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ARTICLE INFO ABSTRACT

Keywords: We propose a simulation-based approach to compare probabilistic hazard and risk models,
Probabilistic Seismic Hazard Assessment exploiting the Bayesian prior/posterior predictive p-values (PPP) framework. The comparison
(PSHA)

can utilize an arbitrary summary statistic and can be customized to the aspects of interest,
particularly the right tail, which is crucial in risk assessment. The primary benefits of our
approach in comparison to existing alternatives are twofold. Firstly, it incorporates both
aleatory and epistemic variability in a natural probabilistic framework, secondly, it produces

Peak ground acceleration

Tail-focused statistics
Simulation-based discrepancy profiling
Predictive p-value

Aleatory and epistemic uncertainty interpretable measures of discrepancy. The method is demonstrated on synthetic data and two
Hazard curve discrepancy state-of-the-art seismic hazard models for Italy (MPS19, Modello di Pericolosita Sismica 2019,
Decision-support tools and ESHM20, European Seismic Hazard Model 2020). The method is applicable in any domain

involving probabilistic hazard or risk models, including flood, volcanic, or multi-layer single
hazard or single risk assessments.

1. Introduction

Hazard or risk assessment of natural disasters must necessarily be carried out using probabilistic approaches to facilitate efficient
land use planning or cost assessment over extended periods (e.g. [1]). There are two components of the uncertainty: the aleatory
uncertainty, due to the randomness of the physical phenomenon, represented by exceedance probability curves, and the epistemic
uncertainty of the curves themselves, due to the lack of knowledge in defining their main ingredients, which leads to a model being
a set of exceedance probability curves (usually called ensemble or logic tree depending on the application context). Consequently,
the interpretation of results frequently entails the consideration of mean or median curves, despite the fact that the distribution of
the hazard/risk curves contains information of great importance. This information is essential for assessing models’ differences and
prioritizing choices based on risk estimation. In fact, an overview of the risks affecting a certain area and their correct ranking is of
fundamental importance in enabling planners and decision-makers to make adequate decisions on risk reduction and loss prevention
programs (e.g. [2-5]). In recent years, there has been an increased focus on the validation of probabilistic hazard models (e.g., [6-9]),
the estimation of differences between different hazard models for the same natural hazard (e.g., [10]), and the comparison of
models in the context of single-type hazard multi-risk assessment [5]. In particular, two approaches have been used in the latter
two cases: one requiring an a priori assumption about the distribution (usually normal or log normal of the curves) and the other a
nonparametric approach (independent distribution). However, these may not be optimal, especially when the comparison involves
models comprising ensembles of exceedance probability curves of very different cardinality.

In this paper, we propose an extension of the approach proposed by Marzocchi and Jordan [8] and further developed by
Marzocchi et al. [9] in the context of seismic hazard models to address these limitations and facilitate the comparison of the results
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of different models related to the same hazard. We note that the approach may be exploited also to facilitate the comparison of the
annual exceedance probabilities of losses, although we do not pursue this objective in the present study. The proposal is predicated
on a methodological approach utilized in Bayesian statistics for the evaluation of model adequacy. Specifically, observations are
juxtaposed with the model based on the predictive distribution, and an indicator is computed. This methodology is then employed
to facilitate model comparison by repeatedly simulating from one model and comparing each simulated sample to the alternative
model. The proposed methodology is applied in an illustrative way to the results for different locations of two seismic hazard
models developed for the Italian territory, the MPS19 (Modello di Pericolosita Sismica 2019, [11]) and the ESHM20 (European
Seismic Hazard Model 2020, [12]). Note that we do not aim at performing a comparison of the two seismic models, which would
entail a more thorough discussion, rather, we employ them to offer an illustrative example of an application of the methodology
we propose. The ensuing discussion will address the results and the potential for application of the aforementioned method.

2. Hazard/risk model(s)

A model H;, = {H f”, e Hj(\’} } is a collection of M, hazard or risk curves that represent either the mean annual rate of exceedance
or the probability of exceedance over a specified time window. These curves are weighted to reflect the epistemic uncertainty
associated with the model parameters. Conditional on a specific hazard or risk curve H, ,(,i), let

FOIHD)=1-FGIH) = P(Y >y|HY); m=1,.., M, )
be the hazard curves representing the conditional probability, and let
) = P(HY) ()

be the weights, which can be interpreted as a probability distribution over the submodels H,(,f). The light gray curves in Fig. 1
represent the hazard or risk functions F®(y|A) for a toy model. More generally, a model is a collection of risk or hazard functions
indexed by a parameter A.

Fylh)=1-Fyld) =P > y|A) 3)
where
A~ GO 4

is the distribution function of A (representing the epistemic uncertainty in lieu of (2), and where ~ stands for “distributed as”). The
preceding scenario (illustrated by Egs. (1) and (2)) corresponds to a discrete probability distribution on 1. While the models under
consideration are specified as in (1) and (2), the more general notation (3) and (4) simplifies the description of the method.

The average hazard implied by the model can be calculated as follows:

FO() = / EPG10d60 () = 3 2D FD() ®)

It should be noted that the mean hazard is sometimes obtained as F®(y|H?) = F®(y|1,) where J; is the mean or the median of
G"(4). The mean hazard for the model in Fig. 1 is represented by a thick black line.

