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Fine-tuning neural network quantum states
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Recent progress in the design and optimization of neural-network quantum states (NQSs) has made them
an effective method to investigate ground-state properties of quantum many-body systems. In contrast to the
standard approach of training a separate NQS from scratch at every point of the phase diagram, we demonstrate
that the optimization of a NQS at a highly expressive point of the phase diagram (i.e., close to a phase transition)
yields features that can be reused to accurately describe a wide region across the transition. We demonstrate the
feasibility of our approach on different systems in one and two dimensions by initially pretraining a NQS at a
given point of the phase diagram, followed by fine-tuning only the output layer for all other points. Notably,
the computational cost of the fine-tuning step is very low compared to the pretraining stage. We argue that the
reduced cost of this paradigm has significant potential to advance the exploration of strongly correlated systems
using NQS, mirroring the success of fine-tuning in machine learning and natural language processing.
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I. INTRODUCTION

Over the last decade, neural networks have emerged as the
most important general-purpose machine learning tool [1,2].
Their versatility is evident in the most recent generation of
neural networks based on the Transformer architecture [3],
which was initially designed for natural language processing,
and is now achieving state-of-the-art performance in fields
as diverse as text generation [4,5], computer vision [6], and
protein contact prediction [7]. The success of deep neural net-
works is generally attributed to their ability to learn relevant
features directly from data [1,2]. This approach replaces the
classical one, where one first designs a set of well-suited fea-
tures to describe the inputs and then trains a simple machine
learning algorithm (e.g., linear regression) to perform a given
task. However, hand-crafting suitable features is feasible only
for simple problems and becomes unfeasible when dealing
with complicated tasks. By contrast, deep-learning methods
learn good representations to solve the target task directly
from raw data, outperforming hand-crafted representations in
a variety of domains.

In the last few years, neural networks are also increasingly
used in condensed matter physics to approximate low-energy
states of many-body quantum systems, for both spin and
fermionic models [8-17]. In this context, neural-network
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quantum states (NQSs) parametrize the amplitude of a vari-
ational state |\Wy) expanded in a proper basis {|o)}, mapping
input physical configurations o to complex numbers (o |WVy) =
W(a;6). Within the variational Monte Carlo framework, the
parameters 6 of the state are optimized to minimize the vari-
ational energy Ey = (W |H W)/ (Wy|Wy) [18]. Recently, a
new parametrization of NQS which explicitly leverages the
feature learning perspective has been introduced in Ref. [19].
In this viewpoint, a deep neural network is used to construct a
map from the space of the physical configurations to abstract
representations in a feature space, where the determination
of the low-energy properties of the systems is simplified,
and then a simple shallow network transform these repre-
sentations into complex numbers. The resulting architecture
achieved state-of-the-art performance on one of the most fa-
mous benchmark problems of the field [20].

In this work we address a key conceptual question that this
approach raises: given a system that exhibits a phase transi-
tion, do the representations that have learned to approximate
the ground state near the transition point generalize to other
points of the phase diagram? This question holds significance
not only from a theoretical perspective but also from a prac-
tical one, as it provides a concrete advantage of avoiding the
need of optimizing the wave function from scratch for each
point in the phase diagram.

II. METHODS

Mirroring the feature learning perspective, we represent the
NQS as the composition of two functions [19]:

z=V(o;9),
log[¥(a;0)] = f(z; W), (D
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FIG. 1. Graphical representation of the pretraining and fine-
tuning procedures. Initially, during the pretraining, the entire
architecture is trained in proximity to the transition point of a given
system, yielding a set of parameters 6, = {¢,, W,}. Subsequently, in
the fine-tuning stage, the parameters of the deep neural network ¢,
are fixed, while the optimization process focuses exclusively on the
weights of the shallow network W at various points across the phase
diagram.

where we have partitioned the variational parameters into two
blocks 6 = {¢, W}. The function V(g;¢) is parameterized
through a deep neural network, mapping physical configura-
tions o into a feature space, thereby generating for each input
configuration ¢ a hidden representation z(a) € R4, with d the
dimension of the feature space (an adjustable hyperparameter
of the network). Conversely, f(z; W) is a shallow fully con-
nected neural network used to generate a single scalar value
f(z; W) € C from hidden representations z.

