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Abstract

Purpose of this thesis is to analyze certain aspects of the presence of de Sitter space
in type IIB string compacti�cations. It focuses, in particular, on the mechanism based on
the introduction of an D3-brane at the tip of a warped throat of the compact space, which
under certain conditions allows to stabilize all the moduli at a de Sitter minimum of their
scalar potential.

The �rst part is a review of the background material used in this work. It starts with
an introduction to string compacti�cation on a Calabi-Yau three-fold, which is followed by
the description of the main techniques that are used to stabilize all the (complex structure
and Kähler) moduli arising in such compacti�cation. Then, it presents the problem of
�nding de Sitter minima in string theory and the main proposals to address it, with a
speci�c focus on the method based on D3-branes and on the issues related to the D3-
tadpole cancellation condition, which is one of the main aspects analyzed in the thesis.
Finally it reviews several important topics which are important for the construction of
explicit models in string theory.

The second part contains my original research work. First, we construct and analyze
an explicit model in the frame of the Large Volume Scenario, in which all the moduli
can be consistently stabilized in a de Sitter minimum. We also list a set of important
requirements that need to be ful�lled in order to have a consistent solution in which all
the approximations are under control and we analyze them in the context of the class of
models under consideration. After that, we perform a statistical analysis of the distri-
bution of the D3-charge for models with several Kähler moduli (up to 12) and we stress
the important role of the D7-brane con�guration known as Whitney brane (already used
in the explicit construction mentioned before) in relation to the D3-tadpole cancellation
condition. Finally, we provide an additional explicit construction in which, with respect
to the �rst one, we add the requirement of having a K3 �bration, a con�guration which is
more promising from the phenomenological point of view.
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Chapter 1

Introduction

This thesis aims to contribute to the current debate on whether it is possible to construct
a consistent model with a positive cosmological constant (de Sitter space) in the frame
of string theory. Models of this kind would �t very well cosmological observations, but
they are so di�cult to �nd that it was recently speculated that it is impossible to have
long-living de Sitter (dS) vacua in string theory. On the other side, several mechanisms
were proposed over the years that point towards the opposite direction.

Let us start from the beginning. Over the last century, we have assisted to a huge
improvement of our understanding of the observable world. The Standard Model (SM),
developed in the early 1970s, describes three of the four fundamental interactions consis-
tently unifying, within the framework of quantum �eld theory (QFT), electromagnetism,
as well as the theory of the weak and strong nuclear forces. On the other hand, General
Relativity (GR), �rst introduced by A. Einstein in 1915, pro�tably deals with the fourth
fundamental interaction, that is gravity. Both these theories have successfully passed a
large number of experimental tests and consistency checks (just to mention two of the
most recent ones, the Higgs boson - the last missing building block of SM - was discovered
at LHC in 2012, while the �rst direct observation of gravitational waves - predicted by
GR - was achieved by the LIGO-Virgo collaboration in 2015). However, it is important
to notice that up to now, the SM has only been tested in regimes in which gravitational
e�ects can be safely ignored. Similarly, the predictions of GR essentially concern phenom-
ena happening at astronomical scales, where the three interactions described by the SM
are negligible.

The problems come when we try to make predictions in regimes in which the four
fundamental interactions have a comparable intensity1, as any trivial attempt to include
gravity in the SM in order to get some theory of Quantum Gravity (QG)2, leads to concep-
tual and mathematical inconsistencies. Signals of the incompleteness of the theory can be
found already in the fact that GR breaks down at loci of the space-time with a very large

1This is expected to happen at very large energies, around the so-called Planck scale Mp = 1.22 ×
1019GeV .

2GR is a classical theory, hence it can not be applied at the scales in which quantum e�ects become

relevant.
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CHAPTER 1. INTRODUCTION

curvature (space-time singularities), such as the interior of Black Holes or the Big Bang.
Moreover, when we try to construct a quantum �eld theory of gravity, with the interaction
mediated by a spin-2 �eld called the graviton, we run into unavoidable divergencies at the
ultraviolet energy scales (non-renormalizability), a clear signal that a theory of this kind
is only valid up to a certain cut-o� scale, while no predictions can be done regarding what
happens beyond this scale. In fact, the SM itself (even without including gravity) is just
an e�ective �eld theory, which can be only applied at small energies, not to mention other
reasons that make it not completely satisfactory from the theoretical point of view, such as
the large number of free parameters whose values can only be �xed through experiments.
It is therefore reasonable to hope that the same new (high energy) physics will complete
both the SM and the quantum theory of gravity in a consistent and uni�ed way.

Several proposals have been done over the years. The present thesis takes into consid-
eration one of the most studied and, up to now, successful theories of QG, that is String
Theory [1]3. The premise of the theory is simple: instead of considering the elementary
particles as points, we describe them as one-dimensional objects, or strings, whose (very
small) length scale is ls = 2π

√
α′ 4 and which can be either open or closed. Di�erent

oscillator modes of a string correspond to di�erent particle or spin states at low energy.
The states with minimal energy are massless, while the others have masses ∝ 1√

α′
. We will

consider the point-particle limit α′ → 0, in which all massive states are integrated out and
only the massless spectrum remains.

The relativistic quantum theory of one-dimensional objects presents several advantages:
one of these is that string theory automatically includes the three interactions described
by the SM and gravity. Moreover, it is renormalizable (at least at the perturbative level),
hence there are no UV divergencies that can not be absorbed by a �nite number of counter-
terms.

However, string theory is far from being complete. We still lack an exact theory of
strings, hence we are only able to make computations and predictions within certain per-
turbative expansions and under certain approximations. Moreover, there is a huge number
of solutions of string theory (string vacua) and it is very di�cult to understand which is the
one describing our universe (provided that such a solution actually exists). The problem
is, in particular, that we are not able to test the speci�c features of string theory yet, for
the same reason why the SM is in such a good agreement with experiments: at the energies
E that we are able to reach with the current technologies, the corrections due to QG are
expected to be suppressed by a very small factor ∼ E

Mp
, hence we do not detect them5.

Nonetheless, string theory is not completely disconnected from observations: a realistic
model constructed in this frame, indeed, needs to reproduce the features of the SM in
the corresponding limit or at least it can not be in contradiction with any experiment or

3See also [2].
4α′ is the Regge slope.
5There are however proposals of experiments and observations that might help to discriminate between

di�erent quantum gravity theories or to constrain string theory, in the near future. See e.g. [3] for a recent

review.
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CHAPTER 1. INTRODUCTION

cosmological observation. This is the premise of the branch of string theory called String

Phenomenology, whose main purpose is to try to make contact between the formalism of
the theory and the observations, constructing models which reproduce all the features of
the SM. It will also be the guiding principle of the rest of this introduction, as well as of
the whole thesis.

Originally, string theory only described the bosonic �elds, being therefore not suitable
for a realistic description of our universe. The inclusion of fermions, led to one of the most
important predictions of string theory, that is Supersymmetry6, according to which one
can associate a fermionic �eld to any existing bosonic �eld and vice versa. A �eld and its
so-called superpartner, share the same mass and charge, but di�er for the spin (which is
integer for the bosonic �eld and half-integer for the fermionic one). Up to now, experiments
didn't show any supersymmetric partner of the known particles, hence we need to assume
that, if present, supersymmetry is broken at some energy scale larger than the ones that
we can currently reach. From now on, whenever we will mention string theory, we will
actually mean its supersymmetric completion, that is Superstring Theory [5, 6, 7].

A second important prediction of string theory is the existence of extra dimensions;
in particular, superstring theory requires a 10-dimensional (10d) space-time7. The idea of
studying GR in a space-time with more than three spatial dimensions was �rst taken into
consideration in 1921 by T. Kaluza, who analyzed the case of a 5d space-time. The fact
that we do not detect the 5th dimension was justi�ed by the assumption that the variation
of the physics observables along the extra dimension is negligible with respect to their
variation along the other three directions (`cylinder condition'). Surprisingly the model
reproduced, together with the 4d Einstein �eld equations, also the Maxwell equation for
the electromagnetic �eld. Later on, in 1926, O. Klein considered a quantum version of
the theory, showing that the �fth extra dimension is actually compatible with quantum
mechanics, provided that it is curled up in a circle with a very small radius, of the order
of the Planck length lp = 1

Mp
. While the Kaluza-Klein (KK) 5d theory turned out to be

not suitable for a fully realistic description of our universe, these early results happened
to be extremely useful for the interpretation of the string theory prescription of a 10d
space-time. The modern view of the KK mechanism is indeed that the full 10d space-time
can be actually factorized as

M10 =M4 ×X6 ,

where M4 is the four-dimensional space-time we observe, while X6 is a compacti�ed 6d
space whose characteristic length scale is very small. Since we do not directly detect the
manifold X6, we do not know its geometrical features; string theory, indeed, allows for
many di�erent choices. A crucial point of this picture, however, is that these features
determine the low energy physics that we observe in the 4d space-time. The choice of the
geometry of the manifold X6 is therefore an important topic for string phenomenology.

6See [4] for a review and a list of useful references on the topic.
7This is actually the simplest version, called critical superstring theory. There exist also (more involved)

non-critical string theories, allowing for a di�erent number of spatial dimensions, but we will not consider

them here.
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CHAPTER 1. INTRODUCTION

There are two main strategies that one can follow for the construction of realistic
models in string theory (model building). The traditional top-down approach consists in
starting from a 10d superstring theory and explicitly compactifying it to 4 dimensions,
obtaining an internal manifold corresponding to a spectrum of massless particles which is
as similar as possible to the SM spectrum (the introduction of further ingredients to the
theory might then allow to add the remaining needed features). The more modern and
somehow complementary bottom-up approach [8], which is the one we will follow, takes
into account the fact that we know by now that certain features of a string construction
are essentially local, that is that they do not depend on the full picture. This is the case,
e.g., for the matter content of the SM which, according to certain constructions, can be
localized in speci�c regions of the compact space, without a�ecting (nor being a�ected by)
other characteristics of the full compacti�cation. The idea is therefore to subdivide the
work in di�erent steps: �rst, one starts from local constructions, in which only certain
speci�c requirements need to be taken into account; after that, one tries to embed them
in a consistent global context, whose details can be treated almost independently with
respect to the local con�guration.

Besides deriving gravity and electromagnetism, the compacti�cation of the original 5d
KK theory produced a 4d massless scalar �eld. The presence of �elds of this kind, which
correspond to deformations of the internal manifold X6 and are called moduli, turns out to
be ubiquitous in string compacti�cations and it is a problem from the point of view of model
building. Generically, indeed, a string compacti�cation produces hundreds of moduli: since
they are massless, if they existed we should have already detected them, which is not the
case. In order to have a theory which is not in contrast with observations, therefore, we
need to introduce additional ingredients which are such that in the new model the moduli
turn out to be massive and with a large mass (out of the reach of current experiments).
The new ingredients should in particular generate a scalar potential for the moduli, so that
they can be �xed at the minimum of this potential (moduli stabilization).

We essentially distinguish two classes of moduli: the complex structure moduli corre-
spond to deformations of the complex structure ofX6, while the Kähler moduli parametrize
the size of its internal cycles. The issue of stabilizing all the moduli of a given compacti-
�cation has been a major topic of string phenomenology for several years, but nowadays
we have at our disposal well-established techniques that allow, at least in principle, to do
the job.

The stabilization of the complex structure moduli can be achieved by turning on non-
vanishing background �uxes threading cycles of the internal manifold [9]8. These �uxes
generate a scalar potential allowing, if generic enough, to stabilize all of them. It is
important to notice that the �uxes need to be quantized, hence they take discrete values.
The theory therefore acquires a large number of new degrees of freedom, as the scalar
potential for the moduli depends on this new set of discrete parameters. Di�erent values
of the quantized �uxes produce a family of scalar potentials, hence, after minimization, a

8See also [10] for a review.
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large set of di�erent string vacua (the so-called Landscape).
As concerns the Kähler moduli stabilization, two main proposals have been developed

over the years, the KKLT9 mechanism [11] and the Large Volume Scenario (LVS) [12, 13],
both relying on the presence of certain perturbative and non-perturbative corrections to
the scalar potential for the moduli. In both cases (even though for di�erent reasons) it
turns out to be possible to separate the procedure of moduli stabilization into two steps,
�rst �xing the complex structure moduli to their minimum and, only after that, stabilizing
the Kähler moduli via sub-leading e�ects. In general, we will assume the complex structure
moduli to be already stabilized by the �uxes, while we will consider the stabilization of
the Kähler moduli explicitly.

Regardless of the mechanism that we choose to implement in order to stabilize the
moduli, the value of the scalar potential at the minimum in which they are �xed turns out
to be always negative. A minimum of this kind is said Anti-de Sitter (AdS) minimum and
corresponds to an universe with a negative vacuum energy. On the other side, cosmological
observations are consistent with the idea that we live in a universe with positive vacuum
energy, which means that the string vacuum describing our world should be a de Sitter

(dS) minimum. Again, we need to introduce further ingredients to the theory, in order to
get a scalar potential for the moduli which is consistent with the observations, that is it
has a minimum with positive energy.

The �rst proposal of a mechanism for constructing dS string vacua is the one on which
we will mainly focus in this work and it traces back to the original paper by KKLT, in
2003 [11]. Since then, it has survived several challenges, so that it can be considered quite
robust. However, the debate on its validity and, more generically, on the possibility of
having such vacua in the context of string theory, is still open and it was recently revived
by the dS Swampland Conjectures [14, 15], claiming that this kind of solutions, obtained
in the low energy limit, are actually inconsistent with string theory in the UV.

The KKLT uplift mechanism is based on the presence of an D3-brane at the tip of a
highly warped throat of the compact manifold X6. This particular con�guration produces
an additional term in the moduli scalar potential, which can now have, under certain
conditions, a de Sitter minimum. A new challenge to this mechanism was pointed out in [16,
17], and it is related to the D3-tadpole cancellation condition. A generic string construction
contains several charged objects de�ned in X6: since X6 is a compact manifold, the sum
of all the charges must vanish. This requirement turns out to be particularly constraining
for a speci�c kind of charge, the D3-charge. Sources of D3-charge in the models we will
consider here are the background �uxes responsible for the stabilization of the complex
structure moduli (positive D3-charge), as well as the orientifold planes and the D-branes
(negative D3-charge).