Each hazard/distribution function, denoted F/F, represents the aleatory uncertainty of the phenomenon y (the measure of
ground motion intensity, in this application, the peak ground acceleration (PGA) with reference period of one year) under a
specific set of hypotheses concerning the various model components (functional forms, parameter values, etc.). The multiplicity
of hazard/distribution functions is due to the epistemic uncertainty affecting the different model components.

It is commonplace to summarize the model using either

» the distribution of the probability of exceeding a given threshold (blue curve in Fig. 1, which is an example for PGA). This
distribution is defined as the distribution of the annual probability of exceedance (APE) F®(y,|4), which is a transformation

of the random variable A. The distribution function of this quantity is denoted by KX)FE )
50

« the distribution of the quantile corresponding to a certain APE, illustrated by the red curve in Fig. 1, which is an example for
PGA. This distribution is defined as the distribution of the inverse function of F: F“)(l — go|4) that is also a transformation
of the random variable A. The distribution function of this quantity is denoted by Qf]’o) ).

It is evident that both probability distributions effectively capture the epistemic uncertainty on the quantity of interest. In the first
instance, this uncertainty is represented by a probability, while in the second instance, it is denoted by a quantile.

In order to comprehend the comparative contributions of aleatory uncertainty and epistemic uncertainty one must consider a
sample of PGAs: yi,...,y, and potentially a statistic T(y,,...,y,) : R” — R, typically univariate, to summarize the sample. The
purpose of the summary statistic 7'() is to focus the analysis on a univariate random variable. In principle any real-valued function
of y,, ..., y, could be used; however, for the discussion to be practically relevant, one should choose a summary statistic of substantial
interest. Using the sample mean, for example, one focuses on the average hazard. If interest lies on the extreme behavior, one should
prefer summary statistics such as the number of exceedances of a high threshold. Furthermore, in order to fully explore a model,
multiple statistics ought to be considered, focusing on different model features.
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Annual exceedance probability (APE)

PGA

Fig. 1. Depiction of a single model, by means of the hazard functions in light gray. The black (thick) line is the mean hazard curve. The
(probability density functions (PDFs) represent the conditional distribution of the Annual Frequency of Exceedance (AFE) or the annual probability
of exceedance (APE) for a given parameter. In this case the parameter is exemplarily chosen as the peak ground acceleration, (PGA) in the context
of earthquake hazards (PDFs of K,y (), blue) and the conditional distribution of a PGA’s quantile for a given probability (frequency), that is,
the PDF of qu(~) (red). Both PDFs are transformations of the distribution of A, representing epistemic uncertainty.

The distribution of T' can be considered based on the mean hazard, F¥ )(tli) or it can be considered as a mixture of the distributions
conditional on 4,

F(0) = / F (1|1 )dGD(2). ;

Quantity (6) accounts for both epistemic and aleatory uncertainty; quantity Fp(ﬂi) exclusively considers aleatory uncertainty
conditional on an average hazard. Fig. 2 presents several examples from the toy model in Fig. 1 for some summary statistics T().
Regardless of the statistic under consideration, the conditional distribution F;i)(tlz_l) exhibits less variability in comparison to the
unconditional distribution F;i )(f). This discrepancy can be attributed to the fact that the latter considers both the aleatory uncertainty
and the epistemic uncertainty, while the former neglects epistemic uncertainty.

Suppose now that two models H, and H, are available-H, may be an update of model H,-as in Fig. 3. The objective of this
study is to assess whether the new model H, implies a relevant change in hazard estimates. In other words, the objective is to
‘measure’ the difference between the two models and possibly decide whether the difference is relevant in some sense.

The question’s lack of an obvious answer is indicative of its complexity, stemming from the presence of both aleatory uncertainty,
as represented by each hazard function, and epistemic uncertainty, which gives rise to the multiplicity of hazard functions. In essence,
the task entails a comparison of two sets of distribution functions.

3. Model comparison in seismological literature

A substantial body of literature exists that compares hazard models. In this section, the focus is on a comparison of seismological
models and a review of several methods.

Abrahamson [15] proposed two criteria. The first criterion entails a comparison of the mean hazard implied by model H, for
a specified ¢, value of the APE: f’q(ol ), with the distribution of the hazard for the same APE implied by model 2: Q%(). The change
is considered to be “robust” if Yq(ol ) lies outside the interquartile range of Qgﬁ)() : [62?(0.25);6;?(0.75)]. The criterion is depicted in
Fig. 4. Note that Y;ﬂl) can be obtained either as Yq(ol) =FO(1 —gy|d) or Yq(ol) = E(FO(1 - gyl ) = [ FO(1 - ¢yl Hd G (4) with slightly
different results (see Eq. (5) in Section 2).

The second criterion proposed by Abrahamson [15] involves the mean hazards )7;01), )7,1(02). A change is considered robust if

v (@
Y,
ABR2, =1In <%> -0.5V62 >0, @
a0

where o2 is the variance of in))(). To elaborate, the author is referring to a variance obtained from the logarithms of the fractiles
which is used to compare the variation in the logarithm of the PGA to the uncertainty. The rationale behind the selection of the
specific threshold remains ambiguous. However, it is customary to consider the difference in the quantity divided by the standard
deviation. It is important to note that this second formula can detect as “robust” only changes implying an increased mean hazard.

