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Abstract. We consider the inverse boundary value problem of determining the potential ¢ in the equation Au + qu = 0 in
Q C R”, from local Cauchy data. A result of global Lipschitz stability is obtained in dimension n > 3 for potentials that are
piecewise linear on a given partition of €2. No sign, nor spectrum condition on ¢ is assumed, hence our treatment encompasses
the reduced wave equation Au + k%c~2u = 0 at fixed frequency k.
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1. Introduction

The purpose of this paper is to achieve good stability estimates in the determination of the coefficient
q= %2 (c = wavespeed) in the Helmholtz type equation

Au+k*qu =0 (1.1)

in a domain €2, when all possible Cauchy data u|yx, g—“j |s are known on an open portion X of 92, at a
single given frequency k. In view of the well-known exponential ill-posedness of this problem [31] we
shall introduce the rather strong a-priori assumption on the unknown coefficient g of being piecewise
linear. The precise formulation will be given later on in Section 2. Uniqueness of the inverse boundary
value problem associated with the Helmholtz equation in dimension n > 3 was established by Sylvester
and Uhlmann [41] assuming that the wavespeed is a bounded measurable function.

The inverse boundary value problem associated with the Helmholtz equation has been extensively
studied from an optimization point of view primarily using computational experiments. In reflection
seismology, iterative methods for this inverse boundary value problem have been collectively referred to
as full waveform inversion (FWI). (The term ‘full waveform inversion’ was supposedly introduced by
Pan, Phinney and Odom in [34] with reference to the use of full seismograms information.) Lailly [25]
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and Tarantola [43,44] introduced the formulation of the seismic inverse problem as a local optimization
problem using a misfit functional. The misfit functional was originally based on a least-squares criterion,
but it needs to be carefully designed to fit the analysis of the inverse boundary value problem on the one
hand — possibly, using Hilbert—Schmidt operators as the data — and match actual data acquisition on the
other hand. Furthermore, we mention the original work of Bamberger, Chavent & Lailly [8,9] in the
one-dimensional case. Initial computational experiments in the two-dimensional case were carried out
by Gauthier [21].

The time-harmonic formulation was initially promoted by Pratt and his collaborators [35,37]; he also
emphasized the importance of available wide-angle reflection data in [36]. In this line of research, we
mention the more recent work of Ben-Hadj-Ali, Operto and Virieux [11].

A key question, namely, that of convergence of such iterative schemes in concert with a well-
understood regularization, was left open for almost three decades. It appears that Lipschitz stability
estimates and conditional Lipschitz stability estimates provide a platform for convergence analyses of
the Landweber iteration [18] and projected steepest descent method [19], respectively, with natural ex-
tensions to Newton-type methods.

As mentioned above, the exponential character of instability of the inverse boundary value problem
associated with the Helmholtz equation cannot be avoided. However, conditional Lipschitz stability es-
timates can be obtained: Including discontinuities in the coefficient, Beretta, De Hoop and Qiu [12]
showed that such an estimate holds if the unknown coefficient is a piecewise constant function with a
known underlying domain partition. Beretta, De Hoop, Qiu and Scherzer [13] also give a quantitative es-
timate for the stability constant revealing the precise exponential growth with the number of subdomains
in the partition. We generalize the conditional Lipschitz stability estimate to piecewise linear functions.
Moreover, we use Cauchy data rather than the Dirichlet-to-Neumann map. If we view to (1.1) as the
reduced wave equation, the coefficient g(x) equals Cz—ix), where c is the variable speed of propagation
and thus ¢ > 0. This implies that O might be a Dirichlet (or Neumann) eigenvalue, and even if not, it
might be close to an eigenvalue. Therefore it is not convenient for the purpose of stability estimates, to
express the boundary data in terms of the well-known D-N map (or the N-D one). We have chosen to
express errors on the boundary data in terms of the so-called angle (or distance) between the spaces of
Cauchy data viewed as subspaces of a suitable Hilbert space (see below Section 2).

Moreover, since the present estimates are obtained for measurements at one fixed frequency k > 0 we
convene from now on to set k = 1 and we shall also admit that ¢ may be real valued but of variable sign,
thus our analysis encompasses more generally the stationary Schrodinger equation

Au+qu =0.

Let us emphasize also that Cauchy data are a proxy to data obtained from advanced marine acqui-
sition systems. Here, airgun arrays excite waves underneath the sea surface that is accounted for by a
Dirichlet boundary condition, which are detected in possibly variable depth towed dual sensor streamers
positioned (on some hypersurface) below the airgun arrays. Dual sensors provide both the pressure and
the normal particle velocity forming Cauchy data. To allow favorable paths of (parallel) streamers, in so-
called full-azimuth acquisition, one uses two recording vessels with their own sources and two separate
source vessels!

I'See, for example, the dual coil shooting full-azimuth acquisition by WesternGeco.



One can exploit conditional Lipschitz stability estimates, via a Fourier transform, in the corresponding
time-domain inverse boundary value problem with bounded frequency data. Datchev and De Hoop [17]
showed how, via resolvent estimates for the Helmholtz equation, the prerequisites for application of
projected steepest descent and Newton-type iterative reconstruction methods to inverse wave problems
can be satisfied.

With the objective of obtaining approximate reconstructions in the class of models for which condi-
tional Lipschitz stability estimates hold, from a starting model — the error of which can be estimated as
well in this context [18] — compression plays an important role. This is elucidated in the work of De
Hoop, Qiu and Scherzer [19] using multi-level schemes based on successive refinement and arises in
mitigating the growth of the stability constants with the number of subdomains in the partition or, sim-
ply, the number parameters. Indeed, the class of piecewise linear functions provide an excellent way to
achieve compression in the presence of discontinuities. The application of wavelet bases in compressing
the successive models in iterative methods has been considered by [29,30] in wave-equation tomography
in a the framework of sparsity promoting optimization and in FWI by Lin, Abubakar & Habashy [26]
for the purpose of reducing the size of the Jacobian.

In FWI one commonly applies a ‘nonlinear’ conjugate gradient method, a Gauss—Newton method, or
a quasi-Newton method (L-BFGS; for a review, see Brossier [14]). For the application of multi-scale
Newton methods, see Akcelik [1]. In the gradient method, the step length is typically estimated by a
simple line search for which a linearization of the direct problem is used (Gauthier, Virieux & Tarantola
[21]). This estimation is challenging in practice and may lead to a failure of convergence. For this
purpose, research based on trust region has been studied by Eisenstat & Walker in [20], for FWI see
Métivier and others in [32], the method is detailed in [16]. In various approaches based on the Gauss—
Newton scheme one accounts just for the diagonal of the Hessian [39]. In certain earthquake seismology
applications, one builds the Fréchet derivative or Jacobian (sensitivity, for example by Chen et al. [15])
explicitly and then applies LSQR. We also mention the work of Métivier and others in [32] based on
Hessian vector multiplication techniques to reduce the cost of a dense Hessian computation. The use of
complex frequencies was studied in [23,38].

Coming back to the object of the present paper, let us point out that various new aspects appear in
comparison to prior results of stability under assumptions of piecewise constant or piecewise linear
coefficients [4,7,12] which require novel arguments.

I) Singular solutions. Since we admit that the underlying equation may be in the eigenvalue regime for
the Dirichlet or the Neumann boundary value problem we need to construct Green’s functions for
a boundary of mixed type which is of Dirichlet type on part of the boundary and of complex valued
Robin-type on the remaining part. This construction relies on quantitative estimates of unique con-
tinuation which take inspiration from an idea of Bamberger and Hua Duong [10] and an iterative
procedure for the approximation with the standard fundamental solution of Laplace’s equation.

II) Asymptotics. In order to determine values of the potential ¢ and its gradient we need singular
solutions whose blow up rate is of the order up to |x|™", for this purpose we have to estimate the
asymptotic behaviour of the previously found Green’s function up to its second derivatives.

IIl) Stability at the boundary. The typical initial step in stability from inverse boundary value problems
is the stability at the boundary of the unknown coefficient. For Calderén’s problem it is well-known
that the stability at the boundary for the conductivity coefficient is of Lipschitz type [3,42]. For the
potential coefficient g the situation is different. In fact we are able in general to obtain only Holder
type stability. This fact is related to the different dimensionality of the boundary energy |, 90 ug—l‘j



and of the volume integral fQ qu’* whereas in the conductivity case ((yVu) = 0) the equality
foquy 2 = [, ¥|Vu|?* provides the right balance.

Nevertheless, under the piecewise linear assumption, using the kind of bootstrap argument intro-
duced in [7] we eventually achieve the desired global Lipschitz stability.

The outline of the paper is as follows. In Section 2 we provide the basic set up. We introduce the spaces
of local Cauchy data and their metric structure as subspaces of a Hilbert space in Section 2.1. Next, in
Section 2.2 we present the a-priori assumptions on the domain and on the potential and we state our
main stability result theorem 2.2. In Section 3.1 we state the main propositions which provide the main
tools for the proof of theorem 2.2 which is completed in Section 3.2. Section 4 contains the proofs of
the various propositions previously stated. Section 4.1 contains the construction of the Green’s function
for the mixed Dirichlet—Robin boundary value problem and the estimates of its asymptotic behavior.
Section 4.2 contains the quantitative estimates of unique continuation adapted for the singular solution
Sy, introduced in Section 3. We conclude in Section 4.3 with the stability estimates at the boundary for
the potential ¢ and its normal derivative.

