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A B S T R A C T

An improved version of the Random Path Length algorithm is used to simulate the time response of Separate
Absorption and Multiplication Avalanche PhotoDiodes (SAM-APDs) in the linear regime. The model takes into
account both the diffusion and the drift of carriers in the absorption region as well as impact ionization
scattering events in the multiplication region. An extended formulation of Ramo’s theorem is used to determine
the current waveforms. The new algorithm has been used to extract the jitter of the time response of avalanche
photodiodes to photons, which is a relevant figure of merit for time of flight applications of SAM-APDs. It is
found that an electric field in the absorption region small enough to avoid unwanted carrier multiplication or
band-to-band tunneling, is beneficial to reduce the jitter. Furthermore, we have found that, in APDs working
in the linear regime, the stochastic duration of the current pulse makes difficult the use of circuit techniques,
such as crossover timing, with constant delay lines aimed at detecting the individual pulses. The problem is
partly mitigated when SAM-APDs are used for the detection of high energy photons, such as X-rays.

1. Introduction

Avalanche photodiodes (APDs) are nowadays widely deployed as
detectors for medical imaging, receivers in optical fiber communication
links and in physics experiments [1–3]. When APDs are biased below
the breakdown voltage (i.e. in the linear regime, as opposed to the
so-called Geiger mode), impact ionization can be exploited to amplify
the photogenerated current 𝐼𝑝ℎ by a factor 𝑀 > 1, called gain. How-
ever, the internal amplification of 𝐼𝑝ℎ comes at the expense of a
longer response time and its duration is stochastic in nature when few
electron–hole pairs per photon are generated. In time of flight applica-
tions used for X-ray detection, it is important not only to evaluate the
average response time, but also the jitter, that is defined as the statistical
fluctuation of the time interval between the arrival of a photon and the
output pulse leading edge [4]. The jitter results from the stochasticity
of carrier multiplication (i.e. at a given bias voltage different carriers
can experience different gains [5]) and randomness of processes such
as carrier photogeneration and diffusion. Although both analytical [6]
and numerical [7] models of jitter have been extensively proposed in

∗ Corresponding author.
E-mail address: pilotto.alessandro@spes.uniud.it (A. Pilotto).

the past for Silicon single photon avalanche diodes working in Geiger
mode (Silicon photomultipliers), similar models for APDs working in
the linear regime have not been developed to our knowledge. For
this reason, in this work we focus on the jitter performance of APDs
fabricated in high atomic number III-V compound semiconductors and
working in the linear regime. Using semiconductors with large atomic
number allows users to detect photons at energies higher than the ones
detectable with Silicon devices, while the self-quenched avalanche of
the linear regime provides amplification without an excessively long
response time [8].

This simulation study particularly aims at state of the art GaAs/
AlGaAs avalanche photodiodes with separate absorption and multipli-
cation regions (SAM-APD) [2,8,9] intended for X-ray spectroscopy. The
proposed model, however, is quite general and applicable to any SAM-
APD, not necessarily fabricated with III-V compound semiconductors.
The electric field is confined inside the intrinsic multiplication region
where impact ionization occurs (that can be fabricated either with a
single material or with a staircase structure) and is separated from the
absorption region by a p-doped 𝛿-layer (see Fig. 1). The device under
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Fig. 1. Doping profile of the SAM-APD object of this study. The absorption region
(thickness 𝑑 = 𝑑𝑎𝑏𝑠) is separated from the multiplication region (𝑑 = 𝑑𝑚𝑢𝑙𝑡) by a p-doped
𝛿 layer. The staircase multiplication region of this device features twelve AlGaAs/GaAs
heterojunctions. In simulations, electron–hole pairs are generated at various 𝑥𝑔 points
inside the device.

study, reported in Fig. 1, features a staircase multiplication region with
twelve AlGaAs/GaAs heterojunctions [2].

In a SAM-APD like the one in Fig. 1, several sources contribute to
the jitter: the randomness of the spatial position where electron–hole
pairs are generated (𝑥𝑔), the number of generated electron–hole pairs
per photon, the diffusive transport inside the absorption region and the
stochastic nature of electron–hole pairs generation by impact ionization
events in the multiplication region.

Clearly, accurate modeling of impact ionization is necessary to study
the trade-offs among all the figures of merit and to steer the APD
optimal design. To this end, Full Band Monte Carlo transport simulation
(FBMC) [10] is the method of choice, since it includes a complete
description of the band structure and of the carrier-phonon and impact
ionization scatterings for each material. The main disadvantage of
FBMC is the time required to obtain statistical convergence of the quan-
tities of interest, especially in large simulation domains as for instance
the thick and complex sequence of layers in staircase APDs. To increase
the computation speed (at the expense of accuracy), both local [5]
and nonlocal impact ionization models have been proposed [11–13],
where the electron and hole ionization coefficients (i.e. the ionization
probabilities per unit length, 𝛼 and 𝛽, respectively) are calibrated on
experimental data and then taken as input to a set of integro-differential
model equations to compute the gain, the associated noise and the time
response 𝑖(𝑡).

Several algorithms have been used to implement the above models,
e.g. recursion [11,12], finite differences [13] and the Random Path
Length algorithm (RPL) [14–16]. The latter, in particular, mimics the
motion of each carrier inside the APD depletion region and, differently
from the other model implementations that provide static average
quantities, it straightforwardly yields the APD time response to a single
photon arrival [15,16], allowing to study the time response fluctuations
and, thus, to extract the timing jitter. An extension of the original RPL
algorithm [14,15] is necessary, however, to study complex structures
where carriers drift and diffuse in quasi-neutral regions such as the
absorption region of SAM-APDs.

