 14,2 2, 14 2,113 2.3 .11 4.8 4 4,48 . 6.5.5
TOT1Tg, Ty Ty + T1To , Ty T + TXI Ty , TT1 Ty + ToT1Ta, ToT1 Ty,

12 4 4,12 2.9 5 2.5.9 4,66 10,6 6,10 ,2.7,7 .8 8
17Ty + T1TT, TX Ty + T Ty, LT Ta, T Ty + 1Ty ’x0w1x2’w1x2}’

HF (RP24,2) = 25.
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The next goal is to prove that Bog is a set of fundamental invariants of Dog.
To achieve it, we use the natural structure of RP2¢ as a subring of RP2¢. We
set Yo =20, y1 = 2172 and ya = 2¢+23, as we have seen that RP2¢ = K[y, y1, yo]
with deg(yo) = 1, deg(y1) = 2 and deg(y2) = d. With this notation, for any
t > 1 we have that RtD 24 = klyo, Y1, Y2]2ta is the k-vector space with monomial
basis

Ath = {yg"ylfl ygz | b() + 2b1 + dbz = Qtd}

In particular, for ¢ = 1 we have the change of basis p : k[yo, y1,y2]2d — Rf)”

) yooytybe s aloahiabt (xd + xd)b2 i 0 < by <1,

Y2 (220 + 229) + 22924,

THEOREM 3.7: Byg is a set of fundamental invariants of Doyg.

Proof. We see that for any ¢ > 2, any monomial yg" ylflyg2 € Agg; is divisible by

a monomial of Asy. Then by induction, it follows that Asg is a set of generators
of RP2¢ ¢ RP2a. Using (1), we obtain that Bag is a minimal set of generators
of RPza,

Let m = ygoyll’lygz € Aoy be a monomial of degree b+ 2b1 +dbs = 2dt, t > 2.
On one hand, we may suppose that by < 2d, b1 < d and by < 2. Otherwise, y%d,
y¢ or y2 divide m and the result follows. On the other hand, if by = 0, by < 2d
and by < d, then we have deg(m) = 2d and ¢ = 1. Therefore it only remains
to prove the case by < 2d, by < d and by = 1 with by + 2b; + d = 4d. Since
bo + 2b; = 3d and by < d, this implies that by > d and then ygyg € Ayy divides

m, as required.

As a consequence, RP2¢ C R is a graded k-algebra generated in degree 1
and p induces an isomorphism of graded k-algebras p : k[A2q4] — k[B2g4]. The
following example illustrates Theorem 3.7.

Example 3.8: We express the invariants of By.3 in terms of Bag (see Example
3.6(i)). We have
Az.s = {yS, ydy2, yoyr. v3, Yoyrv2, w3y, Ui},
Ass = {00, 16 U1 YoUT: YU Yoyt YayT - UL s Yoy YOy Y2 YoUT Y2: Yoyt 2,
YoU Y2, YOUs Yo LY YoUT s YSs, Yo s Yoy1 s, ys }-
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Expressing all monomials of A4.3 as products of monomials of A5.3 and applying
(1) we obtain the following factorizations:

wg” = (25)(2f)
r5lzimy = (25)(xg2122)
woriat = (x6)(zgria3)
woriay = (25)(2]23)
woriay = (ga12)(2iz3)
whriay = (agaied) (i)
wiay = (2723)
ot + wpws = wh(woa’ + x5a3)

6.6 6.6 _
Tor) + Ty = xo(2] + 27)
74 74 _ 4 3.3 .33
x{xiTe + BYT1TH = ToT1T2(THTT + THTS)

4,7 4,7 _ 4 6 .6
ToTi T2 + ToxT12q = Tor1x2(x] + Tg)

552, 525_ 2232/,33, 33
ToT Ty + TpT Ty = TXT TR (THT] + THTH)

282, 2. 28_ .2232/.6,. 6
THT T + T Ty = 1w (T] + T3)

3.6.3, .3.3.6_ .3.3/.3.3, .33
THT T + TpA Ty = Ty (TpTY + THTH)
9.3 ,.3.9_ 33,6 ,.6
Ty + 2Ty = X175 (2] + T3)

4 4 4 4
roxlxy + roxial = adxd (voxiey + rox7y)

(2 + 25) (w51 + aow3) — viwy(wgat + 2523)

3.9, 3.9

Tox] + ToT

0%1 T ToTy
12,12 _ (6 | 6\2 3,312
T” +ay” = (2] +2y)”" — 2(2ia))

zo21wa + 2oz173° = (ToT T2 + ToT125) (28 + 28) — X323 (wo2iT2 + TOT12F).

