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Abstract

We investigate the existence of solutions to second order scalar differential equations
with asymmetric nonlinearities, subject to antiperiodic boundary conditions. Both res-
onance and nonresonance cases are examined, with the Landesman—Lazer conditions
imposed in the resonant setting. The proofs rely on topological degree theory.
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1 Introduction

We are interested in the 7 -antiperiodic problem associated with the scalar second
order equation

X+g(t,x)=0, €))

where g : [0, T] x R — R is a continuous function satisfying the growth conditions
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g, x) _ . g(t, x)
1m sup <

w1 < liminf <1 < u2,
u—~+00 X x—+00 X
2
L8t x) g(t, x)
v < liminf —— < lim sup —— < vy,
X—>—=00 X xX——00 X

uniformly in ¢ € [0, T], for some positive constants (i1, (42, v, and v;.
The investigation of (1) under 7 -antiperiodic boundary condition

(x(0), x(0)) = —(x(T), x(T))

shares certain similarities with other classical boundary value problems. For instance,
let us recall some existence results associated with the 7'-periodic boundary condition
(x(0), x(0)) = (x(T),x(T)), the Neumann and the Dirichlet boundary conditions,
x(0) =0 =Xx(T) and x(0) = 0 = x(T), respectively.

In 1969, Lazer and Leach [26] considered (1) with T -periodic boundary conditions.
In that paper, g(z, x) = Ax + r(t, x), where r is continuous, uniformly bounded and
T-periodic in ¢t and A = (2”7”)2 for some positive integer n. They established that
a sufficient condition for the existence of a T-periodic solution is the following: for
every non-zero 7 satisfying #j + An = 0,

/ lim sup r (¢, x)n(¢)dt + / liminf r(z, x)n(t)dt > 0. 3)
{n {n

<0} x——00 >0} ¥+

The following year, Landesman and Lazer [25] introduced a similar condition for a
Dirichlet problem associated with an elliptic operator. Since then, (3) is referred to as
Landesman—Lazer condition. This condition is crucial for the nonlinearity to be kept
sufficiently far from resonance. Their work has served as a foundation for numerous
generalizations, see for example [5, 9, 12-15, 19, 32, 34].

Some years later, studying the 7'-periodic problem, Fucik [18] and Dancer [7, 8]
introduced the so-called Fucik spectrum, defined as the set X of points (u, v) € R2
such that the asymmetric oscillator

F+pxt—vx™ =0, 4)
where x* = max{=£x, 0}, has nontrivial 7-periodic solutions.

The Fucik spectrum generalizes classical eigenvalue problems. When p = v, the
equation reduces to the symmetric case and the spectrum becomes the usual set of
eigenvalues. However, in many applications, systems exhibit asymmetry, such as
different restoring forces when a displacement is positive or negative. This reflects
nonlinear physical phenomena, like piecewise linear springs or membranes. When
(u,v) € X, the problem is said to be resonant. At resonance, standard existence
results fail or become more subtle. The interaction of resonance and asymmetry makes
the problem delicate and leads to the development of refined analytical tools.

In [10], it was shown that if the function g satisfies (2) and the rectangle R =
[1e1, w2lx[v1, v2] does notintersect the Fucik spectrum X, then the equation (1) admits
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Fig.1 The Fucik spectrum for the T-periodic problem, where C; = {(1, v) € R2: u > 0, v > 0, ﬁ +
% = IL, i =1,2,---}. It coincides with the Fu¢ik spectrum for the Neumann problem x(0) = 0 =
x(T/2)

at least one T -periodic solution. This represents a typical nonresonance situation. See
also [9, 11, 24] for related results. When the set R N X consists of only one or both the
vertices (i1, v1) and (w2, v2) of the rectangle, in order to avoid resonance, additional
hypotheses are required. For instance, in [12, 13, 15, 32], the double resonance case
was addressed by imposing Landesman—Lazer-type conditions on both sides, ensuring
the existence of a T-periodic solution. Concerning the Neumann and the Dirichlet
problems associated with (1), we refer to [19, 29, 32, 34] (Fig. 2).

Most classical studies assume Dirichlet, Neumann, or periodic boundary condi-
tions. Antiperiodic conditions model systems with a “phase shift of half a period”,
common in wave propagation or oscillations with inversion symmetry. The geome-
try of the Fucik spectrum changes with the boundary conditions, so antiperiodicity
opens new and less-explored analytical territory. Understanding these problems not
only advances mathematical theory but also deepens our insight into asymmetric and
resonant systems.

