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Abstract 

 

Understanding how ruptures propagate and seismic source parameters, including 

seismic moment, rupture magnitude, and stress drop, is critical to studying 

earthquake source dynamics and understanding the physics of the earthquake 

phenomenon. While rupture directivity is traditionally associated with high-

magnitude earthquakes, it can also play an important role in moderate 

earthquakes, leading to unexpected and severe damage. Therefore, estimating the 

directivity in near real-time during an earthquake would be a valuable 

contribution to seismic risk assessment and emergency management in this work, 

we first reviewed existing methods in the literature to evaluate their advantages 

and limitations for near real-time applications. We then focused on a method 

based on second seismic moments that has demonstrated successful to retrieve 

both the directivity and source parameters of small to moderate earthquakes. To 

evaluate the robustness of this method, we used a bootstrap approach to assess the 

impact of uncertainties in our input data on the results. In addition, we 

investigated an experimental method based on frequency domain analysis, aiming 

to extend the applicability of the existing time-domain based method to low 

signal-to-noise ratios data. Some study cases on real data recorded for earthquakes 

in Central Italy are presented. The are promising and indicate the potential for 

further research to improve and refine this method. To enable near-real time 

application of this method is our perspective for future work. 
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1.  Introduction 

 

Knowledge of the seismic source, the site and propagation of the rupture are 

important to understanding the physics of the earthquake process. 

The phenomenon known as the directivity effect, which refers to the variation in 

ground motion caused by the rupture propagation (Haskell, 1964) was 

traditionally observed and modelled for large events (Mw 6) such as the 1992 Mw 

7.3 Landers earthquake at Lucerne and Joshua Tree stations (Bernard et al., 1996) 

and the 1994 Mw 6.7 Northridge earthquake (Abrahamson & Somerville, 1996).    

However, with the development of broadband seismic networks, recent studies 

have shown that directivity can also be observed in moderate to small earthquakes 

and can play a significant role in amplifying the ground motion, sometimes 

resulting in unexpected damage (Boatwright, 2007; Calderoni et al., 2015; 

Convertito et al., 2016; Chen et al., 2010; Tomic et al., 2009; Yamada et al., 

2005).   

The study and accurate estimation of the directivity effect in earthquakes is 

critical for several reasons. First, understanding the directivity effect allows us to 

understand the complex dynamics of earthquake sources and gain insight into the 

underlying physics of the earthquake process. By studying the propagation of 

seismic ruptures and the associated spatial variability of ground motion, we can 

increase our knowledge of earthquake mechanics and improve our ability to 

predict and mitigate seismic hazards. 
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Second, the estimation of the directivity is critical for evaluating the potential 

impact of earthquakes on structures and infrastructure. The amplitude of ground 

motion and the resulting shaking intensity can vary significantly depending on the 

direction of rupture propagation. By accounting for directivity effects, we can 

refine our predictions of ground motion and better assess the vulnerability of 

buildings, bridges, and other critical infrastructure. This information is critical for 

ensuring public safety and designing resilient structures. 

The ability to estimate directivity shortly after an earthquake in near-real time 

would greatly improve seismic risk assessment and emergency response.  

Over the years, various methods have been used to estimate the directivity. 

A common approach to estimating the directivity of small earthquakes involves is 

to measure the duration of the source pulse (Tan & Helmberger, 2010), known as 

the Apparent Source Time Function (ASTF), at each recording site and then 

model it by a line source. Studies based on this method have been conducted for 

example by Tomic et al. (2009) and Folesky et al. (2016).  

A recent study by Trugman (2022), introduced a novel Bayesian technique for 

isolating source spectra. This technique uses a generalized spectral decomposition 

inversion (Abercrombie et al., 2017) and was applied to magnitude M5 

earthquakes in southern California (Colavitti et al., 2022).  

Other methods are based for instance on finite-fault inversion (Kikuchi & 

Kanamori, 1991), in the back-projection technique (Ishii et al., 2005), on source 

spectra analysis as the spectral ratio method (Ross & Ben-Zion, 2016; Calderoni 

et al., 2015, 2017) and directivity moment tensor inversion (H.-H. Huang et al., 
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2017). Methods based on peak ground motions have also been developed for rapid 

estimation of directivity (Jan et al., 2018; Kurzon et al., 2014).  

However, the issue of rupture directivity and its potential frequency dependence 

remains a subject of ongoing debate and investigation among seismologists. This 

is particularly relevant in the study of small-to-moderate earthquakes (Colavitti et 

al., 2022). 

Italy is located in a seismically active area due to the interaction of the Eurasian 

and African tectonic plates.  Several devastating earthquakes have occurred in the 

Italy’s history (Rovida et al., 2020), causing immense loss of life and extensive 

damage to infrastructure, as for instance recently the Mw 6.5 earthquake in Norcia 

occurred in 2016 (Villani et al., 2018). For this reason, seismic networks cover the 

entire country, with a particular density in the areas of high seismic risk (e.g. 

central Italy). The main networks covering the Italian areas are the “Rete Sismica 

Nazionale” (RSN), i.e., the Italian Seismic Network (Istituto Nazionale di 

Geofisica e Vulcanologia, INGV, 2005; Amato et al., 2008), and the “Rete 

Accelerometrica Nazionale” (RAN), that is the Italian Strong Motion Network 

(Presidency of Counsil of Ministers - Civil Protection Department, 1972; Costa et 

al., 2022).     

However, it is crucial not to focus only on high magnitude earthquakes but also to 

consider moderate earthquakes. These events, although less powerful, occur more 

frequently and have the potential to cause severe and unexpected damage, e.g., the 

Mw 4.9 earthquake that occurred in in Fleri (Sicily) in 2018, resulting in dozens 



8 
 

of injuries and numerous displaced people (Bella et al., 2020), or the Mw 5.1 

earthquake that occurred in the Molise region in 2002 (Di Luccio et al., 2005). 

At the beginning of my PhD, I investigated the existing methods for estimating 

directivity and evaluated the performance of some of them on real data, examining 

the advantages and limitations with the aim of using them in real-time for 

moderate earthquakes. Then I came across a method based on second seismic 

moments (McGuire, 2004) that has been applied in Oklahoma and California with 

promising results (Meng et al., 2020). This method is still in improvement, and it 

attracted my attention because of its great potential in estimating both the 

directivity and source parameters of small to moderate earthquakes. 

My thesis is organized as follows:  

Section 2 provides an introduction describing the seismic source and focuses on 

rupture propagation and source parameters from a theoretical perspective. 

In Section 3 we present and discuss the methods that we considered promising for 

fast and reliable estimation of directivity in near-real time, using approaches based 

on the peak ground motion (PGM). We address into the principles and 

applicability of this method, highlighting its potential strengths and limitations 

and showing the results we obtained using an Italian case study. 

Moving on to Section 4, after describing an approach to isolate the signature of 

the seismic source from the path and propagation effects using the empirical 

Green Function (EGF), we explore a method based on the source spectra analysis 

which has shown promising results in various studies concerning the directivity 

effect (e.g., Calderoni et al., 2015). We analyse the methodology and its potential 
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in estimating the directivity, presenting the results of two real cases: the 2016 

Kumamoto earthquake and the 2016 Norcia earthquake and discussing the 

advantages and limitations of this approach in a possible near-real time 

application. 

Section 5 focuses on the method based on the second seismic moments. This 

section can be further divided into two main parts: 

The first part includes a validation procedure through statistical analysis, where 

the stability of the results is investigated through a bootstrap approach. I evaluate 

how uncertainties in our knowledge of earthquakes affect the calculation of 

directivity and source parameters. This analysis provides insight into the 

robustness and reliability of the method in the presence of uncertainty on input 

data.  

The second part focuses on the application of the second seismic moments method 

to two moderate earthquakes in Italy. I discuss the limitations and advantages 

observed in this application, shedding light on the method's potential and 

providing a comprehensive understanding of its performance. We also present a 

new experimental approach that we are testing in collaboration with the Southern 

University of Science and Technology (SUSTech) to address the problem of noise 

in waveform signals, particularly for small earthquakes. 

In Section 6, I discuss the results of my study and in Section 7, I draw a 

conclusion and provide some future perspectives. Section 8 contains the 

acknowledgements and Section 8 contains the bibliographic sources. 



10 
 

2.  The seismic source theory 
 

Knowledge of source parameters such as seismic moment, the rupture size and 

propagation and the stress-drop is important to investigating source dynamics of 

the earthquakes and for understanding the physics of the earthquake process. 

Reliable estimates of source parameters are critical for predicting potentially 

damaging ground motions, for both high- and small-to-moderate earthquake.  

In this section, I introduce the seismic source distinguishing between the point and 

extended source approximation. We will then examine the evidence of the 

finiteness of the source and provide an overview on the main source parameters 

used to characterise an earthquake.  

The simplest model to approach for studying an earthquake source is to consider it 

as a point buried in an elastic half-space. If the dimensions of the source are 

smaller than the wavelengths of the observation and if it is located far from the 

observer, this usually provide a good approximation for the source studies. 

Mathematically, this condition can be expressed as 𝑟𝜆 ≫ 𝐿2 where 𝑟 is the 

distance of the observation point from the source, 𝜆 is the wavelength and 𝐿 is the 

typical dimension of the fault (Madariaga et al., 2014).  

This approximation can be useful in some studies where the finiteness of the 

source does not need to be considered, for example, for the seismic radiation 

analysis. However, if we consider large earthquakes or small to moderate events 

when the observer is close to the source, the point source approximation is not 

sufficient and we need to consider it as a finite area with and rupture propagation. 
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2.1. The point source approximation 
 

The simplest point source model approximation is the isotropic point source. In 

this model, the waves propagate from a point source with equal amplitude in all 

directions.  For having an idea with a simple example, we can think at the waves 

that generates a stone falling into the water. 

The only parameters we must consider in this simple model are the geographic 

epicentral coordinates (latitude 𝜑 and longitude 𝜃), the focal depth  ℎ , the origin 

time 𝑡0 and either the magnitude 𝑀𝑤 or the scalar seismic moment 𝑀0. These 

parameters are referred in space and time to the initiation of rupture of an 

extended source. 

This approximation was used by Nakano (1923) for making the first mathematical 

formulation of an earthquake mechanism. According to Nakano, the seismic 

source can be represented by a system of equivalent body forces acting at a point. 

We can model the seismic source as the so-called double couple (DC), which is 

mathematically described as a special case of a second order tensor known as the 

moment tensor. In practice, it consists in two couple of forces (Figure 2.1) with 

the moments equal but in opposite directions and normal to each other. This is 

equivalent to a system of two perpendicular linear force dipoles acting at 45° to 

the couples, with their arms in the same directions as the forces, which represent 

the tension (positive dipole, 𝑇) and the pressure (negative dipole, 𝑃).  
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Figure 2.1: Double couple point source model. P and T corresponds to the equivalent 

pressure and tension respectively. 

 

The strength, or seismic moment, of this linear dipole is defined as 𝑀 = 𝑓 ∙ 𝑏  

where 𝑓 is the force and 𝑏 is the distance for a point source couple.  However, 

observation has proved that these linear dipoles do not provide a realistic 

representation of a seismic source. We can obtain a more accurate source model 

combining three orthogonal linear dipoles. These three dipoles represent the 

principal directions of a symmetric tensor of rank 2 that is the so-called seismic 

moment tensor 𝑀. 

The seismic moment tensor can be written in the form of 3 × 3 matrix as: 

 

𝑀 = (

𝑀𝑥𝑥 𝑀𝑥𝑦 𝑀𝑥𝑧

𝑀𝑥𝑦 𝑀𝑦𝑦 𝑀𝑦𝑧

𝑀𝑥𝑧 𝑀𝑦𝑧 𝑀𝑧𝑧

) 

(2.1) 

The moment tensor has components 𝑀𝑖𝑗 where 𝑖, 𝑗 = 𝑥, 𝑦 or 𝑧 (Aki and Richards, 

1980). 
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For instance, 𝑀𝑥𝑥 consists of two forces of magnitude 𝑓 which act in ±𝑥 

directions and separated by the distance 𝑏 along the 𝑥 axis.  

This matrix is symmetric, so that there are only six independent elements (e.g.,  

𝑀𝑥𝑦= 𝑀𝑦𝑥). The elements located in the diagonal are the linear vector dipoles, 

while the off-diagonal elements are moments defined by force couples (Figure 

2.2).  

 

Figure 2.2: The system of force couples representing the components of the 

moment tensor (From Dahm and Krüger, 2014) 

 

As consequence, the seismic waves generated from a point source modelled as 

double couple are the same if they are generated either in the fault plane 

responsible for the earthquake or in the auxiliary plane. Therefore, is not possible 

to discriminate the real fault plane basing only on the moment tensor solution, but 

it requires other evidence (geological or geophysical) for removing the ambiguity.  
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The magnitude of the equivalent body forces is the seismic moment 𝑀0. If 

𝑀𝑥𝑦 and 𝑀𝑦𝑥 are the two couples of unit magnitude, the moment tensor is the 

result of the following relation (Stein et al., 2002): 

 𝑀 = 𝑀0(𝑀𝑥𝑦 + 𝑀𝑦𝑥). (2.2) 

Therefore, with the moment tensor we can describe both the fault geometry (with 

its components) and its size (with the seismic moment).  

The moment function 𝑀(𝑡), also known as slip function, describes the temporal 

distribution of the seismic moment release during an earthquake. It can be 

modelled as a ramp function with duration 𝑇𝐷 known as rise time (Figure 2.3). 

The corresponding derivative 𝑀̇(𝑡) will be a boxcar and is known as source time 

function and its area is proportional to 𝑀0.   

 

 

 

Figure 2.3: (a) the moment function describing the moment release varying the time. 𝑇𝐷 

is the rise time, considering as  𝑡0 the time when the moment release initiates (the 

beginning of the ramp); (b) the derivative of the moment function, the source time 

function, with duration equal to 𝑇𝐷 .  
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For the point source approximation, the source time function propagates as a 

boxcar with duration equal to 𝑇𝐷. In the extended source model, we will see that 

considering only the rise time will be not enough for describing the seismic 

moment release and the resulting source time function will be different in duration 

and shape. 

 

2.2. Finite source model 
 

In section 2.1 we have discussed the simplest way for modelling an earthquake 

source with the approximation of a single point. This approach can be acceptable 

when our purpose is to model small source sufficiently far from the observer, 

because under these conditions the source appears as a single point.  

For large earthquakes, or when the distance from the observer is not so large, this 

approximation is not appropriated, and we must consider the geometry of the fault 

and the rupture propagation (directivity). Having information on finite source 

parameters such as rupture length, width, duration, velocity, and propagation 

direction, are indeed important for estimating the ground shacking in near-source 

and to make a realistic hazard assessment.  

