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Abstract. We study the multiplicity of solutions for a two-point boundary
value problem of Neumann type associated with a Hamiltonian system
which couples a system with periodic Hamiltonian in the space variable
with a second one with positively-(p,q)-homogeneous Hamiltonian. The
periodic problem is also treated.
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1. Introduction and statement of the main result

In the recent paper [7], a multiplicity result for a Neumann-type boundary
value problem associated with a Hamiltonian system has been proved. It is the
aim of this paper to extend this result to coupled systems, the first of which is
of the type considered in [7], while the second one involves a positively-(p, q)-
homogeneous and positive Hamiltonian function.

Denoting by J the standard symplectic matrix, our Hamiltonian system

Ji=V.H(t,z),

when writing z = ((z,9), (u,v)) € R?M x R2L' is driven by a Hamiltonian
function of the type

H(t,z) = H(t,x,y) + A (u,0) + P(t, 2,9, u,0).

Published online: 20 March 2024 T Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00030-024-00925-8&domain=pdf

41 Page 2 of 28 A. Fonda and W. Ullah NoDEA

To be more precise, we are dealing with the Hamiltonian system

&=V H(t,z,y)+ V,Pt,z,y,u,v),
y=—-V.H(t,z,y) — V. P(t,x,y,u,v),
U= V€ (u,v) + V,P(t, z,y,u,v),
0 ==V, (u,v) — V,P(t,z,y,u,v),

(1.1)

with Neumann-type boundary conditions

{y(a) =0=y(b),

v(a) =0 =v(b). (1.2)

We write
z:(xl,...,xM)GRM, y:(yl,...,yM)ERM,

w=(u1,...,ur) €ERL, v=(vy,...,v1) € RE.

The functions H : [a, )] xR*M — R, 5 : R?f — Rand P : [a,b] xR2M 2L R
are continuous, and continuously differentiable with respect to (z,y), (u,v) and
(x,y,u,v), respectively.

In the sequel, the notation for the standard symplectic matrix

= (35D)

where I is the identity matrix, will also be used in any other dimensions.
Here are our hypotheses.
Al. For every i € {1,..., M} there exists xk; > 0 such that the functions
H(t,z,y) and P(t,x,y,u,v) are k;-periodic in the variable z;.
The periodicity assumption Al naturally leads us to consider the torus

T™ = (R/k1Z) x --- x (R/kpZ).

Indeed, in view of this assumption, the = component of the solutions could
sometimes be interpreted as belonging to T,
A2. The function P(t,z,y,u,v) has a bounded gradient with respect to
(z,y,u,v).

Assumption A2 guarantees that the coupling term P(¢,z,y,u,v) can be
seen as some kind of not so large perturbation term.
A3. All the solutions of system (1.1) satisfying y(a) = v(a) = 0 are defined on
[a,b].

In view of the results in [5,7], assumption A3 is surely satisfied if there
exists a constant K; such that

V. H(t,z,y)| < Ki(1+4 |y|), for every (t,z,y) € [a,b] x TM x RM.
A4. The function 7 : R?F — R is of the type

L
H(u,v) = ijj(uj’vj)7
j=1
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for some functions J7; : R? — R which are positively- (pj, g;)-homogeneous and
positive, meaning that for some p; > 1 and ¢; > 1 with (1/p;) + (1/¢;) =1
we have

(Y17, AP s) = APt (1 s) > 0, for every (r,s) € R?\ {0} and v > 0.

In this setting, the origin (0,0) is an isochronous center for the planar
autonomous system

I =VA0). (13)

For every j € {1,...,L}, besides the origin all solutions of system (1.3) are
periodic and have the same minimal period, which will be denoted by ;.
Moreover, for all solutions ((t) = (¢1(t), C2(t)) of (1.3) starting with ¢;(0) <0
and (2(0) = 0, there is a first time 7;, > 0 for which (2(7;,) = 0, while
G2(t) > 0 for all ¢ €]0,7;, [, and this time 7;, is independent of (1(0) < 0.
Similarly, if (1(0) > 0 and and ¢(2(0) = 0, there is a first time 7;_ > 0 for which
Cao(7;_) = 0, while (»(t) < 0 for all ¢ €]0,7;_[, and this time 7;_ is independent
of ¢1(0) > 0. Clearly enough, 7; = 7, + 7;_.
Here is our main result.

Theorem 1.1. Assume that A1 — A4 hold true. Let 7, = 7;_ and
b—a

¢N, foreveryje{l,...,L}.

J+

Then there are at least M + 1 geometrically distinct solutions of the boundary
value problem (1.1)—(1.2).

Notice that, when a solution has been found, infinitely many others ap-
pear by just adding an integer multiple of x; to the z;-th component. We say
that two solutions are geometrically distinct if they cannot be obtained from
each other in this way.

Let us remark here that a sufficient condition for having satisfied the
assumption 7;, = 7;_ is that the function 7} is even in v. This is a frequent
case in the applications, where, e.g., 7} is quadratic in v.

Theorem 1.1 generalizes the result in [7], where the case P = 0 was
treated, dealing only with the system in (z,y). In order to prove it, we first
consider the case when, writing w = (u, v), the second Hamiltonian functions is
of the type J#(w) = §(Aw, w), where A is a particular diagonal matrix. Then,
by a symplectic change of variables, we are able to transform the positively-
(p, q)-homogeneous Hamiltonian in the quadratic one.

We also study the periodic problem for such kind of Hamiltonian sys-
tems, and obtain a similar multiplicity result when a suitable twist condition
is assumed. This part of the paper is related to the Poincaré-Birkhoff Theorem
[15], and we exploit some results obtained in [4], where any symmetric matrix
A can be considered, provided that a nonresonance condition is also assumed.
We thus generalize to this setting some results obtained in [3,8,9].

At the end of the paper we will analyze the possibility of dealing with
any symmetric matrix A, provided that a nonresonance condition is assumed,
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also for the Neumann-type problem. However, we succeed doing this only in
the case L = 1, while the case L > 2 remains an open problem.