Malhotra [13,16] poses the question whether a change in the hazard estimates is “significant enough to warrant a change in
design ground motions”. The author argues that the answer can be found in the effect size as measured by Cohen’s d. Given two
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Fig. 2. Conditional (F;')(tli), blue) and unconditional (F;')(t), red) distributions of (a,b) the mean value of y,, ..., y, for n = 100; (c) the waiting
time for the (first) exceedance of the threshold y,; (d) the number of exceedances of the threshold y, in a sample of size 1000. (All distributions
are based on 10000 simulations.)

Annual exceedance probability (APE

Annual exceedance probability (APE

| T T T T | — T ' T
0.01 0.05 0.20 0.50 0.01 0.05 0.20 0.50

PGA PGA
Fig. 3. Two models, that is, two sets of hazard functions. The two PDFs parallel to the x-axis in the left panel are the PDFs of 0,0 according

to the two models (these are the distributions compared according to Malhotra [13] and Lund et al. [14]), the two PDFs parallel to the y-axis
in the right panel represent the PDFs of K 4 p,(-).
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do ORI

Annual exceedance probability (APE)

PGA

Fig. 4. The first criterion, as outlined in [15], entailing a comparison of the mean PGA for an APE equal to ¢, according to model 1: ¥{" with
the distribution of the PGA for an identical APE according to model 2 (ij), PDF in red). In particular the criterion stipulates that a change is
deemed robust if ¥(" is outside the interquartile range of OP: [Qy2s5.Q75], which is the case in this instance.

probability distributions, Cohen’s d is the difference between the two means divided by the square root of the average of the
variances

Hy — Ho

‘/0.5(0'12 + G;)

Although there is no compelling reference value for Cohen d [17], a value of |d| above 0.8 is widely considered to indicate a
substantial difference. Malhotra [13] utilizes Cohen d to compare the distributions of the maximum PGA over a 50-year period in
Los Angeles according to several updates of the USGS model. Lund [14] employed the same criterion to compare the distributions
of the PGA at different return levels (in our notation QE;U() and Qflz)() for various values of g, Fig. 3, left panel).

The aforementioned proposals [13-16] all rely on the comparison of Q,() distributions for a specific APE (return probability).
In [18,19], the distributions of the APE (probability) are considered.

Douglas et al. [19] (Fig. 1b of the paper) employed the Cohen d to compare the distributions of the APE at different PGAs

(corresponding to the means). To be more precise, the mean hazard curve is obtained for each model and, consequently, the mean
PGAs are obtained

d = 8)

Y0 = B = 3B . v

Subsequently, a comparison of the KO
quently P AFEy®

APEs implied by the new model for ground motions corresponding to 10~* and 10~® annual rates in the old model. More precisely,
the ground motion corresponding to the value 10~ of the APE is computed according to the old model: Yl(éi . = FO1 - 1074|10)
(alternatively YI%L = [FO1 - 10*4)dGD (D). Subsequently, the APE corresponding to the ground motion YI%L is computed
according to the new model: AFE|¢", = F @)(2,) (alternatively AFE[Y, = [ F®(1)dGP(4)). The same quantities are obtained for the
value 1076 of the APE. McGuire [18] proposal posits that the new and old model should not be deemed substantially divergent if
the mean APE corresponding to a mean annual rate of 104 undergoes a changes of less than 25% and the mean APE corresponding
to a mean annual rate of 10~° exhibits a changes of less than 35%. The percentages are derived from an uncertainty analysis, the
validity of which is contingent upon the specific type of study and the specified hypotheses regarding the model’s parameters. This
proposal is characterized by its specificity, which precludes the possibility of generalization. Also, it might refer to calculation of
hazard for nuclear power plant, which is the reason why lower APEs than those typical of ordinary seismic hazard calculations are
used. Consequently, it is not considered in the application.

(¢) distributions is carried out (Fig. 5). McGuire [18] proposed considering the mean

As Douglas et al. [10] observe, the absence of a clear justification for any of these criteria is evident, with none pertaining to the
notion of statistical significance due to the absence of an appropriate probabilistic framework. Instead, they function as heuristics,
as also noted by Lund [14]. Cohen’s d is the most standard measure among the ones reviewed; Cohen d is an index and not a
statistical test, and thus, it does not rely on any assumption. However, it only considers second-order moments, which neglects
possible skewness and kurtosis or higher-order characteristics (in a sense, it is most appropriate for Gaussian distributions).
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Fig. 5. Distributions of F(y,|1) according to the two models, compared according to Douglas et al. [10].

4. Predictive p-value comparison

The proposed method is predicated on the framework developed by Marzocchi and Jordan [8,20] and Marzocchi et al. [9] to
validate a single model by comparing it to actual observations. In this paper we extended to the comparison of two different models

by employing simulated observations. Marzocchi and Jordan note that a comparison of a given sample y = (y,, ..., y,) (e.g. measures
of ground motion intensity from actual earthquakes), possibly summarized by a statistic T'(-), where we denote the observed value
of the statistic as r* = T(y,, ..., y,), with the mean hazard curve, by using a p-value calculated as follows

P(T(y) > T(G*)I2) =1 - FPld) (10)

is erroneous because it fails to take into account epistemic uncertainty. Furthermore, they argue that the correct p-value for
consideration would be instead