Given a system undergoing a phase transition, we want
to investigate whether the representations learned near the
transition point may be generalized to other points of the
phase diagram. We perform the following experiment in two
steps, as illustrated in Fig. 1:

(1) We pretrain the entire network, optimizing it to ap-
proximate the ground state at a single point of the phase
diagram situated in the vicinity of the phase transition.
The pretraining stage yields a set of optimized parameters
{‘p[?’ Wp}

(2) Using the features constructed by the deep net-
work (thus fixing its variational parameters ¢,) we fine-
tune the model by optimizing only the parameters W of
the output layer to approximate the ground states in the
other points of the phase diagram, on both sides of the
phase transition.

The pretraining of the architecture is carried out near the
critical point, where long-range correlations are present and
may be established in the body of the NQS. Then the last
(shallow) output layer, which is fine-tuned in a different point
in the phase diagram, can either reinforce correlations and
establish true long-range order or weaken them and yield to a
short-range state (or even keep the state critical). On the other
hand, in trivial phases, where only a few configurations have

non-zero amplitudes, the ability of pretrained networks to gen-
eralize away from these phases is limited (see Appendix A).

We apply this procedure on finite systems and measure
physical properties (e.g., order parameters) of various systems
exhibiting, in the thermodynamic limit, phase transitions of
different nature. In all cases, the features extracted during
the pretraining stage, close to transition points, lead to excel-
lent results after fine-tuning at the other points of the phase
diagram [21]. This result reflects how neural networks can
capture the essential quantum fluctuations in the vicinity of a
phase transition. We stress that this approach differs from the
standard transfer-learning paradigm in which a neural network
is initially trained to solve a specific task, and then all of the
parameters are trained to solve a different task. To the best
of our knowledge, fine-tuning experiments on NQS have not
been explored previously.

The methodology outlined here is generally applicable to
any deep neural network, but to be concrete, in the following
we parametrize the function V(o;¢) using a Vision Trans-
former (ViT) with real-valued parameters [19,20]. This choice
is suggested by the flexibility of the Transformer architec-
ture [3,6], already used to achieve highly accurate results
in various types of systems, both one- and two-dimensional
[19,20,22-26]. The hyperparameters of this architecture are
the number of heads 4 of the Multi-Head Factored Attention
Mechanism [27], the embedding dimension d, and the num-
ber of layers n; (a detailed description of the architecture is
reported in Ref. [19]). In addition, the function f(z, W) is
defined as

K
f@W) =Y glby +wy - 2), )

a=1

where the number of neurons K is chosen to be equal to
d and 2 x d in the pretraining and in the fine-tuning steps,
respectively. In order to describe nonpositive ground states,
the parameters W = {b,, w,}X_, of the linear transformation
in Eq. (2) are taken to be complex valued. Here we set
g(-) = logcosh(-), thus f(z, W) represents the well-known
Restricted Boltzmann Machine (RBM) introduced by Carleo
and Troyer [8]. The crucial difference is that in this case it is
not applied directly on physical configurations o, but instead
on hidden representations z generated by the Transformer
[19]. We remark that this framework offers a huge compu-
tational advantage, since it requires the costly optimization of
the full architecture, including the feature extractor V (a; ¢),
only once in the pretraining step. Then, with the addition of
a minimal cost, the targeted optimization of the RBM can be
used to obtain an accurate description of the physical proper-
ties of the system in a wide region across the transition point.
In what follows we focus on spin S = 1/2 models on a lattice
considering system sizes where numerically exact solutions
are available for comparison. In this case W(o’; 6) refers to the
amplitude of the variational state |Wy) in the computational
basis having a definite spin value in the z direction, i.e.,
{lo) =lof,...,0%)} witho? = £1.

Finally, we mention a few details on the Monte Carlo
procedure adopted here. During the pretraining stage, we
perform Ny = 10000 optimization steps. Then, during the
fine-tuning stage, the number of steps is reduced to Nop =
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FIG. 2. (a) Ising chain. A ViT with hyperparameters h = 12, d = 72, n; = 4 is pretrained at g/I" = 1, on a chain with N = 100 sites.
After the fine-tuning, the square magnetization order parameter is computed and compared to DMRG results (bond dimension y = 10%).
(b) Heisenberg J;-J, chain. A ViT with hyperparameters &7 = 12, d = 192, n; = 4 is pretrained at J,/J;, = 0.4, on a chain with N = 100 sites.
After the fine-tuning, the dimer order parameter is computed and compared to DMRG results (x = 10?). Inset: Relative error Ag (with respect
to DMRG) of the same fully connected network (RBM) trained on the hidden representations generated by the pretrained ViT and directly
on configurations. (c) Two-dimensional Heisenberg J,-J,. A ViT with hyperparameters h = 18, d = 216, n; = 8 is pretrained at J,/J;, = 0.5,
on a 6 x 6 square lattice. After the fine-tuning, the structure factors at k = (v, ) and k = (0, ) are computed and compared to exact

diagonalization results.