2. Main result
2.1. Definitions and preliminaries

In several places within this manuscript it will be useful to single out one coordinate direction. To this
purpose, the following notations for points x € R" will be adopted. For n > 3, a point x € R” will be
denoted by x = (x/, x,,), where x’ € R"~! and x,, € R. Moreover, given a point x € R”, we shall denote
with B, (x), B/ (x) the open balls in R", R~ respectively centred at x with radius r and by Q,(x) the
cylinder

0,(x) = B/(x") x (x, — 1, x, +71).

In the sequel, we shall make a repeated use of quantitative notions of smoothness for the boundaries
of various domains. Let us introduce the following notation and definitions.

Definition 2.1. Let 2 be a domain in R”. We say that a portion ¥ of 92 is of Lipschitz class with

constants ry, L if there exists P € X and there exists a rigid transformation of R” under which we have
P =0and

QNQ, = {.X € Opylxn > (/’(x,)},
= {x € Qro|xn = (P(x/)},

where ¢ is a Lipschitz function on B, satisfying
@) = |Vx’§0(0)| =0; ||§0||C0-1(B;0) < Lro.

It is understood that 02 is of Lipschitz class with constants ry, L if it is finite union of portions of
Lipschitz class with constants ry, L.



Definition 2.2. Let Q2 be a domain in R". We say that a portion X of 92 is a flat portion of size ry if
there exists P € ¥ and there exists a rigid transformation of R” under which we have P = 0 and

xN Qr0/3 = {)C € Qr0/3|xn = O}
QN Q3 =1{x € Opy3lxn > 0} 2.1
(Rn \ Q) N Qr0/3 ={x e Qr0/3|xn < 0}.

Let us define the space of local Cauchy data on X for H'(S2) solutions to
Au+qu =0 inQ, (2.2)

having zero trace on Q \ X.

Definition 2.3. Let 2 be a domain in R” with Lipschitz boundary 92 and ¥ a non-empty open portion
of Q2. Let us introduce the subspace of H 2 (02)

HE(T) = {f € HZ(3Q)|supp f C =) (2.3)

1
We recall that its closure with respect to the H > (0€2)-norm is the space Hy, (%) (see [27,45]).
We define the Cauchy data associated to ¢ with first component vanishing on 92 \ X to be the space
C>(0R2) defined by

1
Cr(02) ={(f. 8) € Hy(%) x H~2(3Q)|3u € H'(RQ) weak solution to
Au +qu =0in €2,
ulye = f, dulyo = g} (2.4)

Analogously, we consider the subspace of H 2 (092),
Hyy (02 \ T)
and the closed subspace of H = (0€2) of functionals vanishing on Ho%o(z) functions
Hoj)%(asz \2)={y e H™2(0Q)|(y, @) = 0, for any ¢ € HO%O(Z)}. (2.5)

Here (¢, ¢) denotes the duality between the complex valued spaces H -1 (02), H 2 (0€2) based on the
L? inner product

(¥, 9) = vo.
Q2



We denote by H2(3S)|y and H=2(3)|x. the restrictions of Hz(32) and H=2(3Q) to X respec-

tively. Note that H : (0R2)|x can be interpreted as the quotient space of H : (0€2) through the equivalence
relation

1 —
o~y iff ¢—y e HypdQ\X).
The same reasoning applies to H -3 (02)|x, that is

_1 —
H2(0Q)|z = H 2(3RQ)/Hyy 902\ T).
We can now define the local Cauchy data that will be considered here.

Definition 2.4. The local Cauchy data associated to ¢ having zero first component on 32\ T are defined
by

1
CH(Z) ={(f. &) € Hp(Z) x H™2(3Q)|5|3u € H'(2) weak solution to
Au +qu =0in €2,
ulpe = f,

(Bula 9) = (8. 0). Yo € Hi(D)).

For the sake of completeness, let us also introduce the general local Cauchy data C, (%) with no zero
Dirichlet condition on 92 \ X

C,(2)={(f, ¢) € HE@Q)|s x H 2 (3RQ)|5[Fu € H'(R) weak solution to
Au+qu =0in €2,

1 —
u|39 — f S HOZO(BQ \ 2),

(vulag. @) = (8. 9), Vo € Hy (D)}

1
Observe also that Hy(X) x H -3 (0€2)|x is a Hilbert space with the norm

1
Il v =P, el ) (2.6)
Hy (2)0H 2(0Q)|x Hg (%) H 2(0Q)|x
We recall that given closed subspaces S;, S, of a Hilbert space (H, || - ||), the distance (aperture)
between S, S, is defined as
h—k h—k
d(s;, ) = max{ sup inf u sup inf u} 2.7)
nesshz0keSt Ay kes xzohes:  kllm

see for instance [2]. From now on, given two potential g;, i = 1,2, we will simply denote the local
Cauchy data C qzi () with C;, i = 1, 2. We recall also that it is known that when d(S;, S;) < 1, then the



two quantities within the maximum in (2.7) coincide (see [24]). Then, since we are interested in Cauchy
data spaces Cy, C; corresponding to potentials g, ¢» respectively, when C; and C, are close to each other,
it is sensible to set

1(f1, 80 = (f2. 82l ) B
dC,C) =  sup inf Hop OH 20Dz
’ 0.0y} (f1,81)€C 1Cf2, g1 1 .
(f2,82)€C\((0,0)) f2. 8 P

(2.8)

Note also that properly speaking the above quantity is a distance between the closures C; and C,. We
notice that it could be proved that the subspaces C; and C, are indeed closed, but this fact is not much
relevant in the present context.

Let us also recall some more or less well-known calculatlions. Let u; € H'() be solutions to (2.2)

when g = ¢;, i = 1, 2 respectively and such that u;|;q € H2(X). Green’s identity yields

f(% — q)uruy = (dyuz, u1) — (dyuy, Uz). (2.9)
Q

Notice that a complex valued function u; is a solution to (2.2) when ¢ = ¢; (real valued) if and only
if so is u;. Notice also that, if v; is any other such solution with g = ¢;, we have

(dyv;, u;) — (dyu;, v;) =0, foreveryi =1,2. (2.10)
Hence, for any v, solving Av, + gov, = 01in €2,

/(611 — q)uruy = (0,12, (g — v2)) — (Byuy — 9,02, 3), (2.11)
Q

from such an identity one easily deduces

[ @ = g x| <aeeofw o], @.12)
Q Hy (2)0H 2(3Q)|z
X @ 8|y (2.13)
HR (S)®H 2 (095
2.2. Conditional Lipschitz stability
2.2.1. Assumptions about the domain 2
1. We assume that €2 is a domain in R” and that there is a positive constant B such that
|| < Bry, (2.14)

where |€2| denotes the Lebesgue measure of €2.



2. We fix an open non-empty subset X of d€2 (where the measurements in terms of the local Cauchy
data are taken).

3.
N
Q=]
j=1
where D;, j =1, ..., N are known open sets of R", satisfying the conditions below.
(@) Dj, j=1,..., N are connected and pairwise nonoverlapping polyhedrons.
(b) dD;, j =1,..., N are of Lipschitz class with constants ro, L.
(c) There exists one region, say D, such that 0 D; N X contains a flat portion X, of size ry and for
every i € {2,..., N} there exists ji, ..., jx € {1,..., N} such that
D; = Dy, D;, = D;. (2.15)
In addition we assume that, for every k = 1,..., K, 9D NdD;_, contains a flat portion X

of size ry (here we agree that D, = R" \ €2), such that
¥y CQ, foreveryk=2,...,K.

Let us emphasise that under such an assumption, for every k = 1, ..., K, there exists P, € X
and a rigid transformation of coordinates (depending on k) under which we have P, = 0 and

XN Q3 = {x € Qpy3lx, = 0},
Dj, N Q3 ={x € Opy3lxn > 0}, (2.16)
D N Qnpn=1{x€ Qplx, <0}

2.2.2. A-priori information on the potential q
We shall consider a real valued function g € L*°(£2), with

lgllL=@ < Eo, (2.17)

for some positive constant £y and of type

N
q(x) =) _q;(®)xp,(x). xe€Q, (2.18a)
j=1
qj(x) =a; +A;-x, (2.18b)
wherea; e R, A; e R"and D, j =1, ..., N are the given subdomains introduced in Section 2.2.1.

Definition 2.5. Let B, N, ry, L, Ey be given positive numbers with N € N. We will refer to this set
of numbers, along with the space dimension #n, as to the a-priori data. Several constants depending on
the a-priori data will appear within the paper. In order to simplify our notation, any quantity denoted by
C, Cy, Cy, ... will be called a constant understanding in most cases that it only depends on the a priori
data.



Remark 2.1. Observe that the class of functions of the form (2.18a)—(2.18b) is a finite dimensional
linear space. The L*-norm ||g || L (q) 1s equivalent to the norm

= . A
bl = max {la;+ 14,1}

modulo constants which only depend on the a-priori data.