As mentioned above, if compared with the literature available for periodic, Neu-
mann and Dirichlet problems, in the study of the antiperiodic problems the number
of references is considerably smaller. For instance, in [6], the existence of antiperi-
odic solutions for Liénard-type and Duffing-type differential equations with the
p-Laplacian operator was established using degree theory. In [20], a resonant sec-
ond order problem of the form ¥ = f(¢, x, X) satisfying antiperiodic and periodic
boundary conditions was analyzed. In [38], the existence of antiperiodic solutions for
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Fig.2 The Fucik spectrum for the Dirichlet problem. The curves %} ; are to be defined in Section 2, while
the curves C; are the same as those in Figure 1

a second order ordinary differential equation was explored, studying the interaction of
the nonlinearity with the Fucik spectrum. Furthermore, in [21, 22], existence results
were proved also for a wider class of boundary value problems where the differen-
tial operator could even be non-selfadjoint (see also [30, 31]). In [33], antiperiodic
oscillations are obtained for a forced Duffing equation with negative linear stiffness,
demonstrating how they develop multiple peaks under increasing forcing strength. For
further related studies on second order differential equations we refer to [1, 4, 35, 37].
First order equations have been considered in [16, 17, 28]. For an insight into other
types of equations see, e.g., [2, 3, 23, 27, 36].

To the best of our knowledge, the antiperiodic problem associated with asymmetric
scalar second order equations under resonance with respect to the Fucik spectrum has
not yet been explored. In particular, Landesman-Lazer-type conditions have not been
employed in such kind of problems. In the present paper, it is our aim to fill such a
gap. The main difficulty in the antiperiodic setting is related to the different structure
of the nontrivial solutions of equation (4) when the parameters p and v vary. Although
the statements of our results in Section 3 look simple, they hide a variety of situations
that need to be considered.

The paper is organized as follows. In Sect. 2, we analyze the Fucik spectrum corre-
sponding to an antiperiodic problem and present some key properties. Then, in Sect. 3,
we state and prove our main results for the antiperiodic problem under both nonreso-
nance and double resonance situations. The last section is devoted to some remarks,
an example of application, and an open problem.
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2 Preliminaries

In this section, we discuss about the Fucik spectrum corresponding to the antiperiodic
problem, and present some preliminary lemmas.

2.1 The Fucik Spectrum
Consider the asymmetric oscillator under antiperiodic boundary conditions

XA4+puxt —vx— =0, )
x(0)+x(T)=0, x(O0)+x(T)=0.

If 1 and v are positive, the solutions of the differential equation in (5) are all periodic,
with period

i i
Tpy=—+—. ©)
S/ TN
One particular solution is given by
L sin (/1) ifrefo. 2],
Quv(t) = @)

“sn((0-5)) e [7].

extended by 7, ,-periodicity to the whole R. All the other solutions are of the form
x(t) = peu v —0) withp > 0and 6 € R.
We define
={(u,v) € R?: (5) has a nontrivial solution},

that is, the Fucik spectrum of the operator —X under the antiperiodic boundary condi-
tions. Easy computations show that

E:U%k,

keN

where the set 6 consists of the two lines

©o,1 = {(M, VeR :ip= (%)2} ,

2
%,z={(M,U)GRZIV=(£) } ,
T
while, for k > 1, 6, = 6.1 U 6k 2, with

kal—{(,u,v)eRz uw>0,v>0, (k—i-l)ﬂ +kl=T},
NG
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Fig.3 The Fucik spectrum for the antiperiodic problem and the sets Sy

and

%k,zz{(u,v)eRZ:M>0,u>o,kl+(k+1)i=T}.
i Vv

Notice that the curves 6.1 and 612, for k > 1, share the same horizontal
asymptote v = (ki /T)>.

It can be seen that ¥ is a subset of the Fu¢ik spectrum of the operator —x under the
corresponding Dirichlet boundary condition x(0) = 0 = x (7).

We use the notations

and define the set S C R? as follows:

S=Js. ®)
where, as depicted in Fig. 3,
Si = H(M,v) eR?:u>0,v>0, (k— DT+ My, <T <k’27“,+m;“,].

We now examine the nontrivial solutions of problem (5) in three specific cases.
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(@) If (i, v) € 6k,1 with u # v, then the nontrivial solutions of problem (5) are

of the type x(¢) = pgy,v(t) with p > 0. In particular, x(0) = 0 = x(7) and
x(0) > 0.