Notice that these decompositions are not unique, for instance z§z3x3 can also

be factored as (zgz112)%.

We end this section with a corollary regarding the Cohen-Macaulayness
of RPz2a,

COROLLARY 3.9: (i) RP2¢ is a Cohen-Macaulay level algebra with Cohen—
Macaulay type ;(d — ged(d, 2)) and Castelnuovo-Mumford regularity 3.
(ii) RP24 is Gorenstein if and only if d = 3 or 4.
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Proof. Since RP2¢ is the ring of invariants by the action of the linear finite
group Ds4 on R, it is Cohen—Macaulay (see [10, Proposition 12]). The other
results follow from that and Proposition 3.4.

4. Togliatti systems associated to the dihedral group

In this section, we describe Togliatti systems 54 associated to Doy and we study
the geometry of their associated varieties. As far as we know, the GT-systems
described in previous works were all monomial and it is worthwhile to point
out that Isy is the first large class of non-monomial GT-systems. Namely, we
prove that the ideal generated by the set of fundamental invariants Bay (see
Proposition 3.5 and Theorem 3.7) of Do, is a GT-system with group Dag. We
connect the ring RP2 to the coordinate ring of the associated varieties of these
GT-systems.
Let Izq C R be the homogeneous ideal generated by Byg and we set

pioq := HF (RP2¢ 1),

We denote by ¢r,, : P2 — P#2¢=1 the morphism induced by Iz4. Our first goal
is to show that Is4 is a non-monomial GT-system with group Dsg. We set

SDZd =Py (Pz)

and call it a GT-surface with group Dsg. The ring of invariants RP2 is
then the coordinate ring of Sp,, (see Proposition 2.7 and Theorem 3.7). We
study the homogeneous ideal I(Sp,,) of Sp,,, which is the prime ideal syz(B2q)
of syzygies among Bag. We compute a minimal free resolution of I(Sp,,) and,
as a consequence, we prove that I(Sp,,) is minimally generated by quadrics.

LEMMA 4.1: For alld > 3,
od < 2d+ 1.
Proof. From Proposition 3.3,

2d +d+ 2+ ged(d, 2) + 2 < 3d+6

Had = 9 = 9 )

which is smaller than or equal to 2d + 1 for all d > 3.
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PROPOSITION 4.2: The ideal Isg4 is a GT-system with group Dag.

Proof. First, notice that I5; is an artinian non-monomial ideal. Precisely,
238, 224 + 2% and 2¢xd form a homogeneous system of parameters of RD2d.
And secondly, since Bag is a set of fundamental invariants of Dag (see Theorem
3.7), by Proposition 2.7 it follows that ¢r,, is a Galois covering with group Dag.
Now, by Lemma 4.1, Is4 is generated by uoq < 2d + 1 homogeneous forms of
degree 2d. Hence, by Theorem 2.1 it only remains to see that it fails the weak
Lefschetz property from degree 2d — 1 to 2d. Let L € (R/I24)1 be a linear form,
and let us consider
Foy g = H g(L).

gE€D24
g#ld

By construction, for any element g € Doy we have that
9(LFsq—1) = LF3q_;.
Thus LF5,_1 is an invariant of Dyg4 and the result follows from Theorem 3.7.

In the rest of this section, we deal with the geometry of Sp,,. Let us begin
with some properties which follow directly from the results we obtained in
Section 3.

PRrROPOSITION 4.3: Sp,, Is an arithmetically Cohen-Macaulay surface of degree
deg(Sp,,) = 2d, regularity 3, codimension }(3d + ged(d,2) — 2) and Cohen-
Macaulay type }(d —ged(d,2)). In particular, Sp,, is Gorenstein if and only if
d=3,4.

Proof. See Corollary 3.9.

Our next goal is to determine a minimal free resolution of I(Sp,,). In partic-
ular, we obtain that I(Sp,,) is generated by quadrics. Let us begin introducing
some new notation.

We set

—2)d
Wy = {w(nv) |0 <r<2(d-1) and max{(), {(Td 2) —‘} << 7’},
a set of variables ordered lexicographically. As we will see explicitly in No-
tation 4.5, each pair (r,7) as in Wy uniquely determines the exponents of an
element in By (see Remark 3.2 and Proposition 3.5). Hence, the cardinality
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of Wy is
d + ged(2,d)

fod = d+ 2+ 9 .