/ P(T(y) > THHINAGV(2) = 1 = F (1), an

where the calculation of P(T(y) > T(y*)|4) is performed under the assumption that y ~ F®(.|4). The quantity in Eq. (11),
which we call unconditional p-value, is ordinarily less extreme (approaching 0.5) than the quantity in Eq. (10), which we call
conditional p-value), due to epistemic (ontological) uncertainty. In the context of Bayesian statistics, the quantity (11) is defined
as a (prior/posterior) predictive p-value, as articulated by Gelman et al. [21,22]. This quantity serves as a reference to assess the
adequacy of a model. The notion of the prior/posterior predictive p-value (PPP) is predicated on the assumption that if the model
specified by Egs. (3) and (4) adequately describes the phenomenon, then observations y* should not be surprising according to the
model (an observation being surprising if its discrepancy from expected behavior is very unlikely to occur). In order to assess this,
one must simulate from the model and compare the simulated samples to the observed ones using a relevant summary statistic 7'():
the idea is that if the model consistently simulates samples that lead to a statistic 7() which is higher (lower) than the observed
one then the model is not an adequate description of the phenomenon. Conversely, a value of the predictive p-value near 0.5
indicates a satisfactory fit. Different aspects of the model can be probed using different summary statistics 7(), for instance using
Ty =y = % Z;’=l y; one checks that the model captures the mean behavior of the phenomenon, using T'(y) = 5 Z,'-l=1(yi — 7)? one
checks that the model captures the variability of the phenomenon. Marzocchi and Jordan [20] employed the number of exceedances
of a threshold, T'(y) = #{y > y,}, as a metric to assess the fit in the tail of the distribution. This approach, utilizing a sufficiently
high threshold, is particularly well-suited for earthquake modeling, as it emphasizes the fit in the tail of the distribution, which is
of greater interest in this field than, for example, the mean.

Marzocchi and Jordan [20] consider (11) as an unconditional version of a unilateral p-value in that they rate low values as
evidence against the model. This interpretation, although correct, is not fully in line with the standard way of using the predictive
value p in (Bayesian) statistics, where values far from 0.5 are indications of the model discrepancy and no precise cut point is
available. Following the latter approach, we think one can get more.

The PPP is a measure of discrepancy between a model and the observations. We propose an extension to the aforementioned
methodology, which would entail the comparison of two models through the repeated measurement of the discrepancy between
data simulated from one model (more precisely, from the hazard curves of one model) and the other. In essence, the methodology
involves the repeated simulation from the first model and the subsequent assessment of the compatibility of each simulated dataset
with the second model. This assessment is achieved by computing a PPP. The average of the PPPs over a large number of simulated
samples provides a comprehensive measure of the compatibility between the two models
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To be more precise, the strategy that is proposed here for the purpose of comparing models H, and a model ¥, is to simulate
samples y* according to model H, that is, according to the mixture distribution

FO() = / FL0I0d6 0 = 3 2l FLG). (12)

Subsequently, after selecting a statistic T(y) and defining r* = T(y) as the value of that statistic for the simulated sample, one
computes the predictive p-value by means of the following procedure

/ P(T(y) > TGHIAH)AGP() = 1 = FP ("), (13)

This procedure is then repeated for a number B of simulated samples, and the values are averaged, thus obtaining an average
measure of discrepancy between the two models. In summary, the following calculation is made:

/ / / P(T() > TG4 Hy)dGP(d FV(y* 1 )Hd G (). 14)

A detailed description of the procedure is in Appendix B. As previously discussed, the utilization of distinct statistics, denoted T(),
for the purpose of summarizing the sample enables the customization of the model comparison to diverse aspects of the model. In
the context of earthquake models, it is appropriate to focus the comparison on the distribution’s right tail. We subsequently propose
the utilization of the maximum of a sample of size n, for varying values of n, and the waiting time for the initial exceedance of a
high threshold, for different thresholds (the waiting time for the exceedance of the threshold y, being T'(y,, ..., y,) = min{i|y; > yo})-
An alternative that merits consideration is the empirical quantile.

Interpretation of the PPP for model comparison therefore follows the same logic as the interpretation of the PPP for model
adequacy and is loosely based on two alternative points of view which have been discussed thoroughly in the literature [21-24].
In the following we adapt the guidelines and suggestions put forward in the literature to the present implementation.

In general, a PPP can be considered as an average of traditional p-values on the distribution of an unknown parameter (in this
case, the distribution G(4)). With this in mind, the value of the PPP can be judged to be similar to that of a p-value. Therefore, it
is possible to use traditional significance thresholds (10%, 5%, 1%) and conclude that the two models diverge “significantly” when
the PPP is less than 0.05 or greater than 0.95. This, however, creates a false dichotomy in which the two models are either different
or they are not. A more promising approach is to use the PPP as a measure of discrepancy based on its interpretation as probability.
In this sense, for example, a PPP of 60% means that if we could observe many replicas of the T'() statistic according to both model
1 and model 2, we would expect 60% of the replicas of model 1 to be greater than the replicas of model 2. Consider a quantity
relevant for decision-making purposes, such as, in the seismic context, the 1/475 quantile (typically related to a 10% probability of
exceedance in 50 years), which is relevant for infrastructure design. In this case, the two models will typically offer two different
estimates of the same quantity.