(ii) If (i, v) € 6 with u # v, then the nontrivial solutions of problem (5) can be
written as x (1) = p@y, v ( + \/Lﬁ) with p > 0. In particular, x(0) = 0 = x(T)
and x(0) < 0.

@ii) If x1 N Gro = {(u,v)},ie, u =v = (2k+ D)7 /T)?, it follows that the
equation in (5) becomes linear and the nontrivial solutions are given by

x(t) = psin(/u@ —0)), foranyp >0and6 € R.

2.2 Auxiliary Results

In this section, we consider the problem

b vt =D =0, )
v(0)+v(T)=0, v0)+d(T)=0,
with the following hypothesis.
(H) The functions Z, v € L*(R) satisfy
pm1 <) < pa, v <V(@) < v, (10)

for almost every ¢ € R, all constants being positive.

Let us first recall the definition of “rotation number” of a planar curve around the
origin. Assume that s; < sp and let ¢ : [s1, 2] — R? be a continuous curve such
that ¢ () # (0, 0) forevery ¢ € [s1, s2]. Writing ¢ (1) = (p(t) cos6(z), p(t) sinb(t)),
where p : R — 10, +o0[ and 6 : R — R are continuous, we define

_0(s2) = O(s1)

Rot(¢; [s1, 52]) = 7

In the following, when dealing with a solution x of (1), by a slight abuse of notation
we will write Rot(x; [s1, s2]) instead of Rot((x, x); [s1, s2])-
We first need the following result.

Proposition 2.1 Assume (H) and let v be a nontrivial solution of the differential equa-
tion in (9).

1. IfRot(v; [a, b]) = N for somea < band N € N, then
Ny Sb—=a < NTyy 0 -
2. Ifinstead Rot(v; [a, b]) = N + %, then

NTpy vy + My Kb —a <Ny + My, o, -
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v

Fig.4 The rotating solution in the phase plane

Proof The first part of the statement is rather standard (see, e.g., [15]), hence we omit
the proof, for briefness. Let us prove the second part. Introducing the polar coordinates

(v,v) = (pcosh, psinh),
we see that

by = {u(r)cos 0(t) + sin 0(1), 1fv(t)<>0, an

V() cos?O(r) +sin? (), ifv(r) <O.

Notice that —é(t) > 0 for almost every ¢. For definiteness, we assume 6(a) €
[—75. [: the case 6(a) € [7, 37”[ can be treated similarly.

Set 8y = 0(a). By assumption we have 6(b) = 6y — (2N + 1)xr . Then we select
a <51 < s <bsuchthatf(s;) = —w/2 and 6(sy) = —n/2 — 2Nm, see Fig. 4. By
the first part of the statement, we deduce that

N%z,vz < §2 — 81 < N’Z;“,vl . (12)

From (10) and (11), we get

sin? 0(t) + min{u1, v1} cos? 0(1) < —6(r) < sin® (1) + max{ua, v2} cos® 0(1),

which implies that

—6(t) i< —6(1)
sin20() + max{u2, v} cos26(t) sin26(t) + min{u1, v1}cos2O(t)
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Upon integration over [a, s1], we have

/90 do
—x/2 sin” @ + max{uz, v2} cos? 6

% do
<sp—a < / .
= = _x/2 sin?@ + min{uy, v1} cos? @

Similarly, integrating over [s2, b],

/n/ZZNn d6
9—@N-+1)r Sin” @ + max{iuo, v2} cos2 0

—n/2—2Nn do
< b — §2 < ) R 2.
Go—(Q2N+1)x Sin“ 6 + min{uq, v} cos* 6

which is equivalent to write (since the integrand is w-periodic)

/2 do
/90 sin? @ + max{us, 12} cos2 6
/2 do
< b — 82 < / ) . .
g  sin” @ + min{uy, v} cos? O

Summing in (13) and (14), we get

/71/2 4o
—x/2 sin” @ + max{uz, v2} cos? 6
/2 do

<(S1—a)+(b—sz)<f
and so

T
T
SG1—a)+b—92)< ———F—— =My, .
min{/u1, /vi} e
Adding the estimates in (12) and (16), we have
NTyy v +mpy 0, Kb —a < NTyy v + My, o,

which completes the proof.

We recall the notation R = [u1, n2] x [vy, v2].