 

2.2.1.The (zero-degree) seismic moment  
 

 One of the most important parameters we can obtain for an extended source is the 

seismic moment (Aki, 1966) that, as we have already introduced for the point 

source, describes the size of an earthquake, and it can be calculated by: 
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 𝑀0 =  𝜇𝛥𝑢̅ 𝑆 = 𝜇𝛥𝑢̅𝑘𝐿
2  (2.3) 

Where 𝜇 is the shear or rigidity modulus of the material at the fault, 𝛥𝑢̅ is the 

spatial average value of the final slip or displacement on the fault surface, 𝑆 is the 

area of the fault surface (Madariaga et al., 2014),  𝑘 is a shape factor and 𝐿 is a 

dimension, that is usually the fault length. If we use a circular fault,  𝐿 becomes 

the radius and 𝑘 is equal to 𝜋 (Stein et al., 2002).  

However, Equation 3 can be used considering the slip on the fault constant on a 

simple geometric source. In the reality, the rupture process is more complex, and 

the slip function varies with space and time (Figure 2.4). 

The seismic moment can be expressed in Newton-meters (Nm), or dyne-

centimetres (dyne cm).  

 

Figure 2.4: Rupture process is the result of a complex slip function which varies with 

space and time (Stein et al., 2002).  

 

Being connected to the amount of the slip on the fault and the released energy, the 

seismic moment is used to estimate the magnitude and other characteristics of the 

earthquake.  His release, in space and time, has effect on the displacement field at 

locations near the fault (McGuire et al., 2001). 
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2.2.2.First and Second-degree seismic moments 
 

 

We can assume that the spatial variation in the moment rate of an earthquakes can 

be expressed as follows: 

 𝑀̳̇(𝑟, 𝑡) = 𝑀̳̂ 𝑓̇(𝑟, 𝑡) (2.4) 

Where 𝑓̇(𝑟, 𝑡)  is the normalized moment rate density function, that is a 

normalized scalar function that (integrated to unity) describes the spatial and 

temporal distribution of the moment release along the fault, 𝑀̳̂ is the seismic 

moment tensor, 𝑀̳̇(𝑟, 𝑡) is the moment rate function (McGuire, 2004; McGuire 

and Kaneko, 2018; Meng et al, 2020).  

The integration of 𝑓̇(𝑟, 𝑡)  over the entire source volume gives the normalized 

source time function (STF). 

 
∫𝑓̇ (𝑟, 𝑡)𝑑𝑉 = 𝑆𝑇𝐹(𝑡) 

(2.5) 

 

   

Let us define 𝜇(𝑖,𝑗) as the tensor of spatial degree 𝑖 , temporal degree 𝑗 and total 

degree equal to 𝑖 + 𝑗. The zero-degree moment 𝜇(0,0), which corresponds to the 

standard seismic moment 𝑀0, can be calculated as follows: 

 
𝜇(0,0) = ∬𝑓̇(𝑟, 𝑡)𝑑𝑉 𝑑𝑡 

(2.6) 

The first-degree moments represent the spatial (𝑟0) and temporal (𝑡0) centroids of 

the moment release (Figure 2.5): 

 
𝑟0 = 𝜇

(1,0) = ∬𝑓̇(𝑟, 𝑡)𝑟𝑑𝑉𝑑𝑡  ,     𝑡0 = 𝜇
(0,1) = ∬𝑓̇(𝑟, 𝑡)𝑡𝑑𝑉𝑑𝑡 

(2.7) 
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and the second-degree moments represent the variance of the moment-rate 

function: 

 𝜇̳̂(2,0) = ∬𝑓̇(𝑟, 𝑡)(𝑟 − 𝑟0)
𝑇
(𝑟 − 𝑟0)𝑑𝑉𝑑𝑡 , 

 

 
𝜇̂(0,2) = ∬𝑓̇(𝑟, 𝑡)(𝑡 −  𝑡0)(𝑡 −  𝑡0) 𝑑𝑉𝑑𝑡 , 

(2.8) 

 
𝜇̂(1,1) = ∬𝑓̇(𝑟, 𝑡)(𝑟 − 𝑟0)(𝑡 −  𝑡0)𝑑𝑉𝑑𝑡 , 

 

where 𝜇̳̂(2,0) is the second spatial moment, a 3 by 3 symmetric tensor (six unique 

elements) associated with the rupture extent; 𝜇̂(0,2) is the temporal moment, a 

scalar (one unique element) associated with the rupture duration; and 𝜇̂(1,1) is 

called mixed moment and is a column vector (three unique elements) associated 

with the rupture propagation (McGuire et al, 2001;  Meng et al, 2020). 

 

Figure 2.5: Mean and standard deviation of a function 𝑓(𝑥). In the case of the moment-

rate function, the mean (𝑚𝑒𝑎𝑛 = ∫  𝑓(𝑥) 𝑥 𝑑𝑥) corresponds to the first-degree moments 

and the variance (𝑣𝑎𝑟 = ∫𝑓(𝑥)(𝑥 − 𝑚𝑒𝑎𝑛)2𝑑𝑥) corresponds to the second-degree 

seismic moments.   
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Assuming a coordinate system axes, with radius 𝑟 , colatitude 𝜃  and latitude 𝜑, 

the 𝜇̳̂(2,0) will be given by:  

 

𝜇̳̂(2,0) = [

𝜇̂𝑟𝑟 𝜇̂𝑟𝜃 𝜇̂𝑟𝜑
𝜇̂𝑟𝜃 𝜇̂𝜃𝜃 𝜇̂𝜃𝜑
𝜇̂𝑟𝜑 𝜇̂𝜃𝜑 𝜇̂𝜑𝜑

]. 

(2.9) 

This moment is related to the characteristic source dimension 𝑥𝑐(𝑛̂) , that is the 

spatial extent of the rupture in direction 𝑛̂, through this relation: 

 
𝑥𝑐(𝑛̂) = 2√𝑛̂𝑇 𝜇̳̂

(2,0)𝑛̂  
(2.10) 

The largest eigenvalue of 𝑥𝑐(𝑛̂) is the characteristic rupture length 𝐿𝑐 while the 

second largest one represents the characteristic rupture width 𝑊𝑐.  

The other two moments are related to other characteristics of the source with these 

relations: 

 𝜏𝑐 = 2√𝜇̂(0,2)  ,  

 
𝑣0 = 

𝜇̂(1,1)

𝜇̂(0,2)
 , 

(2.11) 

 
𝑣𝑐 = 

𝐿𝑐  

𝜏𝑐 
 , 

 

where 𝜏𝑐  is the source time function, 𝑣0 is the centroid rupture velocity and 𝑣𝑐 is 

the characteristic velocity.  

 

2.2.3.The directivity effect 
 

If the fault slips instantaneously, the seismic moment can be represented as a step 

function and its derivative, which is a delta function, is the source time function.  
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In the real cases, the source time functions are more complicated because the fault 

does not all break at the same time. Let us consider a simple model of an extended 

and rectangular source as the Haskell model (Haskell, 1964). We can think at this 

source as the summation of a linear succession of point sources which radiate as 

an impulse. The rupture starts at one extremity and progressively along the fault 

length 𝐿 with a certain velocity  𝑣𝑟  (Figure 2.6). The time delay between the 

successive rupture points can be computed as 𝑑𝑡 = 𝑑𝑥/𝑣𝑟. The total radiated 

signal will not be impulsive because of the time delay between the rupture points. 

 

Figure 2.6: Haskell source model of a rectangular rupture with length L and width W. 

The rupture front initiates in one side of the rupture and propagates through individual 

segments of length 𝑑𝑥 with a velocity 𝑣𝑅 over the total length of the fault.    

 

Let us consider a receiver located at a distance 𝑟0 and azimuth 𝜃 from the initial 

point of the rupture. The first waves will arrive at the receiver at time 𝑡 =  𝑟0/𝑣, 

where 𝑣 is the wave velocity.   

The arrival time at the far end of the rupture can be consequently computed as 

𝑡𝑒 =  𝐿/𝑣𝑟 + 𝑟/𝑣, where 𝐿/𝑣𝑟 is the rupture time and 𝑟 is the distance from the 

far end to the receiver. 

According to the law of cosines: 
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 𝑟2 = 𝑟0
2 + 𝐿2 − 2𝑟0𝐿 cos 𝜃. (2.12) 

 

For points far from the source, the distance can be calculated as 

 𝑟 ≈  𝑟0 − 𝐿 cos 𝜃. (2.13) 

   

The finiteness of the fault will generate a time pulse that is a boxcar of length that 

corresponds to the rupture time 𝑇𝑅 (Figure 2.7). 

 
𝑇𝑅 = 𝐿 (

1

𝑣𝑟
−
cos 𝜃

𝑣
) = (

𝐿

𝑣
) (
𝑣

𝑣𝑟
− cos 𝜃). 

(2.14) 

The rupture duration will be minimum in the rupture propagation direction and 

maximum in the opposite direction.  

 

 

Figure 2.7: The trapezoidal source time function is the result of the convolution of two 

“boxcar”, one of duration 𝑇𝑅, which represent the rupture time, and the other of duration 

𝑇𝐷, which represent the rise time (from Stein et al., 2002).   
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As introduced at the beginning of this section, rupture time do not occur 

instantaneously, but we can think at it as a succession of rupture points along the 

rupture. The slip function can be modelled with a ramp shape that begins at time 

zero and ends at the rise time 𝑇𝐷, and its derivative is a boxcar. However, in the 

source time function of an extended source we have also to consider the rupture 

time 𝑇𝑅 , which is another boxcar. The resulting source time function is computed 

by the convolution of two boxcar functions: 𝑇𝐷 and 𝑇𝑅 (Figure 2.7). 

The time function resulting from the convolution of the two boxcars will be a 

trapezoid with length given by the sum of the both the rise and the rupture time 

(Stein and Wysession, 2002).   

As the rupture duration, the resulting source time function will be azimuthal 

dependent. Since the area of the source time function must remain the same at all 

azimuths because is proportional to the seismic moment 𝑀0, the amplitude of the 

source time function will be inversely proportional to its the duration. Therefore, 

in the direction of the rupture propagation (𝜃 = 0°)   the source time function 

recorded by the stations appear higher and shorter, in the opposite direction (𝜃 =

180°) longer and smaller, while the stations located perpendicular to the rupture 

(𝜃 = 90°) are not affected by the directivity.    

This effects, that is called directivity, can amplify the ground motion of the area 

located towards the rupture propagation direction and it can consequently cause 

severe damage. Directivity can be either unilateral or bilateral if the rupture 

propagates in one or both directions respectively.    
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Figure 2.8: (a) wave field created by a stationary point source. Stations A and B records 

the same frequency; (b) wave field generated by a point source moving towards the 

station B. B records a signal characterised by high frequency and higher amplitude, while 

A records a signal of longer period and smaller amplitude. 

 

The directivity is usually compared to the Doppler effect, that can be easily 

explained looking at the Figure 2.8. Considering a stationary point source and two 

observer points A and B in the opposite directions respect to the source (Figure 

8a), the signal that arrive to both the observer points will be the same. If the 

source starts moving towards the observer point B, the signal recorded in that 

point will show an apparent higher amplitude and frequency while the one 

recorded in the opposite direction A will be characterized by an apparent lower 

amplitude and frequency (Figure 2.9).   
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Figure 2.9: The effects of the unilateral rupture directivity on the shape of the source 

time functions recorded at different azimuth. The station located towards the rupture 

direction ( 𝜃 = 0°) will show the highest amplitude and the shortest duration; the stations 

located opposite to the rupture direction (𝜃 = 180°); the stations located perpendicular to 

the direction of the fault (𝜃 = 90° and 𝜃 = 270°) are not influenced by the directivity. 

 

Observing the azimuthal variability of the source time function is necessary for 

distinguishing between the real and the auxiliary focal plane. This distinction is 

easier in the unilateral than in the bilateral rupture, because in the first case the 

effect of the directivity is higher. 

 

2.2.4.The source spectra 
 

In the frequency domain, the Fourier transform of the resulting time function can 

be calculated as the product of the transforms of the two boxcars of height 1/𝑇 

and length 𝑇: 

 

𝐹(𝜔) =  ∫
1

𝑇
𝑒𝑖𝜔𝑡𝑑𝑡 =

1

𝑇𝑖𝜔
(𝑒

𝑖𝜔𝑇
2 − 𝑒−

𝑖𝜔𝑇
2 ) =

sin (
𝜔𝑇
2 ) 

𝜔𝑇
2

𝑇/2

−𝑇/2

. 

(2.15) 
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This function can be used to describe the finite duration of the source pulse (Stein 

et al., 2002).  

Since the boxcar pulse in the time domain produces a sinc function (sinc 𝑥 =

(sin 𝑥)/𝑥) in the frequency domain (Shearer, 2009), we can determine the 

spectral amplitude of the source signal as the product of the seismic moment and 

the two sinc () terms for 𝑇𝑅 and 𝑇𝐷, 

 

|𝐴(𝜔)| = 𝑀𝑜 |
sin (

𝜔𝑇𝑅
2 )

𝜔𝑇𝑅
2

| |
sin (

𝜔𝑇𝐷
2 )

𝜔𝑇𝐷
2

|. 

(2.16) 

We can make an approximation treating sinc 𝑥 as 1 when 𝑥 < 1, and 1/𝑥 when 

𝑥 > 1 (Figure 2.10). 
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Figure 2.10: (a) The approximation to the sinc function used for modelling the spectrum. 

(b) theoretical source spectrum resulting by the approximation to the sinc function. The 

spectrum is composed by three segments with different slopes. The intersection of the 

first and the third spectrum segments indicate the corner frequency 𝑓𝑐 in the 

approximation that use the single corner frequency (from Shearer, 2009).  

 

In Figure 2.10, we can notice that using this approximation the plot of |𝐴(𝜔)| 

versus 𝜔 consist of three segments which correspond to different frequency 

ranges. This spectrum depends on seismic moment, rise time and rupture time. 

The three parts of the spectrum are divided by two corner frequencies of 2/𝑇𝑅 and 

2/𝑇𝐷. The first segment of the spectra including the frequencies below 2/𝑇𝑅 is 

flat and its level depends on 𝑀0, that can be calculated by Equation 2.3 

(consequently, the larger the earthquake, the higher the level of the flat segment).  
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In the frequency range 2/𝑇𝑅 < 𝜔 < 2/𝑇𝐷  the spectrum decays as 𝜔−1 and for 

𝜔 > 2/𝑇𝐷 as 𝜔−2. 