3000. For all the simulations, we estimate stochastically the
observables choosing a number of samples of M = 3000. The
optimization of the variational parameters is performed with
the Stochastic Reconfiguration (SR) method [28]. In partic-
ular, working with variational states featuring approximately
P = 10° parameters, we employ the alternative formulation
of SR [20,29] efficient in the regime P > M (available in
NetKet [30] under the name of VMC_SRt). We use a cosine
decay scheduler for the learning rate, setting the initial value
tot = 0.03.

III. RESULTS
A. The one-dimensional quantum Ising model

We start by considering the one-dimensional Ising model in
transverse magnetic field, described by the following Hamil-
tonian:

N N
A=-TY 88 —g) 8, 3)
i=1 i=1

where S;‘ and S’, are spin-1/2 operators on site i. The ground-
state wave function, for g > 0, is positive definite in the
computational basis.

In the thermodynamic limit, the ground state exhibits a
second-order phase transition at g/I" = 1, from a ferromag-
netic (g/I" < 1) to a paramagnetic (g/I" > 1) phase. On finite
systems with N sites, the estimation of the critical point can
be obtained from the long-range behavior of the spin-spin
correlations, i.e., m*(r) = 1/N vazl (S’fS’f‘Jﬁ) (specifically, we
can consider the largest distance r = N/2, which gives the
square magnetization).

First, we pretrain the full architecture at the critical point
g/T" = 1. Then we fine-tune only the output layer at different
values of the external field, from g/I" = 0.4to g/T" = 1.6, i.e.,
in both ferromagnetic and paramagnetic phases. The results
for N = 100 with periodic-boundary conditions are shown in
Fig. 2(a) compared with density-matrix renormalization group
(DMRG) [31] calculations (on the same system). The high
level of accuracy demonstrates that the fine-tuned network is

effective in the prediction of the order parameter. Remarkably,
the fine-tuning procedure involves optimizing merely 6.6% of
the total parameters, which is ten times faster than optimizing
the entire network and demands significantly less GPU mem-
ory (see Appendix B for a detailed description of the GPU
memory requirements). The remarkable fact is that, by exclu-
sively adjusting the parameters of the output (fully connected)
layer and keeping the clusters of the hidden representation
fixed, it is possible to effectively describe both ordered and
disordered phases.

In the following, we want to gain insights into the learning
process of the fine-tuning stage. For that, we sample a set of M
configurations {o;} ~ |¥(0; Gp)|2 from the pretrained network
and show the corresponding amplitudes after the fine-tuning
procedure [visualizing them on top of UMAP [32] projections
of the hidden representations z,(o;), for i =1, ..., M]; see
Fig. 3. To highlight the differences, both color and size of
each point are proportional to their amplitudes. At the tran-
sition point (g/I" = 1), the configurations with all parallel
spins (either up or down along z) have the largest ampli-
tude; other configurations, with a few spin flips have also
considerable weights (see middle panel). In the ordered phase
(g/T" = 0.4), only one of these fully polarized configurations
is “selected,” i.e., frequently visited along the Monte Carlo
sampling, and the amplitudes for all other configurations are
practically negligible (left panel). This effect is related to
the difficulty of simple sampling approaches (that performs
local spin flips) to overcome the (large) barrier that separates
the two ground states, which are almost degenerate on finite
systems. By contrast, in the disordered phase (g/I" = 1.6),
many configurations have similar amplitudes: the two fully
polarized configurations showing a reduced weight compared
to all the others (right panel). A brief discussion about the
connection between the features extracted by the NQS and the
order parameter is given in Appendix C.