To assess whether the difference in estimates is significant, standard statistical verification criteria are not easily applicable due
to the presence of random and epistemic uncertainty. Indices such as Cohen’s d are more appropriate, but beyond conventional
thresholds they have no substantial meaning. Using the PPP approach, we can compare the empirical counterpart of the estimated
quantities, such as the maximum in 475 years as the empirical counterpart of the 1/475 quantile, based on the frequency with
which one model would imply a higher value than the other. A value close to 0 or 1 reveals that, according to one model, the
experienced value would be almost systematically lower or higher than the other model. A value close to 0.5 indicates that the two
models are very similar: the replicated values of T() according to one model are higher than the replicated values according to the
second model in 50% of cases. Intermediate values measure the discrepancy on a probability scale; values greater (less) than 0.5
indicate that the first model implies higher (lower) values for T'() on average, the higher (lower) the PPP value is. Although it is not
possible to provide universally valid thresholds, it is reasonable to say that a value greater than 2/3 (less than 1/3), implying that
according to one model the observed value should be higher than that of the other model 2 times out of 3, indicates a significant
discrepancy.

5. Application

In the following section, the PPP approach delineated in Section 4 is employed to compare pairs of models. Both simulated
models and the models resulting from MPS19 and ESHM20 for Udine, Napoli, and Reggio di Calabria are considered. An exhaustive
description of the models and their derivation can be found in [11] for MPS19 and [12] for ESHM20. It is important to note that
the model output was a table of APEs for a discrete set of PGAs. In order to apply the proposed method, it is necessary to fit a
curve and take into account that the available data points cover a subset of the range of PGAs. The procedure that was followed is
outlined in Appendix A.

It should be noted that weights are not applied in this context. Rather, the assumption is made that all sub-models F(y|H, ,(,f)),
m=1,..., M; have the same weight n,(,f) = P(H,(,,i>) =1/M,.

The methodology can easily include weights (and the analytical presentation in Section 4 does include them as the probability
distribution G), and we acknowledge that in order to make a relevant discussion of the seismic models some weights ought to be
considered. The choice of the weights, however, is not trivial as there is not a unique established methodology to define them [25,26]
(a meaningful comparison of the two models should consider different sets of weight to assess robustness of the conclusions). Since
the purpose of the application in the present paper is to offer an illustrative example of the implementation of the PPP methodology
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Table 1
Various measures of discrepancy between MPS19 and ESHM20 for six different locations, g, = 1/475, q, = 1/2475.
Udine Napoli Reggio di
Calabria
Yq‘"" 0.272 0.109 0.235
65;’(0.25) 0.170 0.113 0.234
553(075) 0.291 0.158 0.358
ABR2,, -0.226 0.266 0.221
Cohen d for Qf;n)() comparison 0.569 1.030 0.881
PPP for max in 475 years 0.595 0.369 0.402
Cohen d comparing predictive distributions of maxima, n = 475 0.202 —0.448 —-0.285
Y;l” 0.577 0.262 0.528
02(0.25) 0.390 0.446 0.455
622‘)(0.75) 0.622 0.569 0.820
ABR2, —0.246 0.626 0.089
Cohen d for QE;R() comparison 0.489 2.840 0.633
PPP for max in 2475 years 0.600 0.238 0.439
Cohen d comparing predictive distributions of maxima, n = 2475 0.261 —-0.836 -0.231
Cohen d to compare K;’\)FE y“’(q“) 0.341 0.801 0.735
PPP for waiting time 0.575 0.417 0.429
Cohen d comparing predictive distributions of waiting time —-0.341 0.801 0.735
Cohen d to compare Ky©r , (40) 0.216 2.220 0.625
PPP for waiting time 0.601 0.290 0.442
Cohen d comparing predictive distributions of waiting time -0.216 2.220 0.625

rather than comparing the two seismic models on substantive grounds, we feel that any choice would fit our purpose and, as such,
we took the simplest solution.

The comparison is executed through the utilization of summary statistics, encompassing (a) the maximums of samples of varying
dimensions, T(y,,...,¥y,) = max{y,,...,y,} (n=100,476,1000,2476,5000,10000) and (b) the waiting time for the first exceedance of
16 distinct thresholds ranging from 0.1 to 1.7, T(y;, ..., y,) = min{i : y; > y,}. Predictive p-values are computed for these statistics.
Additionally, the Cohen d is employed to compare the predictive distributions of the statistics as well as the Cohen d to compare
the conditional distributions of the expected PGA (as illustrated in the left panel of Fig. 3) and the conditional distributions of the
probability of exceedance (as illustrated in the right panel of Fig. 3). Note that the latter two do not consider aleatory variability.

Fig. 6 depicts two simulated models (finite sets of exponential distribution functions) and the results of the comparisons based
on the PPP approach as well as the more traditional Cohen d.

The subplot on the right of the main plot (second in lexicographic order) depicts the PPP for the maximum of a set of n = 1/APE
replications (the orange dots correspond to n = 475 and n = 2475); the third subplot represents the Cohen d comparing the
distributions of the sampled maxima (black) and the Cohen d comparing the distributions of the expected PGA (dark green). The
subplots situated beneath the main plot (4th and 5th subplots) illustrate the PPP for the waiting time for the first exceedance of a
threshold (x-axis), the Cohen d comparing the distributions of the waiting time (black) and the Cohen d comparing the distributions
of the APEs for that threshold (dark green). Note that the Cohen d comparing the distributions of expected PGA and the distributions
of the APE (dark green), which correspond to the relatively standard approaches discussed in Section 3, ignore aleatory variability,
thus are expected to show higher values than the Cohen d comparing the distributions of waiting time and sample maxima.