Theorem 2.2. Let 2, D;, j = 1,..., N and ¥ be a domain, N subdomains of Q2 and a portion of 92
as in Section 2.2.1 respectively. Let ¢\, i = 1,2 be two potentials satisfying (2.17) and of type

N
g“ =Y 4" xp,(x), xeQ, (2.19)
Jj=1
where
qj(-i)(x) = a;i) + A;i) - X,
with a;i) € Rand A;i) € R", then we have

[4 = 4?] ) < Cd(C1.Co), (2.20)

where C; denotes the space of Cauchy data C(f (2), fori = 1,2 and C is a positive constant that depends
on the a-priori data only.

Remark 2.3. An analogous result to the one obtained in theorem 2.2 could be similarly obtained if the
local Cauchy data (with vanishing condition on dQ \ = on the first component) considered here are to
be replaced by the general local data with no vanishing condition on the first component as introduced
in definition 2.4. Our present choice is motivated by the fact that the solutions that shall be actually used
for the purpose of the stability estimates do indeed satisfy such zero trace condition.

3. Proof of the main result

The proof of our main result (theorem 2.2) is based on an argument that combines asymptotic type of
estimates for a Green’s function of the third kind for the operator

L=A+4+gq(x) inS 3.1

(Propositions 3.4, 3.5), with g satisfying (2.17)—(2.18b), together with a result of unique continuation
(Proposition 3.6) for solutions to

Lu=0, inQ.

Our idea in estimating gV — ¢® exploits this singular behaviour on one hand estimating from below
the blow up of some singular solutions (we shall introduce below) S;4, and some of its derivatives if



gM — q@ is large at some point. On the other hand we use estimates of propagation of smallness to
show that S, needs to be small if g; — g5 is small. We shall give the precise formulation of these results
in what follows.

3.1. Piecewise linear potential

We collect here a series of auxiliary results. Most of the proofs are postponed to the following section.

3.1.1. Asymptotics at interfaces

We will find convenient to introduce Green’s function not precisely for the physical domain €2 but for
an augmented domain €.

We recall that by assumption 3(c) of Section 2.2.1 we can assume that there exists a point P; such that
up to a rigid transformation of coordinates we have that P; = 0 and (2.1) holds with ¥ = X;.

Denoting by
5 }
< =ro¢,

6

ro
X, — —

2
D0={xe(R"\Q)ﬂBro||xi|<§r0,i=1,...,n—1, 5

it turns out that the augmented domain ¢ = QU Dy is of Lipschitz class with constants %0 and Z, where
L depends on L only. Given r > 0, we set

2 2
Y = {X € Qollxi] < 370, Xn = —5”0}, (3.2)
(Q0), = {x € Q| dist(x, 3Q) > r}. (3.3)
In this section we shall introduce a mixed boundary value problem for A + ¢ in € which is always
well posed, independently of any a-priori condition on g, besides the assumption of being real valued
and bounded. This shall enable us to construct a Green’n function for A + ¢ in €. The underlying ideas
of such construction can be traced back to an idea by Bamberger and Hua Duong [10].

The main result is as follows.

Proposition 3.1. Let g € L>® (), for any y € Qq there exists a unique distributional solution G(-, y)
to the problem

AG(,y) +q()G(,y) = —0(-—y), inSy,
G(,y)=0, on 02 \ 2o, (3.4
ahG(,y)+iG(,y) =0, on X.

In particular we have
|G, | < Clx =y, foranyx,y € Q,x #y, (3.5)
where C > 0 is a constant depending on the a priori data only.

In what follows we shall make a repeated use of the solution to (3.4) in the special case g = 0.

10



Definition 3.1. We denote by Gy = G(x, y) the Green’s function for the Laplacian and mixed boundary
conditions which solves in the distributional sense

AGo(-, y) = =8( —y), in €,
GO('a )’) = 07 on 8QO \ 209 (36)
avGO('vy)"’_iGO('» )’) :07 on ZO'

Remark 3.2. The existence and uniqueness of a distributional solution G, € L'(p) to (3.6) is a
consequence of the standard theory on boundary value problem for the Laplace equation. It is also well-
known that

Go(-,y) € H'(Q0\ Bc(y)), foreverye >0 (3.7)
and

|Go(x, »)| < Clx =y, forany x,y € (Q0)z, x # y, (3.8)
where C > 0 is a constant depending on the a priori data only.

Estimate (3.8) holds also when x and y approach 9€2. Indeed, by adapting the change of variable argu-
ments in Lemma 4.5 in [40], we may consider an homogeneous Neumann condition on X instead. The
latter, together with the techniques carried over in [6, Prop. 8.3], enables to perform an even extension
Gy of G across Xg. We define the set EOL = {x e R"||x;| = %ro, —%ro <x, < —é—ii’o} and we observe

that the extension G satisfies an homogeneous Dirichlet condition on £3- and it is Lipschitz continuous
up to . Finally, the results in [28] allow us to conclude that

|Go(x, y)| < Clx —y*™, foranyx,y € Q,x #y, 3.9)
where C > 0 is a constant depending on the a priori data only.

Proposition 3.3. Forany y € Qo and every r > 0 we have that
2 2—n
[ weepf <o (3.10)
Q0\Br(y)

where C > 0 is a constant depending on n, ro, L and on ||q||L=q)-

Proof. The proof can be obtained in a straightforward fashion by combining Caccioppoli inequality
with (3.5). U

Proposition 3.4. For every x,y € (Q),,, x # y we have that

C, ifn =3,
|G(x,y) =T (x, )| <{C(loglx — yl| + 1), ifn=4, (3.1D)
Clx — y*™, ifn =5,

11



and

C(loglx —yl[+ D), ifn=3,

3.12
Clx — yP, ifn > 4. (3.12)

‘VyG(x’ )’) - vyr(-x» y)‘ <

Our next goal is to analyze the asymptotics of VﬁG(x, y) (V§ = Hessian matrix). To this purpose it
is necessary to use accurately the fine structure of g as a piecewise linear function. We are especially
interested to the case when x, y are near to an interface of g. More precisely, we examine the case when
x and y are on the opposite sides of the interface and y approaches orthogonally the interface.

Proposition 3.5. Let Q;1 be a point such that Q4 € B%(J(Pl+1) N withl € {1,..., N —1}. There

exist a constant C > 0 depending on n, ro, L and ||q|| L () Such that following inequality hold true for
every x € B%(Q1+1) N Dj,, and every = Q4 — re,, wherer € (0, I—%)

IV2(G(x,y) =T (x,y)| < Cr¥ ™. (3.13)

3.1.2. Quantitative unique continuation
We consider the operator L; given by

Li=A+39%) inQ,i=1,2, (3.14)
where ) is the extension on Qg of ¢” obtained by setting §’|p, = 1, fori = 1, 2. For every y € Qo,

we shall denote with G, (-, y) the Green function solution to (3.4) when ¢ = g for i = 1, 2. We also
define the set

Do = {x € Dy| dist(x, ) > 2—0}

Let K €1,..., N be such that

— (Y] 2 — Y 2)
E= Hq —q ”Loo(sz) = HC] —q HLOO(DK) (3.15)
and recall that there exist ji, ..., jx € 1,..., N such that
D; =Dy,...,Dj, = Dg,
with D;,, ..., D, satisfying assumption 3(c). For simplicity, let us rearrange the indices of these sub-
domains so that the above mentioned chain is simply denoted by Dy, ..., Dg, K < N. We also denote
k
We=JDi.  U=Q \W., fork=1,....K (3.16)
i=0

and for any y, z € W,

S‘uk(y,z)zf @Y —3?)Gi(, »)Ga(-2), fork=1,....K. (3.17)
Uy

12



It is a relatively straightforward matter to see that for every y,z € W, with k = 0, ..., K we have
that Sy, (-, 2), S (0, ) € HIIOC(W;() are weak solutions to

(A +qD)Sy(2) =0, inW, (3.18)
(A+¢P@)Su (v, ) =0, inW. (3.19)

It is expected that some derivatives of guk (¥, z) blow up as y, z approach simultaneously one point of
0Uj. The following estimate for Sy, (v, z) holds true, fork =1, ..., K.

Proposition 3.6 (Estimates of unique continuation). If, for a positive number &y, we have
|§uk (&, z)| < ro&y, forevery (y,z) € 50 X 50, (3.20)

then the following inequalities hold true for every r < 2ry

r2ﬁ2N1
| St Yes1 yes1)| < C(E + 80)( ) (1+r7), (3.21)
E + ¢
282N
~ & _
|9y, 02, St Vi1 yir) | < C(E + 80)( : ) (L+7r%)r2, (3.22)
' E + ¢
rZﬂZNl
< €0 _
193,92 St iy 15 Yes )| < C(E + e0) | m—— (1L4r7)r, (3.23)
e E + ¢
foranyi,j=1,...,n, where yp.1 = Prr1 — 2rv(Pry1), v is the exterior unit normal to 0 Dy at Py,
B = 1“1(527), ry = g ¥ =2 — 5, and the constants Ny, C > 0 depend on the a-priori data only.