B. The one-dimensional J;-/, Heisenberg model

In order to assess the accuracy of our method on more com-
plicated systems, specifically with nonpositive ground states
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FIG. 3. Dimensional reduction of the hidden representations for a set of M = 3000 configurations built using a ViT pretrained at g/I" = 1
with hyperparameters & = 12, d = 72, and n; = 4 for a system of N = 100 sites. The data points represent UMAP projections of vectors z.
Both the colors and sizes of the points are related to the amplitudes predicted after the fine-tuning procedure at three distinct points along the
phase diagram: ordered phase g/I" = 0.4 (left panel), transition point g/I" = 1 (central panel), and disordered phase g/I" = 1.6 (right panel).

in the computational basis, we investigate the frustrated J;-J,
Heisenberg model:

A=0nY 8-8+hY 88, @)
(i) (.

where S'i = (57, S;.V, S7) and J; > 0 and J, > 0 are antiferro-
magnetic couplings for nearest and next-nearest neighbors,
respectively.

We first discuss the results in one dimension. Here the
ground-state phase diagram shows two phases, separated
by a Berezinskii-Kosterlitz-Thouless transition at (J,/J;), =
0.24116(7) [33]: a gapless phase with no order whatsoever
and a gapped one, with long-range dimer order. On finite
systems, the latter one may be extracted from the long-
distance behavior of the dimer-dimer correlation functions
D(r) = (87858282, ) — (8185) (8382, ) [34,35]. Specifically,
performing a finite-size scaling, an estimation of the dimer
order parameter can be obtained as D?>=9|D(N/2—-1) —
2D(N/2) + D(N/2 + 1)| [34,35]. However, we emphasize
that the order parameter is exponentially small close to the
transition, making it difficult to extract an accurate estima-
tion of the actual value of (J,/J1). (indeed, the location
of the transition may be easily obtained by looking at the
level crossing between the lowest-energy triplet and singlet
excitations [33]). As before, we pretrain at a given point,
here J,/J; = 0.4, and optimize the output layer of the net-
work for different values of the frustrating ratio, in both the
gapless and gapped regions. The results for N = 100 (with
periodic boundary conditions) are reported in Fig. 2(b), again
compared to DMRG calculations on the same system. In
addition, in the inset of Fig. 2(b), we compare the relative
energy error Ae (with respect to the DMRG energies) of an
RBM trained directly on the physical configurations [8] and
of a fine-tuned ViT. This analysis underscores the importance
of exploiting the features constructed by the pretrained ViT,
resulting in an accuracy gain of more than two orders of mag-
nitude with respect to the same network trained directly on
configurations. For completeness, we report the ground-state
energies for various frustration ratios J,/J; in Table I. They
are obtained through three distinct methodologies: DMRG,

VIiT trained from scratch, and ViT pretrained at J,/J; = 0.4
and subsequently fine-tuned for other frustration ratios. No-
tably, the fine-tuned ViT exhibits remarkable accuracy when
compared to DMRG results, reaching an accuracy Ae < 1073
for all the values of the frustration ratio in the interval J,/J; €
[0.1,0.6]. Let us move to the discussion of how the output
layer can modify the sign structure during the fine-tuning
step. For the J;-J, Heisenberg chain, the sign structure of the
ground-state wave function is not known except for J, = 0,
where the so-called Marshall Sign Rule (MSR) [36] applies.
However, even for large system sizes, the MSR constitutes an
accurate approximation of the sign structure up to J,/J; < 0.5
[37]. In Fig. 4 we show the predicted phases (0 or ), on
top of the UMAP projections of the vectors z,, generated by
the pretrained network at J,/J; = 0.4. At J,/J; = 0.1 [see
Fig. 4(a)], after the fine-tuning procedure, the signs exactly
match the ones obtained at J,/J; = 0.4 (not shown). This
is because, at the pretraining point, where the clusters are
formed, the MSR remains a highly accurate approximation of
the ground-state sign structure. By contrast, for J,/J; = 0.6,
this is no longer true, and the output layer must adjust the
phases accordingly [see Fig. 4(b)]; still, the fine-tuned ViT
performs better than a RBM trained on spin configurations;
see Appendix D for a detailed discussion.

TABLE I. Variational ground-state energies for the J;-J, Heisen-
berg chain with system size N = 100. The DMRG computations
are conducted employing a bond dimension up to xy = 10 under
periodic boundary conditions. For both instances involving ViT, one
trained from scratch and another pretrained at J,/J; = 0.4 followed
by fine-tuning, the Monte Carlo error attributed to finite sampling
effects affects the last digit of the reported results.