Let us describe more in detail how the paper is organized.

In Sect.2 we study the Neumann-type boundary value problem in the
particular case when

1 L
u,v =3 Z Aji( u + v
j=1
for some positive constants Aq,..., Ar. The proof is variational, and it is mod-
eled on the method developed in [7]. However, some delicate estimates are
needed in order to prove the invertibility of the involved selfadjoint operator.

In Sect. 3 we provide the proof of Theorem 1.1. The idea is to construct
a symplectic change of variables, so to reduce the problem to the one already
treated in Sect. 2.

In Sect.4 we study the periodic problem. Here we need to introduce a
twist condition, which recalls the classical assumption in the Poincaré-Birkhoff
Theorem. We obtain a similar multiplicity result as in Theorem 1.1 by applying
a corollary of the main result in [4].

Some possible applications are given in Sect. 5. For example, we propose
a system of the type

= f(y)+ E{l), y=-—Asinx— 0,P(t,x,u),
w=|v]1"%, O=—put)P "t +v(u )Pt +0,P(t x,u),
where vt = max{u,0} and v~ = max{—u,0}. The first two equations can be

seen as a generalization of the pendulum equation (obtained when f(y) = y),
while the last two equations correspond to the scalar equation

d (|u|p % ) +p(ut)Pt —p(um )P = 0, P(t, x,u).

Notice that the particular case p = 2 leads to a classical asymmetric oscillator.
Both Neumann-type and periodic problems are analyzed.

Finally, in Sect.6 we end with some further remarks and proposing an
open problem.

In all the rest of the paper we will denote by (-,-) and | - | the Euclidean
scalar product and norm on R”, for any k € N.

2. Coupling with a linear system

In this section we consider a Hamiltonian system of the type
‘,t = vyH(t7 €, y) + vyP(t7 z, y7 U)) )
y: —va(t,l‘,y) _VmP(tvxayaw)v (21)
Jw = Aw + V,P(t,z,y,w).

Here, the functions H : [a,b] x R?M — R and P : [a,b] x R2M*2L - R are
continuous, and continuously differentiable with respect to (z,y) and (z, y, w),
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respectively. The 2L x 2L matrix A is of the type

where
A0 0
0 A 0
BL - . . )
0 0 Mg
for some positive real numbers A1, ..., Ar. Writing

z=(z1,...,20) ERM, y=(y1,...,yn) € RM,
and w = (u,v) € R?E, with
uw=(uy,...,ur) ERE, v=(v1,...,01) €RE,
we consider the Neumann-type boundary conditions
{y(a) = 0=y(b), (2.3)
v(a) =0 = v(b).
Here is the main result of this section.

Theorem 2.1. Assume that A1 — A3 hold true, and
h—
T

Then, the boundary value problem (2.1)—(2.3) has at least M + 1 geometrically
distinct solutions.

a)\jgéN, for every j € {1,...,L}.

Proof. Without loss of generality, we may assume that [a,b] = [0,7]. By A3
and a standard compactness argument, there exists a constant Ky > 0 such
that, for any solution (z,y, w) of (2.1) satisfying y(0) = v(0) = 0, one has that

ly(¢)| < K3, for every t € [0,7]. (2.4)
Notice indeed that, by the nonresonance assumption we have, one can find a C!

a priori bound on w, which hence belongs to a compact subset of C([0, 7], R%E).
Let 0 : R — R be a C*°-function such that

]., if |S| S KQ,
o(s) = :
0, if |s| > Ko+1,

set

~

H(t z,y) = o(ly)H(E, z,y), (2.5)
and consider the modified system
i =V H(t2,y) + Vy Pt 2, y,w),
y=-V.H(t,x,y) — V. P(t,z,y,w), (2.6)
Jw = Aw + V,P(t,z,y,w).
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The new Hamiltonian function is thus
H(t,2,y,w) = H(t,z,y) + §(Aw,w) + P(t,z,y,w). (2.7)

We will prove that the boundary value problem (2.6)—(2.3) has at least M + 1
geometrically distinct solutions. By the above argument, these solutions will
satisfy (2.4), hence they will be the solutions of (2.1)—(2.3) we are looking for.

The proof is variational, and it is based on a theorem by Szulkin recalled
below. We will now introduce the function spaces and the needed functionals.

2.1. The function spaces

For any o €]0,1[, we define X, as the set of those real valued functions
7 € L*(0,) such that

B(t) ~ Y Fp cos(mt),

m=1

where (Z,,)m>1 is a sequence in R satisfying
oo
200 52
E m=x,, < o0.
m=1

The space X, is endowed with the inner product and norm

o0
<(za ¢>X(x = Z mzaim(ﬁnw ||i.‘|Xu =
m=1

For any 8 €]0,1[, we define Y3 as the set of those real valued functions y €
L?(0,7) such that

oo
y(t) ~ > ymsin(mt),
m=1
where (Ym)m>1 1S a sequence in R satisfying
oo
Z m?Py?, < oco.
m=1

The space Yjp is endowed with the inner product and norm

<ya p>Yg = Z mzﬁym,pm,

m=1

u(t) =@+ a(t),

where 7 and y belong to the spaces X and YﬁM respectively, while functions
@ and v belong to the spaces X and YﬁL respectively.
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Choose two positive numbers «, 3 such that
a<%<ﬁ and a+ (=1

Consider the space E = XM x Y[,M x (RL x XL) x YﬁL, and the torus TM =
(R/K1Z) x -+ x (R/kpZ). The space E is endowed with the scalar product

((f,y,a,ﬁm), (X,Y7U,[7,V)>E :<5ﬁ7 )?>XC]Y” + <yv Y>YﬁM+
+ <ﬂvU> + <ﬂv 6>X(§ + <’Ua V>YBL7

and the corresponding norm

1@, 8,0) 1 = el + Iy +1aP + [y + 1ol -

Since X,, Y3 and R are separable Hilbert spaces [7, Proposition 2.3 and 2.6],
the same is true for F. B

By Al, the Hamiltonian function H in (2.7) is k;-periodic in z; for ¢ €
{1,..., M}, hence writing z(t) = T + Z(t), with

1 U
7= f/ () dt,
™ Jo

we can assume that Z € TM and look for solutions (z,2) € E x TM | where
z = (i‘vyaaaﬂ/vv)'

These solutions will be found as critical points of a suitable functional, by
applying the following theorem of Szulkin [18] (see also [10,13]).