—x/2 sin? @ + min{py, v} cos? 6

(13)

(14)

15)

(16)

a7

Lemma 2.2 Let assumption (H) hold. If R C S, then problem (9) only has the zero

solution.
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Proof By contradiction, assume that there is a nontrivial solution v(#) for problem (9).
Then (v(z), v(t)) # (0, 0) for every ¢ € [0, T], and there is an integer K > 0 such
that Rot(v; [0, T]) = K + 3.

Recalling the definition of S in (8), we discuss two different cases.
Case 1: R € Sp.

From Proposition 2.1, we get

T <myyvy, Smpy, + KTy, < T,

which is impossible.
Case 2: R C Sy, for N > 1.
If K < N — 1, then by Proposition 2.1, we have

T < KTy + My, S(N=DTy 0 + My <T,
which is impossible. Similarly, if K > N, then we have
T2 KTy +Mmuy 2 Ny +mpy 0, > T,

which is again impossible.
This completes the proof of the lemma. O

We now consider the case when the rectangle R is contained in the closure of the
set S and touches two curves of the Fucik spectrum.

Lemma 2.3 Let i1, 12, vi, and vy satisfy

NTpyo + My =T =N+ DTy 0 +myy v, (18)
for a certain integer N > 0. Suppose that problem (9) admits a nontrivial solution v,
with

<2, aeonly ={tel0,T]:v() >0}, (19)
<vy, aeonl_={te[0,T]:v()<0}.

Then, either
(@) =y aeonly and V() =vae onl_,

or
() =uraeonl, and V() =vyae onl_.

Proof Since v is a nontrivial solution, it satisfies v2(r) + v2(r) # 0 forall 7 € [0, T,
and Rot(v; [0, T]) = K + %, for some integer K > 0. We claim that either K = N
or K = N + 1. Indeed, if K < N, then by using Proposition 2.1 and (18), we have

T < K,Z;L],VI + My < N,Z;L],VI + My =T,
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which is impossible. Similarly, if K > N + 1, we have

T = KTy 0, +mpy
>N+ DTy +mpyn, =T,

which is again impossible.

Let us analyze the alternative K = N, as the other situation follows similarly. We
need to consider the following three cases.
Case l. n1 < vy, ie.,

T b4
T:N%Iavl+?>N%lyvl+\/_v—l' (20)

Claim v(0) = 0 and v(0) > 0.
Proof of the Claim. Assume by contradiction that v(0) # 0 or v(0) = 0 with v(0) < 0.

We first discuss the case when v(0) > 0 or v(0) = 0 with v(0) < 0. In this case,
there exist 0 < g < t; < --- < tpy < T such that

v(t;)) =0, v() <0, and v(fi11) > 0. 21

Introducing polar coordinates, recalling that —(¢) > 0 for every ¢, we deduce that
Rot(v; [#, ti+1]) = 1/2 for every i. We set (0) = 0y € [—7/2, /2] . O

From Proposition 2.1, we have
hy — 1ty < N%],m'

Combining this fact with the equality in (20) and recalling (11), we get

T
—— < (o —0)+ (T —non)

Ji

/fo —0(t)dt /T —0(t)dt
= = ; + = ; )
0 [(t)cos?O(r) +sin?0(r)  Jiy D(t) cos?O(r) + sin® O(z)

which implies that

/90 do
Go—rn 11 C0s2 0 + sin” O

_ /90 do N f—’HN” do
T )z H(O)cos20 +sin? 0 Jgy— N1 V(6) cos? O + sin? 6

_ / " do . /z do
~Joz [l(©)cos20 +sin 0 Jgy—x T(0) cos2 O +sin? 0
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where [1(0(1)) = 11(¢), and V(0 (1)) = V(). After splitting the left hand side integral,
we thus obtain

2 1 1
go—r \ 1 cos26 +sin6  V(O)cos?f + sin” 6

>0, since V> >pu;.

% 1 1
< _ - de . 2
/; </L(9) cos26 +sin?@ g cos? O + sin? 9) 22)

T
2

<0, since L= 1.

The left hand side integral is positive due to the fact that 6y < 7, and we get a
contradiction.

The case v(0) < 0 can be treated similarly, thus completing the proof of the Claim.

Since v(0) = 0 and v(0) > O, we can select 0 = | < --- < 42 = T
satisfying (21).