A consequence of the fact that, in order to have a setup suitable for D3 uplift, the
complex structure of X6 is locally deformed in a highly warped throat is that the complex
structure modulus parametrizing this deformation turns out to be somehow special with

9From the names of the authors who proposed it: S. Kachru, R. Kallosh, A.D. Linde and S.P. Trivedi.
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CHAPTER 1. INTRODUCTION

respect to the other complex structure moduli (in particular, it is stabilized at a much
smaller mass, potentially comparable to the mass of the Kähler moduli). It therefore
deserves an explicit analysis, at the same level as the Kähler moduli. By doing this, one
realizes that the amount of �uxes that we need to turn on inside the throat (hence the
correspondingD3-charge) is bounded by below and is typically quite large. This large value
has to be compensated by a large negative contribution coming from orientifold planes and
D-branes, which is generically di�cult to obtain as these sources are strongly constrained
by the geometric features of the internal manifold.

Purpose of this thesis is to analyze the D3 uplift mechanism in the frame of LVS, with
a speci�c focus on this new challenge. We do this by following two main strategies:

1. Explicit examples. We construct concrete models, which are simple enough to be
explicit but rich enough to include all the ingredients of moduli stabilization and
dS uplift in LVS. This allows to point out and to better understand several chal-
lenges related to this mechanism, which can be then generalized to more involved
con�gurations.

2. Statistical analysis. We focus on a single feature of this kind of constructions, the
D3-charge, and we study it from a statistical perspective. In particular, we analyze
from a quantitative point of view, by means of a scan over a large number of possible
models, the actual limits in obtaining large negativeD3-charge contributions in string
compacti�cations10.

Organization of the thesis

The thesis can be separated into two main parts. The �rst one (from Ch. 2 to Ch. 5) con-
tains a review of the topics mentioned in this introduction, that is string compacti�cation,
moduli stabilization and the problem of having dS vacua in string theory.

� Chapter 2 contains a brief introduction to type IIB11 superstring compacti�cations.
We start presenting the 10d theory and we explain how it can be compacti�ed to a 4d
space-time, giving rise to a certain number of moduli. Generically, it is convenient to
consider compacti�cations that leave some supersymmetry unbroken. We show that
this requirement corresponds to speci�c features of the compact space X6, which in
particular needs to be a Calabi-Yau (CY) manifold.

After that we introduce a new symmetry operation (orientifold involution), specifying
why we need it and deriving the massless spectrum of a theory which is invariant
under this symmetry.

We conclude the chapter by listing a few phenomenological reasons that led to the
choice of type IIB string theory with respect to the other possible frameworks.

10In this case we extend our analysis also to models that are not suitable for D3 uplift, but can, at least

in principle, support other uplift mechanisms, already proposed in the literature.
11There exist, as we will see, �ve possible 10d superstring theories, which are called type I, type IIA,

type IIB, heterotic SO(32) and heterotic E8 × E8.
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CHAPTER 1. INTRODUCTION

� Chapter 3 is devoted to the theme of moduli stabilization. For the purpose of sta-
bilization of the complex structure moduli we introduce background �uxes and their
main features. In particular their presence imposes the de�nition of a new metric
ansatz, that is the warped metric (we also describe the standard choice for the new
metric, which is the warped deformed conifold). The �uxes determine a scalar po-
tential for the complex structure moduli which can therefore be stabilized to the
minimum of this scalar potential. In the description of complex structure moduli
stabilization, we take into consideration two complementary limits, the dilute �ux

regime and the strongly warped regime, highlighting the di�erences between the two
cases. This distinction will turn out to be important after the introduction of the
D3 uplift mechanism.

As concerns the Kähler moduli stabilization, we describe both the KKLT and the
LVS mechanisms, summarizing the main di�erences between the two approaches and
explaining why we chose to work within the second scenario.

� In Chapter 4 we introduce the main topic of the thesis, that is the presence of de
Sitter vacua in type IIB string theory. After a brief reference to the Swampland
program (and in particular to those conjectures that are speci�cally related to dS
minima), we present the mechanism based on the introduction of an D3-brane at
the tip of a highly warped throat. We explain how this set-up can be described in a
fully supersymmetric way, by means of the introduction of a new �eld, the Nilpotent
Goldstino and we apply this mechanism to the Large Volume Scenario. This is a
local con�guration which, following the bottom-up approach mentioned above, must
be embedded in a consistent global compacti�cation: we brie�y list the main steps
that allow to do this.

Finally, we introduce the new challenge to this mechanism, as well as other recent
issues related to D3-tadpoles and we mention other uplifting proposals that have
been developed over the years.

� In the last chapter of the �rst part, Chapter 5, we cover a series of additional relevant
topics that one needs to know in order to properly construct and analyze a model in
the frame of type IIB compacti�cations.

We describe how we set the geometric background, focusing on the class of compact
geometries that we take into consideration in the present thesis (CY manifolds con-
structed as hypersurfaces in toric ambient spaces). We concentrate, in particular, on
those geometrical tools that are relevant for the analyses of the second part of the
thesis, such as the topology of toric divisors and di�erent orientifold planes con�g-
urations. We also introduce the so-called Kähler cone conditions, which need to be
imposed in order to have a positive de�nite metric.

After that, we illustrate di�erent D7-brane con�gurations that are important for the
topic of tadpole cancellation conditions and we give some additional detail regarding
the presence of non-perturbative e�ects (which are needed both for KKLT and LVS
moduli stabilization).

11



CHAPTER 1. INTRODUCTION

Finally, we notice that it might happen that the KKLT/LVS scalar potential does not
explicitly depend on all the Kähler moduli, therefore leaving some of them unstabi-
lized. These remaining �at directions of the scalar potential can develop a minimum
due to sub-leading corrections: we delineate the main ones in the conclusive part of
the chapter, specifying their origin.

The second part of the thesis is dedicated to the original results of my research work.

� Chapter 6 presents the results reported in [18], where we consider a concrete type
IIB CY compacti�cation, with 2 Kähler moduli stabilized on a dS minimum in the
frame of LVS. This is the simplest possible LVS construction (as this scenario can
not be applied to geometries with a single Kähler modulus). The dS minimum is
obtained by introducing an D3-brane at the tip of a warped throat of Klebanov-
Strassler (KS) type. Before analyzing the selected explicit example, we provide a
more generic study of this class of models, with a speci�c focus on the constraints
that one needs to impose in order to obtain a consistent result (that is a model in
which all the approximations are under control), among which the bounds on the D3-
charge assume a particular relevance. It turns out that �nding an explicit consistent
model is not easy, as many of these constraints are in tension one with the other.
Moreover, as anticipated, the strongest obstructions appear to be related to the need
to cancel the total D3-charge in a setup which is, at the same time, suitable for D3

uplift to dS. Nonetheless, we manage to obtain a model in which all the requirements
are satis�ed, already in the very simple construction that we take into consideration.
We also stress that the possibility to cancel the D3-tadpole, despite the presence of
a large positive contribution coming from the �uxes, is due to the introduction of a
speci�c brane con�guration, called Whitney brane, which allows for large negative
D3-charges.

� Chapter 7 is partially motivated by the results of the previous one and it is based on
[19]. The two main results of Ch. 6 are indeed that the strongest obstruction to the
construction of consistent models is due to the di�culty in having large negative D3-
charges and that, nevertheless, such large contributions can be obtained by means of
a Whitney brane. It is therefore reasonable to ask which is the largest (in absolute
value) D3-charge contribution one can get from O-planes and D-branes, as well as to
verify in a more quantitative way the claim that Whitney branes should be preferred
with respect to other con�gurations, in order to obtain such large values. In fact
these are two of the main topics covered by [19].

In order to do so, we exhibit a systematic classi�cation of CY orientifolds (hyper-
surfaces in toric ambient spaces) from holomorphic re�ection involutions with up
to 12 Kähler moduli. For each model (geometry plus involution), we analyze the
orientifold-plane con�guration and the corresponding D3-charge. Moreover, we take
into consideration di�erent possible brane con�gurations, showing how the above-
mentioned Whitney brane generically allows to signi�cantly increase the total nega-
tive D3-charge contribution with respect to more commonly used setups. We derive

12



CHAPTER 1. INTRODUCTION

an upper bound for the total (negative) D3-charge contribution, which is larger than
any bound reported in the literature before. All these data have been collected in a
publicly available database.

� Finally, Chapter 8 is again an extension of the work performed in Ch. 6, this time
along the path of the construction of concrete models, and it is based on [20]. Having
only two Kähler moduli, the CY orientifold presented in Ch. 6, does not allow for the
introduction of any other features, which we expect to be present in a realistic model.
In Ch. 8, therefore, we present a new explicit model which, besides having all the
moduli stabilized in a dS minimum, is de�ned on a compact manifold which is a K3
�bration, a feature that makes it more interesting from the phenomenological point
of view. The introduction of this additional characteristic presents new challenges,
at least for models with a few Kähler moduli as the ones we take into consideration
in order to have a better control on our analysis. We describe these, before analyzing
the selected example.

The thesis is accompanied by four appendices:

� In App. A, we recall the relation between the so-called String and Einstein frames,
the latter being the one used along the thesis. Moreover, we list the relevant energy
scales of string theory, highlighting the relations between them and their dependence
on other parameters, such as the volume of the compact space and the string coupling.

� App. B contains a short introduction to cohomology and homology groups, which
are extensively used along the thesis.

� In App. C, we perform the computation of the masses of the moduli through the
canonical normalization of their Lagrangian. Moreover we prove that the values of
the masses can be equivalently calculated as the eigenvalues of the matrixKIL̄VL̄J |min

(where KIL̄ is the inverse Kähler metric, which is introduced in Ch. 6, and VL̄J is
the Hessian of the scalar potential for the moduli).

� Finally, in App. D we derive the scalar potential for a generic number of Kähler
moduli and the complex structure modulus parametrizing the warped throat. We
also show an application of this formula to a simple con�guration with more than
two Kähler moduli, including some consideration regarding the expected D3-charge
for this more generic setup.
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Chapter 2

Type IIB compacti�cation on a

Calabi-Yau three-fold

The aim of this chapter is to give a review, short but as much self-contained as possible,
of type IIB string theory compacti�ed on a Calabi-Yau threefold, both with and without
the presence of an orientifold involution. It is organized as follows. In Sec. 2.1 we brie�y
introduce the ten-dimensional type IIB string theory. In Sec. 2.2, we explain how the
10d manifold can be connected to the observed 4-dimensional space-time; we also present
the massless spectrum of the four-dimensional e�ective �eld theory. In Sec. 2.3 we add a
symmetry operation to the set up, explaining why it is needed, and we describe how the
massless spectrum changes in the orientifolded theory. Finally, in Sec. 2.4 we summarize
the main reasons that make type IIB string theory an interesting and promising framework.
Most of the notions presented here are based on [21]. For general reviews, see also [22, 23, 5].

2.1 Type IIB supergravity in 10d

The earliest version of string theory included only bosonic particles. It was later modi-
�ed, via the introduction of supersymmetry (SUSY), in order to include also space-time
fermions, leading to the so-called superstring theories.

In a superstring theory, one distinguishes between periodic and antiperiodic worldsheet
fermions, under transport around the closed string worldsheet. The periodic fermions are
said to be in the Ramond (R) sector, while the anti-periodic ones are in the so-called
Neveu-Schwarz (NS) sector. Since worldsheet fermions are separated into left- and right-
moving modes and the choice of their periodicity can be made separately for the two kinds
of fermions, one ends up with four possible sectors, that is with four di�erent kinds of
closed superstring: NS-NS, R-R, R-NS and NS-R. In the 10-dimensional (10d) low energy
e�ective theory, the so-called supergravity theory (SUGRA)1, whose action describes the
interactions of the massless states of the superstring, the di�erent sectors give rise to
di�erent kinds of �elds: bosonic �elds come from string states in the NS-NS and R-R
sectors, while space-time fermions arise from R-NS and NS-R sectors. From now on, we

1Supergravity is the theory of local supersymmetry [24].
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Compacti�cation on a six-dimensional manifold

will consider only the bosonic �elds. Indeed, the couplings of their fermionic partners will
be automatically �xed by supersymmetry.

There are �ve possible 10d superstring theories (I, IIA, IIB, heterotic SO(32) and
heterotic E8×E8), interconnected by several dualities and corresponding to di�erent weakly
coupled limits of an underlying theory of quantum gravity. In this work we will focus only
on type IIB superstring theory. A brief motivation of this choice will be given at the end
of this chapter.

In type IIB supergravity, the NS-NS sector contains the dilaton φ, a 2-form2B2 and
the metric GMN . On the other side, the R-R sector contains a scalar C0, called axion, a
2-form C2 and a 4-form C4.

The bosonic e�ective action is given by [5, 21]:

S
(10d)
IIB =SNS + SR + SCS =

1

2κ2
10

∫ (
R ∗ I− 1

2
dφ ∧ ∗dφ− 1

2
e−φH3 ∧ ∗H3

)
− 1

4κ2
10

∫ (
e2φF1 ∧ ∗F1 + eφF̃3 ∧ ∗F̃3 +

1

2
F̃5 ∧ ∗F̃5

)
− 1

4κ2
10

∫
C4 ∧H3 ∧ F3 ,

(2.1)

where κ10 is the 10d gravitational coupling, de�ned as 2κ2
10 = (2π)7α′4 in terms of the

string constant α′ (see also App. A); R is the Ricci scalar; ∗ denotes the Hodge-∗ operator
(∗I ≡ d10X

√
−G is the 10-dimensional measure); Fp+1 = dCp and H3 = dB2 are the �eld

strengths for Cp and B2 respectively and

F̃3 = F3 − C0 ∧H3

F̃5 = F5 −
1

2
H3 ∧ C2 +

1

2
B2 ∧ F3

(2.2)

with F̃5 satisfying the self-duality condition F̃5 = ∗F̃5. The �rst two terms in (2.1) regroup
�elds in the NS-NS and R-R sector respectively, while SCS , the Chern-Simons action,
contains both.