Theorem 2.2. ([18]) If ¢ : E x TM — R is a continuously differentiable
functional of the type

o2:7) = $(L2,2)5 + %2, 2),

where £ : E — E is a bounded selfadjoint invertible operator and di(E x TM)
1s relatively compact, then ¢ has at least M + 1 critical points.

2.2. The functional and the bilinear form
We define a functional ¢ : E x TM — R as

1/)(2,37") :'(/J((f,y,ﬂ,ﬂ,U),if)

:/OﬂH(t,QH—i(t),y(t),u+ﬂ(t),v(t))dt.

In the following, we will treat TM as being lifted to RM, so E x TM will often
be identified with F x R . It has been shown in [7, Proposition 2.10] and
[6, Proposition 19, Proposition 22] that ¢ is continuously differentiable, and
the gradient function V¢ has a relatively compact image. In what follows we
introduce the operator Z.

We first consider the space

D = [C'([0,aD)M x [C ([0, 7)) x Fr,
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where

Fr = (R" > [C([0.7])]") x [C5 ([0, w])]",
and define a symmetric bilinear form 5 : D x D — R as follows. For every
2= (%,y,4,0,v) and Z = (X,Y,U,U,V) in D,

B(z,2) = /OTr [<y’,)?> — (&Y — (Ju, W) + (Aw, W>} dt,

where w = (@ + @,v), W = (U + U, V) are in Fy.

Proposition 2.3. The set D is dense in E, and the bilinear form B : DxD — R
18 continuous with respect to the topology of E X E .

Proof. We know by [7, Proposition 2.5 and 2.8] that D is a dense subspace of
E. In order to prove the second part of the statement, let us write

B(Z7Z) =B ((£7y)’ ()’Zv Y)) + BQ(wv W)a
where
85 (X)) = [ (0.5 - @v))ar 28)
and

Bo(w, W) = /OW (f (Ji, W) + (Aw, W>)dt. (2.9)

It has been proved in [6, Section 3.4] that B; is continuous with respect to the
topology of XM x YﬁM . We need to prove that By is continuous with respect to

the topology of R x X x Y. For w = (wy,...,wr) and W = (Wy,..., W)
in I, we have

™ L ™
/ (Jab, W>dt:Z/ (Jj, W;)dt, (2.10)
0 =170
and, writing w; = (@; + @;,v;), W; = (U; + ﬁj,Vj),
/ (Jabj, W;)dt :/ ujvjdt—/ oﬁjdt—/ o;U;dt.  (2.11)
0 0 0 0

We decompose the involved functions as

(o) o0
v; = Z vl sin(mt), V; = Z V. sin(mit),
m=1
~ 0 ~
Z al, cos(mt), U; = Z U, cos(mt).
m=1

By the boundary condition v(0) = 0 = v(n), we see that

/ 0;U ;dt = 0.
0

Recalling that a + 8 = 1, we have
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™ ) T e i )
/0 ujdet' =3 Z —mal, VI

m=1
T o0
<5 D mta,mP V|
m=1
T -
< llajllxa Villys .

and

/ ’I.Jj(jjdt' = g Z mvﬁnl}fn
0 m=1

oo
T ~ . .
< 5; [meTgm o],

< Z0T5l1x ol -
Going back to (2.11), for each j € {1,..., L}, we thus have
/;(Ju')j, W;)dt
Hence, by (2.10),
/ ", Wt
We have thus E)roved the continuity of the first part of the bilinear form defined

in (2.9).
For the second part, we can write

Vi
< §||wj”R><X(,><Y5 [ Wiil|Rx X0 x Vs -

™
< §||w”RL><X,§ XYy ||W||RL><X(§ xXYg-

T

- L
/O<Aw,w>dt:ZAj/0 (w;, W) dt, (2.12)

j=1
where
/0 (wj,Wj>dt:/0 <(7._Lj +7.~Lj,1)j),(Uj+Uj,V}')>dt
:/ (I_Lj +ﬂj)(Uj +ﬁj)dt+/ UjVj dt .
0 0
Now for every j =1,..., L, we have

/O (aj +u;)(U; +ﬁj)dt‘ < ‘/0 ;U
A
m=1

oo
<l [T+ 5 D [m®a,m*T|
m=1

+‘/ ;U
0

<l ||U;| +

= T ~
< wlagl|Us] + Sl llxa Ul x.
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‘/ Uj‘/jdt‘ =
0

while

T o=

9 Z U Vi,
m=1

- . .

5 Z |m%gnmﬂv,@|
m=1

T
§||Uj|\Y,3||Vj||Yﬁ :

IN

Thus we have

™
7w W] < Al s 15 s
0

and, going back to (2.12),

/OW<A“” WW‘ =N /Oﬂ<wj, W,)dt

L
<Y N[ X xvs W5 | Rx X0 v

A|wl|ge x XL ><YL||W||RL XXExYE

NoDEA

where A = max{\y,...,Ar}. This shows that also the second part of the
bilinear form By : D x D — R in (2.9) is continuous, and the proof is complete.

O

The bilinear form B : D x D — R can thus be extended in a unique way
to a continuous symmetric bilinear form 5 : Ex E — R, for which we maintain
the same notation. A bounded selfadjoint operator % : ' — E can thus be

defined by
(L2, 2)g =B(z, 2),
for z and Z in E. Referring to (2.8) and (2.9), we can write
2L(&,y,u,u,0) = (L1(T,y), L2(w)),

where
(A(E, ), (X.Y)) xa v = Bi((#9), (X)),
and
<-$2(w)aW>RLxxg xYE = Ba(w, W),
for every z = (2,y,u,4,v) and Z = (X,Y,U,U,V) in E with w = (4, @,v),

and W = (U,U,V). It has been proved in [7, Proposition 2.14] that

1<41(2, y))|

XMxyM = *||(j7y)‘|xgnyM-
8 2 8

(2.13)
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We now need the following.