We now introduce the following modified polar coordinates

rcosd ifv =0,
[T

v = 1 UV =rsinf,
——rcosf ifv <0,
V1
and observe that
.. .2
v — v .
Vi ——— ifv>0,
6 = nivs +v
v — 2 -0
JV ———— ifv<0.
viv? + 02

Then, fori =1,..., N + 1, we have

T [P a4 0
/\/ﬂl 0i—1 M1v2+i)2

1513 Al _ 2 1513 2 +2
- / O —pov” oy / pv i,
n

i M1V? 02 iy M1V 2
@) — p)v?

= f — 5 —dt+ (i —hi-1). (23)
niog M1V A+

Similarly, for j =2,..., N 4+ 1, we have
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T hi-1 J(t)v? 4+ 02
ok S
V1 hj—a VIV +v

Bj-1 At _ 2 Bj-1 2 )
=/ @) m.)v dt—i—/ vivi4i?

i VIVE+ 02 nj_y VIVE 02
2j-1 V(1) — vi)v?
= / ﬁdt +(j_1—tj-2). (24)
hia vive + v

Summing (23) fori = 1,..., N+ 1land (24)for j = 2,..., N + 1, by (20) we obtain

-~ 2 ~ 2
t) — t) —
T — (M()2 m)zv di + (V()2 V1.)2v Qi+ T,
I, Mve+v . viv-+v
which implies that
(1) = pi)v? () — vi)v?
T2 02 — 52 9t=0.
Iy M1ve+v I Vivc+v

Recalling (19), we get
() =wpyae.onl, and V() =vjae.onl_,

thus completing the proof in Case 1.
Case 2. n1 > vy, ie.,

T
> NTyy + —— . 25)

Nen NG

A similar computation as in Case 1 shows that v(0) = 0 and ¥(0) < 0. Then one
canfind 0 = 79 < -+ < fhy4+1 = T satisfying (21) and obtain estimates as in (23)
and (24), so that the conclusion follows similarly.

Case 3. 11 = vy, i.e.,

T =NTyu v+

T:w_ (26)

N

In this case,

QN+ D /T O H2 4+ (v)* + "’zd;
N wiv? + 02
/ () — umwﬂ+¢m—umUﬁm+/Tmﬁ+£m
piv? + 02 0 Miv?+0?

dt+ T,

/ (2 — ) WH? + @) — p)()?
wiv? + 2
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which implies that

/T (B = p) @ + 0@ —p))? 0
0 pniv? + v? '
leading to the same conclusion as in the previous cases. O

3 Main Results
We will need the following assumption.
(G) The function g : [0, T] x R — R has the form
g(t,x) = yy(t,x)x" —y_(t,.x)x” +h(r,x),
where y4, y— and h are continuous functions such that
w1 S y+(t,x) S pa, v < y-(t,x) <,

for every t € [0,T] and x € R, the above constants w1, u2, vy, v2 all being
positive, and /4 is uniformly bounded.

As above, we denote the rectangle [i1, (2] % [vi, v2] by R.

Theorem 3.1 (Nonresonance) If assumption (G) holds with R C S, then problem (1)
has a solution.

Proof Let R C S, for some k € N, and set

_ pmrtpu2 _ ovitwn
h=—, V= .
2 2

Consider the following family of problems

. . 27
x(0)+x(T)=0, x0)+x(T)=0,

{5& L (1—o)Ext —vx 1+ ogt,x) =0,

with o € [0, 1]. We aim to show that there is a » > 0 such that, for every solution x
of (27), one has ||x || < r.

Assume by contradiction that for every positive integer n there exist o;,, € [0, 1] and

a solution x, of (27), with o = 0, such that ||x,||cc > n. Passing to a subsequence

we can assume that (oy,), converges to some o € [0, 1]. Set v, = ﬁ Then,

Xnloo (28)

By + (D, = D), + 0, Mflnlieta) — 0,
U (0) +va(T) =0, 0(0) +0,(T) =0,
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where

Wn(t) = (1 = o)1 4 03y (2, | [Xn | |oovn (1)),
V() =(1-— o)V + 0 y—(t, [|xXnlloovn (1)) .

Notice that p; < [, () < p2 and vy <V, () < 2.