The above action is written in 10d Einstein frame3, which is obtained by a rede�nition
of the metric tensor via a Weyl transformation as:

GMN,E = e
φ−φ0

2 GMN,s (2.3)

where φ0 is the vacuum expectation value (VEV) of the dilaton �eld and GMN,s is the
string frame metric. In the following, we will consider φ0 = 0 for simplicity. With our
choice, as we can see from Eq. (2.1), the action for the metric is decoupled from that of
the dilaton and both the �elds appear with canonical kinetic terms.

2.2 Compacti�cation on a six-dimensional manifold

From a phenomenological point of view, we are only interested in those solutions of the
equations of motion that are built on a space-time that can be factorized into an extended

2A di�erential p-form is a tensor of type [0, p] with completely antisymmetric components.
3See also Appendix A.
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Compacti�cation on a six-dimensional manifold

4d space-time (the one we observe) times a compact 6-dimensional manifold, whose length
scale is small enough to justify the fact that we do not observe it:

M10 =M4 ×X6 .

A solution of this kind is called a compacti�cation of string theory on X6.
A standard choice for the metric of the compacti�ed 10-dimensional background is the

block diagonal one

ds2 = GMN dX
MdXN = gµν dx

µdxν + gī dy
idȳ̄ , (2.4)

where gµν is the Minkowski metric and gī is the metric of the compact 6-dimensional
manifold X6 (with yi, ȳ̄ complex coordinates on it)4.

As we will see in the following, even though we do not directly observe the compact
space, its geometry has a crucial role in determining the �eld content of the 4-dimensional
e�ective theory. In order to derive such theory we need to perform the so-called dimensional
reduction, which is presented in the next section.

2.2.1 Dimensional reduction

In order to understand how dimensional reduction works and which are its e�ects on the
four-dimensional theory, let us brie�y review the simple example, analyzed in [23], of a
10-dimensional geometry with only one `breathing mode', eu(x):

ds2 = GMN dX
MdXN = e−6u(x)gµν dx

µdxν + e2u(x)ĝmn dy
mdyn .

The breathing mode parametrizes the change in size of the internal 6-dimensional space,
as a function of the 4-dimensional coordinates xµ; ĝmn is a reference metric with �xed
volume5

∫
X6
d6y
√
ĝ6 ≡ V.

For simplicity we consider only the 10d Einstein-Hilbert (EH) term of the action (2.1),
in string frame:

S
(10d)
EH =

1

2κ2
10

∫
d10X

√
−Ge−2φR10 ,

where R10 is the 10d Ricci scalar. The purpose of dimensional reduction is to deduce from
this action the corresponding 4-dimensional one. In order to do so, we need to distinguish,
in particular, the di�erent contributions coming from the 4d metric gµν (from which we
construct the Ricci scalar R4) and the 6d metric ĝmn (with the Ricci scalar R6).

Since GMN is block-diagonal, one can write:

R10 ≡ GMNRMN = g′µνRµν + ĝ′mnRmn = R′4 +R′6

d10X
√
−G = d4x

√
−g′4 d

6y
√
g′6

(2.5)

4Notation: the capital letters M,N = 0, ..., 9 are used in the 10-dimensional metric; the lower case

letters m,n = 1, ..., 6 in the 6-dimensional metric expressed in terms of real coordinates; the lower case

letters i, ̄ = 1, ..., 3 in the 6-dimensional metric expressed in terms of complex coordinates and the Greek

letters µ, ν = 0, ..., 3 in the 4-dimensional one. The choice of a complex manifold X6 is dictated by

supersymmetry, as we will see later.
5ĝ6 = det(ĝmn).
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Compacti�cation on a six-dimensional manifold

where g′µν is the inverse of the metric g′µν ≡ e−6u(x)gµν , g′4 is its determinant and R′4 is
the corresponding 4-dimensional Ricci scalar (similar de�nitions are introduced for g′mn,
with g′mn ≡ e2u(x)ĝmn, and the corresponding g′6 and R′6).

Being interested in the action in terms of R4, R6 instead of R′4, R
′
6, we can use the fact

that when two d-dimensional metrics are related by a Weyl transformation

g′MN = e2ω(x)gMN ,

as it is the case for both gµν , g′µν (d = 4) and gmn, g′mn (d = 6), then their determinants
are related by

√
−g′d =

√
−gd eω(x)d, from which we can also derive the relation between

the corresponding Ricci scalars and Laplacians [23].
By putting all this information together, we get the following action:

S
(10d)
EH =

1

2κ2
10

∫
d4x
√
−g4

∫
X6

d6y
√
ĝ6 e
−2φ

(
R4 + e−8uR6 + 12 ∂µu∂

µu
)

(2.6)

from which, assuming that the string coupling gs ≡ eφ is constant over the internal space,
we can read the 4-dimensional EH action:

S
(4d)
EH =

1

2κ2
4

∫
d4x
√
−gR4 .

Here, κ2
4 =
√

8πGN is the 4d gravitational coupling, which turns out to be related to the
10d one by:

1

2κ2
4

=
Vs

2κ2
10 g

2
s

=
m2
p

2
. (2.7)

It should be noted (see Eq. (2.6)) that the breathing mode appears now as the kinetic
term for a 4d scalar �eld 12 ∂µu ∂

µu. This is an example of how a geometric deformation
of the compact manifold appears as a massless scalar in the 4d theory. These scalars are
called moduli and they are ubiquitous in string compacti�cations.

2.2.2 Calabi-Yau manifolds

In general, it is convenient to consider compacti�cations that leave some supersymmetry
unbroken. Indeed, they are more stable, simpler to study and more promising for model
building (see [22, 6, 25] for a review).

A local supersymmetry transformation can be described in terms of the 10d in�nitesimal
supersymmetry parameter ηα(XM ), which depends on the space-time coordinates XM and
is in the 16 spinorial representation of SO(1, 9). Under SO(1, 9) → SO(1, 3) × SO(6), it
decomposes as 16 → (2,4) ⊕ (2′, 4̄), where 2,2′ (one being the complex conjugate of
the other) denote the positive- and negative-chirality spinorial representations of SO(1, 3);
similarly, 4 and 4̄ are the spinorial representations of SO(6), which is isomorphic to SU(4).

The condition for having some unbroken supersymmetry is that it is possible to choose
ηα(XM ) such that the variations of the elementary 10d fermionic �elds under the corre-
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sponding supersymmetry transformation, vanish6:

δψM = 0 ; (2.9a)

δλ = 0 ; (2.9b)

δχa = 0 . (2.9c)

Here ψM is the gravitino, λ is the spin one-half `dilatino' and the χa's are the gluinos.
In this section we work under the simplifying assumption that we are in a vacuum state
where there are no �uxes and the dilaton �eld is constant:

H3 = 0; φ = const . (2.10)

Moreover, we focus exclusively on the vanishing of the variation of the gravitino �eld
(2.9a), which allows to determine the properties of the compact manifold X6

7. Under
the assumption (2.10), the condition (2.9a) reads δψM ≡ ∇Mη = 0 (∇M is the covariant
derivative de�ned on the 10d manifold), which implies that there must exist a well-de�ned
and no-where vanishing 6d spinor �eld η de�ned on X6, satisfying:

∇mη(ym) = 0 . (2.11)

Eq. (2.11) says that if one parallel transports η around a loop in X6, it does not get rotated.
A spinor of this kind is called a Killing spinor.

The requirement of having a Killing spinor can be equivalently expressed in terms of
the holonomy group8 Hol(X6) of X6. The holonomy group of a manifold which admits
the existence of a spinor η satisfying (2.11), indeed, consists of the subset of matrices U
of SO(6) that keep η invariant: Uη = η. In other words, if we assume η to have positive
chirality, and therefore to belong to the 4 spinorial representation of SO(6), Hol(X6) is the
proper subgroup of SO(6) such that the 4 is decomposed as 1⊕ ... under representations
of the holonomy group itself.

The number of singlets in this decomposition gives the number of supersymmetries in
4d. In particular, an SU(3) holonomy corresponds to a string compacti�cation with N = 1

supersymmetry, as 4→ 1⊕ 3.

6To be more precise, we have an unbroken supersymmetry if we can choose η such that the conserved

supercharge Q associated to it annihilates the vacuum state |Ω〉, that is if

〈Ω|{Q,U}|Ω〉 = 0 , (2.8)

for any (fermionic and bosonic) operator U . This condition is automatically satis�ed for any bosonic �eld

(for which {Q,U} is a fermionic operator, hence its VEV is forced to vanish by the 4d Lorenz symmetry).

If instead U is a fermionic operator, the condition (2.8) is equivalent, in the classical limit, to asking that

the variation δU of the elementary fermionic �elds under the supersymmetry transformation generated by

Q, vanishes.
7The requirement (2.9b) turns out to be automatically satis�ed under our simplifying assumption (2.10),

while (2.9c) does not impose additional requirements on the compact space X6.
8The holonomy group is the set of rotations experienced by the spinor for all possible closed loops in

X6. For a generic 6d manifold, the holonomy group is SO(6).
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How can we determine whether a manifold satis�es the above requirement, without
explicitly computing its metric?

The answer to this question is given by the Calabi's conjecture, proven by Yau, which
states that an N -dimensional complex Kähler manifold with vanishing �rst Chern class
admits an SU(N) holonomy metric, therefore providing a way to recognize manifolds
that are suitable for compacti�cations preserving SUSY. A manifold of this kind is called
Calabi-Yau (CY) manifold and, consequently, a compacti�cation on it is called a CY
compacti�cation.

Let us analyze the de�nition in more detail [5]. A Kähler manifold is a complex manifold
with a Hermitean metric (gij = gı̄̄ = 0) such that its Kähler form

J = igī dz
i ∧ dz̄ ̄ (2.12)

is closed: dJ = 0 (z, z̄ are the complex coordinates de�ned on the manifold). The holonomy
group of a Kähler manifold is U(N) ' U(1) × SU(N), but it can be further reduced to
the desired SU(N) by imposing also Ricci-�atness. According to the CY theorem this
is equivalent to requiring a vanishing �rst Chern class. Finally, the metric of a Kähler
manifold can be locally expressed in terms of the so-called Kähler potential K(z, z̄), as:

Kī =
∂

∂zi
∂

∂z̄ ̄
K(z, z̄) . (2.13)

A CY threefold has a nowhere vanishing holomorphic (3,0)-form

Ω3,0 = Ωijk dz
i ∧ dzj ∧ dzk , (2.14)

which is covariantly constant in the Ricci-�at metric: ∂̄Ω3,0 = 0.
The choice of the complex structure and of the Kähler form de�nes the metric of the

CY uniquely. The metric moduli can then be de�ned by considering deformations of J
(said Kähler moduli) and Ω (complex structure moduli). The Kähler form is closed but
not exact, hence it is cohomologically non-trivial9 and it can be expanded in a basis of the
cohomology group H1,1(X6), consisting of the harmonic (1, 1)-forms {ωa}a=1,...,h1,1

10:

J = ta(x)ωa . (2.15)

The h1,1 real parameters ta(x) are known as Kähler moduli and they parametrize the size
of the internal 2-cycles of the CY. Notice that the `breathing mode' of the example in the
previous section is one of the Kähler moduli of the CY.

Similarly, deformations of the complex structure are de�ned by a 3-form δΩ in the
cohomology group H1,2(X6); this can be expanded in a basis {χA}A=1,...,h1,2 of H1,2(X6),
leading to the de�nition of h1,2 complex parameters ZA(x), called complex structure mod-
uli, controlling the size of 3-cycles in the internal space. These correspond to the metric
deformations δgij , according to the relation:

δgij =
i

||Ω||2
ZA(x) (χA)īk̄ Ω̄k̄

j (2.16)

9See App. B for a short review of cohomology and homology groups.
10Ap is a harmonic p - form if it is such that dAp = d(∗Ap) = 0, where d is the exterior derivative de�ned

in App. B and ∗ is the Hodge-∗ operator.
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where ||Ω||2 = 1
3!ΩijkΩ̄

ijk.
The metric moduli of a CY are then h1,1 Kähler moduli (real) and h1,2 complex struc-

ture moduli (complex). Moreover, one can see that the only non-trivial Hodge numbers of
a CY three-fold are11 h1,1 and h1,2. It is also useful to introduce the Euler number of the
CY that is:

χ(X6) ≡
3∑

i,j=0

(−1)i+jhi,j = 2(h1,1 − h1,2) . (2.17)

2.2.3 Moduli for type IIB compacti�cation on a CY

In this section we present the low energy 4d spectrum of type IIB string theory compacti�ed
on a CY.

As mentioned before, any string compacti�cation produces massless scalars called mod-
uli, corresponding to deformations of the internal manifold. In particular, any compacti�-
cation on a CY three-fold contains the h1,1 Kähler and the h1,2 complex structure moduli
introduced in the previous section. These are not the only 4d �elds arising from compact-
i�cation: other ones appear after expanding in terms of harmonic forms all the 10d �elds
included in the e�ective action (2.1):

B2 = B2(x) + ba(x)ωa, C2 = C2(x) + ca(x)ωa; a = 1, ..., h1,1

C4 = Da
2 ∧ ωa + V A(x) ∧ αA − UA(x) ∧ βA + θa(x)ω̃a; A = 0, ..., h1,2 .

(2.18)

Here, the dependence on the space-time coordinates is highlighted in the 4d �elds in order
to distinguish them from the 10d ones. In the above expansions, (αA, β

A) form a basis of
harmonic 3-forms for H3(X6), while {ω̃a}a=1,...,h1,1 is a basis of H2,2(X6). Notice that the
self-duality condition of F̃5 eliminates half of the degrees of freedom in C4. With a proper
choice of basis (see [21]), one can leave the scalars θa and the 1-forms V A. Finally, the
dilaton and the axion give rise to two more scalars in the 4d theory: φ,C0.

All these �elds can be grouped into multiplets of the 4d N = 2 supersymmetry.