By performing the comparison for multiple sample sizes (for the maxima) and thresholds (for the waiting time) a discrepancy
profile is developed. This profile is more useful than a comparison specific to a single PGA threshold or APE since it enables to detect
which parts of the model differ. For example the two models for Naples (Fig. 8) show a relevant difference for high thresholds/sample
sizes while they are almost identical for lower thresholds/sample sizes. Conversely, the comparison for Udine (Fig. 7) suggests that
the two models are very similar on the full range considered.

A comparison of the results from the proposed method with the existing comparison criteria described in the previous paragraph
(reported in Table 1) reveals substantial agreement for Udine (Fig. 7), No indicator shows a relevant discrepancy, and the PPPs
concur. For the Naples data set (see Fig. 8), there is a high degree of consensus among all results. The PPP-based discrepancy profile
indicates that the models are nearly indistinguishable up to a certain point, but diverge significantly in the right tail. For Reggio
di Calabria (Fig. 9), the conventional indicators offer equivocal results; indeed, the discrepancy discloses a divergence in the less
extreme segment of the distributions (possibly due to different earthquake catalogs used to derive the models), which tends to
dissipate as we progress toward the right tail. Consequently, the distinction between the models becomes moot when the objective
is to evaluate risks with a low rate of occurrence (and a higher value).
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6. Epistemic and aleatory variability roles in the proposed approach

In order to emphasize the roles of epistemic and aleatory uncertainty, let us consider the examples in Fig. 10 in which two
pairs of models are compared. These two pairs differ in particular for the role of epistemic uncertainty with respect to aleatory
uncertainty.

Consider the comparison of the quantile for an APE equal to 0.1 for the two pairs of models. The distributions of the quantile
according to the two models of the first pair (Fig. 11, left panel) differ slightly in absolute terms; however, since the epistemic
variability is low, the Cohen d for the comparison is 1.034, relatively high, signaling a relevant difference. The distributions of the
quantile according to the two models of the second pair (Fig. 12, left panel) exhibit a greater mean difference (in absolute terms).
Nevertheless, the epistemic variability is elevated as well, resulting in a Cohen d of 1.067, which is analogous in value to the one
obtained for the first pair.

Let us then consider the PPP comparison based on the maximums of samples of size n = 10. The predictive distributions for these
statistics are shown in the right panels of Figs. 11 and 12 for the two pairs. The corresponding PPP values are 0.4717 for the first
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Fig. 7. Comparison of MPS19 (red) and ESHM20 (blue) models for Udine. In lexicographic order: depiction of the two models; PPPs for the
maximum of a set of n = 1/AFE replications (the orange dots correspond to n = 475 and n = 2475); Cohen d comparing the distributions of the
sampled maxima (black) and the Cohen d comparing the distributions of the expected PGA (dark green); PPPs for the waiting time for the first
exceedance of a threshold (x-axis); Cohen d comparing the distributions of the waiting time (black) and the Cohen d comparing the distributions
of the APEs for that threshold (dark green).

pair and 0.3258 for the second pair. This discrepancy in the PPP values leads to different conclusions: the first pair of models are
very similar while the second pair is different (Cohen d for the predictive distributions: the first pair yielded a result of —0.09382,
while the second pair produced a result of —0.5801).

The distinguishing factor between the two cases under consideration is the relative importance of epistemic and aleatory
uncertainties. In the first case, aleatory uncertainty plays a more significant role. Consequently, the discrepancy between the quantile
distributions, which disregards aleatory uncertainty, indicates a notable difference. However, this discrepancy ceases to exist when
aleatory uncertainty is taken into account. In the second case, the incorporation of aleatory uncertainty, which is less important
relative to the epistemic one, does not alter the conclusion.

The same comparison made for a sample size n = 10000 is presented in Figs. 13 and 14. The Cohen d for the first pair is 1.034.
while for the second pair, it is 1.067. The PPP values are 0.425 and 0.2305, respectively. The Cohen d for the comparison of the
predictive distributions is —0.2564 and —0.9606.
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Fig. 8. Comparison of MPS19 (red) and ESHM20 (blue) models for Napoli. In lexicographic order: depiction of the two models; PPPs for the
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sampled maxima (black) and the Cohen d comparing the distributions of the expected PGA (dark green); PPPs for the waiting time for the first
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of the APEs for that threshold (dark green).

An alternative perspective on the role of aleatory variability can be obtained by examining a statistic such as (a) the number
of exceedances of a specified threshold in a sample of size n, or (b) the mean of a sample of size n, for different sample sizes n.
These statistics, in fact, are such that the aleatory variability reduces as the sample size increases. In essence, the impact of aleatory
variability can be mitigated by increasing the sample size under consideration. In the limit, as the sample size becomes exceedingly
large, aleatory uncertainty can be effectively disregarded.