From the differential equation in (28) and the properties of [i,, v, and h, the
sequence (v, ), is bounded in H 2(0, T), therefore there exists a function v such that,
up to a subsequence, v, — v in C'([0, T]) and weakly in H%(0, T). In particular
[|v]|eo = 1. Since the sequences (ii,), and (V,), are bounded, we can suppose that,
up to a subsequence, they converge weakly in L2(0, T) to some functions 2 and D,
respectively, with 1 < 71(f) < up and vy < V(¢) < vy, almost everywhere on [0, T].
Passing to the weak limit in (28), by a standard argument (see, e.g., the proof of [10,
Theorem 3.1]), the function v solves

5Vt — S y— —
{v—l—u(t)v —V(H)v . =0, . (29)
v(0)+v(T)=0, v0)+9(T)=0,

for almost every ¢ € [0, T], which is a contradiction with Lemma 2.2.
To conclude the proof of the theorem, recalling the notation (6), we define { = 75z 5
and consider the curve

%:{(M,U):M>O,v>0,%+%=§}’

which is contained in S; for some k. This curve connects the point (z, V) with
((27”)2, (27”)2).We parametrize this part of the curve by a continuous map € : [0, 1] —

R2 as
£(0) = (u(o0),v(0)),

with §(0) = (I, 7), £(1) = ()%, (GD)).
By Lemma 2.2, for every o € [0, 1], the problem

i+ (o)t —v(e)v™ =0, (30)
(0) +0(T) = 0. #(0)+d(T) =0

only has the zero solution.
Since the differential operator £ : D(L£) € L*(0,T) — L*(0, T) defined by
Lx = —X on the domain

D(L) = {x € H*(0,T) : x(0) + x(T) = 0, £(0) + %(T) = 0}
is selfadjoint and has a compact resolvent, the proof of the theorem can be now

completed by a standard application of the Leray—Schauder topological degree theory.
O
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Remark 3.2 Notice that the growth conditions in (2) imply assumption (G) after
slightly changing the involved constants. Hence, being S an open set, in the assumption
of Theorem 3.1, we can replace assumption (G) with (2).

Next, we examine the case when R C Sy forsome N > l,and RNX =
{1, v1), (u2, v2)}. This situation arises when the resonance condition (18) is satis-
fied.

Theorem 3.3 (Double Resonance) Assume (G) and the existence of a positive integer

N such that (18) holds. If for every non-zero T -antiperiodic solution r of r + 1+ —
viy~ = 0 one has

/ lim sup (g (7, x) — vix) Y () dt —|—/ liminf (g(#, x) — ux)¥ (1) dt > 0,
{ {

<0} x——00 ¥ >0} ¥—>+00
€1V
and for every non-zero T-antiperiodic solution X of X + 1o X — v2X~ = 0 one has
/ lim sup (vox — g(7, x)) X (1) dt + / liminf (uox — g(r,x))X (1) dt > 0,
{x <0} x——o00 (x>0} x—>+00
(32)

then problem (1) has a solution.

In the above, we have used the standard notation
(v <0} ={tel0,T]: v() <0},

and similarly for {yy > 0}.

Proof Let us set
_ Mt u2 _ vitwnm
i=—Fy—, V= :
2 2

and consider the family of problems (27), with ¢ € [0, 1].

Claim There is a r > 0 such that, for every solution x of (27) one has ||x|/oc < r.

In order to prove the Claim, assume by contradiction that for every positive integer
n there exist o, € [0, 1] and a solution x,, of (27), with ¢ = g, such that ||x, ||cc > 7.
Notice that o,, # 0.

Passing to a subsequence we can assume that (o), converges to some o € [0, 1].
Set v, = Hx:ﬁ Then, v, solves (28), and arguing as in the proof of Theorem 3.1,
the sequence (v, ), converges, up to a subsequence, to a function v in C Lo, T7) and
weakly in H 2(0, T). This function is such that [|[v]]oo = 1, and it solves (29) for almost
every t € [0, T].

We apply Lemma 2.3 and consider, for definiteness, the first alternative in (19), i.e.,

() =wpyae.only and V() =vjae.onl_,
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the second one being treated similarly. So, v is a solution of

U4 pnivt — v ='0, ‘ 33)
v(0)+v(T)=0, v0)+3(T)=0.
Since we are assuming that (18) holds, from the first equality we deduce that
Rot(v; [0, T]) = N + % This is also true for (v, (¢), 0, (¢)), if n is large enough,
and so also for (x, (1), x,(1)).
Let us write (x,, X,) in the following modified polar coordinates:

rpcos6,, ifx, >0,
M1 . .
X, = X, = rpsing, .