We exhibit a few examples.
Example 4.4: (i) For d = 3,
Bas = {af, xjat + aial, xia1me, ¥ + 2f, woates + wowiay, afaiad, aiwd}
and
Wa = {w(0,0y, W(1,0), W(1,1)> W(2,0), W(2,1)> W(2,2), W(3,3) } -
(ii) For d =4,

8 4.4, 44 6 8 , .8 2.5 2 5 4.2 2
Ba.4 = {xg, xyw] + Tox7, TeT1 T2, T] + T, ToTT2 + THT1TY, TeX T,

i3 +aiad, afeie, aies}
and
Wy = {w(o,o), W(1,0), W(1,1), W(2,0), W(2,1), W(2,2), W(3,2), W(3,3)s w(4,4)}-
(iii) For d =5,
Bo.s = {xz‘)o, xgac‘;’ + :vgxg, x%xlxg, x%o + x%o, x%x?xg + x%xlxg, :ng%xg,
xoxzx% + xox%xg, x%x?x%, x%x%x%, x?wg}

and

Wy = {w(0,0)a W(1,0), W(1,1), W(2,0), W(2,1), W(2,2), W(3,2), W(3,3), W(4,4)» w(5,5)}-
Notation 4.5: We denote by

S = k[w(m)]wr,v)ewd

the polynomial ring. The homogeneous ideal I(Sp,,) is the kernel of the ring
homomorphism ¢4 : S — k[Bsg] defined as follows:

Pa(W(r,y))
B x?)dfhz’f:r’g =M y) ifr=nr.
x827r)d+(d72)7(x;‘d*(dfl)'}/x’g + x’lyx;d*(dfl)’Y) —- m(r,'y) -|—m(7‘7,y) otherwise.

The information from the Hilbert function of Sp,, and the regularity allows

us to determine a minimal free resolution of Sp,,. Set

d d(d,2) — 2
C:zcodilrn(SDZd):3 +g62(, ) :
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and
d—ged(d,2) — 2
2
THEOREM 4.6: With the above notation, I(Sp,,) has a minimal freeS-resolution

h:=deg(Sp,,) —C —2=

0— SPo2(—C—2) —» @ S (-C+1-1) = P SPo»(-C+2-1)
1=1,2 1=1,2
== @ St (=C+ h—1) = SPer (=C + h)
1=1,2
— e §P1(=2) —» S — S/I(Saq) — 0

where
iG5) +(C—i=m(E) F1<i<C—h-1j=i+1,
YT - o+ b 1)(©) ifC—-—h<i<C,j=i+2.
0 otherwise.

Proof. For d = 3,4 we compute explicitly the resolutions of Sp,, and Sp,, in
Example 4.8(i),(ii). For all d > 5 we check that C' + 3 < 2d < 2C' and then we
apply [24, Corollary 3.4(ii)]. Clearly 2d < 3d + ged(d,2) — 2 for all d > 3. On
the other hand,

3d + gcd2(d, 2) +4 oy

if and only if 3d + ged(d, 2) + 4 < 4d if and only if ged(d,2) +4 < d. The last
inequality holds for all d > 5.

C+3=

COROLLARY 4.7: I(Sp,,) is minimally generated by

9d* +2d + 8
8
quadrics if d is even and by
9d% — 4d + 3
8
quadrics if d is odd.

Let us illustrate Theorem 4.6 with some examples, which we compute using
the software Macaulay2 ([7]).
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Example 4.8: For d = 3, Sp,, has codimension C' = 4 and degree
deg(Sp,,) = 6, so h = 0. A minimal free resolution of I(Sp,.,) over

S = k[w(h’Y)]w(nw)GWS is
0— S(—6) — S%(—4) — S*%(=3) —» S(-2)" = S — S/I(Sp,.,) — 0.
For d=4, Sp,, has codimension C' =6 and degree deg(Sp,,) =8, so h=0.
A minimal free resolution of I(Sp,,) over S=Fk[w(, y)lw,. ,ew, is
0— S(—8) = 529(—6) — S%(—5) — §9(—4)
— §%4(=3) = §*°(-2) = § — S/I(Sp,.,) = 0.