This paper provides an original contribution in this direction by
introducing an improved version of the RPL algorithm that includes
an extended formulation of the Ramo’s theorem [17]. This allows
to correctly compute the current induced at the contacts by carriers
moving in each region of the device. A post-processing algorithm is
then applied to the current waveforms to extract the timing jitter of the

SAM-APD of Fig. 1 for different photon energies and device bias points.
The paper proceeds as follows: Section 2 describes the models of carrier
motion inside the device and how to compute the current induced at
the terminals. The algorithm is validated in Section 3 against the results
of time dependent simulations with a TCAD software [18]. Section 4
is dedicated to the evaluation of the jitter resulting from the random
motion of carriers in the absorption region as well as the stochastic
nature of electron–hole pairs generation and impact ionization events,
under different bias configurations and considering different operating
scenarios. Finally, conclusions are drawn in Section 5.

2. Model

Our model to evaluate the jitter translates the motion of the carriers
into an electric current waveform induced at the terminals. As such,
it takes into account the stochastic nature of the diffusive motion in
the absorption region and the impact ionization in the multiplication
region.

We assume a large area device so that edge effects are negligible,
and a one-dimensional analysis is sufficient to represent accurately
the physical system. We also assume that, due to their low number,
the photogenerated carriers have a negligible impact on the device
electrostatics, so that a fully self-consistent solution of the generation
and transport processes is not necessary. Accordingly, the (frozen)
electric field is computed with enough accuracy by a drift diffusion or
hydrodynamic TCAD model in the absence of photon generation [18].
As detailed in Section 4 below, the time interval, 𝑡∗, between the arrival
of a photon and the triggering of the readout electronics is tracked.
Then, by simulating the arrival of many photons, we compute the
statistical distribution of 𝑡∗; finally we define and compute the jitter
as the standard deviation of this distribution. The ingredients of the
model, namely drift and diffusion in the absorption region, drift and
impact ionization in the multiplication region and current induced at
the terminals are described in details in the following sections.

2.1. Carrier transport in the absorption region

The carrier motion in the absorption region is described by means
of a single particle parabolic bands Monte Carlo procedure.1 A photon
generates 𝑁 electron–hole pairs (where 𝑁 is an input of our model)
with zero velocity and kinetic energy at the location where it is ab-
sorbed. These pairs move in a sequence of free flights and scattering
events. The free flights have velocity 𝑣(𝑥) and acceleration

𝑎(𝑥) = 𝑑𝑣
𝑑𝑡

(𝑥) = ∓
𝑞𝐹 (𝑥)
𝑚𝑒𝑓𝑓

, (1)

where 𝐹 (𝑥) is the electric field at position 𝑥 and 𝑚𝑒𝑓𝑓 is the effective
mass of the carrier. They are randomly interrupted by scattering events.
The average time that separates two consecutive scattering events is
chosen according to the mobility 𝜇(𝑥), namely

𝜏𝑠(𝑥) =
𝜇(𝑥)𝑚𝑒𝑓𝑓

𝑞
(2)

The duration of a free flight starting at position 𝑥 is then generated
according to the standard Monte Carlo method as 𝑡𝑓 (𝑥) = −𝜏𝑠(𝑥)𝑙𝑜𝑔(𝑟)
[19], where 𝑟 is a random number uniformly distributed in the [0, 1]
interval. To avoid the repeated lengthy and time consuming exact cal-
culation of the after-scattering state, after a scattering event the carrier
velocity is randomized (in magnitude and direction) according to a
normal distribution with zero mean and standard deviation equal to the
thermal velocity 𝑣𝑡ℎ =

√

𝑘𝑇 ∕𝑚𝑒𝑓𝑓 , consistently with diffusive transport
and the assumption of parabolic bands. Moreover, the duration of each

1 A multi-valley Monte Carlo procedure that includes non-parabolicity
corrections would me more accurate for III-V compound semiconductors. Here,
instead, we used a simplified model that allows us to reproduce the mobility
extracted with the TCAD simulator.
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free flight is chosen such that carriers do not travel over (suitably
defined) distances where steep variations of the electric field occur in
the absorption region. If that happens, the free flight is interrupted at
a location that satisfies this requirement, a new 𝑡𝑓 is computed, but no
scattering event occurs, so that the carrier starts the new free flight with
the final velocity of the previous one. The mobility and the electric field
profiles, 𝜇(𝑥) and 𝐹 (𝑥) are extracted from DC analyses with a TCAD
software [18], therefore 𝜇(𝑥) accounts for all scattering mechanisms
that were included in the TCAD simulations. The effective masses for
electron and hole transport in GaAs are 𝑚𝑒 = 0.063𝑚0 and 𝑚ℎ = 0.51𝑚0,
respectively [20], where 𝑚0 is the electron rest mass. We have verified
that the jitter is quite insensitive to the choice of 𝑚𝑒 and 𝑚ℎ. As a sanity
check of the implementation, we have also verified that under uniform
electric field, the carriers move according to the mobility 𝜇 obtained
from TCAD (i.e. the average velocity of the charge ensemble is 𝑣 = 𝜇𝐹 )
and with a diffusion coefficient 𝐷 = 𝜇𝑘𝑇 ∕𝑞 (as verified by simulating
the evolution of a Gaussian charge packet).