Tr,,cos@,,, ifx,,<0,
Vi

We compute the derivatives

.. .2
XnXn — X .
Vi ———=  ifx, >0,
2 2
] Hixg + X5
bn = Fnn — 52
n+n .
A/ V1 2—; 1fxn <0.
VX, + X,

Since the couple (x, (¢), X, (¢)) performs precisely 2N + 1 half rotations around the
origin in the interval [0, T'], two distinct cases arise.
Case 1. There exist
O<ty <t <---<tyy<T,

and o, €10, [, satisfying

b
6,(0) =an_5,
xn(tl")=0, forl=0,1,2,...,2N,
)'Cn(lgj)<0, forj=0,1,2,...,N,
xn(t§j71)>0, forj=1,2,...,N.

Case 2. There exist
n n n
0<tf <--- <ty <byii <T,

and o, €10, [, satisfying
T
0, (0) = —oty — R
x, (") =0, forl=1,2,...,2N,
)'cn(tfj)<0, forj=1,2,...,N,
xn(tfj7])>0, forj=1,2,...,N.
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1 in i’n
\ N
N\ A . \
Y O\
Tp T
“
/ /
t=20

“ t=1T

Fig.5 a)Case I for N =1.b) Case 2 for N = 1

We focus our analysis on Case 1, as the second one can be treated analogously. We
have the following time estimate (Fig. 5):

a0 (0) —On(g) _ [ by
e Jm _/ole
_/%m—%mn+%meM+ﬁ
—Jo Xy + %5

>

/’6‘ [(1 — o) pix, + ang(z X)X + X2
0 wix2 +x2

o I’ley% +x3 o (g(t, xp) — p1Xp)Xy
= 2 2 T On 2, 2

0 Mi1xy+ Xy 0 Hix; + x5

0 (g(t, xp) — (L1Xn)X
=t8+0n/ (g(t, xp) — pm1xy) -

21 42
H1Xg + X5

(34)

A similar computation gives the following time estimates for j = 1,..., N:
/fzf o /té‘,-_l (g2, Xn) = V1Xn) X
o
n le 2 " ,;jiz v1x +x

[511;1 (g(t, xn) — viXy)Xy
vix2 + x2

f

= (131 — 13 2) +Un/ , (35)
5,

B uyx? + i N /’31' (g(t,xn)— 1%0)Xn
—_— (o
\/ Mlx X2 " G pmix2 4 x2

%@Um% 1X0) X
= l‘n.—tn. . 36
(13 m_o+o¢L PR (36)

2j—1
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and
T — Oy S T leyzl +xy2, /T (g(t, xn) — viXy)Xy
T g v + 42 - vix2 + x2
T
(g(t, xp) — Vixp)Xp
= (T —thy) + o / . 37
(T =t +on | S (37)

2N

Since the solution completes 2N + 1 half rotations in time 7', addition in (34), (35), (36)
and (37)for j =1,..., N leads to

t, t, _
crn[/ (g, xp) — vixp)xy +/ (g(t, xn) u1xn)xn]+T
{x <0} vixg + &7 (x>0} nix3 + X2

T —ay

+
Vo
n T —
minwm, i) min{yr, o)
b

+
min{ /71, </v1)
= N%l,vl + My =T,

<NTy o +—

< N,];H,Vl +

= N’];/-val

where the last step follows from (18). Being o, # 0, we get

/ (g(t, xp) — vixp)xy +/ (g(t, xp) — p1Xn)Xp <0
{xn <0} {xn>0}

vix2 4 X2 pix} + x2

which can be written as

/T [2t, x0) = Guixd —vix) e _ 0
0o e+ vi(x)? + 52

Recalling that v, = W we have

/T [g(t. xp) — (ix;F —vix)]vn
0 1 (vy )2 + v (v, )2 + U;%

Since ,ul(er(t))2 +v(v= ()2 4+ 0()? s positive and constant in ¢, and
Tim (1) + v+ 07) = i (0H)? + (v + 07,

uniformly in [0, T'], by Fatou’s Lemma,

T (e xn) = (uix, —vix;)]v,
lim inf
o n w1 ()2 4 vy (v )2 + 02
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So, it has to be

T
/ liminf [g(7, x, (1)) — (uix;5 (1) — vix, () ]va(t) dt < 0. (38)
0 n

Let us now fix ¢ € [0, T'] such that v(¢) < 0; so v,(t) < O for sufficiently large n, and
lim,, x,(t) = —o0, hence

liminf[vyx, () — g(t, x,(¢))] = liminf[vix — g(¢, x)],
n X—>—00

which implies that, for every ¢ € [0, T] with v(r) < 0, we have

lim inf (gt 1xnlloovn (1)) = (1, (1) = vix, (1) ]va (1)

> lim_irg[le —g(t, x)]|v(®)| = limsup[g (¢, x) — vix]u(t).