2.3 Calabi-Yau orientifolds

Compacti�cations with N = 2 supersymmetry do not allow for fermions in chiral represen-
tations of gauge groups, therefore they can not lead to realistic models. However, N = 2

supersymmetry can be broken to the more promising N = 1 by appropriately introducing
branes and/or orientifold planes.

The D-branes wrap submanifolds of the space time on which an open string can end.
A Dp-brane, in particular, is an object with p space dimensions, charged under Cp+1 via
the electric coupling:

SCS = Tp

∫
Σp+1

Cp+1 (2.19)

with Tp = (2π)−p(α′)−
p+1

2 . In type IIB string theory, only branes with p odd appear.

11For the other Hodge numbers we have: h0,0 = h0,3 = 1, while h0,1 = h0,2 = 0. All the other values

can be derived from these, using the symmetries (B.5) and (B.6).

21



Calabi-Yau orientifolds

The orientifold planes (O-planes) are non-dynamical extended objects placed at the
�xed point loci of an involution of the spacetime. As for the Dp-branes, an Op-plane has
p space dimensions. The main reason why we are interested in them is that since X6 is
a compact space, the sum of all the charges de�ned inside it must vanish. Therefore, any
theory containing D-branes must also include sources with negative charge: the O-planes
are the best understood sources of this kind.

Let us focus on the extra-dimensions, that live on a (compact) CY three-fold X6.
Depending on the transformation properties of the holomorphic (3, 0)-form Ω, two di�erent
symmetry operations are possible:

O(1) = (−1)FLΩws σ
∗; σ∗Ω = −Ω

O(2) = Ωws σ
∗; σ∗Ω = Ω .

(2.20)

Here, FL is the space-time fermion number in the left-moving sector, while Ωws reverses the
worldsheet orientation, by exchanging left- and right- moving modes. σ is the geometric
involution (σ2 = 1) that can act non-trivially on Ω (as speci�ed in the equation), leaving
the metric and complex structure (and hence J) invariant; its action on forms (pull-back)
is indicated with σ∗. In this work we will only consider the involution O(1) (therefore
dropping the subscript from now on).

What kind of O-planes are allowed by type IIB string theory with the selected involu-
tion?

� Since σ is an internal symmetry, all the allowed Op-planes need to be space-time
�lling (p ≥ 3).

� Being a holomorphic involution, σ only allows for even-dimensional (including the
time direction) orientifold planes (p = 2n+ 1; n = 1, ..., 4).

� Since it is always possible to choose locally Ω ∝ dz1∧dz2∧dz3, our choice σ∗Ω = −Ω

implies that either one or three complex coordinates are inverted by σ.

We can therefore conclude that the only orientifold planes allowed in type IIB string theory
orientifolded by O are O3- and O7-planes.

Our purpose is to `orientifold' the theory, which means that we will mod it out by O.
In order to understand how this a�ects the massless spectrum of the theory, we should
�rst notice that the holomorphic involution σ splits each cohomology group H(p,q) into two
eigenspaces under its action:

H(p,q) = H
(p,q)
+ ⊕H(p,q)

−

where H(p,q)
+ contains all the (p, q)-forms that are even under σ∗, while H(p,q)

− is the odd
eigenspace of σ∗. From the properties of σ∗ one can deduce the following rules for the
corresponding Hodge numbers [21]:

h1,1
± = h2,2

± ; h2,1
± = h1,2

± ; h3,0
+ = h0,3

+ = 0; h3,0
− = h0,3

− = 1;

h0,0
+ = h3,3

+ = 1; h0,0
− = h3,3

− = 0 . (2.21)

Moreover, the projection O acts on the �elds according to the following rules:
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Calabi-Yau orientifolds

1. (−1)FL only acts on the RR sector, changing the sign to C0, C2 and C4

2. Ωws only acts on B2, C0 and C4, changing their sign.

3. The action of σ∗ is deduced from the previous rules, imposing that each �eld is
invariant under the whole projection O. In particular, it turns out that it acts non-
trivially only on B2 and C2. Moreover we recall that σ∗ is such that:

σ∗J = J ; σ∗Ω = −Ω . (2.22)

With all this information it is now straightforward to derive the massless spectrum of
the orientifolded theory, by restricting the expansions (2.15), (2.16), (2.18) to the terms
that are invariant under σ∗. As an example, the expansion of the Kähler form J can now
contain only even modes under σ, therefore becoming

J = ti(x)ωi; i = 1, ... , h1,1
+

(where {ωi}i=1,...,h1,1
+

is a basis for H1,1
+ ), while only the h1,2

− odd modes will be kept in the
expansion for Ω.

In conclusion the 4d massless spectrum of the orientifolded theory is given by the
following �elds12, appropriately combined in order to have proper Kähler coordinates on
the moduli space:

� The dilaton φ and the axion C0, combined in the axio-dilaton

S = e−φ − iC0 . (2.23)

� h1,1
+ complex scalars Ti(x), called Kähler moduli, obtained by reorganizing the h1,1

+

scalars ti(x), coming from the Kähler form J , and the h1,1
+ θi, coming from the RR

C4:

Ti =
3

4
τi +

3i

2
θi −

3

4(S + S̄)
kiJKG

J(G− Ḡ)K , (2.24)

where GI = cI − iSbI (I = 1, ..., h1,1
− ) is a combination of bI(x) and cI(x), the 2h1,1

−
complex scalars coming from B2 and C2. Furthermore, the τi = 1

2kijk t
j(x) tk(x)

are the volumes of the 4-cycles corresponding to the 2-cycle moduli ti and kijk =∫
Y ωi ∧ ωj ∧ ωk are the intersection numbers of the CY manifold.

� h1,2
− complex structure moduli Zα(x).

� h1,2
+ massless vectors V κ(x), coming from C4.

The theory also contains moduli coming from the open string sector. With a few exceptions
(see Sec. 4.5), in this work we will not take them into consideration. In the following, we
will consider only cases with h1,1

− = 0, therefore the complex scalars GI will not be included
in the analysis and Eq. (2.24), will simply read (after having re-absorbed the constant terms
in τi and θi): Ti = τi + iθi.

12They reside in chiral multiplets of the N = 1 supersymmetry.
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The Kähler potential for the CY manifold in terms of the moduli reads13:

κ2
4K = Kcs(Z, Z̄) +KK(S, S̄, T, T̄ ) (2.25)

with

Kcs = − ln

[
−i
∫

Ω(Z) ∧ Ω̄(Z̄)

]
; KK = − ln [S + S̄]− 2 ln

[
V(T, T̄ )

]
. (2.26)

Here V is the volume of the compact space (in Einstein frame and in units of the string
length ls = 2π

√
α′), de�ned as:

V =

∫
X6

J ∧ J ∧ J =
1

3!
kijk t

i(x)tj(x)tk(x) . (2.27)

Due to the form (2.25), the metric of the moduli space is block diagonal and corre-
spondingly the moduli space has the form

M =Mh1,2
−
cs ×M

h1,1
+ +1

K , (2.28)

where each factor is a Kähler manifold.

2.4 Why IIB?

In this section we summarize the main reasons that make type IIB string theory particularly
promising from a phenomenological point of view and that, therefore, led to the choice of
this framework for the present research work. Most of the topics mentioned here will be
developed in more detail in the next chapters.

� Moduli stabilization: As explained before, string compacti�cations produce a lot
of moduli. Since they are not observed in experiments, one needs to add further
ingredients to the compacti�cation, in order to give them large enough masses. This
is, in general, a di�cult task. In type IIB string theory, nevertheless, there are several
well-known and well-studied mechanisms that, at least in principle, allow to stabilize
all the moduli with large masses. In particular, as we will see in the next chapter, the
dilaton and all the complex structure moduli can be stabilized at leading order by
turning on worldvolume �uxes [10, 9], while sub-leading corrections allow to stabilize
the Kähler moduli [11, 12].

� Calabi-Yau manifold: The �uxes that we turn on in order to stabilize the complex
structure moduli and the dilaton, have a non-vanishing back-reaction on the geometry
of the compact space, so that in general the new manifold is not a CY anymore.
While, e.g., in type IIA string theory, even a small amount of �uxes usually a�ects
dramatically the geometry, the back-reaction of the �uxes on type IIB is less severe.

13Along this work we will explicitly write the dependence on the gravitational coupling κ4 (or equivalently

the reduced Planck mass mp = κ−1
4 ) whenever it is useful to understand the dimensions of a given quantity

([mass]2 for the Kähler potential), e.g. when we introduce a new element. We will omit it elsewhere.
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In particular, for a large class of models in this framework, the new metric will only
di�er from the original one by a factor, keeping the same topology of the original one
(conformal CY) [9].

� Phenomenology: Type IIB string models appear to be particularly promising from
the point of view of string phenomenology and model building. First of all, due to the
presence of the quantized �uxes (that stabilize the complex structure moduli and the
dilaton), the theory has a high degree of discrete tunability of physical parameters,
so that, at least in principle, they can be set to be of the order of the measured
ones. Moreover, constructions of this type allow for a rich set of explicit D-brane
con�gurations, useful for model building (see e.g. [26, 27, 28, 29, 30]) and naturally
admit D3 and anti-D3 branes, which are necessary to develop promising models for
in�ation and present-day cosmic acceleration [11, 31]. Finally, they naturally contain
strongly warped throats of Klebanov-Strassler type, that allow to generate large scale
hierarchies [9].
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Chapter 3

Moduli Stabilization

As mentioned in the previous chapter, a realistic string model cannot admit as many
massless �elds as the moduli, given that we do not observe them in experiments. We need
therefore to add new ingredients and to �nd a mechanism such that in the new theory
they all have a non-vanishing mass, which is large enough to justify the fact that we did
not detect them. The procedure of giving a mass to the moduli, hence �xing them at a
stable minimum of their scalar potential, is called moduli stabilization. In this chapter we
will face the problem of stabilizing all the (hundreds of) moduli arising in type IIB string
compacti�cations.

In general, after supersymmetry is broken, there should be nothing that protects the
scalars to become massive, therefore one would expect quantum corrections to easily sta-
bilize all of them. The issues come in the form of the so-called Dine-Seiberg problem
[32], that can be summarized as follows: a stable minimum for the scalar potential of the
moduli, can only be obtained via the competition of (perturbative and non perturbative)
corrections at di�erent orders of approximation. This means that at least some of the
higher order corrections have a magnitude comparable with the �rst order ones, hence we
are not in the weakly coupled regime and all higher order corrections might be relevant.
This is usually encapsulated by the statement that �when corrections can be computed,
they are not important, and when they are important, they cannot be computed� [33].

As we will see in the next section, �ux compacti�cation in type IIB string theory
provides a natural way out for this problem, given that it includes a large number of
parameters, such as the integer �uxes, which are not associated with the continuous VEV
of any �eld and therefore can be tuned in order to get weakly coupled solutions. This
possibility was already considered in the original paper [32].

Moreover, it should be noted that, as in any e�ective �eld theory, even if we don't have
full computational control we can still trust the results of a computation as long as the
couplings are small enough. In particular if we assume at the beginning that the two string
expansion parameters are small and obtain weak couplings at the end of the computation,
we will then be able to trust the approximation [18].

The starting point for moduli stabilization in string theory is given by the fact that in
N = 1 supergravity, knowing the Kähler potential K and the superpotential W (which we
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will introduce in the next section) determines the scalar potential for the moduli1:

V = e
K

m2
p

(
KIJ̄DIWDJW − 3

|W |2

m2
p

)
(3.1)

where KĪJ ≡ ∂Ī∂JK is the Kähler metric (KIJ̄ is its inverse, transposed) and DIW =

∂IW + (∂IK)W is the Kähler covariant derivative of the superpotential. It should be
noticed that the potential (3.1) only includes the so-called F-term. In addition to this,
one should also consider the D-term2 potential, generated by charged matter �elds. With
a few exceptions (see e.g. Sec. 4.5) we will not consider the presence of such �elds. The
purpose of the next sections is to explicitly compute the above scalar potential for certain
situations and to �nd a minimum for all the corresponding moduli.

3.1 Complex structure moduli stabilization

In this section we review �ux compacti�cation in type IIB string theory, which leads to the
stabilization of all the complex structure moduli and the dilaton. This was �rst studied
by S. B. Giddings, S. Kachru and J. Polchinski (GKP) in [9], where they also highlighted
the relationship between �ux compacti�cations and large hierarchies of physical scales.

First of all, in Sec. 3.1.1 we introduce the background �uxes and their main features,
starting from the need of a new metric ansatz. In Sec. 3.1.2 we present the moduli stabi-
lization procedure. Finally, in Sec. 3.1.3 we describe in more detail the standard choice for
the new warped metric, that is the warped deformed conifold.

3.1.1 Fluxes

In type IIB string theory, one can turn on non-trivial background RR and NSNS harmonic
three-form �uxes H3 and F3 in the Calabi-Yau. From what was said in Sec. 2.3, it is easy
to see that in the presence of an orientifold involution, both H3 and F3 need to be odd
under the action of σ, given that they are de�ned as H3 = dB2, F3 = dC2 and that the
exterior derivative commutes with σ∗. As a consequence they can be expressed in terms
of elements of H(3)

− (Y ). In particular, it is convenient to combine them into the complex
three-form3

G3 = F3 + iSH3 , (3.2)

where S is the axio-dilaton de�ned in the previous chapter.
The presence of �uxes imposes a modi�cation of the metric ansatz (2.4) to the warped

one [34]:
ds2 = e2A(y)gµν(x)dxµdxν + e−2A(y)g̃ī(y)dyidȳ̄ . (3.3)

1Notation: the capital letters I, J̄ , are used when the indices run over all the moduli; the lower case

letters i, ̄ when they run only over the complex structure moduli and the dilaton; the Greek letters α, β̄

when they run only over the Kähler moduli.
2The terminology comes from supersymmetry.
3Not to be confused with the scalar �elds GI de�ned in Sec. 2.3.
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In particular, we are interested in backgrounds maintaining the four-dimensional Poincaré
symmetry. This implies that G3 has non-vanishing components only along compact direc-
tions, and that the self-dual �ve-form F̃5 can be written in the form [9]:

F̃5 = (1 + ∗)dα(y) ∧ dx0 ∧ dx1 ∧ dx2 ∧ dx3

where α(y) is a scalar function de�ned on the compact space. In (3.3), e2A(y) ≡ h−1/2(y)

[9], where h(y) is the warp factor, which satis�es a Poisson-like equation sourced by 3-form
�uxes and localized objects, like D-branes and O-planes: in regions in which it is large,
points that would be close in the unwarped metric are instead far away one from the other,
therefore it acts as a redshift factor for objects localized in such regions.