Lemma 2.4. There exist positive constants o, 3, S with o < % < B, anda+p =
1 such that

1La(W)llre xxzxvp 2 O llwllrexxzxyp (2.14)
Jor every w € RF x XL x Y.
Proof. We first assume L = 1. Let ((, Z,g) € R x X, x Y be such that
Lo(w) = (C,¢,€), so that

Ba(w, W) = {(C,C,€), W)RxXoxvis (2.15)

for every W = (U, V) € R x X, x Y3. Recalling that w = (4, @, v), we decom-
pose

m=1 m=1
(= Z Cm cos(mt), €= Z Em sin(mt).
m=1 m=1

By taking first V' = 0 and then U = 0 in (2.15), and using (2.9), we obtain the
following identities

(= 17U
¢ =Amu,
Cmm2a = g[)\lum + mvm]v (216>
Enm?P = Zmum + o]
Thus we have
™ ™
Cmma = 5[)‘1miaum + mB'Um]v gmmﬁ = E[maum + Almiﬂvm]a
and, by using the Young inequality,
2
T
2 m*™ + §T2nm25 =T [A%mdaufn + mmvfn +m?*uZ,
+ A2m 722 420 (me P+ mﬁfa}umvm}
72
ZZ {)\%m_zo‘ufn + m?P02, + m2u2,
+ AT 202, — M [m* P+ mP ) (ud, + v?n)]

2
:%m_‘"o‘ [()\1 —m) ()\1 — m4o‘_1)} mQO‘u,Qn

2
+ %m_‘w [()\1 —m)(\ — mw—l)] m?Pv2, . (2.17)
By hypothesis, we know that there exists a nonnegative integer n; such that
ny < A <np—+1.

We now discuss separately the cases for ny = 0 and n, > 1.
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Case 1. If ny = 0, then 0 < Ay < 1, and so Ay < m for all m > 1. Now for
=1, (2.17) implies that
G et > T — 1l + 0. (2.18)
For m > 2, we have
A —m)(M\ —m* ) > (1 —m)(1 —m** ) = (m—1)(m** " - 1).
By writing m™*® = m~'m~***! and choosing « such that

1 (log(4/3)
1

1
1 —
log 2 +><a<2,

we have

m= 1A = m) (A = mieT) > (1 - ;)( me= 1)

2
> 1—1 1-— leﬁ,
2 24a1 8 8

since A\; < 1. Similarly, since g > % > «, we get

2
m~ A —m) (A —m*P) > %,
and thus (2.17) implies that
2 \2
CEm2 + e2m?*P > 75 Lm2*uZ, + m*P0Z ). (2.19)

Combining (2.18), (2.19), and the first identity in (2.16), we have
1221, i, )[R x., v, = [C17 1€, + IS,

= w22 2a? + (2 + ) + Y (Bm* + €2 m?P)

m=2

> [\ 1> + (1—)\—) [uf + v7] —|—Z ud m** +vim )}
1
m=2

o0
Z 52 [WF + Z (Ufnmza + v?nmzﬁ)} = 52”(71’&’ v)”]%{xXQXYB )
m=1

il

This implies that (2.14) holds in this case, for L = 1.
Case 2. If ny > 1, then for m € {1,...,n1} we have Ay —m > Ay —n3 > 0,
and so

where

o= g)\l min {1,

/\1—m4o‘71 > —m>X —n1 >0.
This implies that

m_4“(A1 —m) ()\1 — m40‘_1) > nf4o‘()\1 — n1)2 > nl_w()\l — n1)2.
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By choosing  such that

1 < 5 < <log(“1+"1>) n 1), (2.20)

log nq
we obtain that Ay —m* =1 > X\, — 01?7 > L(\; —ny) >0, and so
1
(A —m) (A —m*P) > nl_wg()\l —ny)?.
Thus, for m € {1,...,n1}, (2.17) and (2.20) imply that
2
2 m* + §72nm2ﬂ > 7; _45()\1 — nl)Q[m2o‘u2 +m%y 2] (2.21)
For m =n; + 1, we have Ay —m = Ay — (n; + 1) <0, and so
)\1—m4ﬁ_1 Z)\l—(’n1+1)4ﬁ_1 <)\1—(n1+1) < 0.

This implies that

m_4ﬁ(>\1 — m) ()\1 — m4'6_1) Z (711 + 1)_4B()\1 — (n1 + ].))2

By choosing « such that

log ( (M +n1+ 1))
4( log(ny + 1) + 1) =

(2.22)

N |

we obtain

A1 — mie~l = A1 — (n1 + 1)4a—1 < ()\1 — (n1 + 1)) <0,

DN | =

and so
1
m_4°‘(/\1 — m) ()\1 — m4“_1) > (n1 + 1)_4(15()\1 — (n1 + 1))2
1
> (n1 + 1)_4ﬂ§()\1 = (n1+ 1))2-

Thus, for m =ny + 1, (2.17) and (2.22) imply that
2

G+ m® > T+ 1) O = (1)) [, + mPe2 ).
(2.23)
Lastly, for m > nq + 2, by choosing « such that
1 ( log (2l rDlnt2)) 1
— o 1)< — 2.24
4( log(ny + 2) + )_a<2, (2.24)

we have
A —m)N —m* ) > (ngp +1 —m)(ng + 1 —m*h)
= (m—(n +1))(m"*™" — (m + 1)),

and, writing m 4 = m~! m 4ot
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—da da—1 ny+1 ny+1

m
1_7’L1+1 1_ ’I'L1+].
L+ 2 (n1 + 2)4a—1

>
1 mA1\° 1 1
-2 n1+2 2(n1+2)2
Similarly, since g > % > «a, we obtain
1 1
—48(\, _ N —m*P- )y > - =
m A = m)(h —m )—2(n1+2)2