Consequently, the amplitude of the displacement spectra will show three distinct 

trends: 

 

𝐴(𝜔) =

{
 
 
 

 
 
 

   

  𝑀0                                   𝜔 <
2

𝑇𝑅              
𝑀0

𝜔𝑇𝑅/2
                     

2

𝑇𝑅
< 𝜔 <

2

𝑇𝐷
 

𝑀0

𝜔2 (
𝑇𝑅𝑇𝐷
4 )

                        𝜔 >
2

𝑇𝐷
 

 

 

 

(2.17) 

It is often used to select a single corner frequency that results from the intersection 

of the two decaying segments and hence combines the effect of both  𝑇𝐷 and 𝑇𝑅. 

Consequently, the analysis of the recorded seismic spectra is somewhat reliant on 

the characteristics of the source model. We can therefore recover 𝑀0, 𝑇𝐷 and 𝑇𝑅 

by studying the spectra of the earthquakes.  

Assuming a Brune model (Brune, 1970), we can compute the displacement 

amplitude spectra by this relation: 

 
𝐴(𝜔) =  

𝛺0

1 + (
𝜔
𝑓𝑐
)
2 

(2.18) 

Where with 𝛺0 we indicate the long-period spectral level.  

The effect of the directivity on the source spectrum has been investigated in some 

studies (e.g., Calderoni et al., 2015) and will be discussed in the Section 4.   
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2.2.5.Stress drop  
 

In Equation 2.3 we have seen that the seismic moment depends on the average 

slip and the area of the fault. However, this relation cannot distinguish between 

earthquakes characterized by small slip on a large fault and others with large slip 

on a small fault. For having more complete information about the source, it is 

necessary to introduce another parameter called stress drop which is defined as 

the average difference between the stress on a fault before and after the 

earthquake (Shearer, 2009): 

 
∆𝜎 =

1

𝐴
∫ [𝜎(𝑡2) − 𝜎(𝑡1)]𝑑𝑆 ,
𝑆

 
(2.19) 

 

where 𝑆 is the surface of the fault and 𝐴 is the fault area. 

Stress drop depends on the seismic moment and the on assumption about the 

geometry of the rupture. For example, for a circular fault Eshelby in 1957 

obtained this relation: 

 
∆𝜎 =

7𝑀0

16𝑟3
 , 

(2.20) 

 

while, for a rectangular rupture (𝐿 ≫ 𝑊), we can compute the stress drop as 

follows: 

 
∆𝜎 = 

2𝑀0

𝜋𝑊2𝐿
 , 

(2.21) 
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where 𝐿 and W are the length and width of the fault respectively (Shearer 2009).  

Assuming circular fault, the relation between the radius and the corner frequency 

can be expressed as: 

 
𝑟 =  

𝑘𝛽

𝑓𝑐
 , 

(2.22) 

 

where 𝑘 is a constant depending on the theoretical model and 𝛽 is the shear 

velocity. Consequently, using the relations 2.20 and 2.22 we can relate the 

moment magnitude, corner frequency and stress drop using the following 

equation: 

 
∆𝜎 =  

7

16
(
𝑓𝑐
𝑘𝛽
)
3

𝑀0 . 
(2.23) 

 

The estimation of stress drop is currently one of the challenges in seismology, 

especially for small and moderate-sized earthquakes.  From the previous 

equations we have seen that ∆𝜎 is very sensitive to the fault dimensions, assumed 

model and estimated 𝑓𝑐 (Shearer 2009). In fact, uncertainty in these factors cause a 

large uncertainty in stress drop. Unfortunately, the estimation of the fault 

dimensions and 𝑓𝑐  can be challenging. At the beginning of this section, we have 

already mentioned that, for the same 𝑀0, we can have different combinations of 

slip and rupture size. However, for the same 𝑀0 and assuming that all propagation 

factors are the same, we can have different 𝑓𝑐 (and therefore stress drop) and it 

results in different ground velocity and acceleration and thus different potential to 
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cause more damage (Figure 2.11). The choice of the model is also critical, since 

an inappropriate assumed model can lead to problems measuring and interpreting 

estimates of corner frequency and resulting source parameters (Abercrombie, 

2021). 

 

Figure 2.11: Comparison of spectra of earthquakes of magnitude 5.5 and 3.5, each with 

different stress drop (in blue 5 MPa and in black 25 MPa). The diamonds indicate the 

corner frequencies (diamonds of the corresponding color). We can see how for the same 

moment it is possible to have different corner frequencies, and consequently stress drop 

(from Abercrombie, 2021). 

 

Using synthetic tests (Figure 2.12) it was also proved that small differences in the 

source time function can cause large differences in the stress drop, even for an 

assumed rupture velocity and fault geometry (Stein & Wysession, 2002). 
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Figure 2.12: Synthetic seismograms with the related source time functions and the 

inferred stress drop. It is evident that small differences in source time function can cause 

large differences in stress drop calculations (from Stein and Wysession, 2002). 
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3. Estimation of the directivity based on the Peak Ground 

Motion  
 

Timely knowledge of the direction of rupture is critical for risk assessment and 

emergency response. 

In this section, we examine some of the most promising methods from the 

literature for estimating the directivity effect and evaluate them in Italy using data 

recorded by the RAN and the RSN.  

The first two methods we consider are based on peak ground motion (PGM) and 

aim at resolving the directional effect in a short time. 

Both methods were applied to the magnitude 6.5 Norcia earthquake that struck 

central Italy on October 30, 2016 (Mazzoni et al., 2018). This event was recorded 

by RAN and RSN during the 2016-2017 seismic sequence in central Italy, which 

was characterized by a normal fault mechanism, which is consistent with the 

extensional cinematic of 2016-2017 seismic sequence occurred in central Italy, 

and it was one of the strongest events to have occurred in Europe in the last 30 

years. 

 

We apply this method to these data for two reasons: first, because it was one of 

the most important earthquakes in recent history in Italy, and second, because of 

the good coverage of the stations that recorded the event. Both methods in fact 

require good azimuthal coverage to be applied. 
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Finally, we will examine the advantages and limitations of these two methods, 

discuss and compare their results, and evaluate the possibility of their application 

in near real time. 

 

3.1. Method based on the PGM decay 
 

The first method we will investigate was proposed by Jan et al. (2018). They used 

interpolated real-time shaking maps of the near-field (< 25 km) for resolving the 

directivity. A dense seismic network is in fact required to apply this method. 

The method is based on calculating the slopes of ground motion peak decay 

(using PGA or PGV data) from the epicentre in different azimuthal directions and 

was applied with promising results in Taiwan and California (Jan et al., 2018). 

The directivity is given as the azimuth with the largest slope. If the interpolated 

shake-maps and directivity are continuously calculated and updated during wave 

propagation, we should be able to obtain a stable result.  

The first step is to reduce the impact of the radiation pattern. This in fact 

represents the spatial distribution of the seismic energy radiated from the 

earthquake source. It's important to note that the radiation pattern varies between 

P-waves and S-waves. To diminish its impact, one approach is to combine the 

three components into an amplitude seismogram using the provided formula: 

√𝑢𝑧2 + 𝑢𝑦2 + 𝑢𝑥2  where 𝑢 is displacement and 𝑧, 𝑦 and 𝑥 are the three components.  

Centreed at the epicentre location, Jan et al. (2018) analyse 36 profiles outward in 

azimuth at intervals of 10 degree. Along each profile, they calculate the slope of 
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peak ground motion.  To calculate this slope, they employ a simple attenuation 

equation that account only the epicentral distance: 

 log (𝐴)  = log (𝐴0)  +𝑚 log(𝑅), (3.1) 

 

where 𝐴0 and 𝐴 are the PGA or PGV data at the epicentre, 𝑅 is the epicentral 

distance, and 𝑚 is the slope of regression fitting.  

They then divide each profile into 10 equidistant points and then make for each 

profile a graph of peak ground motion vs distance. Finally, the slope of the 

regression line is analysed, with the directivity direction estimated as the azimuth 

corresponding to the regression line exhibiting the minimum slope.  

 

3.2. Method based on normalized and azimuthally 

corrected PGM 
 

The method proposed by Kurzon et al. (2014) was designed to provide an index of 

directivity to Ground Motion Prediction Equations (GMPEs), which are basically 

mathematical models used to estimate the expected levels of ground motion 

during earthquakes at various locations. Since the directivity can strongly amplify 

the azimuthal distribution of the ground motion, the idea was adding a directivity 

factor for obtaining more accurate predictions for regions in the rupture direction.  

The proposed method, applied to two clusters of earthquakes in the central San 

Jacinto fault zone, can be summarized as follow:  
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At first, the observed peak ground motion values of stations within 60-80 km from 

the epicentre are corrected for geometrical spreading by simply multiplying each 

peak amplitude value, 𝐴, by its corresponding hypocentral distance 𝑟: 

 
𝐴 ∝

1

𝑟
 → 𝐴𝑐𝑜𝑟𝑟 = 𝐴 ∙  𝑟 

(3.2) 

 

     The area around the epicentre is divided into 30° wide slices, which are rotated 

around 360° in 10° increments. For each slice orientation, the average 𝐴̃𝑐𝑜𝑟𝑟 of the 

𝐴𝑐𝑜𝑟𝑟 is calculated within the slices and the slice orientation with the maximum 

averaged  𝐴̃𝑐𝑜𝑟𝑟
 𝑚𝑎𝑥 is searched, considering only slides with at least three stations 

and a coefficient of variation below 0.75, which is interpreted as the rupture 

direction. Then, the area surrounding the event is divided into 12 slices of 30°. 𝜑 

is used to denote the angles between the centre of each slice and the assumed 

rupture direction.  Finally, for each slice 𝐴̃𝑐𝑜𝑟𝑟
𝑛𝑜𝑟𝑚 is calculated as:  

 𝐴̃𝑐𝑜𝑟𝑟

𝐴̃𝑐𝑜𝑟𝑟
𝑚𝑎𝑥 = 𝐴̃𝑐𝑜𝑟𝑟

𝑛𝑜𝑟𝑚 
(3.3) 

Where 𝐴̃𝑐𝑜𝑟𝑟
𝑛𝑜𝑟𝑚  ranges from 1 for 𝐴̃𝑐𝑜𝑟𝑟

𝑚𝑎𝑥  to 0 for slices that do not satisfy the 

forgoing quality criteria. Finally, values of 𝐴̃𝑐𝑜𝑟𝑟
𝑛𝑜𝑟𝑚 are assigned to stations within 

the corresponding slice and they are projected onto a map, scaling for the event-

station azimuth 𝜃 by multiplying by cos(𝜃) and sin(𝜃). As a result, a circular map 

ranging from -1 to 1 on the south-north and west-east axes is plotted, with the 

event located at the centre of the map. Visually, it is assumed that directivity 

results in the direction of the stations on the most outer circle.  
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〈𝐴̃𝑐𝑜𝑟𝑟
𝑛𝑜𝑟𝑚

〉  is finally calculated as the average of the 𝐴̃𝑐𝑜𝑟𝑟
𝑛𝑜𝑟𝑚 of all slices. A high 

value of this parameters reflects a low directivity and vice versa.  The directivity 

index is finally calculated for each slice as: 

 
𝐼𝐷𝑖𝑟 = 10 ∙

𝐴̃𝑐𝑜𝑟𝑟
𝑛𝑜𝑟𝑚

〈𝐴̃𝑐𝑜𝑟𝑟
𝑛𝑜𝑟𝑚〉

 
(3.4) 

 

 

High values of 𝐼𝐷𝑖𝑟 are observed in the direction of the rupture propagation. 

Events that exhibit strong directivity tends to present a wide range of 𝐼𝐷𝑖𝑟 values. 

Incorporating this parameter into the in the GMPEs allows for the consideration of 

the directivity effect and to obtain more accuracy in the estimation of the 

predicted ground motion. 

 

3.3. Study case: 2016 Mw 6.5 Norcia earthquake  
 

For testing the method proposed of Jan et al. (2018) based on the PGM decay, we 

used interpolated shake-maps made by INGV of the 2016 Norcia Earthquake (Mw 

6.5). We must point out that the process of data interpolation fills in the gaps, but 

it is important to acknowledge that it cannot provide the same level of accuracy 

and detail as direct measurements from comprehensive station networks.  

We then created 36 profiles centred at the epicentre location outward in azimuth 

per 10 degrees (Figure 3.1) and calculated the slope of the ground motion peak 

decay along each profile, correcting the amplitudes for attenuation. 
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Then, we divided each profile into ten grid points along 20 km from the epicentre 

location with regular intervals (2 km) for the regression analysis, plotted PGA or 

PGV data versus distance, and finally calculated the regression coefficient of the 

curve.  

 

 

Figure 3.1. PGA (%g) and PGV (cm/s) shake maps of the 30 October 2016 event in 

Central Italy (data font: INGV) 

    

Just looking at the interpolated shaking maps, directivity seems more constrained 

to the SSE direction using PGV data. In the PGV map, certain small areas are 

depicted in red, indicating high levels of peak ground motion which can be 

attributed to site effect amplifications. 

Using the PGA and PGV interpolated shaking maps of the Norcia earthquake and 

considering azimuths from 0 to 330 every 30 degrees and a maximum epicentral 

distance of 20 km, we obtained for both PGA and PGV interpolated data the 
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maximum value m, respectively -0.02 and 0.23, for azimuth 150 (Figure 3.2 and 

3.3). 

 

 

Figure 3.2. Rupture directivity analysis for PGA interpolated data. 
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Figure 3.3. Rupture directivity analysis for PGV interpolated data. 

 

For refining the results, we decided to perform another test considering azimuths 

every 10 degrees.  As result we obtained maximum m values equal to 0.13 for 

azimuth 320 using PGA and to 0.23 for azimuth 150 using PGV (Figure 3.4 and 

3.5). 
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Figure 3.4. Rupture directivity analysis for PGA interpolated data. 
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Figura 3.5. Rupture directivity analysis for PGV interpolated data. 

 

 

 

Otherwise, using the same azimuth interval as the previous test but considering 15 

km as the maximum epicentral distance, directivity results in the azimuth 140 

with a value of 0.21 for PGA and 150 with m equal to 0.27 for PGV data.  
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Then, we decided to use the same study case using the approach proposed by 

Kurzon et al. (2014). 

To apply this method on Norcia Earthquake data, we used waveforms recorded by 

the RAN stations within 60 km from the epicentre (Figure 3.6). We conducted a 

basic data processing procedure which involved filtering the waveforms withing 

the frequency range of 1 to 20 Hz and applying a taper.  