Note that y < 0 only when n > 4, hence the term r2¥ becomes irrelevant if n = 3, 4.
3.2. Lipschitz stability for piecewise linear potentials

Proof of theorem 2.2. Let Dg be the subdomain of Q2 satisfying (3.15) and let Dy, ..., Dg be the
chain of domains satisfying assumption 3(c). Forany k = 1, ..., K we shall denote by Dr f and 9, f
the n — 1 dimensional vector of the tangential partial derivatives of a function f on X; and the normal
partial derivative of f on X respectively. We denote by C; the local Cauchy data, for i = 1, 2. Let us
also simplify our notation by replacing qu,.) with We shall also denote

0=d(C.C), 8=V =37 o,

and introduce for any number b > 0, the concave non decreasing function wy(t), defined on (0, +00),

2°e72|logt|™?, t € (0,e7?),

@p(1) = e 2, t €le 2, +00). (3.24)
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We recall (see (4.34) and (4.35) in [7]) that for any 8 € (0, 1) we have that
1 . . .
0, +00) >t — twb<;> is a nondecreasing function (3.25)

and
! —1/2|b B Y
wb<3) < ‘loge,B ‘ wp (1), a)b(t ) < (E) wp(1). (3.26)

Furthermore, we set a)éo)(t) = t* with 0 < @ < 1 and we shall denote the iterated compositions

a)}()l) = wp, (J) = wp O a),()j_l), ] = 2, 3, e (327)

~(1)
- g

We begin by noticing that for each/ = 1, 2, . ?11(2) | (D, can be evaluated in terms of the

quantities
szl(l) - ‘71(2) H LOO(ElﬂBr_O(PZ))’ (3.28)
19,3 —3>) (P, (3.29)
where ¢ > 0 is the constant introduced in Section 2.1. In fact, let us denote
a+p-x=(q" —q")®, xeD (3.30)

and choose {e;};—i .. ,—1 orthonormal vectors starting at P, and generating the hyperplane containing

the flat part of %;. By computing q(l) ql(z) on the points P, P + 2e;, j = 1,...,n — 1 and taking

their differences we obtain
. ~(1) ~(2)
o + B+ Pl + ) 1B - e < Cg; [Pre— (3.31)
Jj=1 4
Next we notice that
1B vl = |8.(q," — a2)(P)]. (3.32)

Hence each of the components of §; can be estimated and eventually also |;|. In conclusion

ol +1811 < C1G" =T iz oy T+ 10a” — @) (PD). (3:33)
4

Hence our task will be to estimate the quantities

szl(l)_Nl(z)HLOO(ElﬂB’_O(PZ)) and |3, (qlu) (z))(P)‘
4

14



iteratively with respect to [ (see for example [4]). When [ = 1 this corresponds to a stability estimate at
the boundary for the potential ¢ and its normal derivative of the following type

ni
7 =7 | sy iy + 10l = )P0 < Cen s (=) (334
4

+ E

for some constant 7y, 0 < n; < 1, resulting in

m
C(80+E)< > , O0<n <1

g+ E

The bound (3.34) is proven in Section 4.3. We proceed to estimate §, by proving

~1)  ~(2) O (2> €0
122" - 37| L (5N Bry (P2) + 9, (43 )(P)] < Cleo + E)wﬂz(m) (3.35)

for some constant n,, 0 < 1, < 1, where w,, is the function defined in (3.24). We recall that for every
v,z € Dy we have

/a Q(émx, M3,Ga(x, 2) — Ga(x, 2)3,G1(x, ) dS(x) (3.36)
= Su (y, 2) dx + /W (@ = G?)®)Gi(x, y)Ga(x, 2) dx,
1
and foreveryi =1,...,n
/Bg(ayiél(x, )8, Ga(x, 2) — 8, Ga(x, 2)8,8,, G 1 (x, y)) dS(x) (3.37)

= ay,,az,.Eul(y,z)Jr/ (@ —q~<2>)(x)ay,.51(x,y)az,.éz(x,z)dx,

Wi

where d S(x) denotes surface integration with respect to the variable x. Here an argument of propagation
of smallness allows to get estimates on X. In order to estimate g’ — §® we can repeat the argument
already used in [12] to prove (3.37) and obtain (omitting the details)

&0
g+ E
where o > 0 is the constant introduced in Section 2.1. In comparison to [12], we have the additional

task to estimate

ESE

H~(1)

) (3.38)

(2) H Lm(zzﬂB'o (P2)) S

ol o).

15



In this case we detail the procedure. Let us consider forany i, j =1,...,n

/ (83,,G1(x, 3,02, Ga(x, 2) = 32, Ga(x, 28,05, Gi(x, ) dS(x)
a

=0;,.02, Su, (v, 2) + /Wl G - ¢7<2>)(x)a§iyj6] (x,y) - a;zjéz(x, 2)dx. (3.39)
From (3.36) we obtain
S -9l <eolGiC Dt 18G9y, )
(18200l 1+ 1G] 1)
+8[G1 6 2wy 1626 D 2w,
< C(gg + 81)r ", forevery y,z € 50. (3.40)
Let po = 2, where C is the constant introduced in Proposition 3.5, let r € (0, 2r;) (where r; was
introduced in Proposition 3.6) and denote
=P +ry,
then foreveryi, j=1,...,n
(3.41)

32 Su1 (2, y2) = I (1) + I (),

YiYj Zz
where

I/ () = / (¢ —q?)0)o;, 51(', Y2)322izj52(', »2),
BpO(Pz)ﬂDz

L (y2) = / 9" —q@)()3},.G1(, y2)02, G-, ya).
Q\(Bp, (P2)NDy)

If for k = 1,2 we denote by |I;(y>)| the Euclidean norm of matrix Iy (y2) = {I;” (y2)}i,j=1

have
|L(y2)| < CEpy”,

where C depends on A and n only (see [4]) and

1)
/ (qz
By (P2)ND;

[11(»)]

>

0")(P)(x — P2)yd},, Gi(x, y2)02, Galx, y) dx
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- /B (s (@” — as”)(P) - (x = Po)'|[97,, G (x, y)|[92, Galx, y) dx|
0o (P2)ND2

_/B (P)ND (a:” - 0>)<P2)Hay,y,G1(x yz)HBZZ/G2(x y2)dx|}
0 2)ND;

and, noticing that up to a transformation of coordinates we can assume that P, coincides with the origin

O of the coordinates system and by Theorem 3.5, this leads to

|L(n)| > c{\av(qé” —4y”)(0)] V2T (x, y2) P2 dx
By (0)ND,

—E[ UG el Tl da
By (0)NDy
SB[ et dx}
By, (0)ND,
~ [ D~ o) ¥ 193G x93 Btr )
By, (0)ND,
- / (@5” — 457)(0)||V2G1(x, y)||[V2Ga(x, y)| dx.
By, (0)ND,
Therefore, by combining (3.43) together with (3.41) and (3.42), we obtain

|L(n)| > c{ |0,(a5” — 45”)(0)] / I = y2I 7" x| dx
10 (0IND;
— ZE/ Ix — yo| 7" dx
By (0)ND;
%
€
ln< 0 ) / Ix — yo|' "2 dx
g+ E By (0)ND;
1
In £0
&o + E

7
/ % =yl dx},
By, (0)ND,

&0
In
(8() + E)

— (&0 + E)

which leads to

Al

18, (g5 — ¢5?) [r' " < |L ()| + C(

r "+ 2Er3_”),

where

|1 ()| < 02,02 S, (32, y2)| + CEpy ™.

17
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Thus by combining the last two inequalities we get

|8U(q§1) - %(Z))VI_" S |8§naz,2n§u1 (2. )| + C{E(po‘” + )

&0
Inf ——
(E—i—eo—i-sl)

and by recalling that by Proposition 3.6 we have

e } (3.46)

+(e0o+ E)

+ 8 r.ZﬂZNl
&
0 ) (0 + E)(1 4 r+")r ™,

2 92 ¢
025 0| < € TR0

where B, N are the constants introduced in Proposition 3.6, we obtain

np 22N
(1) 2) &0 1 ’
[9.(a2” — 42 )KC{(m) (g0 + E + 8)rP + Er?