2.2. Carrier transport in the multiplication region

The simulation of carrier transport in the multiplication region
makes use of the Random Path Length algorithm in [16], which is
an improved version of the one originally proposed in [14,15]. The
so-called History Dependent impact ionization coefficients 𝛼(𝑥|𝑥′) and
𝛽(𝑥|𝑥′) (i.e. the probabilities per unit length for an electron and a
hole generated at position 𝑥 to ionize at 𝑥′ [13]) are functions of
suitable effective fields derived from the conduction and the valence
band profiles. According to this definition, the distance that an electron
at position 𝑥 travels before generating an additional electron–hole pair
(𝑥′ − 𝑥) can be computed by finding the value of 𝑥′ that satisfies the
relation

𝑟 = 𝑒𝑥𝑝

(

−∫

𝑥′

𝑥
𝛼(𝑥|𝑥′′)𝑑𝑥′′

)

, (3)

where 𝑟 is a random number uniformly distributed in the [0, 1] interval.
Eq. (3) is solved by storing in a look-up table its right hand side for each
value of 𝑥 and 𝑥′. The 𝑥 and 𝑥′ spacings are small enough to produce
discretization-independent results. Then for a given 𝑥 and 𝑟, a binary
search is performed in the table to find the value of 𝑥′ that satisfies
the relation. A similar methodology is used to describe the motion of
holes. As described in [16], each time a carrier ionizes, the algorithm
recursively simulates the motion of the electron and hole originated
from the parent carrier, until they are collected by the contacts, then
it goes back to the simulation of the parent carrier. The time needed
to move a carrier from 𝑥 to 𝑥′ is estimated, assuming constant drift
velocity 𝑣𝑒,ℎ, as (𝑥′ − 𝑥)∕𝑣𝑒,ℎ.

The parameters of the effective field and of the impact ionization
coefficient calculations [13] have been chosen in order to reproduce
experimental results for the gain and the excess noise factor of GaAs
p-i-n avalanche photodiodes with different thicknesses of the intrinsic
region, as extensively discussed in [13].

2.3. Current induced at the terminals

A new formulation of Ramo’s theorem [17] to compute the current
induced at the terminals by carriers moving in a partially depleted
device has been proposed in [21]. The contribution of each carrier to
the current at time 𝑡 is given by

𝑖(𝑡) = ±𝑞 ∫

𝑡

0
𝑤[𝑥(𝑡′), 𝑡 − 𝑡′]𝑣[𝑥(𝑡′), 𝑡′]𝑑𝑡′, (4)

where 𝑤(𝑥, 𝑡) is a weight function and 𝑣(𝑥, 𝑡) is the carrier’s velocity.
Compact formulas for 𝑤(𝑥, 𝑡) are reported in [21], that assumes two
distinct regions in the device: the absorption region with uniform finite
conductivity 𝜎 = 𝑞(𝜇𝑛𝑛 + 𝜇𝑝𝑝), and the multiplication region where
𝜎 is approximately zero, since this region is depleted and there are

essentially no free carriers (see Fig. 1). According to this assumption,
the weight functions in the absorption and in the multiplication region
are given by

𝑤𝑎𝑏𝑠(𝑡) =
1

𝑑𝑎𝑏𝑠 + 𝑑𝑚𝑢𝑙𝑡

(

𝛿(𝑡) − 1
𝜏
𝑒−𝑡∕𝜏

)

(5)

𝑤𝑚𝑢𝑙𝑡(𝑡) =
1

𝑑𝑎𝑏𝑠 + 𝑑𝑚𝑢𝑙𝑡

(

𝛿(𝑡) + 1
𝜏
𝑑𝑎𝑏𝑠
𝑑𝑚𝑢𝑙𝑡

𝑒−𝑡∕𝜏
)

(6)

where

𝜏 = 𝜀
𝜎
𝑑𝑎𝑏𝑠 + 𝑑𝑚𝑢𝑙𝑡

𝑑𝑚𝑢𝑙𝑡
, (7)

𝛿(𝑡) is the Dirac delta function and 𝜀 is the static2 permittivity of the
material [21].

In realistic cases, it is not trivial to make an abrupt distinction, since
the values of 𝑑𝑎𝑏𝑠 and 𝑑𝑚𝑢𝑙𝑡 do not always correspond to the thickness of
the undepleted and depleted regions, respectively. For instance, at high
reverse bias voltages the electric field in the device in Fig. 1 depletes
part of the absorption region and the profile of 𝜎(𝑥) becomes highly
nonuniform (see Fig. 2). For this reason, we discretized the absorption
region in 𝑁 intervals, with nonuniform spacing 𝛥𝑥𝑖, permittivity 𝜀,
conductivity 𝜎𝑖 and weight function 𝑤𝑖(𝑡). We assume 𝜎 = 0 in the
multiplication region, that is consistent with the profiles extracted
from TCAD (see Fig. 2). The 𝑤𝑖(𝑡) have been numerically computed by
antitransformation of the corresponding Laplace domain expression. In
fact, knowing that in the Laplace domain [21] 𝑊𝑖(𝑠) (Laplace transform
of 𝑤𝑖(𝑡)) obey to

𝑁
∑

𝑖=1
𝑊𝑖(𝑠)𝛥𝑥𝑖 = 1 (8)

𝑊𝑖+1(𝑠)
(

𝜀 +
𝜎𝑖+1
𝑠

)

= 𝑊𝑖(𝑠)
(

𝜀 +
𝜎𝑖
𝑠

)

(9)

one can derive that

𝑊𝑖(𝑠) =
𝑁
∑

𝑖=1

𝑠𝜀 + 𝜎1
𝑠𝜀 + 𝜎𝑖

𝑊1(𝑠), (10)

where

𝑊1(𝑠) =
1

∑𝑁
𝑖=1

𝑠𝜀+𝜎1
𝑠𝜀+𝜎𝑖

𝛥𝑥𝑖
, (11)

where the index ‘‘1’’ denotes an arbitrary point of the grid, taken as
reference. Inverse Fourier transform of the 𝑊𝑖(𝑠) projection on the
imaginary axis (𝑠 = 𝑗𝜔) yields the desired 𝑤𝑖(𝑡). The integration scheme
proposed in [22] was used to this end.