The �uxes are discrete degrees of freedom. Indeed, the extension to p-forms of the
Dirac quantization condition [35, 36], establishes that they must be integrally quantized,
that is the integrals of the �uxes over arbitrary closed 3-cycles Σ must be integer:

1

(2π)2α′

∫
Σ
F3 ∈ Z;

1

(2π)2α′

∫
Σ
H3 ∈ Z . (3.4)

Tracing the ten-dimensional Einstein's equations it is possible to derive important
information on the allowed �ux/brane con�gurations. Indeed, one gets [23]

∇2e4A =

[
e8A |G3|2

2 ReS
+ e−4A

(
|∂α|2 + |∂e4A|2

)]
+ 2κ2

10 e
2AJloc , (3.5)

where ∇2 is the Laplacian on X6 and Jloc ≡ 1
4(Tmm − T

µ
µ )loc is the contribution coming

from possible local sources (TMN is the stress-energy tensor). Since∫
X6

∇2e4A = 0

and the terms inside the squared brackets are positive de�nite, one deduces the following:

� In the absence of localized sources (Jloc = 0) the �uxes must vanish (G3 = 0, α =

const and constant warp factor).

� In presence of non-vanishing �uxes (G3 6= 0), one must impose Jloc < 0, which is
obtained by introducing objects with negative charge, such as the orientifold planes.

Another important constraint is the tadpole cancellation condition given by the inte-
grated Bianchi identities for F̃5

1

(2π)4α′2

∫
X6

H3 ∧ F3 +Qloc3 = 0 , (3.6)

according to which the total D3 charge from the supergravity background and the local
sources must vanish.

Combining (3.5) and (the non integrated form of) (3.6), one obtains:

∇2
(
e4A − α

)
=

e8A

24 ReS
|iG3−∗6G3|2 + e−4A|∂(e4A−α)|2 + 2κ2

10 e
2A(Jloc− T3ρ

loc
3 ) (3.7)
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where ∗6 is the 6-dimensional Hodge star operator, ρloc3 is the D3-brane density charge
(Qloc3 =

∫
X6
ρloc3 ) and T3 is the tension associated to the local source of D3 charge4.

As we can see by integrating it, Eq. (3.7) is solved by an imaginary self-dual (ISD)
three-form �ux

∗6 G3 = iG3 , (3.8)

a warp factor e4A(y) = α(y) and local sources satisfying

Jloc = T3 ρ
loc
3 . (3.9)

It should be noted that (3.9) implies that only D3-branes, O3-planes and D7-branes are
allowed in this kind of con�guration.

At tree-level in the four-dimensional low energy theory, non-vanishing �uxes generate
the superpotential, �rst derived by Gukov, Vafa and Witten (GVW) in [37]:

WGVW =

∫
X6

Ω ∧G3 (3.10)

which is such that the F -term equations obtained from it reproduce the ISD condition
(3.8). It is important to notice that WGVW only depends on the dilaton and the complex
structure moduli.

3.1.2 Complex structure moduli stabilization

Let us now study how the presence of 3-form �uxes allows to stabilize all the complex
structure moduli and the dilaton.

First of all, let us compute the SUGRA scalar potential (3.1) for a model described by
the Kähler potential (2.25) and the Gukov-Vafa-Witten superpotential (3.10), generated
by the �uxes. Regarding this, it is crucial to notice that (2.25) depends on all the moduli,
while (3.10) depends only on the dilaton and the complex structure moduli. Moreover, the
Kähler potential is such that5 Kαβ̄∂αK∂βK = 3. This is the so-called no-scale structure
[38, 39], thanks to which the scalar potential simpli�es to

V = eK
(
KīDiW DjW

)
, (3.11)

where we also used the fact that Kᾱ = Kiβ̄ = 0.
The scalar potential (3.11) is positive de�nite and it has a minimum at

DiW = 0 (3.12)

with vanishing vacuum energy. Such minimum is non-supersymmetric due to the fact that
DαW 6= 0 (because ∂αK 6= 0)6. Moreover, the equations (3.12) only involve the complex
structure moduli and the dilaton, therefore solving them means �xing all those moduli. In
particular, (3.11) also tells us that once we �x the moduli at their minimum, the scalar
potential vanishes; the Kähler moduli are then �at directions.

4See the beginning of Sec. 2.3.
5For the notation used for the indices, see footnote 1 of this chapter.
6A minimum is supersymmetric if it solves DIW = 0, ∀I.
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The masses (squared) of the moduli at the minimum of the scalar potential are given
by the eigenvalues of the matrix7 M i

k = Kī∂̄∂kV . In particular for the complex structure
moduli we get [13]:

m2
cs ∼

g4
sN

2m2
p

V2
s

∼ M2
s

Vs
(3.13)

where N ∼ O
(√

χ
24

)
is a measure of the typical number of �ux quanta and the volume is

expressed in the string frame.
It should be noted that, though the above result generically ensures the presence of

a minimum of the scalar potential for the complex structure moduli and the dilaton, the
explicit analysis of such scalar potential and the solution of the equations (3.12) can be
very di�cult, due to the fact that typically we have to deal with CY geometries with a
few Kähler moduli but many (O(100)) complex structure moduli. Nonetheless there is the
possibility that for a subset of all the CY geometries, additional symmetries of the complex
structure moduli space allow to reduce the e�ective number of complex structure moduli,
as was studied, for example in [40, 41, 42].

3.1.3 The conifold and the KS solution

Let us consider the so-called conifold, which is a cone whose base is the coset space T 11 =
SU(2)×SU(2)

U(1) that has the topology of S2 × S3. It is described by the following equation in

C4:
4∑

n=1

z2
n = 0 (3.14)

that is singular at z1 = ... = z4 = 0.
One can place integral and fractional D3-branes on top of the singularity. From a

geometric point of view, a fractional D-brane can be described as a brane wrapped over a
cycle shrunk to zero volume. In particular, in our framework, the fractional D3-branes are
given by D5-branes wrapped on the S2 of the base of the conifold, which, at the singularity,
collapses to zero volume.

By placing N D3-branes and M fractional D3-branes at a conifold point, one ends
up with a theory with gauge group SU(N + M) × SU(N). The supergravity dual of the
theory includes M units of the 3-form �ux and N units of the 5-form �ux:∫

S3

F3 = M ;

∫
T 11

F5 = N .

This theory is not conformal: the relative gauge coupling runs logarithmically at all scales
and we observe a �ow in which the size of the gauge group is repeatedly reduced by M
units (Seiberg duality cascade), as was studied by I.R. Klebanov and M.J. Strassler (KS)
in [34]. If nothing happened to stop this �ow, one would end up with a warped singular
conifold. Nonetheless, it was shown that at a certain point, in the IR, non-perturbative
e�ects become relevant and resolve the singularity [43, 34].

7See also App. C.
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The fact that from the supergravity side the conifold can be replaced by a deformed
conifold is actually an assumption, but it is supported by several arguments. The main
one is that the �eld theory analysis shows that the spacetime geometry is indeed modi�ed
in the IR and the deformed conifold is compatible with the deformed moduli space that
one gets in that frame [34].

A deformed conifold is obtained by blowing-up, to a �nite volume, the S3 of the base
of the cone (while leaving the S2 with zero volume). Its equation in C4 is:

4∑
n=1

z2
n = Σ . (3.15)

The introduction of Σ, which controls the size of the (blown-up) S3, removes the singularity,
as the point {zi}i=1,...,4 = 0 does not belong to the space anymore. On the other side, far
from the (former) singular point Σ is negligible and the metric of the deformed conifold is
well approximated by that of the singular one.

The warped metric of the deformed conifold (KS throat) can be written, in terms of an
appropriate basis of 1-forms on the compact space [44], in the diagonal form:

ds2
6 =

1

2
|Σ|2/3K(y)

[
1

3K3(y)

[
dy2 + (g5)2

]
+ cosh2

(y
2

) [
(g3)2 + (g4)2

]
+ sinh2

(y
2

) [
(g1)2 + (g2)2

]] (3.16)

where all the moduli dependence is in the Σ factor and

K(y) =
(sinh(2y)− 2y)1/3

21/3 sinh y
.

To better understand this metric, it is useful to notice that if we set y = 0, we obtain
the metric of the S3:

dΩ2
3 =

1

2
|Σ|2/3

(
2

3

)1/3 [(g5)2

2
+ (g3)2 + (g4)2

]
where we used that K(0) ≈

(
2
3

)1/3
.

On the other side, given that sinh2
(y

2

)
≈
y→0

y2

4 , we can see that the two shrinking

directions have the metric of an S2 �bred over the S3:

1

8
|Σ|2/3

(
2

3

)1/3

y2
[
(g1)2 + (g2)2

]
−−−→
y→0

0 .

The KS solution describes a non-compact smooth manifold; nonetheless this result can
be extended to the compact context [9] by considering warped manifolds such as (3.3) in
which the local geometry of the warped throat is close to that of the KS throat. To be
clearer, let us consider again the ansatz (3.3) which, after a few simple manipulations, can
be written as [45] (see also [46]):

ds2 =

(
c+

e−4A(y)

V2/3

)−1/2

gµνdx
µdxν +

(
c+

e−4A(y)

V2/3

)1/2

ds2
CY0

. (3.17)
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Notice that, with abuse of notation, we are rede�ning e−4A(y) → c + e−4A(y)

V2/3 . Here, ds2
CY0

is the metric of an unit-volume CY (ds2
CY = V ds2

CY0
) and c is a constant. From this

form, some properties of the metric become more evident: in particular, at large volume
V2/3 � e−4A(y), the metric becomes the standard unwarped one (2.4), while the highly
warped limit, in which the metric of the internal manifold can be approximated by the KS
solution, corresponds to V2/3 � e−4A(y).

Assuming that we are in a background in which the dilaton is constant, the warp factor
can be obtained by solving the Einstein equations, together with the IIB equations satis�ed
by the 3-form �uxes and it reads [17]:

e−4A(y) = α
22/3

|Σ|4/3

∫ ∞
y

dx
x cothx− 1

sinh2 x
(sinh(2x)− 2x)1/3 (3.18)

where α ∝ (α′gsM)2 is a normalization factor. The above expression satis�es [34]

e−4A(y) −−−→
y→0

a0 ,

from which it is manifest that there is no singularity at the tip of the deformed conifold.
An important feature of this result is that given that the integral in (3.18) converges,

we have
a0 ∼

y=0
α . (3.19)

Therefore, since in this limit the 10-dimensional metric reads

ds2 −−−→
y→0

a
−1/2
0 gµν(x) dxµdxν + a

1/2
0

[
1

2
dy2 + dΩ2

3 +
1

8
|Σ|2/3

(
2

3

)1/3

y2
[
(g1)2 + (g2)2

]]
,

the radius-squared of the S3 at y = 0 is:

R2
S3 ∼ a1/2

0 ∼ α′gsM . (3.20)

In other words, if the `t Hooft coupling gsM is large, the radius of the S3 is large as
well (compared to the string scale) and the curvatures are small, so that we can trust the
SUGRA approximation.

The global setup of interest for us is a deformed conifold glued to a compact CY space.
We will call Z the relevant complex structure modulus for this con�guration, that is the one
controlling the size of the S3 at the tip of the conifold8. With this notation, the singular
point corresponds to Z = 0. In terms of this modulus, the warp factor (3.18) reads [17]:

e−4A(y) ∼ 22/3 gsM
2

(Vw|Z|2)2/3
I(y) (3.21)

8Z is therefore related to the deformation parameter Σ introduced in (3.15). However, the former has

the dimensions of [length]3, while Z is dimensionless. The relation between the two was derived in [17] as:

Σ→ (α′)3/2

√
g

3/2
s Vw Z .
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where Vw is the warped volume of the CY in units of α′:

Vw =
1

g
3/2
s (α′)3

∫
d6y e−4A

√
g̃ ∼ V

and I(y) is the integral which appears in (3.18).
Assuming for de�niteness that the conifold is centered at y = 0 and that it is glued to

the CY at a distance y ' Λ0, we can distinguish three main regions [47]:

1. y ≥ Λ0: the transition region between the conifold and the bulk.

2. (gsMα′)1/2 ≤ y ≤ Λ0: a deformed conifold with an approximately constant warp
factor e−4A(y) ∼ c. In this region, the back-reaction of the �uxes on the geometry
is negligible. This regime, which is called the dilute �ux regime corresponds to the
limit V2/3 � e−4A(y) in (3.17) or, equivalently, to Vw|Z|2 � 1 in terms of the conifold
complex structure modulus (see (3.21)).

3. y � (gsMα′)1/2: near the tip of the conifold the back-reaction of �uxes is not
negligible anymore and we are in the strongly warped limit, described by the KS
solution.

In the following we will consider the stabilization of the conifold complex structure
modulus both in the dilute �ux and in the strongly warped limit, highlighting the main
di�erences.