1

+ (04 E) 1n<808+°E> _Zr_l}, (3.47)
for any r, 0 < r < 2ry, where r; is as above and
oy = {—1 n =4,
" ln-5 n=3.
By minimizing (3.47) with respect to r we obtain
10,(aS" — ¢?)| < Cleo + 81 + E)wm(%) for some 75,0 < 7 < 1 (3.48)

and by combining (3.48) together with

)
_&to < Cw(@(i) (3.49)
co+61+E " \ey+ E

and by the properties of the modulus w;, we obtain (3.35). By proceeding by iteration on / in order to
estimate ¢, — ¢,> forl = 1,..., K, we replace (3.36), (3.37) and (3.39) by

/ (G106, 18,8, 2) — Galr. 8,81 (x, 1)) dS()
Q2

= St (v,2) + / @V —3?) )G (x, )Ga(x, 7) dx, (3.50)

Wi
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/ (3,51 (v, )8,3:, Ga(x. 2) — 8, Galx. 28,0, G 1 (x. 1)) dS ()
02

= 8,,0, 5, (v, 2) + f GV —3?)(0)8,G1(x, y)d,,Ga(x, 2) dx (3.51)

Wi

foranyi =1,...,n and

f (35,,G1(x. 8,82, Ga(x, 2) = 32, Ga(x, 2)3,35,,, G1(x, ) dS(x)

Q2
= 07,02, Su, (v, 2) + /W (@0 = G®) 2%, Gi(x, y)- 92, Ga(x, ) dx (3.52)
-1
forany i, j =1, ..., n respectively. Note that (3.50) leads to
1Sty (5. 2)| < Cleo+8-1)rg ", forevery y, z € Dy, (3.53)

where C depends on L, A, n. By repeating the same argument applied for the special case [ = 2 we
obtain

~1) _ ~() a_ €0
g —a Hmomm%omnﬂav(q —q )(P1)|<C(80+E)w,7,(80+E), (3.54)

for some 1;, 0 < 1; < 1 and observing that
1 2
8 <81+ |la — 4 “L“’(Dl)’

we obtain for every / = 2, 3, ...

g0+ 811
8 <81+ C(eg+ 61+ E ],
1 <81+ C(eo+ -1 + )w’"<eo+81_1+E)
hence trivially
1) 8
& + 0 < Cwm( &+ 011 ) (355)
80+51+E 80+51,1+E

Using the properties of the logarithmic moduli wy, (3.54) and the induction step (3.55) we arrive at

_ €0
o~ 4 < Clon + BRI )

therefore

E < Cleo+ E)w,g’,j”(;ﬁ). (3.56)
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Assuming that E > gge? (if this is not the case then the theorem is proven) we obtain

E €0
(K—=1)

which leads to

1 £
(K-1) [ <0
E g wﬂk (E)’

therefore

1

x5 €0
= —(K-1)),1
ws;x( ))(E)

where here, with a slight abuse of notation, a)(j(Kfl)) denotes the inverse function of “)7(7[; -bo O

C

4. Proof of technical propositions
4.1. Asymptotic estimates

Proof of Proposition 3.1. Let us consider the following inhomogeneous boundary value problem.
Given f € L*(Q), we wish to find v € H'(£) such that

Av+qv=f, inQq,
v =20, on 0829 \ X, “4.1)
d,v+iv=0, onZX.

in the weak sense. Let us also consider the adjoint problem (recall that g is real valued).

Aw +qw =g, inSy,
w =0, on 029 \ X, 4.2)
dw—iw=0, on X.

It is well-known [22] that the Fredholm alternative applies and we have existence for (4.1) if and only
if we have uniqueness for (4.2) and viceversa. In fact we can prove uniqueness for either of the two. We
consider the homogeneous problem

Az +qgz=0, in Qy,

z=0, on 082 \ X, 4.3)
d,zxiz =0, on X.
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Using z as a test function we obtain
Vi = [ qlzP i [ 12 =o (44
Qo Qo Yo

which in turn implies z = 0 on ¥,. Consequently also 9,z = 0 on X,. From the uniqueness for the
Cauchy problem, it follows that z = 0 in €2y. Hence the solution to (4.1) exists and is unique. We now
show that (4.1) is also well-posed in H'(€). From the weak formulation of the problem (4.1) we have

lv)* = —Im(/ fﬁ), 4.5)
2o Qo

|Vu|? = —Re(/ fﬁ) +/ qlv|*. (4.6)
Qo Qo Qo

We define

= PP+ [ 1907 (4.7)
N N

= IfI (4.8)
Q0

=1 > (4.9)
Qo

E*= | Vv (4.10)
Qo

From (4.5) and the Schwartz inequality it follows that

/ lv|* < né (4.11)

Yo

which, combined with the impedance condition and Poincaré inequality, implies that

g2 < 2E. (4.12)
Moreover, by (4.6) we have that

E? <18 + llglleap8”. (4.13)
We claim that there exists a constant C; > 0 depending on n, ro, L and g || .~ (q,) such that

E? < Cin. (4.14)
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In order to prove our claim, we distinguish two cases. If 8> < 752, then (4.14) follows from (4.13).
Otherwise, we observe that by well-known estimates for the Cauchy problem (see for instance [5]) it

follows that

2 2
2 2 2 2 £° 41
S (B e +")w(152+82+n2)’

(4.15)

where w(t) < Cllog(t)|™ with C,0 < pu < 1 depending on n, rg, L and ||g|| L~ ). By (4.12) and

(4.13) the above inequality leads to

e +n? )

2 2 2
62 < (308 + g 00 + 1 )w(m

From (4.16) we have that

2, .2
e+
1< (4+ ||61||L°°(Qo))w<m>,

which leads to

1

—1 2., .2 2 2 2

w — (E“4+e"+n7) < e+ 1.
(4 + ||Q||L°°(szo))( )

Again from (4.12) we have that

w! <;)E2 < 20E + %
4+ lgllz=(y

By Schwartz inequality we readily obtain
E2 < Cp?
which, together with (4.12), gives
lvlla @ < CllfllL2gq)-

We set J = [%] and we define iteratively the following kernels

R()(X, }’) = GO(-x5 y)’
Rj(x,y) = [, Go(x,2)q(D)R;-1(z, y) dz,

forevery j = 1,..., J. Note that forevery j = 1,..., J we have

AR;(-,y) = —q()R;_1(-,y), 1nyp
R;(-,y) =0, on 382 \ o
3uRJ(,y)+lRJ(,y)=0 on EO

22
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and also by standard estimate [33]
|R;j(x, )| < Clx — y[¥*™", forevery j=0,...,J — 1. (4.24)
Now, if n is even
|R;(x, y)| < C(log |x — yl| + 1), (4.25)
where if n is odd
|R;(x, y)| < C. (4.26)

In either case || R; (-, y)l|zr, < C forevery p < oo. Welet Ry (-, y) = v(-) the solution to (4.1),
when f(-) = —q(-)R, (-, y). Therefore

| Rrc1 G 10y < € (4.27)

and by relatively standard regularity estimates in the interior and at the boundary (see the arguments in
Remark 3.2)

|Ry11(x, y)| < C, foranyx,y € Qo x #y. (4.28)
If we form
J+1
G(x,y) = Go(x, y) +ZR,-(x,y), (4.29)

j=1
then we end up with the desired solution to (3.4). [

Proof of Proposition 3.4. It is evident that Go(x, y) — I'(x — y) is harmonic in either variables x €
Qo, y € . Hence standard interior regularity yields

|Go(x, y) =T(x = )| + |V, (Gox, ) =T (x = )| < C, (4.30)
forany x, y € (€0),,. In order to prove (3.11) and (3.12) it then suffices to estimate R(x, y) = G(x, y)—

Go(x, y) and its y-derivatives. Note that a crude estimate of R could be derived from (4.24), (4.25),
(4.26), (4.28) and (4.29). Finer estimates are obtained as follows. By Green’s identity we have

R(x,y) = / G(x,2)q(z2)Go(z, y) dz. (4.31)
Qo

By combining (4.31) together with (3.5) and [33, Chap. 2] we obtain

C, ifn =3,
|IR(x,y)| < {C(loglx —yl| +1), ifn=4, (4.32)
Clx — y|*™, ifn > 5.
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We now estimate V, R. When x # y we can differentiate under the integral sign and obtain
|3y, R(x, y)| = V G(x, 2)q(2)dy,Go(z, y) dz
Qo
< / |G(x,2)q(2)dy,Go(z, y)| dz
Q0\ By (x)
+ Cf lx — 2|z — y|' ™" dz, (4.33)
By, (x)

hence we have used the pointwise bound on G achieved in (3.5) and the above stated asymptotics on
V,Gy. The first integral is bounded by a constant, the second one can be estimated (see [33, Chap. 2])

by

C(lloglx —y|+1) ifn=3 (4.34)
and by

Clx —y>™ ifn > 4. (4.35)

0

Proof of Theorem 3.5. We fix/ € {1, ..., N — 1}. Furthermore, we observe that up to a transformation

of coordinates we can assume that O, coincides with the origin 0 of the coordinates system. We denote

R(x,y)=G(x,y) —T'(x —y),
then we have

AxR(x, y) +q(x)R(x,y) = —q(X)I'(x — y), in o,
R(x,y) =-I(x, ¥), on 92 \ 2o, (4.36)
Oy, R(x,y)+iR(x,y) =—-0, '(x —y) —il'(x —y), on X.