The contribution of each free flight to the total current waveform
is then given by the convolution of 𝑤𝑖(𝑡) with a trapezoidal velocity
profile where the initial velocity is 𝑣(𝑥) and increases with constant
acceleration 𝑎(𝑥) from Eq. (1) in the absorption region, while it is equal
to 𝑣𝑒 (or 𝑣ℎ) in the multiplication region.

3. Model verification

We carry out the verification of our model by performing DC
analyses of the device in Fig. 1 at different bias voltages. We use
the TCAD software [18] to extract the electric field 𝐹 (𝑥), the field-
dependent mobilities 𝜇𝑒(𝑥) and 𝜇ℎ(𝑥), the concentrations 𝑛(𝑥) and 𝑝(𝑥),
the band profiles, and then we compute the conductivity 𝜎(𝑥) (see
Fig. 2), the accelerations 𝑎𝑒(𝑥) and 𝑎ℎ(𝑥) (Eq (1)), the average times
between consecutive scattering events 𝜏𝑠,𝑒(𝑥) and 𝜏𝑠,ℎ(𝑥) (Eq. (2)) and

2 Note that Eq. (7) has been derived in [21] for Silicon. In III-V compound
semiconductors, due to their polar nature, the model should include the
dependence of 𝜀 on the frequency, which would not bring to close-form
expressions as Eq. (7). In this work we use the static permittivity, since the
transverse and longitudinal polar optical frequencies for GaAs are much higher
than the frequencies of interest for the computation of the weight functions.
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Fig. 2. Conductivity as a function of the position inside the device of Fig. 1 (in linear (a) and logarithmic scales (b)) extracted from TCAD simulations [18]. Two bias voltages
lower than the breakdown voltage are considered: 𝑉 = −28 V (black solid line) and 𝑉 = −32 V (blue dashed line).

Fig. 3. (a) Sketch of the SAM-APD of Fig. 1. Electron–hole pairs are generated at position 𝑥𝑔 . (b), (c) Comparison between the weighting functions 𝑤𝑖(𝑡) extracted by using Eqs. (5),
(6) and nominal 𝑑𝑎𝑏𝑠 and 𝑑𝑚𝑢𝑙𝑡 values (symbols) and Eqs. (10), (11) (lines) at two different positions inside the device (𝑥 = −2.35 μm in red, that corresponds to a point close to
the middle of the absorption region, and 𝑥 = 0 in blue, that corresponds to the coordinate where the multiplication region begins) and at (b) 𝑉 = −28 V and (c) 𝑉 = −32 V. In
plot (c), the dotted lines represent the 𝑤𝑖(𝑡) computed using Eqs. (5), (6), but employing effective values of 𝑑𝑎𝑏𝑠 and 𝑑𝑚𝑢𝑙𝑡. When Eqs. (5), (6) are used, a constant conductivity
inside the absorption region, equal to the value of 𝜎 at 𝑥 = −𝑑𝑎𝑏𝑠∕2 in the TCAD simulation, has been assumed. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

the impact ionization coefficients. Then, the weight functions 𝑤𝑖(𝑡) are
calculated for each point of the absorption region (Eq. (10)).

Fig. 3 compares the 𝑤𝑎𝑏𝑠(𝑡) and 𝑤𝑚𝑢𝑙𝑡(𝑡) computed by using Eqs. (5),
(6) (assuming a constant value of 𝜎(𝑥) in the absorption region) and the
𝑤𝑖(𝑥, 𝑡) at 𝑥 = −2.35 μm (close to the middle of the absorption region,
and at 𝑥 = 0 (where the multiplication region begins) computed nu-
merically by using Eqs. (10), (11). As expected, the agreement between
the two methods is very good only when the electric field is confined
inside the multiplication region at (i.e. for 𝑉 = −28 V), but when part of
the absorption region is depleted, we get substantially different results,
especially at 𝑥 points close to the multiplication region. However, we
also note that the 𝑤𝑖(𝑡) computed by using Eqs. (10), (11) reported
in Fig. 3b are similar to those computed by using Eqs. (5), (6) when,
instead of using the nominal values of 𝑑𝑎𝑏𝑠 and 𝑑𝑚𝑢𝑙𝑡, an effective 𝑑𝑎𝑏𝑠
is defined as the distance at which the electric field reaches about 1%
of its maximum value inside the multiplication region and an effective
value of 𝑑𝑚𝑢𝑙𝑡 is also defined consistently.

Fig. 4 compares transient simulations with the TCAD software and
the calculations with our algorithm after optical generation at different
locations in the device. In this case, impact ionization is turned off since

the TCAD tool does not include nonlocal models for impact ionization
with associated noise comparable to the RPL algorithm [16] in terms
of physical content.

The TCAD software is based on the Drift Diffusion equations, works
on deterministic ensemble averages and thus provides only a sort of
average current waveform, obtained by using the doping profile of Fig. 1
and solving the Poisson’s and continuity equations in the time domain,
while our algorithm simulates the random motion of many particles.
Hence, the comparison between our approach and TCAD is possible
only if the RPL simulations are averaged over many photon-induced
generation events (105 in this case), starting with randomly chosen
generation seeds. As demonstrated in Fig. 4, the agreement between
the current waveforms computed with TCAD and the RPL, when we
impose that a single electron–hole pair is generated at 𝑥𝑔 = −2.35 μm
or at 𝑥𝑔 = −0.25 μm, is excellent at both bias points. The average current
waveforms extracted with the RPL algorithm in Fig. 4 are slightly noisy
because we simulated a finite number of realizations of the stochastic
process (trials) of diffusive transport. This noise can be further reduced
by simulating (and then averaging) more trials.
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Fig. 4. Comparison between the current waveforms computed with TCAD [18] (dashed lines) and with our algorithm averaging over 105 photon-induced generation events (solid
lines). The generation of a single electron–hole pair occurs at 𝑥𝑔 = −2.35 μm a), (c) or at 𝑥𝑔 = −0.25 μm, (b), (d) and two different bias voltages have been applied: 𝑉 = −28 V
(a), (b) and 𝑉 = −32 V (c), (d). In these simulations, impact ionization is turned off. Here and in the next figures, the spatial coordinates are the same as in Fig. 1.