/N DMRG ViT Fine-tuning
0.10 —0.425417395 —0.4254174 —0.425218
0.20 —0.408572967 —0.4085728 —0.408453
0.30 —0.393126745 —0.3931204 —0.393059
0.40 —0.380387370 —0.3803726 —0.380370
0.60 —0.380804138 —0.3807913 —0.379902
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FIG. 4. Graphical representation of the hidden representations
for the J;-J, Heisenberg chain. The data points, corresponding to
a sample of M = 3000 physical configurations, represent UMAP
projections of vectors z, generated by a ViT with hyperparameters
h=12,d =192, and n; = 4, pretrained at the point J,/J; = 0.4 for
a system size of N = 100. The depicted colors correspond to the pre-
dicted phases (0 or ) after fine-tuning at two specific points within
the phase diagram: J,/J; = 0.1 (a) and J,/J; = 0.6 (b). Panel (a) re-
veals a close resemblance between the cluster structure identified
during the pretraining at J,/J; = 0.4, which matches the Marshall
Sign Rule.

C. The two-dimensional J,-J, Heisenberg model

Finally, we consider the two-dimensional J;-J, Heisenberg
model on an L x L square lattice. The ground state of this
model features magnetic order in the two limits J; < J, and
J1 > J,. Its presence can be characterized with the spin struc-
ture factor S(k) = 3 ¢*R(8y - §g), where R runs over all
the lattice sites of the square lattice. Specifically, when J, =
0 the model reduces to the unfrustrated Heisenberg model
where long-range Néel order is present [38,39]. The latter
one can be detected by measuring m3,, = S(w,7)/L*. In
the opposite regime J,/J; — o0, the system exhibits instead
columnar magnetic order, identified by the order parameter
mfmpe = [S(0, m) + S(r, 0)]/(2L?). In the intermediate re-
gion, around J,/J; =~ 0.5 the system is highly frustrated and
the nature of the ground state is still under debate [10,40—
43]. Here we limit ourselves to the 6 x 6 system, where
exact diagonalizations are possible (no DMRG calculations
on the structure factor are available on larger systems with
periodic boundary conditions). We first perform the pretrain-
ing at J;/J, = 0.5, then perform the fine-tuning for 0.2 <
J»/Ji < 1 and evaluate the order parameters mg,; and mgmpe;
see Fig. 2(c). Remarkably, even for this complicated two-
dimensional model, the correct behavior of the two magnetic
order parameters can be reconstructed with great accuracy
starting from a single pretrained ViT.

IV. CONCLUSIONS

We showed that, for several physical systems exhibiting
phase transitions, pretraining a neural-network quantum state
near the transition point yields a set of features that can be
fine-tuned to obtain accurate descriptions of the phase dia-
gram. In addition, the analysis of the feature space facilitated

the extraction of valuable insights into the structure of the
wave function. Furthermore, the fine-tuning process proves to
be computationally more efficient, in terms of both time and
memory, compared to traditional approaches in which the full
training is required at each point of the phase diagram. We
contend that, akin to the prevalent approach in machine learn-
ing [44], the employment of pretrained networks holds great
potential for advancing the exploration of physical systems
through NQS. This aligns with the findings of a recent study
by Ref. [45], demonstrating that, in electronic-structure prob-
lems, a single wave function can be employed to investigate
multiple compounds and geometries. A similar framework
has also been proposed for decoding quantum error-correcting
codes with generative modeling [46]. Exploring extensions of
this approach to perform fine-tuning across different physical
models stands as a crucial topic for future studies, as well
as the development of techniques to automatically identify
the most expressive pretraining point [47-50]. Another pos-
sible application could focus on approximating the real-time
dynamics [51,52] by adjusting only the parameters of the
shallow output network, thereby solving the problem within
the feature space rather than the configuration space. It would
be intriguing to further explore the precise physical meaning
of the learned features, such as establishing a connection
between the clusters in the feature space and the order pa-
rameters.
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APPENDIX A: CHOOSING DIFFERENT
PRETRAINING POINTS