Hence for m > ny + 2, (2.17) and (2.24) imply that
2
2 2a 2 28 T 1 20, 2 23,2
Combining (2.21), (2.23), (2.25), and the first identity in (2.16) we have

122 (@, @ 0) [ x, vy = S+ ICH, + 1ICHI,

ni
=Nl + Y [Cm* + &m*P |+
m=1
o0

F[G i+ 12+ G+ D))+ > [EmP + &m?]

m=ny+2

_ m _ n1\2 % o
a2 + = (n + 1) 4ﬁ{(1h) 3 [m2ud, + mP?)
m=1

2
) [+ D2+ 1)2"1}21“]] +

ey 2 [ m)

m=ni1+2

> 62

oo
jal* + Y (up,m* +U72nm2ﬁ)‘| = 0%[[(a, @, v)| [ x, x vy »
m=1

where
~ m . 1 _ ny+1 _ ny
§=——=minq ——,(n; +1 23‘1—7,11 +1 26’1’}.
Tmin{ L 1) L+ -
This implies that (2.14) holds also in this case, for L = 1.
Finally, by using (2.10) and (2.12), we can easily see that (2.14) holds for
any L > 1. O

By combining (2.13) and (2.14) in Lemma 2.4, we can say that the selfad-
joint operator .Z : E — F is invertible, and the inverse operator ' : E — E
is continuous.

By Theorem 2.2, we conclude that the functional ¢ has at least M + 1
critical points. Arguing as in [6, Proposition 24|, it can be seen that these
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critical points correspond to the solutions of the boundary value problem (2.6)—
(2.3) that we are looking for. The proof of Theorem 2.1 is thus completed. O

3. Proof of Theorem 1.1

Without loss of generality, we may assume that [a,b] = [0, 7]. We start assum-
ing L = 1, and we first work on the planar system (1.3) so to transform it, by
a symplectic change of variables, into a linear one. We will follow the approach
developed in [1,8,11].

3.1. A symplectic change of variables

By using A4, we have that J#(0,0) = 0 and the generalized Euler Identity
holds true, i.e.,

<fo(u, v), (“ ”>> = A (u,v). (3.1)

pq

Choose the positive constant

. 1
T:mln{ijf(w):1§|w| SQ}, (3.2)

and let 7 : R — R be a C*°-function such that #'(s) <0 for all s € R and

() 1, if s<1,
S) =
K 0, if s>2.
For w = (u,v), set
A (w) = n(|w) Y|l + (1 = n(jw]) A (w), (3.3)
and consider the new system

Juw = VA (w). (3.4)
Notice that ﬁ(O) = 0. For every w # 0, we have

V) = (0 (Gl + 2 - L) )+ (1= gilul) Vo).

Then, using (3.1) and (3.2), if w = (u, v) is such that 1 < |w| < 2, we have

(v, (52)) = aubtol (5 + ) (1 = oorw)

2 ,02

U
s20(lo) Y+ )+ (1= nlful) ) > 0
This implies that V.2 (w) # 0, for 1 < |w| < 2. For 0 < |w| < 1, the
Hamiltonian function S is quadratic, so that V.52 (w) # 0. Lastly, for |w| > 2,

—

we have V.2 (w) = V. (w), and it is clear from (3.1) that V.2#(w) # 0. Hence

Vi (w) # 0 for every w # 0, and this shows that every non-zero solution of
system (3.4) does not pass through the origin, and by Poincaré-Bendixson
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theory, all the solutions of system (3.4) are periodic. Thus the origin is still a
global center for the system (3.4).

Now for any wo € R2\ {0}, we denote by 7'(wg) the minimal period of
the solution of (3.4) passing through wy. We notice here that this solution is
unique, even if we are not assuming V. to be locally Lipschitz continuous, cf.
[16]. The function 7' : R2\{0} — R thus defined is continuously differentiable
(see [1]).

Define

0% = [0, +o00[x{0},

and a function & :]0, +o0o[ — ]0, +o0[ as follows: for every r > 0, the level line
{w € R? : J#(w) = r} intersects 6* at the point (£(r),0). Such a point is
unique, because for every (&,0) € 0* with £ # 0 we have

(s ()

(VA(,0), (€,0)) > 0.
Thus, if w(te) = (u(to),v(to)) = (u(to),0) is such that u(tg) > 0, then v'(tg) <

—

0, and so it is impossible for the level line {w € R? : 57 (w) = r} to intersect
0* at two different points.

Now define K : R?2 — R as

which implies that

This function is continuously differentiable, and

T(w)_ —

VK (w) = VA (w).

i
Hence, the origin is an isochronous center for the system
Jir = VK (w), (3.5)

since all solutions except the equilibrium 0 are periodic with minimal period
7. Moreover,

K (w) = §|w|2, if | < 1.

Now, for every wg € R?\ {0}, let ((t;wo) be the solution of system (3.5)
satisfying ¢(0;wp) = wp, and define O(wq) € [0,27[ as the minimum time for
which
T . N

C( — %H(wo),um) €.
As shown in [1], the restricted function @ : R? \ §* —]0, 27 is continuously
differentiable, and its gradient V6 can be continuously extended to R? \ {0}.
We will still denote this extension by V6 : R? \ {0} — R
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Hence, by [1, Proposition 2.2.], there exists a symplectic diffeomorphism
A : R? — R? defined by

ZIA((w)(cos 0(w), —sinB(w)), if w#0,
™
0, if w=20,

such that, by the change of variable z = A(w), system (3.5) is changed to the
linear one
. 27
Ji=—z.
T
3.2. The proof in the case L = 1
First, we can modify the function H as in (2.5) so to obtain the modified
system
T = Vyﬁ(t, z,y) + VyP(t,z,y,u,v),
y= —Vxﬁ(t,x,y) — V.P(t, z,y,u,v),
=V (u,v) + V,P(t,z,y,u,v),
0 ==V, (u,v) — V P(t,z,y,u,v).
Using the argument in [5, Section 3], it can be seen that all the solutions
of this system are globally defined. Moreover, those satisfying the boundary
conditions

(3.6)

{ym) =0=y(n), 37)

v(0) =0 = v(n)

are solutions of the original system (1.1).