For d = 5, Sp,, has codimension C' = 7 and degree deg(Sp,,) = 10,
so we have h = 1 and a minimal free resolution of I(Sp,.) over

S = k[w(r ) |w. ., ews 1
0 — S%(—9) —» S7(=8)@S%(=7) — S™(—6) — S5 (—5) — S198(—4)
— §%8(=3) — 5%6(—2) = S — S/I(Sp, ) — 0.
Our next aim is to describe a minimal set of generators of I(Sp,,). We define

a new set of indeterminates z(, ), we set S" = k[z(, )] and we consider the
linear change of variables induced by p (see (1)):

@) Z(ryy) = W(ry)s if () # w(2,0),

2(2,0) = W(2,0) T 2W(d,d),

which gives an isomorphism p : k[z(,,)] — S of polynomial rings. We have the

following commutative diagram:

gt k[ Azd]

where
Ya(2ry) = P (Pa(Wirm))
if Z(ryy) 7& 2(2,0) (See (1)) and

Ya(22,0) = Y3
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In particular, ¢4 sends bijectively the variables z(, ) to the monomials of

Asg = {ySy y5 | bo + 2b1 + dby = 2d}

by the formula tq(2(,~)) = yg(27T)+(d72)7y¥y;_7. We obtain the following
result.
THEOREM 4.9: (i) ker(¢q) is a binomial ideal of S’ minimally generated

by quadrics.
(ii) I(Sp,,) = p(ker(¢q)), and a minimal set of generators of 1(Sp,,) con-
sists of the following sets of binomials and trinomials:

{w(Tlﬂl)w(T%’h) — W(rsg,v3)W(ry,va) | (Ti77i> 7é (27 O)a r1+re =13+ Ty,

Y1+ Y2 = Y3+ Yal,

{(w(2,0) + 2W(A,d)) Wirs 1) = Wira,a) Wirs ) | (T3571) # (2,0),
M+2=ro4+1r3,7 =7 + 3}

Proof. (i) ker(v4) is generated by the set of binomials of the form

! l
HZ("‘J'w'in) - Hz(rmiﬁmi)’ l Z 2,
=1 i=1

such that
l l
11 ¢aCzers, m00) = T ¢aCer, )
=1 =1

(see [9, Theorem 1]). From this and Corollary 4.7, it follows that ker(wg) is
minimally generated by binomials of degree 2. Precisely, since we have

d(2—r)+(d—2 -
Va(2r) = Yoo T r
these binomials are

(3)  {2071) Z(ra2) = Z(ravya) Zraya) | 71+ 12 = T3+ 74, Y1+ 92 = 73 + )

(ii) Since p and p are isomorphisms of k-algebras, from the above commutative
diagram we have that I(Sp,,) = p(ker(¢pq)). Applying p to (3), we obtain the
description of the minimal set of generators in (ii).

We end this note with an example.
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Example 4.10: Fix d = 4. We compute the homogeneous ideal I(Sp,,) using

the software Macaulay2. It is minimally generated by the 15 binomials and 5

trinomials of degree 2 that we list below.

(1]

2]

(3]

W(0,0)W(2,2) — w(21,1)

W(0,0)W(3,3) — W(1,1)W(2,2)
W(0,0)W(3,2) — W(1,0)W(2,2)
W(0,0)W(2,1) — W(1,0)W(1,1)

W(0,0)W(4,4) — W(1,1)W(3,3)

W(,0)Ws,3) — Wa,1)Wes,2)
W(1,0)W(3,3) — W(2,1)W(2,2)
W(1,0)W(4,4) — W(2,1)W(3,3)
W(1,0)W(a,4) =~ W(2,2)W(3,2)

W(1,1)W4,4) — W(2,2)W(3,3)

W(0,0)W(4,4) — w(2272) W(2,1)W(4,4) — W(3,2)W(3,3)

W(1,0)W(2,2) — W(1,1)W(2,1) W(2,2)W(4.4) — W3 3)

W10 W(3,2) — W)

Wi 0) = W(0,0W(2,0) ~ 2W(0,0)W(4,1)
W(1,0)W(2,1) ~ W(1,1)W(2,0) ~ 2W(1,1)W(4,4)
W(1,0)W(3,2) — W(2,0)W(2,2) — 2W(2,2)W(4,4)
W(2,1)W(3,2) ~ W(2,0)W(3,3) ~ 2W(3,3)W(4,4)

w(23,2) — W(2,0)W(4,4) — 2w%474)
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