The accuracy of the fine-tuning across various points on the
phase diagram is influenced by the choice of the pretraining
point. In our study we have always pretrained near transition
points, where we expect better generalization properties as
discussed in the main text. Here we investigate how the accu-
racy of the fine-tuned results varies when choosing different
pretraining points, for example, within the bulk of one phase.
In Fig. 5 we show the accuracy of the energy Ae relative
to DMRG calculations for the J;-J, Heisenberg model on
a chain [see Eq. (4)] of N = 100 sites (assuming periodic
boundary conditions). The transition point of the model in
the thermodynamic limit is (J»/J;). = 0.24116(7); however,
on a finite system with N = 100 sites, the point exhibiting
the maximum slope in the dimer order parameter occurs
around J,/J; = 0.4 (refer to the central panel of Fig. 2).
The accuracy of the fine-tuned energies, using J,/J; = 0.4
as the pretraining point, is approximately Ae ~ 10~ within
the interval J,/J; € [0.1, 0.6] (green triangles in Fig. 5). Con-
versely, pretraining from J,/J; = 0.1 (blue circles in Fig. 5)
yields higher accuracy before J,/J; = 0.4, but as the distance
from the pretraining point increases the accuracy deteriorates
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FIG. 5. Relative error A¢ of the energy with respect to DMRG
for the J,-J, Heisenberg model on a chain [see Eq. (4)] of N = 100
sites. The curves are obtained performing the fine-tuning proce-
dure starting from different pretraining points generated by a ViT
with hyperparameters & = 12, d = 192, n; = 4. Specifically, we set
Jo/Ji = 0.4 (green triangles), J,/J; = 0.1 (blue circles), and J,/J; =
0.6 (red squares). The accuracy of the same fully connected network
(RBM) optimized on the physical configurations is also reported for
comparison (orange diamonds).

to approximately Ae ~ 1072, A similar behavior can be ob-
served when choosing J,/J; = 0.6 as the pretraining point
(red squares in Fig. 5).

It is interesting to note that the accuracy of the network
pretrained at J,/J; = 0.1 (blue circles) deteriorates by four
orders of magnitude when fine-tuning at J,/J; = 0.4. In con-
trast, the network pretrained at J,/J; = 0.4 (green triangles)
loses less than one order of magnitude in accuracy when fine-
tuning at J,/J; = 0.1, with the error rising from Ae & 10™* to
A€ =~ 1073, This result suggests that features learned near the
phase transition are more robust for generalization compared
to those learned within the bulk of a phase. Consequently, se-
lecting a pretraining point that lies near the transition appears
to strike the optimal balance, yielding an accuracy roughly
consistent across all other points within the phase diagram.
Nevertheless, it is worth noting that training the RBM in
the hidden space consistently outperforms direct training on
physical configurations, as illustrated by the orange diamonds
in Fig. 5.

APPENDIX B: MEMORY EFFICIENCY IN FINE-TUNING
AND PRETRAINING PROCESSES

The primary constraint in training neural networks with a
large number of parameters arises from the restricted memory
capacity of contemporary graphical processing units (GPUs),
rather than their computational speed. Specifically, this lim-
itation is associated to the back-propagation algorithm [1],
which is crucial for evaluating the gradients of the network
efficiently, but whose memory cost scales with the depth of
the computation. Consider a deep neural network that takes
an input vector x and produces a scalar output f(x,6) € R,
where 6 is a vector of trainable parameters. For simplic-
ity, we arrange these parameters as 6 = Concat(6y, ..., 6,,),
where 6; is a vector containing all the P; parameters of the

Ith layer, and P is the total number of parameters across
all layers, i.e., P = Z;”Zl P,. Additionally, assume that, when
computing the output, the network generates K intermediate
activations ay, each of size Ay, and A is the overall number
of activations calculated as A = Y f_, A;. For a batch of M
distinct input vectors, the loss function can be defined as
L) = (1/M) Zfil L[f(x;, 0)]. To efficiently backpropagate
the gradients of the loss with respect to the parameters, it is
necessary to store all the A activations. Thus, the total memory
cost of the algorithm scales with the depth of the computations
and is expressed as M x (A + max;P;) (neglecting the cost
of storing all P weights). On the other hand, for the forward
pass the memory cost is independent of the computation depth
and is equal to M x (maxA; + max;P;). Further details can
be found in Ref. [54]. Notice that during the fine-tuning
process the memory-intensive backward pass over the deep
network becomes unnecessary. In the context of this paper,
for the used ViT architectures, the memory needed during the
fine-tuning stage is approximately ten times less than what
is required during the pretraining stage. The backpropagation
of gradients constitutes the primary memory bottleneck, even
when employing the Stochastic Reconfiguration optimization
method [20]. This method requires the allocation of a matrix
containing 4M? real numbers, where M denotes the num-
ber of samples used in optimization. With double precision,
this memory requirement translates to 32M2/10° GB. In our
optimizations, with M = 3000, the memory usage is approxi-
mately 0.3 GB. This is two orders of magnitude smaller than
the memory required for the backward pass during pretrain-
ing.