4. Jitter of the time response

The random motion of carriers in the absorption region and the
stochastic nature of impact ionization events result in random changes
of the current waveforms whenever a photon creates electron–hole
pairs, thus generating jitter in the APD response. We now want to
evaluate this jitter by assuming a realistic architecture of the readout
electronics used in time of flight experiments.

In these systems, there is the need for a trigger that generates a logic
pulse signaling the occurrence of a photon arrival. To this end, different
methods can be used, e.g. simple threshold techniques (Leading Edge
Triggering) or more elaborate Amplitude and Rise Time Compensated
(ARC) Timing [23]. In this work, we take as reference case the simple
Crossover Timing (CT) scheme illustrated in the inset of Fig. 5a, because:
(1) it is an easily implemented post processing step in the algorithm
presented in Section 2; (2) it is less affected than leading edge timing
by the fact that two pulses with the same rise time, but different
amplitude, reach the same threshold at different times (the so-called
‘‘amplitude walk’’ [23]); (3) it is at the base of other timing methods,
such as the Constant Fraction Discrimination and ARC Timing. [23].
Following the CT scheme, the (simulated) current waveform generated
by the arrival of one photon is subtracted by a delayed version of
itself to obtain a bipolar pulse. A trigger signal is generated at the
zero-crossing point 𝑡∗ (see Fig. 5). By simulating many photon-induced
generation events we can then construct the distribution of 𝑡∗ (in the
following referred to as 𝑃𝐷𝐹 (𝑡∗)) for a given 𝑡𝐷. We call response time
jitter (𝑡𝑗) the standard deviation of this distribution; the conceptual

scheme in Fig. 5 thus gives us an indication of the jitter in a realistic
readout for time of flight measurements.

In the following, we always assume that the time interval between
consecutive photon’s arrivals is longer than the time response of the
device. Moreover, when simulating the diffusion of the carriers in the
absorption region (see Fig. 3a), differently from what is explained in
Section 2, we set 𝑤𝑖(𝑥, 𝑡) = 0 for 𝑥 < 0 when the electric field is null in
the absorption region, that yields a null current waveform from 𝑡 = 0
to 𝑡 = 𝑡𝑑𝑖𝑓𝑓 , where 𝑡𝑑𝑖𝑓𝑓 is the random time needed for the electron
generated in the absorption region to diffuse towards the multiplication
region (see Fig. 6a). In other words, the model considers only the effect
of diffusion on the duration of the current waveform, and neglects the
contribution of diffusion noise in terms of induced current, since this
would result in thermal noise components at high frequency filtered
out by any readout circuit. This approximation is supported by Fig. 6b
that shows the current power spectral densities (PSDs), averaged over
103 photon induced generation events, obtained including or not the
contribution of carrier diffusion to the induced current. Fig. 6b has been
constructed by assuming random time intervals, generated according
to a Poisson distribution with mean frequency 𝜈 = 0.5 GHz, between
consecutive photon arrivals and then performing the Fourier transform
of the sequence of current waveforms. We notice that, in the low
frequency limit, there is a good agreement between the PSDs computed
in the two cases (with or without the contribution of carriers’ diffusion
to the induced current). The small discrepancy is due to the fact that
when the complete model is used, the high frequency white noise
associated with carriers’ diffusion adds to the shot noise component of
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Fig. 5. Representation of the Crossover Timing method to compute 𝑡∗, which is
representative of a readout scheme used in time of flight measurements. The original
current waveform (a) is subtracted to itself delayed by 𝑡𝐷 (b) to obtain a bipolar pulse
(c). A trigger is generated at the zero-crossing point 𝑡∗. In the inset of panel (a), the
procedure is reported in the form of a block diagram.

the photogenerated current 𝐼𝑝ℎ = 𝑞𝜈. So, setting 𝑤𝑖(𝑥, 𝑡) = 0 for 𝑥 < 0
gives the advantage of getting output waveforms free of additional
noise contributions of limited relevance for the considered problem. In
addition, to suppress the effect of the residual noise, a zero-crossing
point is considered valid only if it occurs when the integration of the
original current waveform is larger than 0.1 the electron’s elementary
charge 𝑞. A possibility to further reduce the noise components not
relevant to jitter analysis, would be to filter the current waveforms,
mimicking the effects of the finite bandwidth of a real readout. When,
instead, the absorption region is partially depleted, we compute 𝑤𝑖(𝑥, 𝑡)
also for 𝑥 < 0 when the carriers move in a region where the electric field
is, at least, the 1% of its peak value in the multiplication region.

Concerning the delay time 𝑡𝐷, this is set larger than the rise time
from 10% to 90% of the peak current of the original waveform and
chosen so that the falling edge of the original current pulse crosses the
rising edge of the delayed one in a region where small changes of 𝑡𝐷
do not affect the jitter. The limitations of this approach are discussed
in the following Section 4.2. Indeed we have verified that, when all the
current waveforms generated by different photons have a similar shape
(that is the case when impact ionization is turned off, so that the only
difference between the waveforms is 𝑡𝑑𝑖𝑓𝑓 , see Fig. 6a), then an interval
of values exists where the precise 𝑡𝐷 does not affect the extracted jitter
value.