Figs. 15 and 16 illustrate the predictive distributions for the number of exceedances and the mean, respectively, for samples of
different sizes utilizing the first pair of models (where the epistemic variability is minimal), it is evident that the discrepancy between
the predictive distributions is negligible for small samples. This prompts the reiteration of the aforementioned observations con-
cerning the maximums, namely, that the distinction in the epistemic distributions becomes less consequential if we permit aleatory
variability in the maximum. However, if a more substantial sample size is considered, the discrepancy becomes non-negligible.

When considering the second pair of models (where epistemic variability is larger, but the mean difference is also larger), the
picture is different and, even for small sample sizes, the predictive distributions differ significantly (Figs. 17 and 18).
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Fig. 9. Comparison of MPS19 (red) and ESHM20 (blue) models for Reggio di Calabria. In lexicographic order: depiction of the two models; PPPs
for the maximum of a set of n = 1/AFE replications (the orange dots correspond to n = 475 and n = 2475); Cohen d comparing the distributions
of the sampled maxima (black) and the Cohen d comparing the distributions of the expected PGA (dark green); PPPs for the waiting time for
the first exceedance of a threshold (x-axis); Cohen d comparing the distributions of the waiting time (black) and the Cohen d comparing the
distributions of the APEs for that threshold (dark green).

This underscores the significance of selecting a statistic that can be regarded as substantially relevant also as far as the implied
aleatory variability is concerned. For the purpose of illustration, let us consider the number of exceedances of a high threshold
(e.g. a threshold that is exceeded with a probability less than 0.001 according to all sub-models involved) in a sample of size n. If
a low sample size is employed, e.g. n = 50, most simulated values would be zero in both models, thereby suggesting no difference
between them. Conversely, if a very high n, such as n = 10, is employed, the conditional (to each sub-model) variance of the statistic
becomes negligible. Consequently, the comparison will consider only the epistemic variability.

It is important to note that the majority of the methods proposed in the existent literature for the comparison of seismological
models, as reviewed in Section 4, ignore aleatory uncertainty by comparing the distributions representing the epistemic uncertainty
on specific aspects of the hazard functions. These distributions may take the form of a probability of exceedance of a threshold or
the quantile of the PGA for a given APE.

To the best of our knowledge, the only proposals that consider aleatory uncertainty are in [13,19]. The former approach utilizes
Cohen’s d to assess the distributions of the maximum PGA over a 50-year period, as previously referenced. In the latter, the authors

12
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Fig. 11. Left: Distributions of PGA for a given APE; Right: Distribution of maxima of samples of size n. The colors correspond to the two models
of Fig. 10-left.

employ Cohen d (improperly designated as a test statistic) to compare the “probability density functions (PDFs) derived from the
mean hazard curves of the two studies being compared” (see Fig. 5), in our notation F(V(y) and F®(y). It is important to note that
the result of this analysis is contingent upon the full distribution of the PGA. The relevance of this distribution is not particularly
pertinent to engineering applications; rather, the salient aspect is the right tail (i.e., the extreme quantiles) of the hazard distribution.

In the application, the relevance of the aleatory variability is evident in the evaluation for Udine. For thresholds ranging from
0.03 to 0.1 the Cohen d to compare the distributions of the corresponding APEs approaches 0.8. Conversely, the PPPs obtained for
the same threshold using the waiting time for the first exceedance are approximately 0.5. This finding underscores the importance
of incorporating aleatory variability into the PPP approach, thereby facilitating the attainment of a more authentic depiction of the
discrepancy between the two models.

7. Conclusion

We propose a methodology for the comparison hazard and risk models. This methodology is based on a variant of the
prior/posterior predictive checks, which are routinely employed in Bayesian statistics for model validation. In particular, we propose
the utilization of a variant of predictive p-values as indices of discrepancy between the two models. While the proposed approach

is generally valid, its use is illustrated in the context of seismic hazard. In that context, Marzocchi and Jordan [8,20] and Marzochi
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Fig. 13. Left: Distributions of PGA for a given APE; Right: Distribution of maxima of samples of size n. The colors correspond to the two models
of Fig. 10-left.

et al. [9] advocate using predictive checks but only for model validation purposes. In contrast, the present study proposes an
innovative extension of their application, namely the comparison of disparate hazard models.

This strategy has been demonstrated to exhibit several advantages over those proposed in the existent literature.

First, the PPP method accounts for both aleatory and epistemic uncertainty, whereas the majority of existent methods consider
only epistemic uncertainty, potentially leading to overstating the difference between the models whenever aleatory uncertainty is
large relative to epistemic uncertainty.

Second, in contrast to the other proposed testing methods, PPPs are predicated on a probabilistic sampling framework. This
characteristic enables a less subjective interpretation of the outcome in many respects. The fact that the PPP quantifies the frequency
with which a specific model would suggest a higher value of a quantity of interest relative to another model renders it a more
intuitive metric in comparison to, for instance, Cohen’s d. As a probability metric, a PPP falls within the interval from 0 to 1,
thereby providing a natural reference point for assessing the relevance of an observed discrepancy. The absence of a definitive
cutoff does not constitute a limitation; rather, it acknowledges that the response to the inquiry cannot be unequivocally binary.
The transformation of a response into a dichotomous form, as frequently occurs in the context of significance tests, represents an
unwarranted (and potentially risky) conclusion [27].