APPENDIX C: CONNECTING THE FEATURES
TO ORDER PARAMETERS

In this Appendix we examine the Ising model in a trans-
verse field [see Eq. (3)] aiming to establish a connection
between the features learned by the ViT optimized at g/T" =
I and the magnetization order parameter that controls the
phase transition. To achieve this, we consider a fixed batch
of physical spin configurations {o;} ~ |\IJ(0;9,,)|2. We then
compute the corresponding hidden representation and perform
principal component analysis (PCA) on it. In Fig. 6 we plot the
principal component against the local magnetizations of the
spin configurations, i.e., Zi\’: , 0i. The two quantities exhibit a
strong correlation. This organization of configurations in the
feature space simplifies the description of the physics of the
system, allowing for an easy transition from the ordered phase
to the disordered phase. It would be interesting to extend
this analysis to other systems, where the order parameter is
associated to an off-diagonal operator in the computational
basis.

APPENDIX D: COMPARISON WITH MARSHALL
SIGN PRIOR

A relevant question is trying to understand which kind
of prior information is encoded in the features generated by
the pretrained network. We focus on the J;-J, Heisenberg
model on a chain [see Eq. (4)], with N = 100 sites, fixing
the value of the frustration ratio to J,/J; = 0.6. We consider
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FIG. 6. Correlation between the local magnetization ZfV:, o; and
the principal component of the hidden representations of the config-
urations associated to the ViT used to obtain the results for the Ising
model in transverse field (see “Results” section). In the inset the PCA
spectrum is shown.

a Restricted Boltzmann Machine (RBM) with K hidden neu-
rons [see Eq. (2)]. This network is employed in two distinct
manners: trained directly on the physical configurations o, and
trained on the hidden representations z,, which are generated
by a pretrained ViT at J,/J; = 0.4. As depicted in Fig. 7,
using the hidden representations (green curve) achieves an
accuracy of Ag & 1073, which is two orders of magnitude
higher compared to the same network defined directly on
the physical configurations (Ae ~ 10~!, orange curve). The
difference primarily arises from the physical properties of the
system that are encoded in the hidden representations, such
as sign structure, amplitudes, and symmetries. Furthermore,
given that the sign structure at J,/J; = 0.4 is well approx-
imated by the MSR, we optimize an RBM, directly on the

[T | T T r
0 RBM
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2107 3 ~@— RBM + MSR E
gj F 5101 %  Fine-tuning E
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FIG. 7. Relative error in energy Ae, compared to DMRG, plotted
as a function of the optimization steps for the J;-J, Heisenberg model
[refer to Eq. (4)] with J,/J; = 0.6 on a system of N = 100 sites. The
orange curve represents the variational energy obtained using a RBM
with K = 384 hidden neurons and 77 568 parameters. The blue curve
depicts the same network with the addition of the Marshall Sign
Rule as a prior for the sign structure. In contrast, the green curve
is obtained by optimizing the same network on top of the hidden
representation z generated by the Transformer with hyperparame-
ters h=12, d =192, n, =4 at J,/J, = 0.4. Inset: Relative error
in energy Ae of a RBM trained with the MSR prior as a function
of the number of parameters. For comparison, the accuracy of the
fine-tuned network is also shown.

physical configurations, but implementing the Marshall sign
prior (blue curve). This RBM achieves an accuracy of Ae =
1072, underscoring that the information compressed in the
hidden representation exceeds that provided by the Marshall
sign prior. Despite increasing the number of parameters in
RBMs, their performance remains inferior to the fine-tuned
network due to the poor scaling behavior of the relative error
in energy with the growth of network parameters and com-
plicated structure of the landscape with a lot of local minima
emerging when increasing the number hidden neurons (refer
to the inset of Fig. 7).
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