To assist our forthcoming interpretation of the distribution of 𝑡∗,
we recall that, based on the solution of the diffusion equation [24], for
Brownian motion in a region of constant drift velocity 𝑣 and diffusion
coefficient 𝐷, the probability density function of the arrival time 𝑡∗

necessary to move from a generic photo-generation point 𝑥𝑔 in the
absorption region to the point where the multiplication region starts

 (𝑥 = 0, see Fig. 3a), is an inverse Gaussian distribution:

𝑓 (𝑡∗) =
|𝑥𝑔|

√

4𝜋𝐷𝑡∗3
𝑒𝑥𝑝

(

−
(−𝑥𝑔 − 𝑣𝑡∗)2

4𝐷𝑡∗

)

. (12)

The standard deviation of the distribution of Eq. (12) is a good repre-
sentation of the jitter of an APD when the multiplication region has a
deterministic behavior, i.e. carrier multiplication is negligible and the
absorption region is under uniform conditions, so that constant 𝑣 and 𝐷
can be assumed along the 𝑥 direction. In order to examine the validity
of these assumptions and their impact on the jitter, different cases will
be analyzed in the following subsections.

4.1. Case 1: Influence of the bias voltage and of the generation point

To evaluate how the applied voltage and the location of the genera-
tion point affect the distribution of 𝑡∗, we consider two bias points: 𝑉 =
−28 V and 𝑉 = −32 V, corresponding to two different configurations
for the electric field profile inside the device. In fact, while in the
first case the field is entirely confined inside the multiplication region,
at 𝑉 = −32 V part of the absorption region is depleted, as also
visible from the 𝜎(𝑥) profiles in Fig. 2. We consider the deterministic
generation of a single electron–hole pair occurring either near the
middle of the absorption region (𝑥𝑔 = −2.35 μm) or next to the edge
of the multiplication region (𝑥𝑔 = −0.25 μm). At this stage, we focus
on the effect of transport in the absorption region. Therefore, impact
ionization is deliberately turned off in the multiplication region, where
electrons travel with constant average velocity 𝑣𝑒.

Fig. 7 shows the 𝑃𝐷𝐹 (𝑡∗), obtained by simulating 105 photon-
induced generation events for the cases described above. A tentative
fit with an inverse Gaussian distribution (Eq. (12)), where 𝑣 and 𝐷
are effective (space independent) fitting parameters, is also reported.
We notice that at 𝑉 = −28 V (Fig. 7a), when only the multiplication
region is depleted and the electron–hole pairs are generated far from
the multiplication region, the distribution of 𝑡∗ is very similar to the
inverse Gaussian distribution of Eq. (12) (as when transport occurs by
drift and diffusion under uniform electric field). However, in the SAM-
APD of Fig. 1, the assumption of a uniform electric field is not valid
at positions close to the p+-contact and at the boundary between the
absorption and the multiplication region. For this reason, Eq. (12) holds
only if effective values of 𝑣 and 𝐷 are used instead of the ones that can
be extracted from the TCAD analysis. The resulting jitter, defined as
the standard deviation of the 𝑃𝐷𝐹 (𝑡∗) computed by the RPL algorithm,
is 𝑡𝑗 = 284 ps. On the other hand, when photons are absorbed close
to the multiplication region (Fig. 7b) or the reverse bias voltage is
increased to 𝑉 = −32 V (Fig. 7c and d) and part of the absorption
region is depleted, the effect of diffusion is less relevant. Thus, the
distribution of 𝑡∗ is more peaked with respect to the one derived using
Eq. (12). The jitter is now much smaller: 𝑡𝑗 = 19.2 ps, 68 ps and
1.8 ps for Fig. 7b, c and d, respectively. In particular, in the cases
of Fig. 7b and c, electron–hole pairs are generated in regions where
the conductivity is not constant (see Fig. 2a and b) and we are very
far from the assumptions of uniform 𝑣 and 𝐷 required for the validity
of Eq. (12). Finally, in Fig. 7d, electron–hole pairs are generated in a
depletion region with null conductivity, as a result carriers move only
by drift and, thus, the extracted 𝑃𝐷𝐹 (𝑡∗) is essentially a Dirac’s delta.

4.2. Case 2: Effect of impact ionization

In avalanche photodiodes, impact ionization plays a fundamental
role in amplifying the photogenerated current. The shape of the output
current waveforms changes dramatically and this has a significant
effect on the 𝑃𝐷𝐹 (𝑡∗). Moreover, since impact ionization is a stochastic
process, at a fixed bias voltage, each carrier triggers multiplication
processes with different gain 𝑚, and this is an additional source of jitter.

Fig. 8 shows four sample waveforms (plots a, c, e and g) when
𝑉 = −28 V and a single electron–hole pair is generated at 𝑥𝑔 = 0
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Fig. 6. (a) Current waveforms after one generation event and (b) the corresponding current power spectral density averaged over 103 generation events computed with our
algorithm using the complete model described in Section 2 (black solid line) or imposing 𝑤𝑖(𝑥, 𝑡) = 0 for 𝑥 < 0 (red dotted line) for 𝑉 = −28 V and 𝑥𝑔 = −2.35 μm. A single
electron–hole pair is generated per absorbed photon.