  

Figure 3.6.   RAN network within 60 km from Norcia earthquake epicentre. 

 

Following Kurzon et al. (2014), we plotted 𝐴̃𝑐𝑜𝑟𝑟
𝑛𝑜𝑟𝑚 values versus cos (𝜑) and we 

obtained the highest values of the corrected and normalized PGM in the 95° 

azimuth (Figure 3.8).  
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Figure 3.7. End-member rupture solutions reflected by the directivity tool (from Kurzon 

et al., 2014)8 

 

Regrettably, this methodology imposes certain limitations on the inclusion of 

slices, either due to the correlation coefficients or an inadequate number of 

stations within the designated area. 
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Figure 3.8. In (a) and (b) the two ways for visualizing the results of the distribution of the 

azimuthal distribution of 𝐴̃𝑐𝑜𝑟𝑟
𝑛𝑜𝑟𝑚 are reported with the results calculated for the 2016 Mw 

6.5 Norcia study case. 

 

Comparing Figure 3.7 with Figure 3.8, we can interpret our result as a bilateral 

rupture with a main propagation direction towards azimuth 95°.  

However, it must be noticed that looking at the interpolated shake-maps of the 

same earthquake that we used in the previous method (Figure 3.1), we can see 

some small areas colored in red that exhibit a significant contrast in peak ground 

motion value compared to their surrounding area, indicating the possibly presence 

of amplification phenomenon. Although some of these anomalous zones have 

been automatically eliminated, the same cannot be said for the 95° azimuth 

direction. In this direction, despite the presence of the inhomogeneous zones that 

could be reconducted to amplified areas, the correlation coefficient results are 

acceptable. In case of site effects, this could have impacted on the directivity 

estimation leading to an incorrect interpretation. 
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3.4.  Final remarks 
 

The methodology proposed by Jan et al. (2018) presents a rapid and quite efficient 

approach for determining rupture directivity if the area is covered by a dense 

station coverage. This technique relies on interpolated shake maps as a primary 

resource. As consequence, both the timing and accuracy of the shake maps affect 

the speed and the reliability of the results. Accuracy is highly dependent on the 

quality of the signals and the density of the network in the surrounding area. Jan et 

al. (2018) have demonstrated that this method can be used with a low-cost, dense 

network. Also, shake maps computed in a short time (Fornasari et al., 2022; Böse 

et al., 2023) could be improve the efficiency of this method in terms of prompt 

response.   

However, in both the PGA and PGV interpolated shacking map, we noticed some 

areas with a significant contrast in peak ground motion values (red zones) which 

could be indicative of site effects and that have the potential to exert a significant 

impact on the angle of the decay, introducing bias in directivity estimation. 

We also noticed that if we consider a larger distance from the epicentre in the 

calculation of the PGM (Peak Ground Motion) decay, the results exhibit 

variations. As a result, the stability of the result becomes compromised when 

modifying the maximum distance considered. 

The problem of the potential impact of site effects on the results can also be found 

in the method proposed by Kurzon et al. (2014). Although this method introduces 

the important concept of obtaining a directivity index in GMPEs calculation, this 

method still presents limitations due to the potential bias in the directivity 
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estimation resulting from its simplistic approach toward accounting for site 

effects. Despite its simplicity and promising objective of enhancing GMPEs for 

the PGM prediction, the method may not fully account for the complexities 

associated with site-specific influences. Indeed, if a slice consists of fewer than 3 

stations, it is automatically excluded from the analysis. This significant limitation 

restricts the method since certain slices are completely disregarded, potentially 

resulting in erroneous directivity estimations. 

In summary, both methods offer advantages in terms of speed and simplicity. 

However, the potential influence of site effects poses challenges to accurate 

directivity estimation in both methodologies. More accuracy is needed to address 

the complexities associated with site effects and enhance the reliability of 

directivity estimation. 
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4. Estimation of the directivity based on the 

source spectra 
 

In Section 3 we examined the performance of two methods based on the PGM. As 

already discussed, these methods present some limitations due to the potential 

impact of site effects, which can result in inaccurate estimates of rupture 

directivity. In this section, we shift our focus to alternative approaches that 

address the challenge posed by the medium's response, revolving around the 

deconvolution of the Empirical Green's Function (EGF).  

 

 

4.1. The Empirical Green’s Function (EGF) 

 

The observed seismic displacements at some distance from a seismic event is the 

result of the convolution of three main terms (Figure 4.1): the source pulse 𝑆(𝑡), 

which characterizes the seismic energy released by the event; the effect of the path 

𝑃(𝑡), which accounts for the influence of the propagation path on the seismic 

waves; and of the response of the instrument 𝐼(𝑡) which reflects the behavior of 

the recording instrument 

 𝑈(𝑡) = 𝑆(𝑡) ∗ 𝑃(𝑡) ∗ 𝐼(𝑡) . (4.1) 

In the frequency domain, the convolution of the three terms can be expressed as a 

product, denoted by equation: 
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 𝑈(𝜔) = 𝑆(𝜔) ∙ 𝑃(𝜔) ∙ 𝐼(𝜔). (4.2) 

Where 𝑈(𝜔), 𝑆(𝜔), 𝑃(𝜔) and 𝐼(𝜔) are respective Fourier transforms of the 

seismogram, source, path, and instrument.  

 

Figure 4.1:   The seismogram is the result of the convolution of the source function, the 

effect of the path and the instrument response. 

 

In seismology it is often necessary to isolate the source term 𝑆(𝜔) from the 

instrument response 𝐼(𝜔) and path information 𝑃(𝜔), depending on the aim of the 

study.  While the instrument response is typically well-known and can be readily 

isolated from the seismogram, the same cannot be said for the other contributing 

factors. 

When a delta function in time is considered as the source, the resulting function 

can be interpreted as the impulsive response arising from the combination of the 

instrument and path effects. This resulting function can be used for approximating 

the impulse response of the medium of all events with the same station-

hypocentre combination (Deichmann, 1999) and is called Green’s Function 𝐺(𝜔).   

 𝑈(𝜔) = 𝑆(𝜔) ∗ 𝐺(𝜔) (4.3) 
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However, separating the Earth’s impulse response (the Green’s Function) from 

the source signature is a fundamental problem in seismology.  

Seismic waves propagate in the underground in a complex way due to the 

presence of interfaces, leading to reflections and refractions. Moreover, the waves 

are attenuated in the path from the hypocentre to the stations by scattering and 

anelastic effects, they can be amplified and attenuated and so on. As a result, 

using a crustal model can be not enough to capture these propagation 

complexities. Since the calculation of the Green’s function is mainly based on the 

crustal model, using a calculated Green’s function can result in bias in inversion 

of the source function. This is true especially for the high frequencies (>1 Hz). At 

these frequencies, wave propagation becomes highly sensitive to even small 

heterogeneities in the underground structure. Achieving accurate wave 

propagation modeling the wave propagation, especially for small and moderate 

earthquakes, necessitates a detailed three-dimensional (3D) underground structure 

which is not always available, leading to significant challenges when calculating 

the Green’s function in scenarios where the knowledge of the medium is poor.  

To isolate the source time function, a common alternative is often to deconvolve 

the signal of the target event with a collocated smaller earthquake with similar 

focal mechanism to the larger one and use it as an empirical Green’s Function 

(EGF) (Calderoni et al., 2015; Calderoni, et al., 2017; Tran et al., 2020).  

 
𝑆(𝜔) =  

𝑈(𝜔)

𝐺(𝜔)
 

(4.4) 
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Over the last three decades, the empirical Green’s functions have been 

increasingly used in the earthquake source studies, strong ground-motion 

prediction, site-response studies, crustal attenuation studies and finite rupture 

modeling.  

Using an EGF, we directly know the response of the medium, overcoming the 

limitations related to its computation. Indeed, EGFs naturally include path 

propagation, anelastic attenuation and site amplification effect. 

EGFs were initially used in attenuation and earthquake-source studies (e.g., 

Bakun and Bufe, 1975), Hartzell (1978) and Wu (1978) first suggested using 

EGFs to calculate strong ground motion. Subsequent studies further developed 

EGF methods. Frankel (1982), Mueller (1985), Hough et al., (1991), Abercrombie 

and Rice (2005), and Viegas et al. (2010) performed analysis of EGFs in the 

frequency domain to obtain source parameters of larger earthquakes and 

attenuation prosperities of the medium. Frankel and Kanamori (1983), Frankel et 

al. (1986), Mori and Frankel (1990), Mori et al. (2003) performed similar analysis 

in the time domain. Many other studies have been published over the years based 

on the EGF method (Hutchings and Viegas, 2012).  
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4.2 Isolating the source signature in the seismogram by 

the EGF approach 

One common approach in determining the directivity using the EGF 

deconvolution is to consider the averaged amplitude spectral ratios of the 

stations localized along and perpendicular to the fault direction.  This analysis 

is based on the computation of spectral amplitude variations versus station 

azimuths.   

If we consider an omega-square source model in a far field approximation 

(Aki, 1967), the displacement amplitude spectrum will exhibit a corner 

frequency 𝑓𝑐 which depend on the azimuth of the recording station with 

respect to the epicentre location. This 𝑓𝑐 will be inversely proportional to the 

source duration (Figure 4.2). 

Considering a unilateral scenario, while in the time domain the directivity is 

manifested with (see the directivity section) shorter and higher pulse durations 

(ASTFs) in the direction of the rupture propagation and longer and smaller in 

the opposite direction, in the frequency domain this effect causes higher 

corner frequencies along the strike of the rupture and lower corner frequencies 

in the opposite direction. Similarly, for bilateral rupture, we observe the 

highest corner frequencies at the stations located in both side of the fault 

direction, and the lowest at the stations located orthogonally to the rupture. 

The first step is to find a suitable EGF for the target event. Following 

Calderoni et al. (2015; 2017), the EGF must be characterized by the following 

properties: 
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● The source distance between the target and EGF event must be smaller 

than 3km. The closeness of hypocentres suggests that they are likely 

located on the same fault and consequently have the same rupture 

mechanism.  

● The focal mechanisms of both the target and the EGF events must be 

the same or quite similar. 

● The EGF and the Target events must have high cross-correlation 

coefficients. 

● The event must have good quality waveforms. 

Then, we compute for each station the amplitude spectral ratio between the target 

and EGF event. This allows to bypass any dependence on various source 

parameters (such as corner frequency, local propagation properties and stress 

drop). Since spectral ratio is calculated between events recorded by the same 

station, it is unnecessary to correct for instrument response. 

We assume that EGF is an impulsive point source. As we know, there is not a true 

impulsive point source in nature, but under certain constraints we can make this 

assumption for the EGF. 

This method does not require further assumptions such as the source model or 

velocity model, so that it can be used also in case of poor knowledge in the 

underground structure.  

The resulting spectral ratios show two asymptotes at low and high frequency, that 

we can call Fmin and Fmax, and are determined visually. Grouping stations within 

angles of ±45° from the fault strike and averaging their deconvolved displacement 
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amplitude spectra, we can discriminate the direction of the rupture propagation 

looking at the relative position of their amplitude in the frequency range Fmin and 

Fmax.  

The directivity of EGF does not influence the spectral ratio amplitude in this 

range of frequencies but can scatter Fmax at different azimuth. For avoiding bias, 

we can choose Fmax as the smallest of the EGF corner frequencies (Calderoni et 

al., 2017).  

 

 

Figure 4.2. Schematic illustrations of (a) unilateral and (b) bilateral ruptures and the 

resulting azimuthal variations in the far-field ground motion spectra at different azimuths. 

The red and black curves represent the amplitude spectra in front and behind the rupture 

direction, respectively; the blue curve is the amplitude spectrum relative to the fault-

orthogonal azimuths (Calderoni et al., 2017). 

 

 

In Figure 4.2 are schematized the two theoretical results for the unilateral and 

bilateral rupture. Basing on the relative position on the theory, three cases are 

possible: (i) the red and black curves exceed the blue curves, providing evidence 

for a bilateral rupture; (ii) the blue curves are intermediate between the other two 
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colors, providing evidence for a unilateral rupture, and (iii) all of the three colors 

overlap, indicating that the rupture was circular in nature. 

4.2.1. Study case: 2016 Mw 7.0 Kumamoto earthquake 

 

We applied the method based on the averaged spectral ratio for solving the 

directivity of the 2016 Mw 7.1 Kumamoto earthquake, in the southwest of Japan 

(Figure 4.3). This event occurred on 15th April 2016 at 16:25 (UTC), close to 

epicentre of the Mw 6.0 foreshock event that occurred 28 h before, along a strike 

slip fault known as Futagawa fault, which belongs to the Oita-Kumamoto 

Tectonic Line 2. The information on the focal mechanism has been kept from the 

AQUA system (Accurate and QUick Analysis System for Source Parameters). 

As EGF, we selected a collocated event of Mw 4.9 with a similar focal 

mechanism that occurred the day before the mainshock. 

Data was processed using the Obspy library in Python (Beyreuther et al., 2010), 

utilizing MSEED files from both KiK-Net and K-Net. The data had a sampling 

rate of 100 Hz, and no filter was applied throughout the process. We selected 10-

second time windows, corresponding to 1000 samples, starting 1 second before 

the direct S arrival. 
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Figure 4.3: (a) map of the stations of the KiK-Net used for the deconvolution analysis. 

The yellow star represents the epicentre of the Mw 7.1 mainshock; (b) result of the EGF 

deconvolution. The three curves represent the three grouped based on the station 

azimuths; (c) the focal mechanism of the target event.  

 

Selected time windows were tapered using a conventional Hanning taper of the 

Obspy library. To obtain the amplitude spectrum for each station, we took the 

square root of the quadratic composition of the two horizontal components in 

displacement. Next, we performed a Fast Fourier Transform (FFT) and computed 

spectral ratios between the target event and the EGF event for each station. 

The stations were classified into three main groups, considering the orientation of 

the Futagawa fault (Shirahama et al., 2016), where the earthquake originated. 

Stations pointing towards the NE direction were assigned to the "red group," those 

in the SW direction were assigned to the "black group," and stations perpendicular 

to the fault were assigned to the "blue group." 
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In the resulting averaged spectral ratios (Figure 4.3b), a separation between the 

three curves is visible, with the red curves exceeding the other two. The black 

curve, which represents stations oriented towards the SW direction, falls in 

between the other two curves. These results align with the theoretical expectation 

of a bilateral rupture (Figure 4.3a), with the main propagation of the rupture 

towards the NE direction. 