By Green'’s identity we arrive at
R(x,y) =/ 0,, +DI'(z — y)G(z,x)do(2) (4.37)
o
+/ I'(z—=y)G(z, x) +/ I'(z = ¥)q(2)G(z, x) dz.
9Q0\ X0 Q
We denote

Rix,y) = / [z = )q(D)G( x) dz. 438)
Bry
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With the stated assumptions on x and y, it is a straightforward matter to show that

[V2(R(x,y) — R(x, y))| < C. (4.39)
Let us investigate R. We set

B = Bn, B = B/%O, (4.40)

B*={x e B:x, >0} B ={xeB:x, <0}, (4.41)

at=4ql,.  a =4q|, lal=(a"—q7)ls- (4.42)

We compute
9, R(x,y) = — /B 9, I'(z = ¥)q(2)G(z, x) dz
=— /BB I'(z—y)q(@2)G(z,x)e; -vdS(z)
+ /B/ Iz = y)[q()]G(Z, x)ei - endz’
+ /B I'(z = y)(3,,9(2)G(z, x) + q(2)0,,G(z, x)) dz. (4.43)
Note that 9,q is well-defined on B \ B’. By further differentiation
0y, R(x, y) (4.44)
= - /BB 3y, T'(z = y)q(2)G(z, x) dS(z)
+ fB/ dy, (2" = y)[a(2)]G (2, x)e; - end’
+ /B 3y, Tz — y)(3;,9(2)G(z. x) + ()3, G(z, x)) dz.

The first integral on the right hand side of the above equality is readily seen to be bounded. The third
one is dominated by

1
/ dz < Clx — y|>" (4.45)
g lz—yl" 1z — x|t

and, since |x — y|? = |x, + r|> + |x/|> > r?, we can bound it as follows

1
/ —————dz < cri. (4.46)
Bz —yl*lz — x|
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The second integral, the one on B’, is nontrivial only when i = j = n. Therefore,
|a;ij(x, V| <Clx =y forall (i, j) # (n,n). (4.47)
Now

9y R(x,y) = AyR(x,y) — A\ R(x, y), (4.48)

where A;R(x, y) = Z;’:—f ai,R(x, y). By the symmetry of G, we also have R(x, y) = R(y, x), hence

AyR(x,y) +q()R(x,y) = —q(y)I'(x — y). (4.49)
Therefore,
3§HR(x, y)=—q((R(x,y)+T(x,y) — A'R(x,y) (4.50)

and consequently
|07 R(x, y)| < Clx — yI™". (4.51)

Combining (4.47) and (4.51) together we get the desired bound for the full Hessian of R and the thesis
follows. [

4.2. Propagation of smallness
Lemma 4.1. Let v be a weak solution to
Av+quv=0 inW,, (4.52)

where q is either equal to gV or equal to §¥. Assume that for given positive numbers €y, Eq and real
number y, v satisfies

|v(x)| < € foreveryx € 50 (4.53)
and

lv@)| < Cleo + Eo)(1 + dist(x,Uy))”,  for every x € W, (4.54)
for some positive constant C. Then the following inequality holds true for every 0 <r < r;

€0
€+ Eo

rpM
[ves)| < C( ) (€0 + Eo)(1 +717), (4.55)

nE/7) . _ r
nd 1= 16

where yii 1 = Pryy —2rv(Pry1), where v is the exterior unit normal to 0 Dy at Pryq, B =
and the constants C, N, depend on the a priori data only.
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Proof. By Proposition 3.9 in [12], which is based on an iterated use of the three spheres inequality for
elliptic equations, we infer that

rpM
€0 1—1)

v <C €+ Eo) (14 r'777), 4.56
L6 (60+E0) (€0 + Eo)( ) (4.56)

In( 5757 . . .

where 7, = 1 (6:1 J) € (0, 1). By noticing that there exist positive constants C; and C; such that

n 2ry

Cir? < r ™™ L Cor?, (4.57)

the thesis follows. [

Proof of Theorem 3.6. We observe that for any y, z € W, we have

15t (v, 2| < C[FV =GP o g, (distly, Us) dist(z, U)* 3, (4.58)

for any y, z € W,. By (4.58) and applying twice lemma 4.1 first to v(-) = Sy, (-, z), with z € (DO)%‘)
and then to v(-) = Sy (3, ), with y € B3, (x¢+1), we find that

. 242N
|Su, (v, 2)| < C(Efgo) (1+r%), (4.59)

for any y, z € B3y —(Xk+1), Where xp11 = Py — 3r1v(Pr+1), v is the exterior unit normal to d Dy and
y =2— % N
By considering Sy, (v, z) as a function of 2n variables where (y, z) € R?", (4.59) leads to

rZﬂZNl
~ &0
\Suk(yl,...,yn,zl,...,zn)l<C<E+80) (14r%), (4.60)
forany x = (y1, ..., Y 21s - -+ Zn) € B3r—r (Xk41) X B3y (Xk41). Now observing that S‘uk(yl, cees Vo
Z1, ..., Zy) 1s a solution in Dy x Dy of the elliptic equation
(Ay + A) S (3. 2) + (01(9) + 92(2)) Sy (v, 2) = 0, (4.61)

we have that given y; 1 = Pry1 — 2rv(Pr41) by Schauder interior estimates
0502 S G- v 2, Zn)HLw<Bg<yk+1>xeBg<yk+1)

C, -
S P2 ” St 1o Yo 205 Z”)H L (B (Yk+1) X €Br (Yict1)
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and

2423
HayiaZjSMk(y"“"y”’zl""’Z")||L00(B;T(yk+1)XeB£(yk+1)
<£|\a,.a SOt Y 21 20|
=2 1 AR > S & e Lw(B%(}’k+l)XEB%(}’k+l)’
foranyi, j =1,...,n, where C > 0 is a constant depending on the a priori data only. [

4.3. Stability at the boundary

Proof of estimate (3.34). We choose a coordinate system {xy, ..., x,} centred at P, with x, in the di-
rection of the normal v and recall that for every y, z € Dy we have

f (8,,G1(x, ¥)8,,8,Ga(x, 2) — 8, Ga(x, 2)s,0y, G 1 (x, y)) dS(x)
Q2

_ /Q @D —g?)(x)8,,G 1 (x, )9, Ga(x, 2) dx = 8,8, Suy (¥, 2).- (4.62)
and
/89(35"51@, V), 02 Ga(x, 2) — 82 Ga(x, 20y, 92 G1(x, y)) dS(x)
- fQ @V —GP) ()92 Gi(x, )82 Ga(x, 2) dx = 82 82 Sy, (v, 2). (4.63)
By combining (4.62) together with (2.6), (2.12), we obtain
Vm(a},uél(x, )5, G (x, 2) — 8, Ga(x, 2)y,,,G1(x, ¥)) dS(x)

< Cep(d(y) d(z))f%, for everyy, z € Dy, (4.64)

where d(y) denotes the distance of y from 2 and C is a constant that depends on L, A and n only.
Let pg = %0, where C is the constant introduced in Proposition 3.4, let r € (0, r;), where r; has been
introduced in Proposition 3.6 and denote

yi =Py +rv.

We set y = z = y; and obtain
/ (a(l) - q(Z))(x)aynél(x7 y)aZn GZ(X’ Z) dx
Q

= / @V —3?)()d,,G1(x, )d,,Ga(x, 2) dx
B,DQ(PI)DDI

+ f @Y —3?)(0)8,,G1(x, y)d,,Ga(x, 7) dx, (4.65)
Q\(By, (PND))
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which leads to

gor " >

/ (4" = 4)()8,,G 1 (x, y1)d, Ga(x, y1)
By (P1ND)

(4.66)

/ (g™ —g®)()d,,G1(x, y1)d, Ga(x, y1)|.
Q\(By, (P)ND))

Letx’ e =, N Bro(P) such that (q(l) 2))(xo) = ||g" — ~(2)||Loo(21m3,0 ) and recall that (q(l)

(2))(x) = o1 + B - x, therefore we obtain

sor ™" > f (a1 = 41”)(x)3,,G1(x, )3, Ga(x, 1)
B,Do(Pl)le
- f B (x — x°)d,,G1(x, y)d, Ga(x, y1)| — CEpy " (4.67)
BpO(Pl)mD]
and then
~(1) (2) ~ ~
H 1 HL°°(2|ﬂBrO(P|)) / 8)’nG1(-x’yl)8ZnG2(-xv )’I)dx
=X By, (P1)ND
< / 1Bil]x — x°|[8,, G 1 (x, y1)||82, G2 (x, y1) | dx + CEp3™ + eor ™. (4.68)
Bp, (P1)ND;y

For n = 3, by combining (4.68) together with (3.12), we obtain

~(1) _ ~(2) VI (x — 2d
H ql HLOO(EIQB%O(PI)) ﬁpO(Pl)ﬂDl‘ (X yl)‘ X

<C{Ef ‘VF(x—yl)‘loglx—ylldx—i-E/ (loglx—yll)zdx
By (PDOD By (POOD
+ E/ lx — x%|Ix — y1|*dx + Epy " + sor—3}, (4.69)
By (PDOD

which leads to

~1) _ ~(2) 4
a1 — 41 | 1 / |x — y1| " dx
L Y .
<C{Ef |x—y1|3dx+E/ |x — yi| 2 dx
BpO(P|)ﬁD1 BpO(P|)ﬂD1
+ E/ Ix —yi| P dx + Epy ' + eor3}, (4.70)
(P1)NDy
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therefore

~(1) ~(2) £0 5 . .
Hq —q HLOO(EIQB%O(P])) < C{El" 10g(7> + Er- + E:O() r+ eor }
SC{Er +er™), @.71)

for some 6,0 < # < 1 and by optimizing with respect to r
~ ~ 70 2
17 =321 sn, < €68 E o007 47
4 (P
For n > 4, by combining (4.68) together (3.12), we obtain