Fig. 7. Probability Density Functions of 𝑡∗ at 𝑉 = −28 V (a), (b) and at 𝑉 = −32 V (c), (d) when an electron–hole pair is generated at 𝑥𝑔 = −2.35 μm (a), (c) or at 𝑥𝑔 = −0.25 μm (b),
(d). The PDFs extracted with the RPL algorithm (red solid lines) are compared with a fitted inverse Gaussian distribution (Eq. (12), black dashed lines). The delay of the readout
of Fig. 5 is chosen so that the falling edge of the original current waveform crosses the rising edge of the delayed one, thus: 𝑡𝐷 = 0.5 ⋅𝑑𝑚𝑢𝑙𝑡∕𝑣𝑒 = 7 ps (a), (b) or 𝑡𝐷 = 𝑑𝑚𝑢𝑙𝑡∕𝑣𝑒 = 14 ps
(c), (d). Note the different scales of the 𝑥-axis and the Dirac’s delta like shape of the 𝑃𝐷𝐹 (𝑡∗) in graph (d). Impact ionization is turned off.

(thus excluding the contribution of random diffusive transport in the
absorption region). At this bias voltage, the mean gain is 𝑀 = ⟨𝑚⟩ =
14. Fig. 8b, d, f and h, instead, show the bipolar pulses obtained by
adding the current waveform with its inverted version delayed by 𝑡𝐷 =

𝑑𝑚𝑢𝑙𝑡∕𝑣𝑒 = 14 ps. We notice that in Fig. 8a and b, when the gain is 𝑚 = 1,
the zero-crossing point occurs at 𝑡∗ = 𝑡𝐷, since the delay is longer than
the duration of the main lobe of the pulse. In Fig. 8c and d instead, the
gain is 𝑚 = 2 and the zero-crossing point is at 𝑡∗ ≃ 25 ps. The same
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Fig. 8. (a), (c), (e), (g): Sample current waveforms associated to the arrival of a photon that generates one electron–hole pair at 𝑥𝑔 = 0 when impact ionization is turned on. The
applied voltage is 𝑉 = −28 V. Since impact ionization is a stochastic process, the gain 𝑚 is not the same for all events: 𝑚 = 1 in (a) and (b), 𝑚 = 2 in (c) and (d), 𝑚 = 6 in (e)
and (f) and 𝑚 = 83 in (g) and (h). Plots (b), (d), (f), (h) report the difference between the current waveform and its delayed version when the delay is 𝑡𝐷 = 𝑑𝑚𝑢𝑙𝑡∕𝑣𝑒 = 14 ps. The
first zero-crossing point is highlighted with a red dot.

Fig. 9. Probability Density Function of 𝑡∗ after the arrival of 105 photons, when the
bias voltage is 𝑉 = −28 V. Single electron–hole pairs are generated at the beginning
of the multiplication region (𝑥 = 0). 𝑡𝐷 = 𝑑𝑚𝑢𝑙𝑡∕𝑣𝑒 = 14 ps.

happens if the gain is 𝑚 = 6, as shown in Fig. 8e and f, although now
multiple zero-crossing points are present due to the complex shape of
the waveform. Finally, when the gain is 𝑚 = 83 (Fig. 8g and h), the first
zero-crossing point occurs at 𝑡∗ = 30 ps, that is a time interval smaller
than the rise time of the pulse shown in Fig. 8g.

Fig. 9 shows the 𝑃𝐷𝐹 (𝑡∗) obtained when impact ionization is active.
The jitter (standard deviation of the total 𝑃𝐷𝐹 (𝑡∗)) is 𝑡𝑗 = 5.8 ps. We
notice that the 𝑃𝐷𝐹 shape is different from those reported in Fig. 7.
The peak at 𝑡∗ = 14 ps (that is 𝑡∗ = 𝑡𝐷) is due to all those waveforms
where the zero-crossing point occurs during or after the falling edge of
the current waveform (see Fig. 8a and b).

The spread in the 𝑃𝐷𝐹 (𝑡∗) is then caused by the Crossover Timing
scheme itself, since the waveforms generated by the arrival of different
photons all have different shapes and the duration of the pulses changes
dramatically depending on the gain 𝑚 [23]. The main issue is to

calibrate the optimum 𝑡𝐷 to be used: if the choice of 𝑡𝐷 is based on
the duration of the average time response at a given bias voltage, then
when 𝑚 is low the zero crossing might occur during or after the falling
edge of the current waveform, while, when 𝑚 is large the crossing is at
the beginning of the rising edge. For this reason, the scheme in Fig. 5 is
well suited for APDs only if multiple electron–hole pairs are generated
by a photon. This happens, for instance, in the detection of X-rays,
which is one of the main applications of III-V compound semiconductor
APDs. The generation of a single electron–hole pair per photon instead
is not representative of our use cases. The discussion of alternative
timing methodologies goes beyond the aim of this work and, in general,
APDs operated in the linear regime may not be the best choice in this
case.

4.3. Case 3: Generation of multiple electron–hole pairs

As mentioned above, when avalanche photodiodes are used for the
detection of high energy photons (e.g. X-rays), more than one electron–
hole pair is generated per absorbed photon. Calibrated generation
models predict that the number of generated electron–hole pairs has
a Gaussian distribution with average 𝑁 = 𝐸𝑝ℎ∕𝐸𝑒ℎ𝑝 and standard

deviation equal to
√

𝑁𝑓 , where 𝐸𝑝ℎ is the photon energy, 𝐸𝑒ℎ𝑝 is
the average electron–hole pair creation energy and 𝑓 is the Fano
factor [25]. 𝐸𝑒ℎ𝑝 and 𝑓 depend on the material and, for GaAs, their
values are 𝐸𝑒ℎ𝑝 = 4.21 eV and 𝑓 = 0.12 [26] (see Fig. 10a).