The dilute �ux regime

In the deformed conifold, there are two relevant 3-cycles: following the notation of [9], we
will call A the 3-cycle vanishing at the singularity (Z → 0) and B the 3-cycle dual to A.
The presence of the second 3-cycle is ensured by the fact that we are in a compact space.
The Kähler potential can be written in terms of the periods Πα as [17]:

Kdf = − log

(
−i
∫
X

Ω̄ ∧ Ω

)
= − log

(
−i Π̄ ηΠ

)
(3.22)

where η is the symplectic pairing:

η =

(
0 I
−I 0

)
. (3.23)

The periods we are interested in are [48]:

ΠA =

∫
A

Ω = Σ ΠB =

∫
B

Ω =
Σ

2πi

(
log

Λ3
0

Σ
+ 1

)
+ C +O(Σ)

where C depends on the details of the compacti�cation manifold but is constant with
respect to Σ and Λ0 is the cuto� corresponding to the transition between the highly warped
region and the rest of the compact Calabi-Yau manifold. Substituting these expressions in
(3.22) we obtain:

Kdf = − log

(
−|Σ|

2

2π
log

Λ6
0

|Σ|2
+A+O(Σ)

)
(3.24)
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with A > 0 a real constant, from which we can derive the Kähler metric for the conifold
complex structure modulus:

KΣΣ̄ =
∂2Kdf

∂Σ̄ ∂Σ
≈ 1

2πA
log

Λ6
0

|Σ|2
. (3.25)

Let us turn on M units of F3 on the A-cycle and −K units of H3 on the B-cycle:

1

2πα′

∫
A
F3 = 2πM ;

1

2πα′

∫
B
H3 = −2πK . (3.26)

The D3-charge associated to these �uxes is

1

2κ2
10T3

∫
X6

H3 ∧ F3 = MK (3.27)

and they generate the superpotential (3.10), which in this case reads [17]:

W = Wcs + (2π)2α′
(
M

∫
B

Ω + iKS

∫
A

Ω

)
≈Wcs +

M

2πi
Σ

(
log

Λ3
0

Σ
+ 1

)
+ iKS Σ (3.28)

whereWcs is a constant depending on the other complex structure moduli, that we consider
to be stabilized at higher energies.

We can therefore conclude that the scalar potential for the conifold complex structure
modulus, which we now write in terms of the (dimensionless) variable Z, is:

VZ ≈ m4
p

gs

V2 log
Λ3

0
|Z|

∣∣∣∣ M2πi log
Λ3

0

Z
+ i

K

gs

∣∣∣∣2 (3.29)

where the cuto� Λ0 was consistently rede�ned so that now it is dimensionless; we assumed
the axio-dilaton to be stabilized at S0 = 1

gs
and the factor gs

V2 comes from eK(V,S,Z). After
writing Z as Z = ζeiσ, it is straightforward to see that Vcs is stabilized at:

ζ0 = Λ3
0 e
− 2πK
gsM ; σ0 = 0. (3.30)

An important consequence of the introduction of the �uxes in the compact space is
that, deforming the manifold to a warped one, they produce a large and �nite hierarchy
of physical scales in the 4d theory [9]. This allows, in particular, to give an explanation
to the origin of the observed small ratio Mweak/Mp . In a warped space-time, indeed, a
single invariant energy scale can give rise to several 4-dimensional scales whose magnitude
is determined by the (position-depending) gravitational redshift in the transverse space.
Hence, the hierarchy of energy scales depends on the warp factor and it is �xed once the
complex structure moduli in terms of which the last is de�ned are stabilized. Since the
hierarchy of energy scales was estimated in [9] to be

eAmin ∼ ζ1/3 ∼ e−
2πK
3gsM ,

we can observe from (3.30) that if we choose the �uxes such that K
gsM
� 1, ζ turns out to

be exponentially small and the same is true for the hierarchy itself.
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It should be noted that the mass square of the conifold complex structure modulus Z
can be estimated as [17]:

m2
Z ∼

m2
p

V2|Z|2
∼ M2

s

V|Z|2
. (3.31)

Since it is smaller than the string scale in the limit V|Z|2 � 1 we are considering, we
conclude that the supergravity approximation is trustworthy. Moreover, by comparing
(3.31) with (3.13) we can see that the conifold modulus is heavier with respect to the
other complex structure moduli, hence in this regime we can consistently stabilize all these
moduli at the same stage. We will see that this is not the case in the strongly warped
regime.

As a �nal remark, it is worth to mention that the large number of possible discrete �ux
choices makes a statistical analysis of the possible vacua very interesting. From this kind
of analysis [49, 50, 51] we know that there is an exponentially large number of solutions
and that the regions close to conifold singularities in the moduli space act as attractors,
where many solutions concentrate.

The strongly warped regime

When we approach the conifold singularity, the dilute �ux regime cannot be trusted any-
more. Indeed, it is exactly the fact that the backreaction of the �uxes is not negligible that
generates a warped compacti�cation. In this section we analyze how the complex struc-
ture moduli stabilization changes when we are in a strongly warped region. From (3.21)
it is clear that a strongly warped limit corresponds to Vw|Z|2 � 1 (that is essentially the
opposite limit with respect to the one considered in the previous section).

Since the warp factor can be written as

e−4A ∼ c+ e−4A0 ,

assuming that the only region of the CY manifold with a non-constant warp factor is the
throat, we can derive the Kähler potential as a perturbation of the one found for the dilute
�ux regime [52, 17]:

KKS ≈ Kdf +
c′ξ′|Z|2/3

V2/3
+ ... (3.32)

where ξ′ = 9gsM
2 and c′ ' 1.18 as computed in [52]. The omitted terms, indicated by

�...�, are of higher order in ξ′|Z|2/3
V2/3 .

The additional term due to the strong warping produces an extra term in the Kähler
metric, which is dominant with respect to the original one in the regime of interest:

KZZ̄ ≈ c log
Λ3

0

|Z|
+

c′gsM
2

V2/3|Z|4/3
≈ c′gsM

2

V2/3|Z|4/3
. (3.33)

It can be proven that, even if the new term in the Kähler potential introduces non-diagonal
elements between Kähler and complex structure moduli in the Kähler metric, a modi�ed
no-scale condition can still be recovered as:

KIJ̄∂IK∂J̄K = 3; I, J ∈ {T,Z} (3.34)
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Figure 3.1: Scalar potential for the complex structure moduli in the dilute �ux regime
(3.29) (blue) and the warped regime (3.35) (orange), with the choice of values: M =

20; K = 1; gs = 0.1; V = 105; σ = 0. The latter shows an additional minimum at ζ = 0

corresponding to a Klebanov-Tseytlin throat.

and the mixed terms (∝ KIᾱ) are subleading in the scalar potential. Hence, considering
also that the superpotential is the same as in the dilute �ux regime, we obtain the new
scalar potential

VZ ≈ m4
p

|Z|4/3

c′M2V4/3

∣∣∣∣ M2πi log
Λ3

0

Z
+ i

K

gs

∣∣∣∣2 , (3.35)

which is again stabilized to a Minkowski minimum in the same way as the one in the dilute
�ux regime (3.30).

Nonetheless, two important di�erences are worth to be noted [16, 17]. First, the scalar
mass is now:

m2
Z ∼

(Vw|Z|2)1/3

gsM2

m2
p

Vw
∼ (Vw|Z|2)1/3

g
3/2
s M2

M2
s . (3.36)

It is still smaller than the string scale, but it is also exponentially smaller than the masses
of the other complex structure moduli (3.13). Therefore one has to be more careful when
assuming it to be stabilized before the Kähler moduli. Secondly, when we move away from
the minimum, the functional behavior of the scalar potential is di�erent in the two limits
(see Fig. 3.1). This will have important consequences in presence of a dS uplift.

3.2 Kähler moduli stabilization

As we saw at the end of the previous section, an appropriate choice of �uxes allows to
stabilize the complex structure moduli and the dilaton at the classical level. In this section,
we freeze them to their VEVs and we only consider the unstabilized Kähler moduli (with
the exception of the conifold modulus in the strongly warped regime, which we will treat
explicitly). In the end we will see that this choice is consistent by computing the masses
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of the Kähler moduli and comparing them to the ones of the complex structure moduli
(3.13).

We denote the tree-level superpotential (evaluated at the �xed values of the moduli) as
W0, which, if not speci�ed di�erently, will be restricted to be real, for simplicity. Moreover,
the �ux choice is assumed to be such that the string coupling 1

S0
= gs is small, so that all

string loop corrections are suppressed. In order to stabilize the Kähler moduli, we need to
introduce quantum corrections to the Kähler potential and the superpotential.

The leading order perturbative correction to the Kähler potential comes from an O(α′3)

term in the type IIB e�ective action [53]. The corrected Kähler potential reads9:

KS,K = − ln[(S + S̄)]− 2 ln

[
V + ξ

(
S + S̄

2

)3/2
]
, (3.37)

where

ξ = −ζ(3)χ(X6)

4(2π)3
(3.38)

(ζ(3) ∼ 1.202 and χ(X) is the Euler characteristic of the internal manifold).
On the other side, due to the symmetries of the four-dimensional e�ective �eld theory,

Kähler moduli dependent perturbative corrections are not allowed in the superpotential [9],
which therefore can only acquire non-perturbative corrections. The two most studied ways
to generate corrections to the superpotential rely either on the introduction of Euclidean
D3-branes (E3-instantons) [54] or on the addition of stacks of N coincidentD7- branes [55].
Under some conditions on the wrapped divisors, the low-energy theory corresponding to the
second case is a pure N = 1 supersymmetric YM gauge theory, which undergoes gaugino
condensation. We will give some additional detail about non-perturbative corrections in
Ch. 5. Both sources produce a similar correction to the superpotential:

Wnp = Ae−aT (3.39)

where A depends on the complex structure of the CY manifold (therefore it is constant at
this stage), T is the Kähler modulus controlling the size of the wrapped 4-cycle (its real
part τ is the volume of the 4-cycle itself) and the value of a depends on the source we are
considering10: for E3-instantons a = 2π, while for gaugino condensation it depends on the
condensing group (for SO(8), a = π

3 ). There is also the possibility that the E3 wraps the
divisor n times and therefore a = 2πn [56], but we will not consider this case in detail.

3.2.1 KKLT

One of the most famous mechanisms for the stabilization of the Kähler moduli is due
to S. Kachru, R. Kallosh, A. Linde and S.P. Trivedi (KKLT) [11], who considered only

9Since the α′ correction depends on the dilaton, in principle one can not consider it to be stabilized

together with the complex structure moduli (that is before the introduction of the new term). Even though

in the large volume limit the scalar potential turns out to be the same that is found considering S = 1
gs
,

we report here the complete Kähler potential for both the dilaton and the Kähler moduli, which is the one

to be considered in order to derive the exact scalar potential.
10See also Sec. 5.4.
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non-perturbative quantum corrections to the superpotential W and assumed that the α′

corrections to the Kähler potential are negligible due to the largeness of the volume of the
CY (the expansion in α′ is essentially an expansion in 1

V ). In this section we will review
this mechanism both in the unwarped and in the strongly warped regimes.

The unwarped regime

Following the original paper [11] let us consider, for simplicity, the case of a single Kähler

modulus T = τ + iθ (with the volume of the CY given by V =
(
T+T̄

2

)3/2
): the qualitative

results, indeed, don't change in presence of several Kähler moduli. The Kähler potential
and the superpotential for the Kähler moduli are:

K = −3 ln(T + T̄ ); W = W0 +Ae−aT (3.40)

from which we can derive the scalar potential (3.1):

VKKLT = eK
(
KT T̄DTWDTW − 3|W |2

)
=
aA2e−2aτ

2τ2
− aAe

−aτW0

2τ2
+
a2A2e−2aτ

6τ
. (3.41)

Its (supersymmetric) minimum is obtained by solving

DTW = 0 ,

which results in θ = π
a and

e−aτ =
3W0

A(3 + 2aτ)
. (3.42)

By substituting this result in (3.41) we can observe that the scalar potential is negative at
the minimum, which means that the solution is an Anti-de Sitter (AdS) vacuum:

VAdS = (−3eK |W |2)min = − 3a2W 2
0

2τmin(3 + 2aτmin)2
. (3.43)

This is generic: as we will see, adding perturbative corrections to the Kähler potential as
well as including a larger number of Kähler moduli doesn't change the fact that the scalar
potential is stabilized at negative vacuum energy.

It is crucial to notice that, in order to be consistent, the KKLT mechanism requires
that the �uxes are tuned in a way that W0 � 1. Indeed it relies on the assumption that
any multi-instanton contribution to Wnp can be neglected, that is only single-instanton
corrections are relevant. This is true if aτ � 1 which implies W0 � 1 as we can easily see
by rewriting Eq. (3.42) as:

W0 = Ae−aτmin
(

1 +
2

3
aτmin

)
. (3.44)

The requirement of having W0 � 1 is highly non-generic. Nonetheless, given the large
number of possible �ux choices, it is expected to be possible to ful�ll.

The masses of the two scalar �elds are [57]:

m2
θ =

W 2
0 a

3

3 + 2aτmin
m2
p; m2

τ =
W 2

0 a
2(2 + aτ)(1 + 2aτ)

τ(3 + 2aτ)2
m2
p (3.45)

which, as expected, are parametrically lighter than the ones of the complex structure
moduli (3.13) due to the smallness of W0.
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The strongly warped regime

Near the conifold singularity, we need to consider the modi�ed Kähler potential (3.32)
while the non-perturbative contribution is now added to (3.28):

W = Wcs +WKS +W (T ) = Wcs +
M

2πi
Z

(
log

Λ3
0

Z
+ 1

)
+ iKSZ +Ae−aT .

If we assume that the conifold complex structure modulus is stabilized at larger energies
by ∂ZWKS = 0 at the same value Z0 (3.30) as before, the superpotential simpli�es further:

W = Wcs +
M

2πi
Λ3

0 e
− 2πK
gsM +Ae−aT .

In this case, the resulting scalar potential is the same that we found in the unwarped
regime (3.41), with the only di�erence that we know explicitly the dependence of W0 on
the conifold modulus, hence the minimum is again supersymmetric and AdS. Moreover the
masses for Z (3.36) and T (3.45) are the ones that we computed before, from which we
can conclude that the above assumption is consistent, provided that

m2
τ

m2
Z

≈ (M3|Z0|)4/3 � 1 ,

where we used W0 ≈M |Z0|.