 

4.2.2. Study case: 2016 Mw 6.5 Norcia earthquake 

 

We used the spectral ratios’ method to solve the directivity of the 2016 Mw 6.5 

Norcia earthquake. The shape of the Italian peninsula, and the station distribution 

allows us to use recording waveforms from long faraway stations along the fault 

direction NW-SE, but it does not permit to cover the same distance in the 

perpendicular direction. We used velocity waveforms recorded by RSN network 

equipped by seismometers and RAN network equipped by accelerometers. We 

selected a co-located Mw 3.9 event that occurred on 31 august 2016 at 11:26 

(UTC) as EGF. The stations were selected based on their azimuth and quality of 

the recorded waveforms setting an epicentral distance from 20 to 200 km.  
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Figure 4.4: Amplitude displacement spectra of target and EGF events. In gray the spectra 

of each station separately used in this work, in green the mean of all spectra.  

 

We processed the data following the same steps of the previous study case (Figure 

4.4), but then we realized that the result appeared more stable using 30s windows 

from the first P arrival. The waveforms were filtered in the range 1-40 Hz for 

improving the SNR. 

However, we were restricted to utilizing a limited number of stations, specifically 

20. This limitation was imposed because certain waveforms were clipped, and 

others recorded at considerable distances, particularly in the case of EGF 

waveforms, were quite noisy. 
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Figure 4.5: (a) map of the stations of the RAN and RSN networks used for the 

deconvolution analysis. The yellow star represents the epicentre of the Mw 6.4 

mainshock; (b) result of the EGF deconvolution. The three curves represent the three 

grouped based on the station azimuths; (c) the focal mechanism of the target event.  

 

The results (4.5b) we obtained show the black curve representing the stations in 

the NW direction that clearly exceeds the other partially overlapped two curves of 

the other directions. The result can be interpreted as a bilateral rupture with the 

main propagation direction towards NW, which agrees with the Calderoni et al. 

(2017) result. However, due to the limited amount of available good data, we 

encountered challenges in achieving a stable average spectrum. Furthermore, the 

removal or addition of seismic station data often resulted in noticeable differences 

in the analysis outcomes. 
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4.2.3. Final remarks   

The method based on the azimuthal spectral ratios provides a simple and fast 

method for estimating the rupture directivity. This method has been shown to be 

successful for signals with high SNR (> 3).  

However, the selection of a suitable EGF poses significant challenges in 

implementing this approach. Strict criteria govern the selection process, making it 

difficult to fulfil these requirements, even when a comprehensive database is 

available. Consequently, the number of events that can be analysed becomes 

limited. As often occurs for large earthquakes, if the rupture consists of multiple 

segments, there may not be sufficient EGFs to provide an impulse response for the 

entire fault length. 

Another limit regards the quality waveforms recorded by the stations.  

The availability of recorded waveforms that do not exhibit significant SNR in the 

far source region can be a limit to the robustness of this approach. While it was 

easy to find good signals for the target event in central Italy, selecting good 

waveforms for the Mw 3.9 EGF proved difficult. Although the method 

theoretically extends to moderate earthquakes, practical applications face 

significant limitations. Without careful screening to eliminate low-quality 

waveforms, the results may exhibit biases, leading to erroneous interpretations of 

the directivity effect. Therefore, when we use moderate magnitude earthquakes, 

the EGF event, which must be smaller than the target event, can exhibit 

significant noise levels that may be indistinguishable from the background noise. 
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To address these issues, Calderoni et al. (2015) proposed an alternative approach 

using higher magnitude events as EGFs. However, implementing this approach on 

real datasets poses considerable complexities, as directivity effects are most 

prominently observed in moderate-to-high magnitude earthquakes.  

Given the objective of this study to resolve rupture directivity for even small to 

moderate earthquakes in Italy, a preferable approach would involve utilizing 

stations located in close proximity to the seismic source. This would enhance the 

applicability and effectiveness of the method in the desired context. 
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5. Estimation of the directivity based on the 

second-degree seismic moments 
 

The second-degree seismic moments as we already introduced in Section 2, 

represent the variances of the moment rate function, and provide a simple model-

free description of earthquake rupture because they contain information on rupture 

size and kinematic properties (Silver, 1983; McGuire et al., 2001; McGuire, 

2004). Therefore, they can be used to estimate finite source attributes such as 

rupture length, width, duration, velocity, and propagation direction without the 

need of a predefined rupture model. 

A key advantage of the method based on the computation of the second seismic 

moments is that it can theoretically be applied to all earthquakes, without 

requiring the assumptions of an a priori source model typical of corner frequency 

approaches and regardless of their magnitude and complexity (McGuire et al., 

2001; McGuire, 2004). 

For computing the second moments it is necessary to analyse the apparent 

characteristic durations of the Apparent Source Time Functions (ASTFs), which 

can be obtained by deconvolving for the empirical Green's function. 

Previous studies (e.g., Meng et al., 2020; Fan and McGuire, 2018) have 

demonstrated that this approach can resolve the finite- source models for small 

and moderate earthquakes in California and Oklahoma. This approach looks 

promising for improving seismic hazard assessment, especially for future real-
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time applications, therefore, we decided to focus on this method and apply it in 

moderate earthquakes in Italy. 

In this section, we will first introduce the theory of the method based on the 

computation of the second seismic moments, which have been used with 

successful results in previous studies. In the second part, we will focus on a 

synthetic test that we performed to evaluate the sensitivity and reliability of the 

results considering uncertainties due to observations and prior knowledge. These 

uncertainties can be significant, especially in scenarios where network coverage 

varies and in real-time applications. Then, will show the result obtained applying 

this approach with two earthquakes of moderate magnitude that occurred in 

central Italy. Finally, we introduce a new experimental approach for making this 

method applicable also in case of noisy signals, which commonly characterize the 

small events. 

 

  

5.2. EGF selection 
 

The first step for obtaining the source duration, is to isolate the source function 

from the signal. This can be done deconvolving for an EGF.  

As described in section 4.1, a good EGF must be a co-located event with similar 

focal mechanism. When the information on the focal mechanism is not available 

(this can easily happen with small events) we can base on the similarity of the 
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waveform (Figure 5.1d); still, the event must be 1.5-2.5 units of magnitude 

smaller than the target event. 

Selecting a representative EGF can be a very time-consuming process. To speed 

this process, we can use the cross-correlation matrix to check for similarity of the 

waveforms. 

 

Figure 5.1. (a) cross correlation matrix for searching for a good EGF candidates. In the x-

axis are reported the EGF candidates with their ID, while in the y-axis the stations. The 

color is referred to the cross-correlation value. (b) and (c) indicate the distribution of the 

network that must cover in azimuth and in distance from the epicentre. (d) is an example 

of a target event (in black) and an EGF (in red). As you can see from the plots, the 

waveforms are quite similar to each other. 

 

 

In Figure 5.1a, we plotted for each station and for each EGF candidate the 

correlation values between the target and the EGF waveforms. Then, we chose the 

events with the highest correlation values for as many stations as possible.  

In choosing the EGFs candidates, it is important to evaluate the station coverage 

in light of the quality of the waveforms. Signals with low SNR or with overlapped 
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subevents are generally not good for the deconvolution process. Also, the stations 

coverage must guarantee a good resolution both in the vertical and the horizontal 

component. The first one depends on the availability of waveforms recorded by 

stations with different epicentral distance (Figure 5.1c), to have information both 

from the down- and up- going waves; the second strongly depends on the 

azimuthal coverage (Figure 5.1b). 

 

5.3. Deconvolution in the time domain and inversion 
 

 

We can solve the second seismic moments by making an approximation based on 

the truncated Taylor series: 

 𝜇̂(0,2)(𝑠)  =  𝜇̂
(0,2) − 2(𝑠) ⋅  𝜇̂

(1,1) + 𝑠 ⋅  𝜇 ̂(2,0) ⋅  𝑠, (5.1) 

where 𝜇 is the apparent temporal moment of the ASTF, and 𝑠 is the slowness of 

either P- or S-wave which doesn’t vary in the source region. 

The apparent temporal moment is related to the apparent duration of ASTF 

(𝜏𝑐 (𝑠)) through the following relation:  

  

 
𝜏𝑐(𝑠) = 2√𝜇̂(0,2)(𝑠). 

(5.2) 

 

 

We can calculate 𝜏𝑐 (𝑠) from the ASTFs by deconvolution of an EGF. To do it, 

we can use the Projected Landweber Deconvolution (PLD) algorithm (Bertero et 

al., 1997; Lanza et al., 1999; McGuire, 2004; McGuire, 2007; Meng et al., 2020) 
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and L-curve analysis to select the best ASTF. In practice, the aim is to find the 

ASTF with the shortest duration that has more than 70% misfit reduction and lies 

on a flat portion of the L-curve where the derivative is zero to avoid waveform 

overfitting.  Obtained the ASTF, we can calculate the apparent temporal moment 

using the following equation: 

 
𝜇̂(0,2)(𝑠) = ∫ 𝐴𝑆𝑇𝐹(𝑡, 𝑠) ∙ (𝑡 − 𝑡0(𝑠))

2
𝑑𝑡, 

(5.3) 

where 𝑡0(𝑠) is the apparent time centroid of a station with respect to ray path and 

slowness 𝑠 and can be calculated as follow: 

 
𝑡0(𝑠) = ∫ 𝐴𝑆𝑇𝐹(𝑡, 𝑠) 𝑡𝑑𝑡. 

(5.4) 

Finally, we can use relation 5.2-5.4 to resolve the apparent characteristic 

durations. If we assume a plane rupture and project the slowness vector onto the 

fault plane, we can write Equation 5.1 in a simplified way to obtain a linear 

system that we can solve by a linear inversion procedure: 

 𝜇̂(0,2)(𝑠) = [𝑠1
2 2𝑠1𝑠2 𝑠2

2   − 2𝑠1  − 2𝑠2 1  ]

∙ [𝜇̂11
(2,0) 𝜇̂12

(2,0) 𝜇̂22
(2,0)  𝜇̂1

(1,1) 𝜇̂2
(1,1) 𝜇̂(0,2)  ]

𝑇
, 

 

(5.5) 

where 𝑠1 and 𝑠2 are along strike and along-dip components of the slowness 𝑠 of 

the wave at the source and ∙ denote the dot product.  

If we have  a set of 𝜇̂(0,2)(𝑠) well distributed over the focal sphere, we obtain a 

linear system 𝑏 = 𝐴 ∙ 𝑥, where 𝑏 corresponds to a column vector consisting in the 

measured apparent durations  𝜇̂(0,2)(𝑠) at different stations and phases; 𝐴 is a 
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matrix associated with the slowness components; and 𝑥 is a vector containing the 

six elements of the second moments. 

One approach to resolve this system consists of the creation of a Linear Matrix 

Inequality (LMI) (McGuire, 2017). The least-square problem is written as ‖𝐴𝑥 −

𝑏‖ ≤ 𝑐 in which 𝑐 is a dummy decision variable. We enforce two constraints: (i) 

the source region has nonnegative volume; (ii) the second temporal moment must 

be less than twice the largest measured 𝜇̂(0,2)(𝑠). The problem in the LMI form is 

given by: 

 minimize ‖𝐴𝑥− 𝑏‖, 

and [𝜇̂(0,2) 𝜇̂(1,1)𝑇  𝜇̂(1,1) 𝜇̂(2,0)  ] ≥ 0, 

and 𝜇̂(0,2) ≤ 2 ∙ 𝑚𝑎𝑥 (𝑏). 

(5.6) 

After calculating the second seismic moments, we can estimate the characteristic 

rupture duration 𝜏𝑐 and other source properties using Equation 12 and 13 and are 

defined as: 

 
𝑥𝑐 (𝑛̂) = 2√𝑛̂𝑇𝜇 ̂

(2,0)𝑛̂, 

𝜏𝑐 = 2√𝜇̂
(0,2), 

𝑣0 =
𝜇̂(1,1)

𝜇̂(0,2)
, 

(5.7) 

where 𝑥𝑐 (𝑛̂) representing the matrix containing the information on the rupture 

size with 𝑛̂ indicating the rupture direction. The largest eigenvalue of 𝑥𝑐 (𝑛̂), 

represents the characteristic rupture length 𝐿𝑐 = (𝑥𝑐 (𝑛̂)) , and second largest 
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eigenvalue is the characteristic rupture width 𝑊𝑐. The characteristic dimensions of 

the rupture provide an estimation of the region that contributed significantly to the 

moment release; therefore, the characteristic rupture size is always smaller than its 

total dimensions (McGuire 2004). We can calculate second moments either in 3-D 

(10 unknowns) or, if we know the focal mechanism, in 2-D assuming a fault plane 

(six unknowns) (McGuire, 2004; McGuire and Kaneko, 2018). 

We can also calculate the characteristic velocity as follow:  

 
𝑣𝑐 =

𝐿𝑐
𝜏𝑐
. 

(5.8) 

And we can finally get the directivity ratio (0 ≤ 𝑑𝑖𝑟 ≤ 1) as: 

 
𝑑𝑖𝑟 =

|𝑣0|

𝑣𝑐
, 

(5.9) 

For a uniform unilateral rupture, |𝑣0|=𝑣𝑐, while in the cause of a symmetric 

bilateral rupture, |𝑣0| = 0 and 𝑣𝑐 is twice the rupture front velocity (McGuire et 

al., 2002; McGuire, 2004). Therefore, dir ranges from 0 for a perfect symmetric 

bilateral rupture, to 1 for a uniform unilateral rupture.  

For estimating the stress drop, we can assume an elliptical rupture with the area 

that can be calculated by 𝑆 =  𝜋𝐿𝑐𝑊𝑐. The stress drop can be calculated as 

follows: 

 
∆𝜎 = 𝐶(𝐿𝑐 ,𝑊𝑐, 𝜈)

𝑀0

𝑊𝑐𝑆
 , 

(5.10) 

 

where 𝐶 is a constant and depends on both the aspect ratio of the rupture and the 

Poisson’s ratio of the medium. When the aspect ratio is close to 1, 𝐶(𝐿𝑐,𝑊𝑐, 𝜈) is 

singular and we can estimate stress drop assuming a circular crack: 
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∆𝜎 = 2.44 

𝑀0

(𝜋𝐿𝑐𝑊𝑐)3/2
 . 

(5.11) 

 

5.4. Validation analyses through the perturbation test 
 

 

Since it is crucial to evaluate how the results can be affected by uncertainties 

caused by the observations and prior knowledges (e.g., the model of the 

subsurface structure), especially if we want to use this method in near-time 

applications, we performed a synthetic test to evaluate how these uncertainties 

could affect our second seismic moment solutions.  