70—z Yo — v d
l7” a7, (E|OB?(P1))/BPO(PI)QDI| (x =y dx

<C{E/ VL (x = yD)|lx = yi 7" dx
By, (P1)NDy
+ Ef Ix — y | dx
BpO(P])ﬂDl
+ Ef |x — x0||x — 7 dx + E,ooz_” + eor"}, 4.73)
Bpo(Pl)ﬂDl

which leads to

~()  ~(2) 2-2n
q41" =41 | 1o . / lx — y1|"" " dx
AR RS
< C{E/ = il dx + E/ = [ dx
By (PND) By (PND)
+E / |x — yi P dx + Ep} ™" + sor—"}, (4.74)
By (P1)ND}
therefore
”%D - 5(2) H L®(E1NBry ) < C{Er2 + Er*+Er + Epgfnr + 80r_2}
=4 (P

< C{Er +¢eor?} (4.75)
and by optimizing with respect to r

|
~(1) _ ~(2) 3 2
Hq -9 H L(E1NBrg ) < CSS (E +¢€0)3. (4.76)
4
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We proceed by estimating 9, (7V — §®)(P)). By combining (4.63) together with (2.6), (2.12), we
obtain

‘ fd Q(a;lél(x, )8y, 82 Ga(x, 2) — 82 Ga(x, 2)d,, 02 Gy (x, y)) dS(x)
< Cso(d(y)d(z))_%_l, for every y, z € D, 4.77)
and setting y = z = y; in (4.77), we obtain
f (3;51(9@ V), 02 Ga(x, y1) — 92, Galx, y1)dy, ynGl(X 1)) dS(x)
0
=Ly + L), (4.78)

where

Ly = f (@0 — @) ()32 G1(x, y1)d2 Ga(x, y1) dx,
By, (P1)ND;

Ln) = / (@0 — 72) (02 G (x. y1)32 Galx, y1) do,
Q\(By, (P1)NDy)

and
|L(w)| < CEpy" . (4.79)
We have

L)

=

/ (3x, (g1 — a)(P)) (x — P),d2 G (x, y1)32 Ga(x, y1)| dx

Bp, (P1)ND;

—f |(Dr(g\" — g®)(P) - (x — P)'[|82 G (x, y0)|[82 Ga(x, y1)| dx
By, (P1)NDy

-~ 1(¢1” — ¢?)(P)|[82 G (x, y)|[02 Ga(x, y1)| dx
By (PDND) TRV, P U, B VT

Noticing that up to a transformation of coordinates we can assume that P; coincides with the origin
O of the coordinates system and recalling Theorem 3.5, this leads to

100]> ou @ = aP)Ole [ a2 e il dx

B,y (0)ND

—C{E/ 02 D, yo)|lx = 1P|, dx
By, (0)ND,
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4-2
—E/ |x—m|"uﬂw}
Bﬂo(o)ﬂDl

—‘/ |(Dr (41" = a1”)(0))[|2'[[85, G (v, y) |8, G v, )| v
By, (0)ND

—f (@1" = 41?)(0)|]2, G (x. y)| |82 Ga(x, y1)]| dx.
By (0)NDy
Therefore, by combining (3.43) together with (3.41) and (3.42), we obtain

100 > [0y, (a1 — (%«MC/ v — [ dx

By, (P1)NDy

_C{E/ e — yi 7" dx
By (0D
- E/ Ix — yi1|P7" dx
By (0)ND
(2 e
—(e0+ E) lx —yi|' " dx
g+ E By (0)ND;

8 m
(%+E( >,/ u—m|%w}
g+ E By (0)ND)

which implies

m
‘8)‘"()/1(1) o )(O)|o'™" }Il(yl)‘+C{Er3_n+(80+E)(8oi(jE) 1’_”},

and

|11 (y1)| < ’f (Byznél(x, yl)axnafn(?z(x, i) — 3fn62(x, yl)axnafnél(x, y])) dS(x)
90

+ CEpy" 2.

Thus by combining together the last two inequalities we get

‘8xn(qf]) (2))(0)}’,1 n <C(80}’_n 2—|—Ep0 n—2

m
+EFT +(80+E)( 20 > r—n),

g+ E
therefore
B _ 4@ 3 ) e \"
|9y, (97 — 4,”)(O)] < Clew ™+ EP +(E+ep( g ) 7
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(4.80)

4.81)

(4.82)

(4.83)

(4.84)



and by optimizing with respect to r we get

21

£ 5
195, (41" — ¢{”)(O)| < C(E + 80)(E ero) . (4.85)

Acknowledgements

The research carried out by G. Alessandrini and E. Sincich for the preparation of this paper has been
supported by FRA 2016 “Problemi inversi, dalla stabilita alla ricostruzione” funded by Universita degli
Studi di Trieste. E. Sincich has been also supported by Gruppo Nazionale per 1’ Analisi Matematica,
la Probabilita e le loro Applicazioni (GNAMPA) by the grant “Problemi Inversi per Equazioni Dif-
ferenziali”. E. Sincich is grateful for the support and the hospitality of the Department of Mathematics
and Statistics of the University of Limerick, where part of this work has been carried over. R. Gaburro
and E. Sincich acknowledge the support of “Programma professori visitatori”, Istituto Nazionale di
Alta Matematica Francesco Severi (INdAM) during the Fall 2016/17. R. Gaburro wishes to acknol-
wedge also the support of MACSI, the Mathematics Applications Consortium for Science and Industry
(www.macsi.ul.ie), funded by the Science Foundation Ireland Investigator Award 12/IA/1683. M.V de
Hoop was partially supported by the Simons Foundation under the MATH + X program, the National
Science Foundation under grant DMS-1559587, and by the members of the Geo-Mathematical Group at
Rice University.

References

[1] V. Akcelik, G. Biros and O. Ghattas, Parallel Multiscale Gauss—Newton—Krylov Methods for Inverse Wave Propagation,
Supercomputing, ACM/IEEE 2002 Conference, 2002, p. 41.
[2] N.I. Akhiezer and .M. Glazman, Theory of Linear Operators in Hilbert Space, Dover Publications Inc., 2013.
[3] G. Alessandrini, Singular solutions of elliptic equations and the determination of conductivity by boundary measurements,
J. Differential Equations 84(2) (1990), 252-272. doi:10.1016/0022-0396(90)90078-4.
[4] G. Alessandrini, M. De Hoop, R. Gaburro and E. Sincich, Lipschitz stability for the electrostatic inverse boundary value
problem with piecewise linear conductivity, Journal de Mathématiques Pures et Appliquées 107(5) (2016), 638—664.
[5] G. Alessandrini, L. Rondi, E. Rosset and S. Vessella, The stability for the Cauchy problem for elliptic equations (topical
review), Inverse Problems 25 (2009), 123004. doi:10.1088/0266-5611/25/12/123004.
[6] G. Alessandrini and E. Sincich, Cracks with impedance, stable determination from boundary data, Indiana Univ. Math. J.
62(3) (2013), 947-989. doi:10.1512/iumj.2013.62.5124.
[7]1 G. Alessandrini and S. Vessella, Lipschitz stability for the inverse conductivity problem, Advances in Applied Mathematics
35 (2005), 207-241. doi:10.1016/j.aam.2004.12.002.
[8] A. Bamberger, G. Chavent and P. Lailly, Une application de la théorie du contr6le a un probléme inverse de sismique,
Annales de Géophysique 33 (1977), 183-200.
[9] A. Bamberger, G. Chavent and P. Lailly, About the stability of the inverse problem in the 1-d wave equation, Journal of
Applied Mathematics and Optimisation 5 (1979), 1-47. doi:10.1007/BF01442542.
[10] A. Bamberger and T.H. Duong, Diffraction d’une onde acoustique par une paroi absorbante: Nouvelles equations inte-
grales, Math. Meth. in the Appl. Sci. 9 (1987), 431-454. doi:10.1002/mma.1670090131.
[11] H. Ben-Hadj-Ali, S. Operto and J. Virieux, Velocity model building by 3D frequency-domain, full-waveform inversion of
wide-aperture seismic data, Geophysics 73(5) (2008), VE101-VE117.
[12] E. Beretta, M. De Hoop and L. Qiu, Lipschitz stability of an inverse boundary value problem for a Schrodinger type
equation, SIAM J. Math. Anal. 45(2) (2013), 679-699. doi:10.1137/120869201.
[13] E. Beretta, M. V. de Hoop, F. Faucher and O. Scherzer, Inverse boundary value problem for the Helmholtz equation: Quan-
titative conditional Lipschitz stability estimates, SIAM J. Math. Anal. 48 (2016), 3962-3983. doi:10.1137/15M1043856.