3.3 The Large Volume Scenario (LVS)

Despite its relevance in string phenomenology and a large number of applications studied
over the years, the KKLT mechanism shows some weaknesses. One of these is that it is
a highly model-dependent mechanism, given, for example, its requirement of having the
dilaton and complex structure moduli stabilized by a choice of �uxes that guarantees a
small value for the superpotential W0

11.
An analysis of the model-independent features of type IIB string compacti�cations,

was instead developed in [12], where it was shown that a generic non-supersymmetric
AdS minimum arises at exponentially large volume, as a consequence of the competition
between the non-perturbative correction (3.39) to the superpotential (already included in
KKLT) and the leading perturbative correction to the Kähler potential12 (3.37).

For the sake of clarity we write again the Kähler potential and superpotential in the
most generic case:

K = − ln

[
−i
∫

Ω ∧ Ω̄

]
− ln[S + S̄]− 2 ln

[
V + ξ

(
S + S̄

2

)3/2
]

; (3.46)

11Recently, the authors of [58] developed a method for the construction of �ux vacua with exponentially

small W0 in type IIB �ux compacti�cations with weak string coupling and large complex structure. This

work was then extended in [59, 60], where a method for �nding �ux vacua with W0 � 1 and a warped

throat region is introduced (as we will see in the next chapter, this setup is crucial for one of the most

studied uplift mechanisms, based on the introduction of D3-branes at the tip of a warped throat).
12Other possible contributions at O(α′3) where considered in [13], where it was shown that their main

e�ect is to change the factor in ξ.
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W =

∫
Ω ∧G3 +

n∑
i=1

Aie
−aiTi (3.47)

where we are assuming that a generic number of divisors 1 ≤ n ≤ h1,1 supports non-
perturbative contributions. As in KKLT, we consider the complex structure moduli and
the dilaton to be stabilized in a �rst, separate step at DiW = DSW = 0 (in the end we will
verify that the two sectors are indeed decoupled). However, as we already noticed in the
footnote 9, the α′ correction to the Kähler potential depends on the dilaton S; hence, in
order to get the correct expressions for the elements of the inverse Kähler metric we need
to compute it including both the dilaton and the Kähler moduli. We will �x the dilaton
to its stabilized value only after this computation. This is consistent with the generic
decomposition (2.28) of the moduli space.

Following [61] (with a slightly di�erent notation), we �nd the �rst derivatives of the
Kähler potential:

∂SK = − 1

2s

(
1 +

3ξ̂

V + ξ̂

)
= ∂S̄K; ∂TiK = − ti

2(V + ξ̂)
= ∂T̄iK

where s = S+S̄
2 = 1

gs
and ξ̂ = ξs3/2. The second expression, in particular, is obtained

considering the implicit dependence of the volume of the compact space on the Kähler
moduli {Ti} 13:

V =
1

6
kijk t

itjtk =
1

3
tiτi =

1

6
ti(Ti + T̄i) (3.48)

where we used the fact that

Ti + T̄i
2

= τi = ∂tiV =
1

2
kijk t

jtk.

The last term of Eq. (3.48) still contains an implicit dependence on Ti via ti, which can be
taken in consideration by observing that

ti = kijkj ,

where we used the shorthand notation of [61]: kij = (kijkt
k)−1 and ki = kijkt

jtk. From
these considerations we conclude that

∂V
∂Ti

=
1

4
ti .

We now have all the tools to compute the elements of the Kähler metric:

KS̄S =
1

4s2

(
1− 3ξ̂

2(V + ξ̂)
+

9ξ̂2

2(V + ξ̂)2

)
; KS̄Ti

=
3tiξ̂

8s(V + ξ̂)2
= KT̄iS

;

KT̄iTj
=

titj

8(V + ξ̂)2
− kij

4(V + ξ̂)

13See also App. D.
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and of its (transposed) inverse:

KSS̄ =
2s2(2V − ξ̂)

(V − 2ξ̂)
; KTiS̄ = − 6sξ̂τi

V − 2ξ̂
;

KTiT̄j =
8(V + ξ̂)

(2V − ξ̂)
τiτj − 4(V + ξ̂)kijkt

k +
18ξ̂2

(V − 2ξ̂)(2V − ξ̂)
τiτj .

Hence the SUGRA scalar potential (3.1), after having imposed DiW = DSW = 0 is [62]:

V = eK
[
KTiT̄j

(
aiAiajĀje

−(aiTi+aj T̄j)
)

+KTiT̄j
(
aiAie

−aiTiW̄∂T̄jK

+ajĀje
−aj T̄jW∂TiK

)
+ 3ξ̂

4ξ̂2 + 14ξ̂V + V2

2(V − 2ξ̂)(V + ξ̂)2
|W |2

]
= Vnp1 + Vnp2 + Vα′ ,

(3.49)

where the last term comes from the fact that the α′ corrections to the Kähler potential
break the no-scale structure.

The KKLT minimum is obviously included in this generic argument, as we can re-
produce it (if the �uxes are tuned such that W0 � 1), by imposing the supersymmetric
conditions DTiW = 0.

The above potential is expected to generically have a minimum at large volume if at
least one of the 4-cycles is relatively small. Indeed the last term in (3.49) scales as Vα′ ∼ 1

V3

at large volume and it might compete with the non-perturbative contribution coming from
a not-so-large 4-cycle (while all the other contributions are exponentially suppressed). Let
us therefore consider the limit in the moduli space in which V → ∞ and τi → ∞ for all
4-cycles except one, that we will call τs. We also assume that τs supports non-perturbative
e�ects and the volume of the compact space is well-de�ned, that is it never becomes
negative in the considered limit. The three components of the scalar potential can be
written as:

Vnp1 = eKcs
2a2

sA
2
se
−2asτs(−kssiti)
sV

+O(
1

V2
) ,

Vnp2 = eKcs
2asA

2
se
−2asτsτs + 2asAsW0e

−asτsτs cos(asθs)

sV2
+O

(
1

V3

)
,

Vα′ = eKcs
3A2

se
−2asτs ξ̂ + 3W 2

0 ξ̂ + 12Ase
−asτsW0ξ̂ cos(asθs)

4sV3
+O

(
1

V4

)
,

where eKcs depends on the (stabilized) complex structure moduli (Kcs is the corresponding
Kähler potential, as de�ned in (2.26)) and for simplicity we considered both As and W0 to
be real and positive. Despite the minus sign, Vnp1 is always positive as a consequence of the
fact that the Kähler metric is positive de�nite. Vnp2 will instead turn out to be negative
once we stabilize the axion θs. Finally, Vα′ is positive, provided that h2,1 > h1,1 for the CY
space under consideration, so that the Euler characteristic appearing in ξ (3.38) is always
negative (hence ξ is positive). On the other side, while the large volume trend does not
change when h2,1 < h1,1, the small volume behavior is more model-dependent and di�cult
to de�ne, given the possible competition between a positive and a negative term.
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More precisely [62], when we consider the large volume limit V → ∞ with all but
n cycles going to in�nity, the scalar potential admits a set of AdS non-supersymmetric
minima at V ∼ eajτj ; (∀j = 1, ..., n) if and only if :

1. h2,1 > h1,1 (χ(X) < 0);

2. each τj is a local blow-up mode resolving a point-like singularity.

Moreover, if h1,1 > n+ 1, after the LVS stabilization process there are still h1,1−n− 1 �at
directions left.

Putting together all these results and keeping only the leading terms in the volume, we
get:

VLV S = gse
Kcs

[
2a2

sA
2
se
−2asτs(−kssiti)
V

+
2asτsAsW0e

−asτs cos(aθs)

V2
+

3W 2
0 ξ̂

4V3

]
+O

(
1

V4

)
(3.50)

from which it is now clear that the axion θs is stabilized at θ0 = π
as

so that the corresponding
term in the potential is negative.

Let us consider the generic behavior of (3.50). In the decompacti�cation limit

V → ∞ with asτs ∝ ln(V) ,

the leading term is Vnp2 ∼ − lnV
V3 therefore the scalar potential approaches zero from below.

On the other hand, when the volume is small (though still large with respect to the string
length, so that we can trust the supergravity approximation), one of the 2 positive terms
dominates, from which it follows that this scalar potential develops a local AdS minimum.
Moreover, we can argue that the minimum appears when the negative term Vnp2 begins
to dominate. This happens when τs ∼ lnV is large, therefore we expect the minimum
to be at (exponentially) large values of the volume of the CY. Finally, it can be shown
that DTsW 6= 0, which means that the LVS minimum is non-supersymmetric. In general
one would expect non-perturbative instabilities to arise for non-supersymmetric minima.
Nonetheless, as was proven in [63], as long as the E�ective Field Theory is valid the AdS
LVS vacua are stable.

To make this argument more concrete, let us brie�y consider the minimal case of a CY
compacti�cation with h1,1 = 2 and a volume

V = κbτ
3/2
b − κsτ3/2

s , (3.51)

where κb, κs are constants depending on the intersection numbers on X6 and τb � τs. In
the following we will re-scale the modulus τb so that κb = 1 and we will only keep κs as
a parameter. This model will be extensively used along this work and analyzed in great
detail in Chapter 6.

The scalar potential (3.50) in this case reads:

VLV S =
4gsA

2
sa

2
s
√
τse
−2asτs

3κsV
+

2gsAsasW0τse
−asτs

V2
cos (asθs) +

3W 2
0 ξ

4g
1/2
s V3

(3.52)
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where we absorbed the factor eKcs in the de�nition of As and W0. VLV S has a non-
supersymmetric minimum at

∂θsVLV S = 0⇒ θs =
π

as
, (3.53a)

∂τsVLV S = 0⇒ τ
3/2
b =

3W0κs
√
τse

asτs

asAs

(asτs − 1)

(4asτs − 1)
'

3W0κs
√
τse

asτs

4asAs
, (3.53b)

∂τbVLV S = 0⇒ τ3/2
s =

ξ

16asτsκsg
3/2
s

(4asτs − 1)2

(asτs − 1)
' ξ

g
3/2
s κs

, (3.53c)

where the right hand terms correspond to the limit asτs � 1. As expected, this is an
Anti-de Sitter vacuum:

Vmin = −6gsW
2
0 κsτ

3/2
s (asτs − 1)

τ
9/2
b (4asτs − 1)2

' −
3gsW

2
0 κs
√
τs

8asτ
9/2
b

. (3.54)

The masses of the normalized moduli (obtained as usual as the eigenvalues of KTiT̄j∂Ti∂T̄jV )

are [57]:

m2
Θ = 0; m2

θ =
16gsW

2
0 a

2
sτ

2
s (asτs − 1)

τ3
b (4asτs − 1)

m2
p , (3.55)

m2
Φ =

108gsW
2
0 asκsτ

5/2
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τ
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sτ
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p , (3.56)

m2
φ =

8gsW
2
0 (asτs − 1)

(
1 + 3asτs − 6a2

sτ
2
s + 8a3

sτ
3
s

)
τ3
b (4asτs − 1)2 m2

p , (3.57)

where θ,Θ are related to the axions θs,b and φ,Φ to the moduli τs,b . It should be noted that
only m2

φ (which corresponds to the mass of the volume modulus) is hierarchically lighter
than the masses of the complex structure moduli. However, the 2-steps procedure is still
consistent due to the speci�c form of the LVS scalar potential, as highlighted in the next
subsection.

The situation analyzed above can be generalized to the case in which there are more
than one small cycles, while the overall volume remains exponentially large. Indeed, as
was argued in [13] via qualitative and geometric considerations, it is reasonable to expect
a generic case (though not the only possible one) to be characterized by one single large
Kähler modulus and h1,1− 1 moduli that tend to be stabilized at small values. This is the
so-called Swiss-cheese picture of the CY, whose volume reads:

V = τ
3/2
b −

h1,1−1∑
i=1

τ
3/2
s,i . (3.58)

Obviously, the larger is the volume, the more it is insensitive to the size of the small cycles.
Algorithms for �nding Swiss cheese manifolds among all the complete intersection and toric
hypersurface CY three-folds, were developed, e.g. in [64, 65]. With these con�gurations,
if all the small cycles appear in the non-perturbative superpotential, one expects to be
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able to �nd a LVS minimum for all the Kähler moduli. If instead a given Kähler modulus
does not support non-perturbative e�ects, at least the corresponding axion will remain
unstabilized (giving no contribution to the scalar potential); the overall volume modulus
will be �xed anyway.

As a �nal remark we mention that in presence of less trivial forms of the volume of
the CY, like for example �brations, where not all the moduli can be stabilized with the
procedure described above, there is still the possibility to include additional terms to the
scalar potential in order to �x also the remaining moduli. This is the case, for example
of string loop corrections, that are sub-leading terms in the expansion over gs (see also
Sec. 5.5) [62].

3.4 Why LVS?

The LVS minimum shows many interesting features, some of which were only heuristically
argued in the original paper, but were then con�rmed by several explicit examples in the
subsequent ones. As a conclusion to this chapter, we review, by comparison with the
KKLT scenario, the main reasons that make the Large Volume Scenario promising from
the string phenomenology point of view and that therefore justify our choice of working in
this framework. Most of the arguments listed below, are related to the fact that the Large
Volume Scenario is, by construction, more generic than the KKLT mechanism.

� α′ corrections and small superpotential. While KKLT is based on the assumption
that all the α′ corrections can be neglected, it should be noticed that the models in
which this is actually true are highly non-generic in type IIB [13]. Indeed, if we write
the Kähler potential and superpotential as

K = K0 + J ,

W = W0 + Ω ,

where J is the leading perturbative correction to K and Ω is the leading non-
perturbative correction to W , the corresponding scalar potential can be expanded in
powers of J and Ω as:

V = V0 + VJ + VΩ + ...

where
V0 ∼W 2

0 ; VJ ∼ JW 2
0 ; VΩ ∼ Ω2 +W0Ω .

From this, it is clear that whenever the tree-level potential has a �at direction (V0 =

const), the structure of the scalar potential is determined by its corrections. This is
precisely what happens here, where the complex structure moduli and the dilaton
are stabilized by �uxes at V0 = 0, but all the Kähler moduli are left un�xed at tree
level. In particular the only cases in which we expect the non-perturbative correction
VΩ to dominate over the perturbative one are when W0 = 0 (hence VJ = 0) or when
W0 ∼ Ω (which requires W0 � 1). The last case is the one considered by the KKLT
scenario but it is obviously very unnatural. As was shown in [13], in particular, the
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range of values of the stabilized Kähler moduli for which the perturbative corrections
can be safely neglected is rather limited even in the case ofW0 � 1, while for generic
values of W0 it is impossible to consistently neglect such corrections.