 

 

Figure 5.2. Flowchart of the perturbation test. For each test, we computed 1000 random 

station configurations or perturbed input variables (depth, velocity model, focal 

mechanism, or observed c) with a given standard deviation. Then we performed the 

inversion and calculated the source parameters and directivity. Finally, we calculated the 

mean and dispersion of the output variables of the 1000 scenarios.  
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To do it, we decided to use a bootstrap approach by generating a series of 1000 

random perturbations of the mean for the hypocentral depth, velocity model, focal 

mechanism, and apparent source duration (𝜏𝑐(𝑠)) of a target event. We also 

created 1000 random station configurations with varying numbers of stations. The 

workflow is summarized in Figure 5.2. The uncertainties in the epicentre 

estimates are not examined because they have negligible effects on the slowness 

vectors in the inversion of the second moments. 

We modelled a Mw 4.7 synthetic event in central Italy (Figure 5.3). The choice of 

this area was done in view of the future analyses we were going to perform with 

real data since this area is characterized by a good station coverage by the RSN 

and RAN because of relevant the seismic hazard (Meletti et al., 2021).  

For modelling the rupture, we used a fault model from the SRCMODE database 

(May and Thinbgaijam, 2014); in particular, we selected a Mw 4.7 foreshock 

occurred in Lorca, Spain in 2011 (Lopez-Comino et al., 2016; Moratto et al., 

2017) and considered both the unilateral (Figures 5.4a, c) and bilateral (Figures 

5.4b, d) rupture scenarios.   

The fault parameters that we used to calculate the ASTFs have been reported in 

the Table 1a and 1b: 

Table 1a. Ground truth variables for unilateral scenario  

Ground truth variables 

𝐿𝑐 (km) 𝑊𝑐 (km)  𝜏𝑐 (sec)  𝑚𝑣0 (km/s) dir 

1.39 1.21 0.42 2.64 0.80 
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Table 1b. Ground truth variables for bilateral scenario  

Ground truth variables 

𝐿𝑐 (km) 𝑊𝑐 (km)  𝜏𝑐 (sec) 𝑚𝑣0 (km/s) dir 

1.39 1.21 0.30 1.13 0.25 

 

For calculating the ASTFs we chose a sampling frequency of 100 Hz and a source 

time function of 3 seconds. As velocity model we decided to use a simple 1D 

model of central Italy from Costa et al. (1993) (Figure 5.20). 
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Figure 5.3: Station configuration of central Italy used for the synthetic test. The location 

of the simulated Mw 4.7 earthquake is at 43.034°N/13.063°E, 5.1 km depth. 
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Figure 5.4. (a-d). Finite fault models of the unilateral and bilateral scenarios. (a) and (b) 

show the slip distribution along strike and dip, while (c) and (d) show the rupture time. 

The black star corresponds to the hypocentre. Strike and dip are 247° and 46°, 

respectively.   

 

5.4.1.  Uncertainty in hypocentral depth 
 

Examining the impact of uncertain hypocentral depth in the second seismic 

moment solutions is of utmost importance, and it can be inaccurate, particularly in 

real-time estimation. The accuracy of the velocity model and the distribution of 

stations in the near source field significantly influence this parameter.  Any 

inaccuracies in the hypocentral depth or focal mechanism primarily affect the 

slowness vector 𝑠 and consequently have an impact on matrix 𝐴. 

To assess the robustness of the results, we applied 1000 perturbation on the 

hypocentral depth varying it within a standard deviation of 1 km around the initial 

value of 5.1 km. Combining all the source models obtained for each depth 
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realizations, we obtain the distributions of the individual resolved kinematic 

parameters. In Figure 5.5, we can see that the solutions exhibit a clustering 

pattern, with data points concentrated within two distinct distributions 

characterized by minimal dispersion.     

 

Figure 5.5.  Results of the 1000 runs of the bootstrap calculation where the original depth 

(5 km) was perturbed by a standard deviation of 1 km in the unilateral scenario. μ and σ 

are the mean and standard deviation for the parameters. The grey histogram represents the 

perturbed value, and the red line indicates the ground truth value. 

 

The observed clustering in the solutions is due to the discretization of the model 

employed. Specifically, the perturbed depths traverse distinct layers within the 1-

D velocity models, characterized by discontinuous changes in slowness when 

using a gradient 1-D velocity model. Our model includes an interface at a depth of 

5 km, which separates two layers exhibiting a velocity contrast of 0.7 km/s (with 

𝑣𝑝 = 5.01 km/s in the upper layer and 𝑣𝑝 = 5.8 km/s in the lower layer). 
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Consequently, in each perturbation, the hypocentre may fall either within the 

upper or lower layer, leading to significant variations in the ray path and 

subsequently affecting the source parameters and directivity results. This effect 

manifests itself similarly in the bilateral scenario as well (Figure 5.6). 

 
Figure 5.6. Results of the 1000 runs of the bootstrap calculation where the original depth 

(5 km) was perturbed by a standard deviation of 1 km in the bilateral scenario. The grey 

histogram represents the perturbed value, and the red line indicates the ground truth 

value. If a smoothed velocity model is used instead, this effect is suppressed.  

 

To explore the consequences of a more substantial perturbation, we conducted a 

second experiment. We established a mean depth of 15 km with a standard 

deviation of 3 km (Figures 5.7 and 5.8). Surprisingly, despite the increased 

standard deviation, the solutions exhibit lower dispersions compared to the 

previous scenario. This outcome can be attributed to the fact that, even though the 

hypocentre is positioned at a velocity interface, the disparity in velocity between 

the layers is smaller than in the previous case. Consequently, there is greater 

stability in the ray path, leading to reduced variations in the solutions. 
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Figure 5.7. Results of inversions perturbing a hypocentral depth of 15 km by a standard 

deviation of 3 km in the unilateral scenario. The grey histogram represents the perturbed 

value, and the red line indicates the ground truth value. 
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Figure 5.8. Results of inversions perturbing a hypocentral depth of 15 km by a standard 

deviation of 3 km in the bilateral scenario. The grey histogram represents the perturbed 

value, and the red line indicates the ground truth value. 

 

In this particular instance, both the directivity and |𝑣0| are overestimated. 

 

5.4.2.  Perturbation of the station configurations 
 

This test was focused on investigating how the number and azimuthal coverage of 

the stations can affect the inversion results. To do that, at the beginning we 

performed a noise-free synthetic test with good azimuthal coverage of stations and 

the take-off angles between 70° and 152°. The resolved finite source parameters 

agree with the forward modelling. The 𝜏𝑐(𝑠) are also identical to the model 

prediction (Figures 5.9). 
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Figure 5.9. Results of observed and predicted characteristic duration using all the 

stations.  

 

 

We then performed a bootstrap test for different numbers of stations and by 

randomly changing their configuration 1000 times to determine the minimum 

horizontal and vertical resolution required for obtaining reliable results. We first 

selected 23 stations and the result remained stable for any random configuration. 

We then decided to run the test gradually reducing the number of stations up to an 

extreme case of 5 random stations. In the results we can see that the output values 

do not follow a normal distribution and that randomly changing the station 

configuration the result remained stable (Figures 5.10 and 5.11) and the mean 

values were well reproduced in most cases. This stability can be due to the fact 

that for these synthetic tests we are using well constrained input models.  

  

Figure 5.10: Results of the perturbation test in the unilateral scenario perturbing the 

station configurations of 5 stations 1000 times. Red lines indicate the ground truth value. 
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Figure 5.11: Results of the perturbation test in the bilateral scenario perturbing the 

station configurations of 5 stations 1000 times. Red lines indicate the ground truth value. 
 

5.4.3.  Uncertainty in the focal mechanism 
 

 

The next test was focused on the uncertainties in the focal mechanism, in order to 

examine how the results can be affected by different orientations of the fault 

plane. We firstly performed the test independently perturbing the actual strike and 

dip (247° and 46° respectively) with a standard deviation of 5°.  

The perturbation on the focal mechanism clearly affected both the characteristic 

rupture size, with more influence on 𝐿𝑐 than 𝑊𝑐 in both the unilateral and bilateral 

scenarios (Figure 5.12 and 5.13). 
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For investigating the effect of a large uncertainty in focal mechanism, we also 

used a different focal mechanism, 55° and 44° as the mean values for strike and 

dip, respectively, with a standard deviation of 10°. 

We perform a similar inversion procedure to obtain source models for 1000 focal 

mechanisms and obtain distributions of the source parameters with the set of 

solutions. As in the previous case, this perturbation affected more the 𝐿𝑐 than 𝑊𝑐 

in in both the unilateral and bilateral scenarios. Directivity remains stable in the 

bilateral case (Figure 5.15), while it fluctuates significantly in the unilateral case 

(Figure 5.14).  
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Figure 5.12: Results of the perturbation test in the unilateral scenario obtained perturbing 

the focal mechanism 1000 times. Red lines indicate the ground truth value. 
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Figure 5.13: Results of the perturbation test in the bilateral scenario obtained perturbing 

the focal mechanism 1000 times. Red lines indicate the ground truth value. 
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Figure 5.14: Results of the perturbation test in the unilateral scenario obtained perturbing 

a different focal mechanism within a standard deviation of 10° for 1000 times. Red lines 

indicate the ground truth value. 
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Figure 5.15: Results of the perturbation test in the bilateral scenario obtained perturbing 

a different focal mechanism within a standard deviation of 10° for 1000 times. Red lines 

indicate the ground truth value. 

 

5.4.4.  Uncertainty in observed apparent source duration 
 

We then examined the effects of the possible errors in determining the correct 

source duration of the ASTF that can occur especially in cases of low SNR.  

The durations are performed independently for each measurement perturbing the  

𝜏𝑐(𝑠) with a 10% standard deviation.  
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 Following the same procedure, we use these durations to invert second moments 

models and create distributions for the source parameters.  

As we can see in Figure 5.16 and 5.18, despite the small perturbation, 𝜏𝑐(𝑠) 

generated a large data dispersion although the solution follows a normal 

distribution. Uncertainty of 10% in 𝜏𝑐(𝑠) mostly affected characteristic rupture 

size and rupture velocity. Standard deviation of resulting 𝜏𝑐 appear to be quite 

consistent with the 𝜏𝑐(𝑠) induced uncertainty, resulting 0.007s and 0.005s larger 

than the 𝜏𝑐(𝑠) induced uncertainty for the unilateral and the bilateral case 

respectively.  We also reported the results we obtained perturbating 𝜏𝑐(𝑠) by 

standard deviation of 20% (Figures 5.17 and 5.19). 

 

Figure 5.16: Results of the perturbation test in the unilateral scenario of the characteristic 

durations within a standard deviation of 10% of the mean 1000 times. Red lines indicate 

the ground truth value. 
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Figure 5.17: Results of the perturbation test in the unilateral scenario of the characteristic 

durations within a standard deviation of 20% of the mean 1000 times. Red lines indicate 

the ground truth value. 

 

Figure 5.18: Results of the perturbation test in the bilateral scenario of the characteristic 

durations within a standard deviation of 10% of the mean 1000 times. Red lines indicate 

the ground truth value. 
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Figure 5.19: Results of the perturbation test in the bilateral scenario the characteristic 

durations within a standard deviation of 20% of the mean 1000 times. Red lines indicate 

the ground truth value. 

 

 

5.4.5.  Uncertainty induced by the velocity model 
 

Finally, the influence of the uncertainties in the velocity model was investigated. 

Velocity models in fact can often be inaccurate and not enough detailed.    
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Figure 5.20: Velocity models of Central Italy. On the left, the model we used to calculate 

the synthetic ASTF.  

 

For doing this test, we used two velocity models of the central Italy (Costa et al., 

1993, Figure 5.20) that we called model A and model B perturbing both by a 

standard deviation of 0.3 km/s. Firstly, we perturbed model A, which was the one 

that we used to calculate the synthetic ASTFs (Figures 5.21 and 5.23). Then, we 

performed the inversion using the model B, which is quite similar. The results 

show that perturbing model A did not significantly affect the solution. In contrast, 

perturbing model B leads to large errors in the estimation of all source parameters 

except 𝜏𝑐 (Figures 5.22 and 5.24). Using model B, which has lower wave 

velocities than model A, we systematically obtained an underestimation of the 

rupture size and of |𝑣0|. 
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Figure 5.21: Results of the perturbation test in the unilateral scenario of the velocity 

model A within a standard deviation of 0.3 km/s. The red lines indicate the ground truth 

value. 

 

Figure 5.22: Results of the perturbation test in the unilateral scenario of the velocity 

model B within a standard deviation of 0.3 km/s. The red lines indicate the ground truth 

value. 
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Figure 5.23: Results of the perturbation test in the bilateral scenario of the velocity model 

A within a standard deviation of 0.3 km/s. The red lines indicate the ground truth value. 

 

Figure 5.24: Results of the perturbation test in the bilateral scenario of the velocity model 

B within a standard deviation of 0.3 km/s. The red lines indicate the ground truth value. 
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5.4.6.  Final remarks  
 

The results of this validation analysis based on synthetic data show us that the 

main source parameters are generally reproduced within the standard deviation for 

all perturbation experiments, except for some cases.  

Graphical summaries of the results obtained with the perturbation tests are shown 

in Figures 5.25 and 5.26 for the unilateral and bilateral scenarios respectively.   

 

Figure 5.25. Violin Plots illustrating the dispersion of each output variable resulting from 

perturbations of focal mechanism (fm), observed (𝑜𝜏𝑐), velocity models A and B (mA 

and mB respectively), hypocentral depth (h) and station configuration (sc) for the 

unilateral scenario. Red line indicates the ground truth value. Magenta line represents the 

true values to be reproduced.  
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Figure 5.26. Violin plots illustrating the dispersion of each output variable resulting from 

perturbations of focal mechanism (fm), observed 𝜏𝑐  (o𝜏𝑐 ), velocity models A and B (mA 

and mB respectively), hypocentral depth (h), and station configuration (sc) for the 

bilateral scenario. Magenta line represents the true values to be reproduced.  

 

Both the rupture size and |𝑣0| are strongly influenced by the choice of velocity 

model, hypocentre depth, and 𝜏𝑐(𝑠). The calculated 𝜏𝑐 proved to be strongly 

dependent on the measured 𝜏𝑐(𝑠). Despite the small perturbation of 10% in 𝜏𝑐(𝑠) 

significantly affected the second-moment tensor solutions.  

The value of the directivity clearly depends on both the 𝜏𝑐(𝑠) and velocity model, 

and, especially for the unilateral scenario, also on the focal mechanism.  