33


http://www.macsi.ul.ie
http://dx.doi.org/10.1016/0022-0396(90)90078-4
http://dx.doi.org/10.1088/0266-5611/25/12/123004
http://dx.doi.org/10.1512/iumj.2013.62.5124
http://dx.doi.org/10.1016/j.aam.2004.12.002
http://dx.doi.org/10.1007/BF01442542
http://dx.doi.org/10.1002/mma.1670090131
http://dx.doi.org/10.1137/120869201
http://dx.doi.org/10.1137/15M1043856

[14]

[15]

[16]
[17]
(18]

[19]

[20]
[21]
[22]
[23]

[24]

[25]
[26]
[27]
(28]
[29]
[30]
[31]
[32]

[33]
[34]

[35]
[36]
[37]
[38]
[39]
[40]

[41]

R. Brossier, Imagerie sismique a deux dimensions des milieux viso-élastiques par inversion des formes d’ondes:
développements méthodologiques et applications, PhD Thesis, Universit’e de Nice-Sophia Antipolis, 2009.

P. Chen, T.H. Jordan and L. Zhao, Full three-dimensional tomography: A comparison between the scattering-integral and
adjoint-wavefield methods, Geophysical Journal International 170(1) (2007), 175-181. doi:10.1111/j.1365-246X.2007.
03429 x.

A.R. Conn, N.ILM. Gould and P.L. Toint, Trust Region Methods, Society for Industrial and Applied Mathematics (2000).
doi:10.1137/1.9780898719857.

K. Datchev and M.V. de Hoop, Iterative reconstruction of the wave speed for the wave equation with bounded frequency
boundary data, Inverse Problems 32 (2016), 025008. doi:10.1088/0266-5611/32/2/025008.

M. De Hoop, L. Qiu and O. Scherzer, Local analysis of inverse problems: Holder stability and iterative reconstruction,
Inverse Problems 28(4) (2012), 045001. doi:10.1088/0266-5611/28/4/045001.

M. De Hoop, L. Qiu and O. Scherzer, An analysis of a multi-level projected steepest descent iteration for nonlinear inverse
problems in Banach spaces subject to stability constraints, Numerische Mathematik 129(1) (2015), 127-148. doi:10.1007/
s00211-014-0629-x.

S.C. Eisenstat and H.F. Walker, Globally convergent inexact Newton methods, SIAM Journal on Optimization 4 (1994),
393-422. doi:10.1137/0804022.

O. Gauthier, J. Vieurx and A. Tarantola, Two-dimensional nonlinear inversion of seismic waveforms: Numerical results,
Geophysics 51 (1986), 1387-1403. doi:10.1190/1.1442188.

D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, 2nd edn, Springer-Verlag, Berlin,
Heidelberg, New York, 1977.

W. Ha, S. Pyun, J. Yoo and C. Shin, Acoustic full waveform inversion of synthetic land and marine data in the Laplace
domain, Geophysical Prospecting 58 (2010), 1033-1047.

A. Knyazev, A. Jujunashvili and M. Argentati, Angles between infinite dimensional subspaces with applications to the
Rayleigh-Ritz and alternating projectors methods, Journal of Functional Analysis 259(6) (2010), 1323-1345. doi:10.
1016/j.jfa.2010.05.018.

P. Lailly, The seismic inverse problem as a sequence of before stack migrations, in: Conference on Inverse Scattering:
Theory and Application, Society for Industrial and Applied Mathematics. J.B. Bednar, ed., 1983, pp. 206-220.

Y. Lin, A. Abubakar and T.M. Habashy, Seismic full-waveform inversion using truncated wavelet representations, in: SEG
Technical Program Expanded Abstracts 2012, chapter 486, 2012, pp. 1-6.

J.L. Lions and E. Magenes, Non-homogeneous Boundary Value Problems and Applications 1, Springer Science & Busi-
ness, Media, 2012.

W. Littman, G. Stampacchia and H.W. Weinberger, Regular points for elliptic equations with discontinuous coefficients,
Ann. Scuola Norm. Pisa CI. Sci. 3(17) (1963), 43-77.

I. Loris, H. Douma, G. Nolet, I. Daubechies and C. Regone, Nonlinear regularization techniques for seismic tomography,
Journal of Computational Physics 229 (2010), 890-905. doi:10.1016/j.jcp.2009.10.020.

I. Loris, G. Nolet, I. Daubechies and F.A. Dahlen, Tomographic inversion using 11-norm regularization of wavelet coeffi-
cients, Geophysical Journal International 170 (2007), 359-370. doi:10.1111/j.1365-246X.2007.03409.x.

N. Mandache, Exponential instability in an inverse problem for the Schrodeinger equation, Inverse Problems 17(5) (2001),
1435-1444. doi:10.1088/0266-5611/17/5/313.

L. Métivier, R. Brossier, J. Virieux and S. Operto, Full waveform inversion and the truncated Newton method, SIAM
Journal on Scientific Computing 35(2) (2013), B401-B437. doi:10.1137/120877854.

C. Miranda, Partial Differential Equations of Elliptic Type, 2nd edn, Springer, Berlin, 1970.

G.S. Pan, R.A. Phinney and R.I. Odom, Full-waveform inversion of plane-wave seismograms in stratified acoustic media:
Theory and feasibility, Geophysics 53 (1988), 21-31. doi:10.1190/1.1442397.

G. Pratt and N. Goulty, Combining wave-equation imaging with traveltime tomography to form high-resolution images
from crosshole data, Geophysics 56 (1991), 208-224. doi:10.1190/1.1443033.

R.G. Pratt, Z.-M. Song, P. Williamson and M. Warner, Two-dimensional velocity models from wide-angle seismic data by
wavefield inversion, Geophysical Journal International 124 (1996), 323-340. doi:10.1111/j.1365-246X.1996.tb07023 x.
R.G. Pratt and M.H. Worthington, Inverse theory applied to multi-source cross-hole tomography. Part 1: Acoustic wave-
equation method, Geophysical Prospecting 38 (1990), 287-310. doi:10.1111/j.1365-2478.1990.tb01846.x.

C. Shin and Y.H. Cha, Waveform inversion in the Laplace-Fourier domain, Geophysical Journal International 38 (2006),
434-451.

C. Shin, S. Jang and D.J. Min, Improved amplitude preservation for prestack depth migration by inverse scattering theory,
Geophysical Prospecting 49(5) (2001), 592-606. doi:10.1046/j.1365-2478.2001.00279.x.

E. Sincich, Stable determination of the surface impedance of an obstacle by far field measurements, SIAM J. Math. Anal.
45(2) (2006), 679-699.

J. Sylvester and G. Uhlmann, A global uniqueness theorem for an inverse boundary valued problem, Ann. of Math. 125
(1987), 153-169. doi:10.2307/1971291.

34


http://dx.doi.org/10.1111/j.1365-246X.2007.03429.x
http://dx.doi.org/10.1111/j.1365-246X.2007.03429.x
http://dx.doi.org/10.1137/1.9780898719857
http://dx.doi.org/10.1088/0266-5611/32/2/025008
http://dx.doi.org/10.1088/0266-5611/28/4/045001
http://dx.doi.org/10.1007/s00211-014-0629-x
http://dx.doi.org/10.1007/s00211-014-0629-x
http://dx.doi.org/10.1137/0804022
http://dx.doi.org/10.1190/1.1442188
http://dx.doi.org/10.1016/j.jfa.2010.05.018
http://dx.doi.org/10.1016/j.jfa.2010.05.018
http://dx.doi.org/10.1016/j.jcp.2009.10.020
http://dx.doi.org/10.1111/j.1365-246X.2007.03409.x
http://dx.doi.org/10.1088/0266-5611/17/5/313
http://dx.doi.org/10.1137/120877854
http://dx.doi.org/10.1190/1.1442397
http://dx.doi.org/10.1190/1.1443033
http://dx.doi.org/10.1111/j.1365-246X.1996.tb07023.x
http://dx.doi.org/10.1111/j.1365-2478.1990.tb01846.x
http://dx.doi.org/10.1046/j.1365-2478.2001.00279.x
http://dx.doi.org/10.2307/1971291

[42] J. Sylvester and G. Uhlmann, Inverse boundary value problems at the boundary — continuous dependence, Comm. Pure
Appl. Math. 41(2) (1988), 197-219. doi:10.1002/cpa.3160410205.

[43] A. Tarantola, Inversion of seismic reflection data in the acoustic approximation, Geophysics 49 (1984), 1259-1266. doi:10.
1190/1.1441754.

[44] A. Tarantola, Inverse Problem Theory: Methods for Data Fitting and Model Parameter Estimation, Elsevier, 1987.
[45] L. Tartar, An Introduction to Sobolev Spaces and Interpolation Spaces 3, Springer Science & Business, Media, 2007.

35


http://dx.doi.org/10.1002/cpa.3160410205
http://dx.doi.org/10.1190/1.1441754
http://dx.doi.org/10.1190/1.1441754

	Introduction
	Main result
	Definitions and preliminaries
	Conditional Lipschitz stability
	Assumptions about the domain Omega
	A-priori information on the potential q


	Proof of the main result
	Piecewise linear potential
	Asymptotics at interfaces
	Quantitative unique continuation

	Lipschitz stability for piecewise linear potentials

	Proof of technical propositions
	Asymptotic estimates
	Propagation of smallness
	Stability at the boundary

	Acknowledgements
	References