Recalling the change of variables A(w) = z in Sect. 3.1, we define a map

P(t,z,y,2) = P(t,z,y, A~ '(2)).
Lemma 3.1. The function P has a bounded gradient with respect to (z,y, z).
Proof. Clearly, by A2 both
azﬁ(t,x,g%z) =0, P(t,z,y, A" (2)), 3y13(t,x,y7z) = ayP(t,x,y,A_l(z))
are bounded and denoting by M* the transpose of a matrix M,
V.P(t,z,y,2) = [(A"1(2))]" VW P(t,z,y, A7 (2))
= (WA @) VuPta,y, A=),

Again by A2, V,,P(t,z,y,w) is bounded, so it is sufficient to show that

(N (w))~! is bounded. For |w| large enough, we have that I?(w) = ' (w).
By denoting ¢(w) = cos#(w) and s(w) = sinf(w), we have
A _ ap(w)  arz(w)
(w) |:a21(w) azg(’w) ’

where

onw) = /T (fj% o) = VAT@0w)s(w) ).
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ara(w) = ﬁ(% A w)0,0(w

(@),
oan(u) = [T (- 22 ) - HSwIcw) ),

2 %(w)
aza(w) = ;( 28‘};0(&0) — /A (w)D,0(w )

Recalling that A is symplectic, so det A’(w) = 1, the inverse matrix is

o = [ e )

From the definition of 6, for w # 0 and v > 0 we see that 0(y%u,vPv) =
0(u,v). Indeed, if w(t) = (u(t),v(t)) is a solution of system (3.5), then w, =
(v9u,vPv) is also a solution of system (3.5) with vertical component of the
velocity equal to yPo(t). Hence, if w(t) needs a time 5-6(ug,vo) to go from &*
to (uo,vo) (it has a vertical speed ©(t)), then the time for w,(¢) to go from §*
to (y%ug,yPvp) must be the same, since its vertical speed is just 7P times the
vertical speed of w(t). Thus we have

0u0 (Y u, YPv)y? = 0y 0(u,v), 0 0(yu, v v)y? = 0,0(u,v),

for every v > 0. For w = (u,v) with |w| > 2, since J# is positively-(p, q)-
homogeneous, the following identities have been proved in [5]:

X 4 X 4 I
q Py — ~4(p—1) — AP
o (1, y70) = 11T (,0) = 9P S (u,0),

o o X /4
Do) — ~P(a—1) — A4
25, (V1w =7 5y (W V) =71 (u,0).

Thus we have

|ag2(w)| < \/>(|28\/<}L + /A (w) |8,6(w >

9|9, A Y
r Lol P
pu +
u v
olwlpta , || -2
vl \/ (e )
T |w[PTe u v u v
7 Tl @ \/%<|w|2q’ o5 )220 o e
u v
o, v
f (|w|q w|)‘
<,/ n

|w[¢ w[?P

v
Vs \/ (i s ) o e s )
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Define three types of sets as follow:

:{(iLWL):w:mwazlk

u v
5 ={ (e ) 0= oot 21},

" __ (% v ) 7
T {<leq<f’+q>’ wlp<p+q>> tw = (), [wl 2 1}.

It is easy to see that the sets 5,5, and S” are subsets of the closed unit ball
B(0,1) of R%. This implies that |agz(w)| is bounded, since the functions # and
6 are C'. Similarly we can show that all of the other elements of the matrix
(A (w))~! are bounded, which thus proves that the map P has a bounded
gradient with respect to z. O

and

Now we consider the modified system

T = Vyﬁ(j,l',y) + vyjj(faxayvgvg)7

y = EVIH(t7x7y) - VzP(fa%%f,C)?

€= 20+ 0P(t,2,,€,0), (38)
) 2 ~

(=76~ 0, P(t.2.y.£.0),

where z = (¢, ). By the assumption 74 = 7_, the boundary conditions become

y(0) = 0 = (),
{am=o=cw» (39

Thus, by taking A\ = 27”, all the assumptions of Theorem 2.1 are satisfied, so
that the boundary value problem (3.8)-(3.9) has at least M + 1 geometrically
distinct solutions.

Recalling that A is a diffeomorphism, we can apply the inverse change of
variables w = A~!(z), and obtain the M + 1 geometrically distinct solutions
of system (3.6) satisfying the boundary conditions (3.7) we were looking for.
This completes the proof of Theorem 1.1 in the case L = 1. O

3.3. The proof in the higher dimensional case

We now consider the case L > 2, for which we will follow briefly the lines of
the proof in the previous section. We can define .7 as in (3.3) and consider
the new system

T =VIH5(C).
We define I?j :R?2 S R as
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so that the origin is an isochronous center for the system

JC = VE;(Q), (3.10)
i.e., for every j € {1,..., L}, all solutions of system (3.10) except the origin are
periodic and have the same minimal period 7;. Now, for every j € {1,...,L},

there exists a symplectic diffeomorphism A; : R? — R? such that, by the
change of variables p = A;((), system (3.10) becomes
. 27
Jp=—p.
Tj
By the use of a cut-off function, we modify the Hamiltonian H like in (2.5), so

that the new Hamiltonian H has a bounded gradient with respect to (z,y).
Defining A : R2F — R2L by

A(u,v) = (Ar(ug,v1), ..., Ap(ur,vr)),
we see that A is a symplectic diffeomorphism. By writing
P(t,a,y,2) = P(t,z,y,A7'(2)),

as in Lemma 3.1 we can show that the function P has a bounded gradient
with respect to (z,y, 2).
We apply the change of variables z = A(w) and write z = (£, () with

62(617"%614)7 C:(Cla---7<L)7
so to obtain the modified system

J.L‘ = Vyﬁ(t7x7y) + Vyﬁ(t,:c,y,z),
y = _VIH(tvmvy) - vxp(taxvyvz)a

.2 -
& = ?ﬂ-gj + 0, P(t,z,y,2), j=1,...,L, (3.11)
J
. 2m ~ .
G = —?gj — 0, P(t,xz,y,2), j=1,...,L.
j

Moreover, since 7;, = 7;_, the boundary conditions become the same as those
in (3.9). Hence, by taking A\, = 277, Theorem 2.1 implies that the modified
J

system (3.11) has at least M + 1 geometrically distinct solutions satisfying the
boundary conditions (3.9).