Unexpectedly the number of stations and their configuration did not significantly 

affect the calculation of the second seismic moments. This is due to the accuracy 

of the calculation given by the synthetic test. 
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The most evident influence we can first see in the summaries is that the 

perturbation of the velocity model A did not significantly affect our result in 

rupture size and 𝑉0, while the used of the perturbation in model B led to an 

incorrect estimation of all the source parameters, which appear significantly 

underestimated.  

As already shown by Saraò et al. (1998), an accurate knowledge of the structure 

of the source medium is essential to reliably determine the details of the source 

process, and an insufficient knowledge of the crustal structure cannot be 

compensated by adding stations.  

The perturbation of the hypocentral depth resulted in an artifact in most of the 

resulting variable distributions. This artifact is primarily due to the discretization 

of the model. In fact, the perturbed depth in 1-D covers different layers, which can 

present significant difference in the average velocity. In model A, that is the 

model we used in all the perturbation tests except the test with the perturbation of 

model B, the difference in velocity between the two layers is 0.7 km/s, which lead 

to a large variation in the ray path, resulting in a significant bias in the results, 

manifested in two main picks in each variable distribution. 

Therefore, an incorrect selection of the velocity model or a significant uncertainty 

in the determination of the hypocentral depth introduces a substantial bias, 

especially in the evaluation of the rupture size and average centroid velocity. This 

underscores the considerable impact of ray path calculations during the inversion 

procedure. To obtain reliable result, a dense coverage of stations is necessary, 

positioned in close proximity to the source, to effectively constrain the 
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hypocentral depth. The accurate choice of a velocity model holds paramount 

importance, and caution should be exercised to avoid artifacts resulting from the 

discretization of the velocity model when the hypocentre lies at an interface 

between two layers exhibiting a significant contrast in velocity. In instances where 

EGF deconvolution is employed to remove path effects, the selection of a good 

EGF is fundamental for a successful application of this method. Additionally, our 

result highlight 𝜏𝑐(𝑠) is the parameter exerting the most influence on the inversion 

process and should be estimated with utmost precision. 

 

5.5. Application on real data 
 

We apply the method based on the calculation of the second seismic moment to 

moderate earthquakes in central Italy. This area serves as an exceptional 

laboratory due to the frequent occurrence of seismic events and the dense station 

coverage resulting from the high seismic hazard. 

To conduct our analysis, we utilized data recorded by the RAN and RSN. 

 

 

5.5.1. Study Case 1: 2016 Mw 4.7 in Central Italy 
 

We selected a Mw 4.7 earthquake occurred during the seismic sequence of 2016 

in Central Italy, precisely on 3rd November 2016 at 00:35:02 (UTC). 

This event was localized approximately 2 km away from Pieve Torina (Macerata), 

at a calculated depth of 5 km (Figure 5.27).  
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Figure: 5.27: 2016 Mw 4.7 earthquake occurred in Central Italy. Red star 

indicates the epicentre and blue triangle stations of both RAN and RSN.   

 

The selection of a suitable EGF was quite challenging. After attempting various 

options, we finally decided for an Mw 3.1 aftershock occurred at 02:46:29 (UTC) 

on the same day, roughly two hours after the main event, basing our choice on 

both its location and the similarity of the waveforms to the target event. 

We downloaded the waveforms of both the target and the EGF from the RAN and 

the RSN. We considered only stations between 5 and 100 km from the epicentre.  

The analysis was conducted using both Matlab and Python routines. Employing 

time windows that spanned 110 seconds starting 10 seconds before the origin time 

and a sampling rate of 100 Hz, we applied an hanning taper and then filtered with 
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a second order casual Butterworth-bandpass ranging from of 0.5 to 20 Hz. Then, 

we manually picked both P and S arrivals in the vertical component and the 

transversal component respectively. 

 

Figure 5.28: Example of the deconvolution in the time domain using the horizontal 

component the station FOC. In the top, the target and the scaled EGF; at the centre, the 

deconvolved source time function; in the bottom, the resulting fitting. 

 

To obtain the ASTFs for each station, we performed the Projected Landweber 

deconvolution technique. This process involved manually adjusting the target and 

EGF windows by shifting them and selecting each time the maximum length of 

the ASTFs to ensure the best misfit for the shortest ASTF (Figure 5.28). 
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Figure 5.29: Resulting source time functions sorted by the azimuth of the recording 

station. 

 

As we can see from Figure 5.29, we obtained 16 ASTFs from the S waves. Due to 

the limited number of acceptable solutions, we also included those solutions that 

exhibited a misfit value around 0.5.   

When examining the ASTFs, we can observe the existence of two main picks, 

indicating the occurrence of two main subevents. Generally, we can infer the 

propagation direction by analysing the azimuthal difference in the distance 
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between these two peaks. Considering this principle, this event does not show a 

clear directivity. 

The inversion results are presented in Table 2. We excluded the stress drop value 

due to its significant error. 

Table 2: Inversion result  

 

Variable Value 

𝐿𝑐 0.78 km 

𝑊𝑐 0.14 km 

𝜏𝑐 0.11 s 

𝑚𝑣0 1.86 km/s 

𝑑𝑖𝑟 0.27 

[𝑣0] -0.12 

1.85 km/s 

[𝑣0 𝑢𝑝] -1.71 km/s 

[𝑣0 𝑒𝑎𝑠𝑡] 0.72 km/s 

[𝑣0 𝑛𝑜𝑟𝑡ℎ] 0.22 km/s 

 

Based on the inversion results, it is evident that there is a high likelihood of 

underestimating the rupture size. This is particularly notable on 𝑊𝑐, indicating a 

limited vertical resolution. The results of the velocity and directivity indicate a 

bilateral rupture characterized by a dominant horizontal direction towards the 

east-northeast (ENE) and a downward vertical component. 
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However, the results can be biased by the poor availability of good quality 

waveforms and potential unsuitability of representative EGF for this target event. 

Indeed, the waveforms with adequate SNR was restricted to those records  nearby 

the epicentre, resulting in significant information gaps and potential biases in the 

analysis. The lack of data leads to an inaccurate interpretation of the source 

parameters and direction of the rupture propagation, and it is particularly evident 

in the computed rupture size.  

The suitability of the EGF is another important aspect to consider for accurately 

modelling the rupture process. Using an inappropriate EGF can introduce errors 

because deconvolution cannot accurately isolate the source function, leading to 

incorrect calculated ASTF and, consequently, second seismic moment solutions. 

 

5.5.2. Study Case 2: 2023 Mw 4.6 in Central Italy 
 

On the evening of March 28, 2023, at precisely 21:52:45 (UTC) a moderate 

earthquake with a magnitude of 4.6 struck the region of Molise, approximately 10 

km away from Campobasso. Fortunately, this event did not result in any 

significant damage (Figure 5.30). 

According to the INGV, the earthquake was characterized by a strike slip 

mechanism and originated at a depth of 23 km. In Figure 5.31 I reported the 

seismogenic faults present in the area. The hypocentre appears to be located in the 

Pescolanciano-Montagano fault (EW oriented), the same that originated the Mw 

6.0 earthquake in 2002. 
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Figure 5.30: Mw 4.6 earthquake occurred in Central Italy in 2016. The triangles are the 

stations of both RAN and RSN.   

 

We selected an aftershock of Mw 2.6 as EGF. This earthquake occurred at a 

distance of 0.72 km from the epicentre and had a depth of 20 km.  

Similar to the previous event, the focal mechanism of this earthquake was not 

available, prompting us to investigate the waveform similarity to the target event. 

For the data processing we followed the same step that we used for the previous 

case.  
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Figure 5.31. The symbol in yellow corresponds to the epicentre of the Mw 4.6 

earthquake, that falls on the Pescolanciano-Montagano fault; in orange, the seismogenic 

faults (from DISS).  

 

The low misfit between the best fitting waveforms and the target one, with the 

regular and stable ASTFs, suggest this EGF was well-suited for the analysis.  

In Figure 5.32 and 5.33 we present two examples of the deconvolution process 

using PLD technique using both the P- and S- waves for two stations of the RAN.  



101 
 

Figure 5.32: Example of the deconvolution in the time domain using the vertical 

component the station SCM. In the top, the target and the scaled EGF; at the centre, the 

deconvolved source time function; in the bottom, the resulting fitting. 

 

Figure 5.33. Example of the deconvolution in the time domain using the horizontal 

component the station MCLF. In the top, the target and the scaled EGF; at the centre, the 

deconvolved source time function; in the bottom, the resulting fitting. 
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Due to the larger availability of good data respect to the previous case, we 

adopted a more meticulous selection of the ASTFs to ensure the utmost accuracy 

and reliability in the analysis.  We applied a stringent criterion in which only 

ASTFs that had a misfit between the fitting waveform and the target one of less 

than 0.35 were selected for the inversion process.  

 

Figure 5.34. (a) the source time functions we calculated from both the T component (in 

red) and the Z component (in blue). (b) the resulting misfit. Blue points indicate the 

acceptable misfit, the red points the misfit over the threshold. 

 

In Figure 5.34a are reported all the deconvolved ASTFs, and in Figure 5.34b the 

relative misfit values between the fitted waveforms and the target waveform for 

each ASTF.  
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The ASTFs calculated from the P-waves are represented in blue, while the ASTFs 

calculated from the S-waves in red and they are sorted by the station azimuth 

(reported on the left-hand side).  

In this plot, the misfit values below the threshold of 0.35 are graphed in blue, 

while misfit values above this threshold, that we did not include in the inversion 

process, are coloured in red. 

 

Figure 5.35. (a) the source time functions we calculated from Z component. (b) the 

resulting fitting (in blue).  

 

In Figure 5.35a and 5.36a we reported the ASTF obtained from the deconvolution 

of the P-waves and S – waves respectively, sorted by the azimuth of the recording 
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station. On the right, Figure 5.35 b, and Figure 5.36b, we show the correspondent 

fitting.  

 

Figure 5.36. (a) the source time functions we calculated from T component. (b) the 

resulting fitting (in red).  

 

To run the inversion, we considered both the nodal planes (NP) listed in the Table 

3.   

The results of the inversion using both NPs are listed in Table 4. 
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Table 3: Nodal Planes of the 2023 Mw 4.6 event in the Molise region 

 Strike Dip Rake 

NP 1 96 83 -173 

NP 2 5 83 -7 

 

Table 4: Results of the inversion using both the nodal planes 

 NP1  NP2  

𝐿𝑐 1.16 km 1.22 km 

𝑊𝑐 0.615 km 0.448 km 

𝜏𝑐 0.14 s 0.14 s 

𝑚𝑣0 1.86 km/s 0.45 km/s 

Dir 0.64 0.075 

𝑣0 𝑢𝑝 -1.84 km/s -0.437 km/s 

𝑣0 east 0.0543 km/s 0.056 km/s 

𝑣0 𝑛𝑜𝑟𝑡ℎ -0.23 km/s 0.07 km/s 

Stress drop 7.37 Mpa 13 MPa 

Misfit 0.20 0.16 

 

The plotted results in Figure 5.37 provide an example of representation of the 

observed and predicted 𝜏𝑐 values obtained from the ASTFs calculated using both 

the P-waves (represented by empty circles) and S-waves (represented by filled 

circles) using the NP1. The colours used in the plot correspond to the respective 

values of 𝜏𝑐.  
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Figure 5.37. Observed and predicted source duration using the NP1. Empty circles are 

referred to the ASTF calculated with the S-waves, filled circle with the P-waves. 

 

We calculated a characteristic rupture length of 1.09 km and 1.22 km and a 

characteristic width of 0.615 km and 0.488 km for NP1 and NP2 respectively. 

While the lengths seem to be reliable according to the empirical relations of Well 

and Coppersmith (1994), the width is probably underestimated.  This can be 

attributed to the coexistence of two factors: the vertical rupture plane and the 

scarcity of stations near the epicentre (< 5 km). As a result, the ray path cannot 

cover a sufficient angle and have a high resolution of the rupture plane in the 

vertical direction. Consequently, it can fail to provide adequate vertical details of 

the rupture. 
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The directivity value indicates a predominant propagation direction. To determine 

the direction of the rupture propagation, it is necessary to examine the velocity 

values. For both the nodal plane the three components of the velocity (𝑣0 𝑛𝑜𝑟𝑡ℎ,  

𝑣0 𝑒𝑎𝑠𝑡 and 𝑣0 𝑢𝑝) describe a propagation of the rupture oriented towards east 

with a dominant downward propagation.  

In this study case, we opted to include also the stress drop result (7.37 and 13 MPa 

for NP1 and NP2 respectively), which presents a more realistic estimation 

compared to the previous study case.  

 

5.5.3. Final remarks 
 

The cases we have analysed in this study have provided valuable insights into the 

advantages and limitations of this method with real data. 

One important finding is the significant impact of station coverage on the 

accuracy of our results. Although this impact was not evident in the bootstrap test 

due to the stability of the synthetic test, it is undeniable that inadequate station 

coverage leads to significant bias, underscoring the critical need for a robust and 

well-distributed seismic network. 

In addition, our studies have shown that in case of a vertical and deep rupture 

plane, satisfactory vertical resolution can only be achieved with the presence of 

stations positioned in close proximity to the epicentre, preferably within a radius 

of less than 5 km. This proximity allows a more detailed characterization of the 

vertical component of the fault plane. 



108 
 

Another aspect that deserves attention is the estimation of the stress drop, which 

remains uncertain in our analysis. Accurate determination of the stress drop is 

important to understand the energy releases associated with seismic events. 

Further investigation and refinement are needed to improve the accuracy and 

reliability of the stress drop estimate, as it is overestimated in some cases. 

Finally, our results demonstrate the importance of selecting an EGF. The EGF 

plays a crucial role in calculating a stable and consistent ASTF as well as reliable 

τ𝑐 values. 

The accuracy and reliability of these parameters have a direct impact on the 

calculated second seismic moments. 

In addition, the quality of the seismic signals used in our analysis, characterized 

by a good SNR, was critical for accurate results. However, this can be challenging 

for small earthquakes where the seismic signal is often characterized by 

background noise. Therefore, ensuring satisfactory SNR is essential in these cases 

to minimize uncertainties and obtain reliable results. 

 

5.6. Deconvolution in the frequency domain  
 

To achieve successful deconvolution in the time domain, it is crucial for both the 

target waveform and the EGF waveform to exhibit high cross-correlation 

coefficients and a robust signal-to-noise ratio.  

When we apply the method based on the deconvolution for the EGF to moderate 

earthquake we must deal with small earthquake signals and SNR of the EGFs 



109 
 

waveforms can be significantly low, restricting the applicability of the method 

relying on second seismic moments. Consequently, time domain deconvolution 

becomes unstable under such circumstances. 