X—>—00

Similarly, if v(#) > 0 for some ¢, then v,(t) > O for sufficiently large n, and
lim,, x, (t) = 400, hence

lim inf [ (2, |1xnlloovn (1)) — (1, (1) = v1x, (1)) Jun (1)

> liminf[g(t, x) — uixJv(t).

xX—>400

Thus, by (38),

/ lim sup (g(t, x) — le)v(t) dt +/ lim inf (g(t, x) — /le)v(t) dr <0,
{v<0} x—>—00 {v>0} x>+
(39)

a contradiction with (31), thus proving the Claim. The proof of Theorem 3.3 can now
be completed arguing as in the proof of Theorem 3.1. O

4 Examples and Final Remarks

In this final section, we discuss some remarks, an example of application, and an open
problem in this direction.

Remark 4.1 An existence result holds for the so-called simple resonance, i.e., the case
when R € S,and RN X = {(uy,v1)} or RN E = {(u2, 1n)}. Clearly enough, in
this case, the Landesman—Lazer condition will be imposed only on one side.

Remark 4.2 Notice that Theorem 3.3 generalizes Theorem 3.1. Indeed, if we focus our
attention on R C &, it is possible to find €1, €2 > 0 such that

N,];u*él,wfﬂ +My—civ— =T = (N + 1)7;12+62,V2+62 T Myt mte -



Antiperiodic Solutions for Nonlinear... Page210f24 260

Setting (i1 = u1 — €1, ko = w2 + €2, V] = v] — €] and 1, = vy + €2, we have

XEIPOO (g(t, x) — ﬁlx) = —00, xlir-il-loo (g(t, x) — ;llx) =400,
and
(e g0 0) = oot (e 0.0) = 2.

uniformly in ¢, from which we easily verify that the Landesman-Lazer conditions (31)
and (32), respectively, hold.

Remark 4.3 The results contained in this paper could be rephrased in a L>-
Carathéodory setting. The ideas in the proofs remain unchanged. We preferred not
to enter in this formalism, in order to avoid excessive technicalities.

As an example of application, we consider the problem

¥4+puxt —vx~ +h(t,x)=0, (40)
x(0)+x(T)=0, x(©0)+x(T)=0,
where £ is a bounded continuous function. If the couple (i, v) does not belong to the
Fucik spectrum, as a consequence of Theorem 3.1, we get easily the existence of a
solution for problem (40). So, let us focus our attention on a situation at resonance.
To this aim, we assume for definiteness
bid b
mFV, (k+1)—M+k—=T,

ViE Y

for some positive integer k. Recalling the definition of the function ¢, , in (7), we can
find the following existence result as a consequence of Theorem 3.3.

Corollary 4.4 [n the above setting, if either

/ lim sup A(z, x)@y v (2) dt +f liminf h(t, X))@, (1) dt > 0,
{o {

JRY <0} x—>—00 (Pu,u>0} *¥—>+o0

or

/ liminf h(z, x), (1) dt —i—/ lim sup h(t, X))@, v (1) dt <0,
{(pu,u<0 {

} Y= —o (pu.‘v>0} X—>+00
then problem (40) admits at least one solution.

Proof Asithasbeen shown in Section 2.1, the nontrivial solutions of problem (5) are of
the type x(t) = pg,,»(t) forevery p > 0. If the first alternative holds in the statement,
we simply need to choose (11, vi) = (1, v) and (12, o) = (u+¢, v+¢), withe > 0,
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and apply Theorem 3.3. In the other case, we need to fix (i1, v;) = (L —&,v —¢)
and (u2, v2) = (u, v), with ¢ > 0 sufficiently small, and apply again Theorem 3.3. O

The reader can easily compare the assumptions in the above corollary with the
general Landesman-Lazer condition introduced in (3).

Let us briefly mention how to recover a 27 -periodic solution from a given 7'-
antiperiodic solution x : [0, T] — R of X + g(¢, x) = 0. Setting

x(t) ifr € [0, 7],

x(1) = .
—x(t—=T) ift e[T,2T],

the function X : [0,27] — R solves the same differential equation provided that
gt —T,—x)= —g(t, x) holds for every t € [T, 2T].

It would be interesting to investigate how our results can be adapted to differential
equations ruled by other differential operators, like the p-Laplacian, following, e.g.,
the ideas in [6].
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