Recalling that A is a diffeomorphism, we can apply the inverse change of
variables w = A~!(z) and obtain the solutions of problem (1.1)—(1.2) we are
looking for. 0

4. The periodic problem

In this section, we consider the Hamiltonian system (1.1), where besides the
regularity assumptions already made on the functions involved, we assume
that all these functions are T-periodic in t. While maintaining assumptions
Al, A2 and A4 we will reinforce assumption A3 by a twist condition, and for
this we first recall some definitions.
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By a convex body of RM, we mean a closed convex bounded subset D
of RM having nonempty interior. If in addition, D has a smooth boundary,
then we denote the unit outward normal at ( € 9D by vp(¢). Moreover, we
say that D is strongly convex if for any p € 9D, the map F : D — R defined
by F(§) = (£ — p,vp(p)) has a unique maximum point at £ = p. Below is our
twist condition.

B3'. There are a strongly convex body D of RM having a smooth boundary
and a symmetric regular M x M matrix B such that, for every C'-function
W :[0,T] — R2E all the solutions (z,y) of system

& =VyH(t,x,y) + V,P(t,z,y, W(t)),
y=—-V.H(t,z,y) — V. P(t,z,y, W(t)),
starting with y(0) € D are defined on [0,T7], and
y(0)€0D =  (2(T) - 2(0), Bup(y(0))) > 0.

(4.1)

Here is our first result for the periodic problem.

Theorem 4.1. Assume that Al, A2, B3' and A4 hold true, and let
T
— ¢ N, foreveryje{l,...,L}.
Tj

Then there are at least M + 1 geometrically distinct T-periodic solutions of
system (1.1), with y(0) € D.

Proof. Following the lines of the proof of Theorem 1.1, we modify the problem
so to have a coupling with a perturbed linear system. Then, [4, Corollary 2.4]
applies (instead of Theorem 2.1), and the proof is readily completed. O

We can state some variants of Theorem 4.1 replacing the twist assumption
B3’ by B3” or by B3"" given below.
B3". There exists a convex body D of RM, having a smooth boundary, such
that for o € {—1,1} and for every Cl-function W : [0,T] — R2?L) all the
solutions (x,y) of system (4.1) starting with y(0) € D are defined on [0, 7],
and

Y0) 0D = 2(T)—2(0) ¢ {wp(y(0) : A > 0}.
B3 . Let D be a rectangle in R | i.e.
D = [Cl,dl] X -+ X [CM,dM].

There exists an M-tuple o = (01,...,00) € {—1,1}™ such that, for every
C'-function W : [0, 7] — R2L. all the solutions (z,y) of system (4.1) starting
with y(0) € D are defined on [0,T7], and, for every i € {1,..., M}, we have

yi(0)=c¢; = oi(x:i(T) — 2:(0)) <0,
vi(0) =d; = oi(xi(T) —2;(0)) > 0.

The proofs of such results are similar to those of [8, Theorem 4.2, Theorem
4.3], so we avoid them for briefness.
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5. Some possible applications

As an example of application of Theorem 1.1, we consider the following system
for L=M =1:

= f(y)+ E(t), y=-Asinz— 0,P(t,x,u),
{u =20, O=—put)P 4w )Pt +0,P(t,x,u), (5-1)

with the Neumann-type boundary conditions

y(a) =0 =y(b),
{U(a) =0=v(b). (5.2)

Here we use the notation u™ = max{u,0}, v~ = max{—u,0}. We assume
that the constants A, u,v are positive, and the functions f : R — R, F :
[a,b] — R and P : [a,b] x R?> — R are continuous. Assume further that
P(t,x,u) is 2m-periodic in x, continuously differentiable in (z,u), and that it
has a bounded gradient with respect to (z,u). Since sinx and 0, P(t,x,u) are
bounded, assumption A3 clearly holds.

On the other hand, notice that the last two equations in system (5.1)
correspond to the scalar equation

Z;(IUI” 20) 4+ p(uh)Pt — v )Pt = 0, P(t, z, ).

If we define S by
ot 1

= (wu®) +v(un)?),

I (u,v) = o

then ¢ is positively-(p, ¢)-homogeneous and positive, and all the solutions of
system Juw = V. (w) with w = (u,v) are periodic with the same minimal
period

T=mp(p P+ TP, (5.3)
(see [12,17]), where
2(p — )'/P
psin(r/p)

We thus get the following immediate consequence of Theorem 1.1.

p:

Corollary 5.1. In the above setting, assume moreover that

(u) /P nmp

Nl/p + vi/p 2(b — a)’ for everyn € N.

Then problem (5.1)—~(5.2) has at least two geometrically distinct solutions.

Remark 5.2. Surprisingly enough, besides continuity, in the above corollary
no further assumption is needed on the function f.
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Concerning the periodic problem, as a first example of application of
Theorem 4.1 we consider the system

&+ Asinz = e(t) + 0. P(t, z,u), (5.4)
g ([lP=2a) + p(ut)P =t = v(u” )Pt = 0uP(t @, ), '

where the constants A, u, v are positive. Assume that P(t,z,u) is T-periodic
in ¢ and 27-periodic in x, and that it has a bounded gradient with respect to
(z,u). Setting E(t) = fg e(s) ds, system (5.4) is equivalent to
t=y+ E(t), y=-—Asinz+ ,P(t,z,u), (5.5)
=%, ©o=—pu")P ! +vuw )P+ 9,Pt x,u). '

Assuming e(t) to be T-periodic with

/OTe(t) dt =0,

the function E(t) is T-periodic, as well.