To evaluate how multiple electron–hole pairs generation affects the
jitter of the response time, we simulate the absorption at 𝑥𝑔 = 0 of 1000
photons with fixed energy 𝐸𝑝ℎ = 125, 500 or 2000 eV. This choice
is well motivated by the will to highlight only the relative impact of
the electron–hole pair generation process on the jitter. Each photon
generates a random number of electron–hole pairs (𝑁) according to the
Gaussian distribution related to its energy [25,26]. 𝑡∗ is then computed
with the procedure of Fig. 5 on the current waveform generated by
the 𝑁 pairs (i.e. each electron–hole pair is simulated separately, then
the waveforms are summed up). The results are shown in Fig. 10b.
We notice that, as the photon energy increases from 125 to 2000 eV,
the distribution of 𝑡∗ becomes narrower. This happens because the
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Fig. 10. (a) Distribution of the number of generated electron–hole pairs in GaAs for a photon with energy 𝐸𝑝ℎ = 500 eV according to [26]. (b) Probability Density Functions of
𝑡∗ considering 103 times the process of the arrival of a photon and the random generation of electron–hole pairs, at 𝑥𝑔 = 0 in the device of Fig. 1. 𝐸𝑝ℎ = 125, 500 or 2000 eV
(black solid line, red dashed line and blue dotted line respectively). Impact ionization is turned on, the applied voltage is 𝑉 = −28 V. 𝑡𝐷 = 𝑑𝑚𝑢𝑙𝑡∕𝑣𝑒 = 14 ps.

number of electron–hole pairs contributing (statistically) to the current
waveforms increases and the curves associated to the arrival of different
photons are similar to each other, resulting in a reduced variability with
respect to what is shown in Fig. 8.

The generation of multiple electron–hole pairs per photon makes the
use of the Crossover Timing technique less critical even in the presence
of a high gain, since the current waveform associated to the arrival of
a single high energy photon is the sum of all the current waveforms
created by each generated electron–hole pair.

4.4. Case 4: Distributed electron–hole pair generation

When the photon flux impinges on the APD, electron–hole pairs gen-
eration is not localized but distributed along the 𝑥 direction according
to the Beer–Lambert’s law [27]. This law expresses the ratio between
the transmitted and the incident fluxes, 𝜑𝑇 and 𝜑𝐼 respectively, as
𝜑𝑇
𝜑𝐼

(𝑥) = 𝑒𝑥𝑝
(

− 𝑥
𝐿

)

, (13)

where 𝐿 is the attenuation length and depends on both the photon’s
energy and the material.

In our simulations, we consider photons with energy 𝐸𝑝ℎ = 5.89 keV,
typical of 55Fe and we assume a device entirely fabricated in GaAs.
The attenuation length is then 𝐿 = 11.95 μm [28]. By using the GaAs
parameters reported in Section 4.3 [26], each photon generates an
average number of 1399 electron–hole pairs.

Fig. 11 compares the distribution of 𝑡∗ when generation of multiple
electron–hole pairs is localized at 𝑥𝑔 = −4.25 μm, 𝑥𝑔 = −2.35 μm and
𝑥𝑔 = 0 μm to the case when generation is distributed. We notice that
the jitter decreases from 𝑡𝑗 = 31.2 ps to 𝑡𝑗 = 1.2 ps as we move the
generation point closer to the multiplication region, because carriers
have to travel according to the stochastic laws of the diffusive transport
over a path of the absorption region that becomes shorter. When the
generation is distributed, instead, the jitter is higher than in all previous
cases (𝑡𝑗 = 56.9 ps), since electron–hole pairs are generated at random
positions inside the device, depending on the point where the photon is
absorbed (all the pairs generated by a given photon are, instead, created
at the same position, as stated in Section 2.1).

5. Conclusions

A new implementation of the Random Path Length algorithm allows
us to investigate the stochastic response time of Separate Absorption
and Multiplication avalanche photodiodes (SAM-APDs). The model in-
cludes an extended version of the Ramo’s theorem in order to properly
take into account the finite conductivity of the absorption region. The

Fig. 11. Comparison between the Probability Density Functions of 𝑡∗, extracted with
the extended RPL after the arrival of 103 photons, when multiple electron–hole pairs
are generated at 𝑥𝑔 = −4.25 μm (black solid line), 𝑥𝑔 = −2.35 μm (red dashed line),
𝑥𝑔 = 0 (green dashed–dotted line) or when the generation follows the profile given by
Eq. (13) (blue dotted line). The applied bias voltage is 𝑉 = −28 V and impact ionization
is turned on. The delay of the readout circuit of Fig. 5 is 𝑡𝐷 = 𝑑𝑚𝑢𝑙𝑡∕𝑣𝑒 = 14 ps.

transport model includes both diffusion and drift of carriers as well
as impact ionization. This work extends the set of tools previously
developed [13,16] to study the static and dynamic performance of
APDs.

We validated the model predictions of average current waveforms
against TCAD software, and then used them to extract the response time
jitter. It has been pointed out that, in cases where impact ionization
is vanishingly small (that corresponds to low bias voltages in real
scenarios), when electron–hole pairs are generated at the same location
in the absorption region, the jitter is higher if the absorption region is
quasi neutral. The jitter decreases as the generation of electron–hole
pairs occurs closer to the multiplication region.

When impact ionization is relevant, the simple Crossover Timing
technique for the estimation of the jitter has limitations, because the
line delay 𝑡𝐷 has to be fixed but the shapes of the current waveforms
created by distinct photons are very different from each other, even at
the same bias. However, the situation improves if we consider gener-
ation of many electron–hole pairs per photon as for X-ray detection,
since several current waveforms are summed together. Moreover, the
jitter reduces as the energy of the photon increases.
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Finally, it is important to consider a distributed generation profile
due to impinging photons with high energy, since the jitter is higher
than in those cases where the generation is localized.
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