Third, the capacity to select a summary statistic as the basis for comparison enables the customization of the comparison to
specific aspects of interest, potentially including those related to damage. This customization can be achieved by incorporating
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Fig. 18. Distributions of the mean for different sample sizes.

additional exposure and vulnerability layers into the model. It is conceivable that establishing a correlation with the process of
decision-making, particularly in the case of multi-risk and multi-layer analysis [28] would prove to be a more efficient approach.
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Table A.2
Probability ranges of the available data.
Prnps Gnps Peshm Geshm 1/ Pyps 1/ 1/Pesim 1/ Gesim
Udine 0.1803 0.0000599582 0.1574 0.0002344342 6 16679 7 4266
Napoli 0.0422 0.0000323991 0.1492 0.0000941778 24 30866 7 10619
Reggio di Calabria 0.2525 0.0000419763 0.4031 0.0006154151 4 23823 3 1625

Appendix A. Computation details

The output from a seismic hazard model is generally presented in the form of a table of PGAs corresponding to given probabilities,

in the form depicted below.

0.001 0.0014919 0.0022258 0.0033206 0.004954 0.0073908 0.0110263 0.0164501 ...
1 0.1802592 0.1493586 0.1212775 0.09627394 0.07458255 0.05633205 0.04145650 0.02969021 ...
250 0.3980317 0.3353043 0.2757313 0.22127260 0.17332360 0.13264360 0.09926863 0.07258032 ...
500 0.5230075 0.4516363 0.3773948 0.30465290 0.23699560 0.17732740 0.12776150 0.08914191 ...

where the first row contains the PGA values and the subsequent rows represent the probability of exceeding that PGA according to
a branch of the logic tree.

The MPS19 model’s available output consists of 576 branches and 20 PGA values ranging from 0.001 to 2. The ESHM model
comprises 10 000 branches and 25 PGA values ranging from 0.0005 to 3.

As illustrated in Fig. A.19, the dots represent three rows from the MPS19 for the city of Udine. In order to perform the analysis
outlined in the paper, it is necessary to calculate the survival functions. To that end, the points are interpolated linearly, as illustrated
in Fig. A.19. Alternatively, the implementation of monotone smoothing functions could be considered, under the condition that
monotone smoothing techniques are employed. This alternative was explored, and it was determined that there were negligible
differences in the results.

It is important to note that the available data points do not encompass the entire 0-1 probability range. Consequently, they also
do not cover the full range of possible PGA values. Fig. A.20 shows the available data from the two models (MPS in red, ESHM in
blue) for a location. As already noted, ESHM data are tabulated for PGA ranging from 0.0005 to 3, while MPS data are tabulated
for PGA ranging from 0.001 to 2. Any probability calculation outside this range requires extrapolation. It is reasonable, therefore,
to use PGA thresholds above 0.001 and below 2 to calculate the PPPs, in order to avoid relying on extrapolated values. It should be
noted, however, that extrapolation for higher thresholds would be a minor problem, since the probabilities involved are very low.
A similar line of reasoning indicates that simulations should be avoided that rely on extrapolation with respect to the probability
range. That is to say, probability above min{p,, s, Pespn,} O below max{q,,,s, gespn }» that is return periods below max{1/p,,,s, 1/Pespm}
or above min{1/q,,,s, 1/qespm}- In Table A.2, we report these limits for each location and model.
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Fig. A.20. Available data from the two models (MPS in red, ESHM in blue) for a location.

Appendix B. Proposed method, algorithm description

A model comparison based on the statistic 7() is carried out based on of the following algorithm

1. Simulation of a sample from model 1, by first selecting a function F;l) and then randomly taking a sample from it:
*(1) #1)  pD

Vi e Yn ~ FLOQ)
2. Evaluate the statistic T* = T(yT(”, A
3. Compute the probability of observing a sample corresponding to a value of the statistic higher than 7* if model 2 is correct,

by (for a discrete set of models)

M,
P =) P(T>T* | HP)P(HY) (8.1)

m=1

Note that P(T > T*|H,(,,2)), is a (unilateral) p-value for (sub)model H,(f), and, using the framework of Marzocchi and
Jordan [20] is a p-value conditional on model H'”. Therefore, it is a measure of evidence against model H'> based on
the sample. The Eq. (B.1) mimics what [20] defines as an unconditional p-value: a measure of the evidence against model 2,
allowing for epistemological uncertainty.

4. Repeating steps 1-3 B times, obtaining B p-values 2PN and average them to obtain an overall comparison of model 0
to model 1 with reference to the statistic 7(): p.

If the two models are identical, then the expected value of p is 0.5; values near O or 1 indicate differences between the models.

Summarizing, we are repeatedly simulating a sample from model 1, treating it as if they were empirical observation, and
comparing model 2 against that sample using the framework of [20]. Finally, we take the average of the unconditional p-value
as an overall measure of the difference between model 1 and model 2.

Note that we could substitute steps 3—4 with

3 Simulating a sample from model 1, y*(z) . ,y:(z) ~ F’(nz*)(.)

4 Computing the satistic T*? = T(yT(z) e )

5 Comparing T* and T*®), let I* = |T* > T*?| 4 0.5|T* = T*®)|

6 Repeat steps 1-5 B times, obtaining B values I, ..., I} and average these to obtain the overall comparison p.

This second form may be more convenient if the probability in Eq. (B.1) is hard to calculate in closed form; otherwise, the former
may be slightly more computationally efficient.

Data availability

The authors do not have permission to share data.
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