Let us verify that the first two equations in (5.5) satisfy the twist condi-
tion B3, with M = 1. Notice that there exists K3 > 0 such that, for every
Cl-function U : [0,T] — R, all the solutions (z,y) of the system

t=y+ E(t), y=-—-Asinz+ 0,P(t,x,U(t))
are defined on [0, 7] and satisty
ly(t)| < K3, for every t € [0,T].
Define d = K3T + ||E|lcc + 1 and ¢ = —(K3T + || E||oo + 1). Then, if y(0) = d,
we have

i(t) = y(t) + E(t) = y(0) + / §(s)ds + B(t) > d— KsT — |l > 0,

for every t € [0,7T], and so z(T) — 2(0) > 0. Similarly, if y(0) = ¢, then
x(T) — x(0) < 0, which shows that the twist condition is satisfied.
As a consequence of Theorem 4.1 we then immediately have the following.

Corollary 5.3. In the above setting, assume moreover that
Ny

(u)'/P
# T

m fO?" every n e N.

Then system (5.4) has at least two geometrically distinct T-periodic solutions.
A variant of the previous example is provided by the system

&+ Asinx = e(t) + 0, P(t,x,u),

a=v( )" = plt)h (5.6)

0= p(ut)Pt —p(um )Pt = 9, P(t, z,u).
where, being w = (u, v), one has wt = (u™,v") and w™ = (u™, v ). Assuming
u, v to be positive, if we define S by

H(u,v) = g(uw)q (o)) + ;(uw*)p +u(u)),
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then ¢ is positively-(p, ¢)-homogeneous and positive, and all the solutions of
system Juw = V. (w) with w = (u,v) are periodic having the same minimal
period 7, which can be computed as follows.

We first consider the dynamics in the first quadrant, i.e., when « > 0 and
v > 0. In this case we can write Jw = V.7 (w) as

’l.l, _ //“)q—l7 ’U — _Mup—17

leading to the equation

d,.s. _

a(\uV’ 24) + pPuP~t = 0.
Then, recalling (5.3), the time needed to pass from the positive v-axis to the
positive u-axis is

_1
T = ZWPQ(MP) P= =

Similarly, in the fourth quadrant, where v > 0 and v < 0, the system becomes
0= —v|v|?T 2, O = puP~ 1,
leading to the equation
d o, 1 ope
%(|u|p ) + PP =0,

So, the time needed to pass from the positive u-axis to the negative v-axis is

Tp

1 1L
Ty = ZWPQ(,U,VP Hh=s = -
2urya
In a similar way, we obtain that the time needed to pass from the negative
v-axis to the negative u-axis is
T
T — —
2Ty
and the time needed to pass from the negative u-axis to the positive v-axis is
Tp

T4 — T 1-
Q,uql/p

Hence,

(1 1 1 1
7-:7'1+7'2+7'3+T4:? ;+;+ Tt oToT )
urva nave

We thus get the following consequence of Theorem 4.1.

Corollary 5.4. In the above setting, assume moreover that

1 1 1 1 T
(++ . 1+11)5£, for every n € N\ {0}.
H v purva pave n

Tp

2

Then system (5.6) has at least two geometrically distinct T-periodic solutions.

Both Corollaries 5.3 and 5.4 generalize a classical theorem of Mawhin
and Willem [14] on the multiplicity of periodic solutions for the pendulum
equation.
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6. Final remarks

In Theorem 2.1, dealing with the Neumann problem, we have only considered
a diagonal matrix A like in (2.2). However, for the T-periodic problem, the
first author with Gidoni in [4] were able to deal with any symmetric matrix A,
provided that the nonresonance condition o(JA) N Q%ZZ = () is assumed. We
are confident that a similar result should also hold for the Neumann problem,
but we have been able to prove it only when L = 1 and the matrix has a
positive determinant. Here is our result.

Theorem 6.1. Assume L = 1 and that A1 — A3 hold true. Let A be a symmetric
2 X 2 matriz such that det A > 0. If the non-resonance condition o(JA) N
72—=iZ = () holds, then there are at least M + 1 geometrically distinct solutions
of the boundary value problem (2.1)—(2.3).

Proof. Consider the planar Hamiltonian system
Juw = Aw. (6.1)

We can diagonalize A by a symplectic transformation. Indeed, there exist a
matrix U with det U = 1 and a diagonal matrix D such that

A=U"'DU.

Since det U = 1, and the dimension is 2, the change of variables ¢ = Uw
is symplectic. Hence, system (6.1) is transformed into the new Hamiltonian
system

Jo = Do, (6.2)

a 0
D:(o ﬂ)’

for some «,f such that a8 > 0. Now, the symplectic change of variables

w = Mp, with
4/ & 0
M:( g >
0 /2

transforms system (6.2) into

with

Jw = Aw,
with A\ = ++/af, according to the signs of a and 3. However, if A < 0, a

final change of variables ¢ — —t will lead to a positive \. We can now apply
Theorem 2.1 to conclude the proof. O

The general case L > 2 remains an open problem. However, writing
w = (wi,...,wr) with w; = (u;,v;) and applying componentwise the same
procedure in the proof of Theorem 6.1 above, Theorem 2.1 can be generalized
to the case when the last equation in system (2.1) is of the type

J’Lbj:Aj’LUj-i-ijP(t,:E7y,w), j=1,...,L,
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where A; is a symmetric 2 X 2 matrix such that detA; > 0. We omit the
details, for briefness.

As a final remark, we recall that, for the periodic problem, Chen and Qian
in [2] proved a multiplicity result, coupling resonant linear components with
twisting components by using Ahmad-Lazer-Paul type resonance condition. In
our case, a similar result can be expected for Neumann problem without any
twist assumption. The problem remains open for further investigation.
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