A good compromise could be the deconvolution of the EGF in the frequency 

domain, which is more stable than the one in the time domain.  

The source spectra can be approximated by the Brune-type model (e.g., Brune, 

1970; Kaneko and Shearer 2014) as previously discussed in Section 2.  

To use the frequency domain approach in the method of the second seismic 

moments, it is necessary to find a solution for 𝜏𝑐 in the frequency domain.  

Particularly, at low frequency, we can determine 𝜏𝑐 from 𝑓𝑐 using the following 

transfer relationship (Silver, 1983): 

 
𝜏𝑐 =

√2

2𝜋𝑓𝑐
 

(5.12) 

Hence, the initial step in this approach is to determine the value of the 𝑓𝑐 . Once 

we have obtained the 𝑓𝑐, we can then utilize the transfer relationship to calculate 

𝜏𝑐 for each individual station. 

 

5.6.1. The spectral ratio fitting method for estimating the 

corner frequency  
 

To obtain the spectra of the source function, a deconvolution process is necessary. 

As demonstrated in Section 2, this can be achieved by calculating the spectral 

ratio between the target and the EGF spectra. In particular, we analyse the spectral 
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ratios of P waves in the vertical component waveforms as well as S waves in the 

transverse component and the vector sum of all three components.  

Briefly, once we pick the arrival times of both P- and S- waves, we employ a 

multitaper technique to stably obtain the spectra of body waves. Subsequently, 

deconvolution is performed in the frequency domain for both the P- and S- waves 

computing the spectral ratios to obtain the apparent source spectra. Finally, we use 

a fitting process to estimate the corner frequency and fall-off rate in the 

logarithmic space by fitting the spectral ratios to a Brune-type source spectral 

model.  

 

5.6.1.1. Data Processing 

For the data processing, we used SAC files and we worked on both Python and 

Matlab.  

After discarding the clipped data and rotated the components to obtain Z, T and R, 

we remove the mean and linear trends and apply a taper. Then, we filter the 

waveforms considering that the filter type and range depend on the characteristics 

of the data. The important thing is that it must be a causal filter. We can then pick 

the arrival times of the P- and S- waves as accurately as possible for both the 

target and EGF waveforms. If necessary, we add information about both the 

events and the stations to the header of the SAC files. 

The selection of the good EGF candidates is based on the properties already 

discussed in the Section 5.1.  
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To remove the noise from the waveforms as much as possible, we follow these 

guidelines: 

a) For the P-waves, we carefully select the signal time windows of the same 

length before and after the pick time; for the S waves, we select a signal 

time window after the S-wave arrivals and a noise window of equal length 

preceding the P-wave arrival (Figures 5.38a, b and 5.39a, b) .  

b) It is crucial that the starting point of the signals must be selected slightly 

ahead of the arrival time, to ensure the minimal signal loss due to 

imprecise arrival time picks. 

c) Particular attention is given to selecting appropriate signal duration, 

ensuring that the P-wave signal window concludes before the arrival of S- 

waves. 

d) To optimize the performance of the Fast Fourier transform, the number of 

points in the time window is typically chosen as power of 2. For instance, 

the P-wave signal window contains 256 points, while S-wave signal 

contains 512 points. 

We then remove the mean and linear trends for both the noise and signal 

windows.  
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Figure 5.38: Example of the noise, in gray, and signal windows, yellow for the P- waves 

and green for the S- waves (a and b), in the T component as well as their amplitude 

spectra (c and d)., 

 

 

The computation of spectra is carried out using the multitaper method introduced 

by Prieto et al. (2009). The method takes advantage of a family of orthogonal 

tapers which are resistant to the spectral leakage. To implement this technique, we 

utilize the multitaper Matlab code developed by German A. Prieto in 2008. When 

calculating multitaper spectra, it is important to consider the following key 

aspects: 

a) The multitaper method utilizes multiple Slepian tapers to minimize 

spectral leakage. Each tapered data sequence undergoes a separate Fourier 
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transform, and these transformed sequences are subsequently averaged to 

obtain a spectral estimate with high resolution and low variance. 

 

Figure 5.39. Example of the noise, in gray, and signal windows, yellow for the P- waves 

and green for the S- waves (a and b), in the Z component as well as their amplitude 

spectra (c and d). 

 

 

b) The number of tapers, denoted as 𝐾, is selected by the user based on the 

desired spectral resolution and smoothing bandwidth 𝑊. Typically, 𝐾 is 

calculated as 𝐾 = 2 ∗ 𝑁𝑊 − 1, where 𝑁 represents the time-bandwidth 

product (tbp), which is the result of multiplying 𝑊 by the data sequence 

length 𝑁.  

c) The choice of the tbp depends on the specific study and characteristics of 

the data under investigation. 
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d) In our study, for the analysis of small and moderate earthquakes, a tbp 

value of 3 or 4 has found to be suitable. 

We then compute the SNR with the following formula: 

 1

𝜔2 − 𝜔1
∫

𝑆2(𝜔)

𝑁2(𝜔)
𝑑(𝜔),

𝜔2

𝜔1

 
(5.13) 

 

where 𝑆2(𝜔) represents the multitaper power spectrum of P-wave signals, while 

𝑁2(𝜔) denotes the multitaper power spectrum of the corresponding noise signals. 

The range [𝜔2, 𝜔1] specifies the frequency interval within SNR needs to be 

computed. It is possible to calculate the SNR ratio for either the entire frequency 

range or in segmented portions. 

 

5.6.1.2. Computation of the spectral ratios 
 

We calculate the square root of the multitaper power spectra of the signal to 

obtain the amplitude spectra. We use these spectra of both P- and S- waves to 

perform the deconvolution for the EGF and obtaining the spectral ratios, which 

represent the apparent source spectra.   

If we approximate the source spectra to the Brune-type Model (Brune, 1970; 

Kaneko and Shearer, 2014, Trugman and Shearer, 2017), the spectrum of the P- or 

S- wave can be calculated as: 

 
𝑢(𝜔) =  

𝑀0

1 + (
𝜔
𝑓𝑐
)
𝑛 . 

(5.14) 
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The spectral ratio, which corresponds to the apparent source spectra, has the form:  

 

 

 
𝑢1(𝜔)

𝑢2(𝜔)
=  𝑀𝑟𝑎𝑡𝑖𝑜  

1 + (
𝜔
𝑓𝑐2
)
𝑛

1 + (
𝜔
𝑓𝑐1
)
𝑛, 

(5.15) 

where 𝑀𝑟𝑎𝑡𝑖𝑜 is the seismic moment ratio of the target and the EGF event, 𝑓𝑐1 and 

𝑓𝑐2 are the corner frequencies of the target event and the EGF respectively.  

To ensure equal weighting across the entire frequency band during the source 

model fitting process, the spectral ratios obtained from all stations are processed. 

This processing involves transforming the spectral ratios to 100 equidistant points 

between 0.1 and 100 Hz on a logarithmic scale. The specific frequency range for 

resampling is not fixed but rather determined based on the sampling rate of the 

data and the magnitude of the earthquakes being studied. 

Determining the fall-off rate is a crucial step in the analysis. Typically, a fixed 

fall-rate of 𝑛 = 2 is used for simplicity, but it may not adequately fit most 

stations. Kaneko and Shearer (2014, 2015) have demonstrated that the fall-off rate 

depends on the take-off angle and can vary between 1.5 and 3.3. Since P and S 

waves exhibit different rupture velocities, we separately stack the spectral ratios 

of P and S waves from stations with high SNR ratio. The SNR threshold can be 

defined based on the data quality. 

Then, we performed a least-square fit of the stacked spectral ratio by varying the 

fall-off rate in the range 1.5-3.0 in the logarithmic space. When the fitting residual 
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decreases to its minimum, we store the fall-off rates of P wave and S wave, and 

their average corner frequencies (𝑓𝑎𝑣) as the best solution (Figure 5.40). 

 

Figure 5.40: Determine the fall-off rate by fitting the stacked spectral ratio. 

 

 

By fixing the fall-off rate, the individual spectra may exhibit a slightly poorer fit. 

However, this approach effectively reduces the influence of the take-off angle on 

the determination of 𝑓𝑐 . The final value of the fall-off rate can be determined 

based on the specific characteristics of the data. 
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5.6.1.3. Estimating the corner frequency 
 

To estimate the corner frequencies, we fit the resampled spectral ratio of each 

station in the logarithmic scale using function (5.15) within the frequency range of 

0.05 𝑓𝑎𝑣 to 10 𝑓𝑎𝑣, as proposed by Kaneko and Shearer (2015). The fall-off rate of 

either the P or S wave is determined based on the procedure we described 

previously. During the fitting process, we calculate the L2 norm fitting residuals 

for each station to assess the quality of the spectral ratio fit.  

We focus our analysis on the spectral ratios of P waves in the vertical component, 

S waves in the transverse component, and the vector sum of the three components. 

To calculate the spectral ratio of the three components' vector sum, we sum the 

squared amplitude spectra of the three components, take the square root, and then 

compute the spectral ratio. 

In determining the corner frequencies for S waves, the final choice of component 

can be based on the overall fitting results obtained thus far (Figure 5.41). 

Finally, we screen the available corner frequencies of stations based on the SNR 

and the fitting residuals. Additional screening criteria may be considered as well 

to refine the selection process. 
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Figure 5.41: Estimate the corner frequencies by fitting the resampled spectral ratios of 

the SGPA station. 

 

 

5.6.2. Method 
 

Once we find the corner frequency, we can use the transfer relation from 𝑓𝑐 to 𝜏𝑐.  

However, the relation derived by Silver (1983) is not accurate as it should be a 

function of the ray path geometry (azimuth and take-off angle) in the source 

region. A direct application of such an inaccurate transfer relation will 

considerably bias the resolved finite source attributes of the target earthquake 

(McGuire and Kaneko, 2018). To suppress the bias, our idea is to use an elliptical 

rupture model to determine the transfer relation quantitatively and accurately.  

Figure 5.42 presents a flowchart depicting the primary steps of this method. 

Starting from the initial transfer relation by Silver (1983), both the source model 

and transfer relation can be updated iteratively until the model predicted corner 

frequencies and fall-off rates well fit the observations. 
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The workflow is described as the following: 

a) perform deconvolutions in the frequency domain for the P- and S- waves of the 

target and EGF to obtain the apparent source spectra.  

b) Estimate the spectral parameters iteratively 𝑓𝑐 and 𝑛 by least squares fit of the 

log multitapered spectrum (Prieto et al., 2009) with function (2.18) in the 

frequency band of 0.05𝑓𝑐 to 10𝑓𝑐 (Kaneko and Shearer, 2015). Fall-off rate 𝑛 is 

grid serached and 𝑓𝑐 is resolved using gradient inversion method. 

c) Use equation (5.12) as the initial transfer relation (Silver, 1983) to convert 𝑓𝑐 to 

apparent 𝜏𝑐. Perform second seismic moments inversion to obtain 𝐿𝑐 , 𝑊 𝑐, and the 

direction of rupture on the fault plane (𝑑𝑖𝑟). The parameter 𝑑𝑖𝑟 is defined by the 

angle between the centroid rupture velocity and fault strike. 

d) Build an elliptical rupture model with a specified hypocentre on the major axis 

and rupture propagation velocity to synthesize the ASTFs for different P- or S- 

ray paths. The slip distribution can either be uniform or non-uniform to better 

represent the source spectra. The length of the major and minor axes are 

determined by 𝐿𝑐 and 𝑊 𝑐 resolved in the previous step. The major axis direction 

is parallel to the centroid rupture velocity.  

e) The elliptical rupture model is then divided into many subevents, and the 

corresponding source time function for each subevent is given by 

 𝑓(𝑡) =
6

𝑇3
𝑡(𝑇 − 𝑡), (5.16) 

where T is the constant rise time (Kanamori, 2004). We integrate this function on 

the elliptical rupture accordingly weighted by the slip to obtain the ASTFs. Note 
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that the slip can either be uniform or non-uniform, which only affects the 

conversion of 𝐿𝑐 and 𝑊 𝑐 to the actual rupture length and width of the elliptical 

rupture model. In most cases, the uniform sliding model is sufficient to represent 

the source models with fall-off rates of 2-3. However, for the model with a higher 

fall-off, we need to adopt a non-uniform slip model.  

 

Figure 5.42: Flowchart illustrating the frequency domain approach using second seismic 

moments. The input parameters consist of the apparent source spectra and the threshold 𝜀 

(epsilon). Firstly, we fit the apparent source spectra with the Brune model, which yields 

the 𝑓𝑐 . For the initial iteration, we compute 𝜏𝑐 (source duration) employing the transfer 

relation established by Silver (1983). Subsequently, we conduct an inversion process to 

obtain the source parameters, updating the transfer relation and 𝜏𝑐 in successive iterations 

using the model-predicted apparent source time function and spectra. If the normalized 

residual of the model-predicted corner frequency falls below threshold 𝜀, the output 

parameters are considered reliable, and the cycle concludes.  
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f) Grid search the hypocentre and rupture propagation velocity by minimizing the 

difference between the observed and model predicted 𝑓𝑐 and 𝑛. 

g) Update the transfer relation using the model predicted 𝜏𝑐 and 𝑓𝑐. An improved 

transfer relation from equation (5.12) is then measured as 

 𝜏𝑐 =
𝑘

𝑓𝑐
+ 𝑟(𝜃, 𝜑), （5.17） 

where 𝑘 is a constant, 𝑟(𝜃, 𝜑) is the residual, which is related to the station 

azimuth 𝜑 and take-off angle 𝜃. 

h) Apply the updated transfer relation (5.17) to convert the observed 𝑓𝑐 to 𝜏𝑐. 

Perform second seismic moments inversion to obtain the next generation 

of 𝐿𝑐  ,𝑊 𝑐, and 𝑑𝑖𝑟. 

i) Repeat step d to h until the data fit does not improve. 

To demonstrate the feasibility of the frequency domain approach, we compare the 

results with those resolved using the conventional time domain approach (Figure 

5.43). We interpolate the finite fault model used in Section 5.3 to compute 

ASTFs. The interpolation is necessary to avoid artifacts on high-frequency source 

spectra due to the rough finite fault model with the large cell size. We also find 

the input finite fault model results in source spectra with high fall-off rates (3.5-

5.0). Instead of the uniform slip model, we then use a better-represented model 

with linear slip distribution. 

Following steps c-h in the workflow, we obtain a source model that gradually 

converges to the input model in five iterations (Figure 5.44). Although the 

frequency domain approach is less time-efficient and has to assume an elliptical 