In addition to this, a statistical analysis of the �ux vacua that can be obtained in type
IIB string theory, shows that among the exponentially many possibilities the values
of eKcs |W0|2 are uniformly distributed inside a range which is �xed by the tadpole
cancellation condition (so that W0 . 100) [51, 49]; therefore the set of solutions with
small superpotential is very limited.

On the other side, the Large Volume Scenario does not require a small W0, therefore
the only needed �ne-tuning is the one ensuring that the string coupling gs is small
enough, so that we have the string perturbative expansion under control.

� Decoupling of the dilaton and the complex structure moduli. Both KKLT and LVS rely
on the assumption that one can safely separate the moduli stabilization procedure
in two steps: �rst, all the complex structure moduli and the dilaton are stabilized,
considering only tree-level quantities; then quantum corrections stabilize the Kähler
moduli without a�ecting the previously �xed ones. This assumption is justi�ed in
KKLT, provided that the masses of the complex structure moduli and the dilaton are
always �xed at much larger values than the masses of the Kähler moduli. However,
as it was observed in [66], in some cases the presence of quantum corrections can
destabilize some of the previously stabilized moduli. The possible destabilizing e�ect
of KKLT can also be argued by observing that the scalar potential for the complex
structure moduli and the dilaton14

Vcs,S '
KīDiWD̄W̄

V2

is positive de�nite and it vanishes at the minimum. Hence, whenever we move away
from the minimum in the complex structure/dilaton moduli space we introduce a
positive ∼ O

(
1
V2

)
contribution to the total scalar potential. Nonetheless, when the

Kähler moduli are stabilized in a KKLT minimum, the corresponding term in the
scalar potential is negative and scales in the same way as Vcs,S :

V KKLT
min = −3eKcs |W |2

V2
.

As a consequence we don't know a priori whether the whole scalar potential will
increase (the minimum is still there) or decrease (destabilization) when moving away
from the tree-level minimum (DiW = 0) [13].

On the other side, the LVS does not present such issue: the Kähler moduli are
stabilized at V LV S

min ∼ − 1
V3 , hence the positive de�nite contribution Vcs,S is always

dominant and the shift of a complex structure modulus from its tree-level minimum
can only produce an increase in the value of the total scalar potential. This means

14As usual the indices i, ̄ indicate that we are summing over the dilaton and complex structure moduli

only.
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that if the Kähler moduli are stabilized in LVS, all the other moduli are in a minimum
as well and we don't need to check this feature model by model.

� Exponentially large volume. The fact that the volume of the compact space is ex-
pected to be stabilized at exponentially large values has two convenient consequences.
First, in LVS the fundamental string scale is hierarchically smaller than the 4d Planck
scale, given that the two scales are related by15 [13]

Ms =
g

1/4
s

(4πV)1/2
mp ,

where V is in Einstein frame. Moreover, the presence of a naturally small expansion
parameter

(
1
V
)
ensures that the α′ expansion (which is basically an expansion in

powers of 1
V ) is under control and higher order perturbative corrections can be safely

neglected.

� Gravitino mass. The supergravity theory contains a spin-3
2 fermion, called the grav-

itino, which is the supersymmetric partner of the graviton. When supersymmetry is
spontaneously broken, the gravitino acquires a mass

m3/2 = eK/2|W |

via the analogue of the Higgs e�ect in supergravity, called super-Higgs e�ect. Hence
the mass of the gravitino de�nes the scale of supersymmetry breaking.

In KKLT, the gravitino mass depends linearly on W0, therefore it is a statistical
variable [13]. On the other side, the gravitino mass for LVS appears to be independent
of the �ux choice, which is encoded by W0. Indeed, by analyzing Eq. (3.50), we can
see that the volume of the compact space at the minimum is given by [12]

V ∼ W0

As
f(as, X6) + (subleading corrections) , (3.59)

where f(as, X6) does not depend on any of the �uxes. The gravitino mass m3/2 is
therefore given by:

m3/2 ∼
1√
2sV
|W | ∼ As√

2sf(as, X6)
.

As an aside, from Eq. (3.59) we can also notice that in LVS the volume increases
as W0 increases so that larger values of W0 are actually favored, while the opposite
behavior is observed in KKLT (see Eq. (3.44)): as the volume increases,W0 decreases.

� SUSY breaking. While the KKLT mechanism stabilizes the moduli in a supersymmet-
ric minimum, leaving the possible uplifting e�ect as the only susy breaking source,
the LVS minimum is non-supersymmetric. There are therefore many sources of susy
breaking: already the �uxes break supersymmetry by stabilizing the complex struc-
ture moduli and the dilaton in a minimum with W0 6= 0 and DTiW 6= 0 (even after

15See also App. A.
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having stabilized the Kähler moduli). Moreover there are the non-perturbative e�ects
and, �nally, the uplift mechanism, whose contribution to the soft terms is usually
negligible [13]. This fact renders KKLT much more vulnerable to possible tachy-
onic contributions (coming for example from anomaly mediation) [45], especially in
presence of an uplifting mechanism.

� dS vacua and tadpole constraints. In the next chapter we will describe in detail how
one can obtain a dS minimum in the frame of LVS, via the introduction of a D3-
brane. This mechanism (which was originally applied to KKLT moduli stabilization)
has recently had to face several new challenges, essentially related to the need to
combine the presence of a de Sitter vacuum with the tadpole cancellation conditions
and the control over the perturbative expansions (see Sec. 4.4). As we will see, the
exponentially large volume makes the LVS set up stronger than KKLT with respect
to these new criticisms [67].
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Chapter 4

De Sitter vacua in type IIB string

theory

In [68], the implications of the presence of a non-constant warp factor in D = 10 supergrav-
ity theories with some residual supersymmetry (which, as we mentioned in Sec. 2.2.2 are
preferable for several reasons) were analyzed, deriving very restrictive Einstein equations
for Minkowski and de Sitter space-times. In particular, in type IIB supergravities of this
kind, de Sitter solutions are not an option and Minkowski spaces are subject to severe
constraints. In [69], Maldacena and Nuñez proved an important no-go theorem, according
to which a large class of supergravity theories described by the standard Einstein-Hilbert
action does not admit any non-singular warped compacti�cation on a Minkowski or de Sit-
ter space-time1. A re�ned version of these no-go theorems, keeping into account a larger
class of theories was given in [71].

These are just a few important examples that point out the generic di�culty that we
face in constructing de Sitter spaces in string theory. Furthermore, the debate on the topic
has been recently revived by the proposal of a de Sitter Swampland conjecture [14], which
speculates that dS vacua are not consistent with quantum gravity. We will shortly review
this conjecture and some of its later re�nements in the next subsection. As a matter of
fact, the two well established procedures allowing to stabilize all the moduli of a given CY
compacti�cation, the KKLT and LVS mechanisms analyzed in the previous section, can
only lead to Anti-de Sitter vacua. As a general conclusion we can say that if we consider
only the lowest order terms in the 10-dimensional supergravity action, without further
ingredients, it is not possible to stabilize all the moduli in a minimum with positive energy.

On the other side, cosmological observations led, already in [72, 73] (see also [74]) to
the conclusion that the present universe is accelerating. In particular, according to the
astrophysical and cosmological data, the equation of state of dark energy is w = −1.03±
0.03 [75], which would be consistent with a positive cosmological constant (w = −1),
though very small (Λ = (2.846± 0.076)× 10−122M2

p [75]), and therefore with the presence

1Already in 1984, G. Gibbons et al. had proven that two-derivative supergravity with only positive

tension objects does not admit solutions [70].
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of a de Sitter vacuum2. This motivated the increasing interest in �nding dS minima in
string theory. Not only we would like to show the existence of these vacua (which, as we
will review here, we claim to be allowed in presence of additional extended sources like
O-planes and D-branes); it would also be interesting to understand why we live in a de
Sitter minimum instead of one of the many stable and supersymmetric AdS vacua more
easily provided by string theory (see e.g. [77]).

In this chapter, after a brief introduction to the de Sitter swampland conjectures, we
focus on one of the most studied methods, again due to KKLT, to obtain dS vacua in
type IIB string compacti�cations. This method is based on the introduction of an anti-D3

brane (D3) at the tip of a warped throat in the internal manifold (Sec. 4.1). After having
presented it, we review its supersymmetric description in terms of a nilpotent goldstino
(Sec. 4.2) and its embedding in a global theory (Sec. 4.3). In Sec. 4.4 we discuss some
challenges that this mechanism has to face, essentially based on the di�culty in satisfying
the tadpole cancellation condition (3.6). Finally, in Sec. 4.5 we mention a selection of other
proposals for the construction of dS vacua in string theory and we brie�y present one of
them, based on the introduction of a T-brane.

The Swampland Program

As we saw in the last chapter, moduli stabilization allows to produce a huge number (see
e.g. [78]) of possible string vacua, corresponding to consistent low energy e�ective �eld
theories (EFT) that can be completed to string theory in the ultraviolet. It is therefore
reasonable to ask whether any consistent EFT can be actually coupled to gravity in a
consistent way, that is whether it arises from some string theory compacti�cation. If this
was true, one could simply look for phenomenologically interesting EFTs, assuming that
they can be completed in the UV, leading to string theory. However, the answer to this
question, as was argued in [79], is no: besides the large Landscape of string vacua there is
an even larger set of EFTs (which are said to belong to the Swampland) that appear to
be consistent in the low energy limit, but show inconsistencies when one tries to complete
them into quantum gravity in the ultraviolet.

The idea beneath the so-called Swampland Program is to look for generic criteria al-
lowing to determine whether a given EFT belongs to the Landscape or to the Swampland,
without having to introduce any UV feature. These criteria are generically based on the
analysis of known realizations of string theory as well as on general properties of quantum
gravity; until now none of them could be rigorously proved from a microscopic physics
perspective (even though some of them are much more substantiated than others) so that
scientists refer to them as Swampland conjectures.

A recent extensive review of the Swampland program can be found in [80]. Here we
focus on the so-called de Sitter Swampland conjecture, which is of more interest for the
purposes of this work. First proposed in [14], it presents itself in the form of a bound on

2There are some alternative proposals, like quintessence models [76], but we will not consider them in

this work.
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the scalar potential V (φ) of a theory consistently coupled to gravity:

|∇V | ≥ c

mp
V , (4.1)

where c ∼ O(1) > 0 is a constant and ∇ includes the derivatives with respect to all
the scalar �elds in the theory. Eq. (4.1) clearly forbids any de Sitter stationary point
(∇V = 0; V > 0), and severely constrains slow-roll in�ationary models [81, 82], especially
if considered together with other Swampland constraints. An intense debate followed the
original conjecture, leading on one side to the proposition of several possible counterex-
amples (see e.g. [83, 84, 85]) and on the other to the suggestion of possible re�nements
[86, 87].

A re�ned dS Swampland conjecture evading the previously proposed counterexamples,
was developed in [15] stating that the scalar potential V (φ) of a low energy e�ective �eld
theory describing any consistent quantum gravity, must satisfy either (4.1) or

min(∇i∇jV ) ≤ − c′

m2
p

V , (4.2)

where c′ ∼ O(1) > 0 is again a constant and the left-hand side is the minimum eigenvalue of
the Hessian in an orthonormal frame. In the same paper it was also shown how this re�ned
conjecture can be derived starting from the more studied Distance Swampland conjecture
[88]. A more recent research line in the frame of the Swampland program, indeed, aims to
highlight the fact that the various conjectures are actually interrelated and can often be
derived one from the other.

A further update that is worth to be mentioned is the so-called Trans-Planckian Censor-
ship Conjecture (TCC), according to which su�ciently short-living de Sitter vacua might
be allowed due to quantum instabilities [89]. It should be noticed, though, that, as pointed
out in the same paper, the most famous uplifting proposals (among which there is the
one we will consider here) are not short-living, therefore they are still ruled out by this
conjecture.

4.1 De Sitter vacua from D3-branes

The idea of adding anti-D3-branes at the tip of a warped throat in order to obtain a
minimum with positive energy was �rst proposed in the original KKLT paper [11].

Warped throats, as discussed in the previous chapters, are common in type IIB com-
pacti�cations, as a consequence of the presence of non-vanishing three-form �uxes. Since
D3-branes explicitly break supersymmetry, one might wonder whether the e�ective �eld
theory is still under control: placing the D3-branes inside a Klebanov-Strassler geometry
has the advantage that the amount of supersymmetry breaking is controlled by the warp
factor so that it can be taken to be small enough.

Generically, D-branes back-react with the geometry in which they are introduced. For
the case under consideration, we know that while the typical size of the throat is R '√
gsM , the amount of back-reaction for n anti-branes is expected to extend over a region
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of size r ' √gsn [90]. Therefore, as long as the number of anti-branes is much smaller than
the number of quantized 3-form �uxes n � M , we can safely neglect their back-reaction
and treat the D3 as probes inside the KS geometry. In particular, we will consider the
case of a single D3, since it appears to be the most convenient one in terms of the stability
of the solution [91]. Moreover, such con�guration does not show the singular behavior
observed in [92, 93] for a larger number of branes.

Other observations to be kept into account are:

� Since an D3 carries a negative D3-charge, in order to include it we will assume that
the �uxes do not saturate the tadpole cancellation condition (3.6), which otherwise
would be violated by the brane itself.

� It is natural to expect the D3 to be exactly at the tip of the throat, being this its
con�guration of minimum energy.

� Unlike what one might expect, the introduction of the D3 does not imply the pres-
ence of additional moduli, since its position is �xed by �uxes with the �ux/brane
annihilation mechanism described in [90].

The bosonic action of a D3 (D3)-brane in the linear approximation can be written as
the sum of the Dirac-Born-Infeld-Nambu-Goto action SDBI and the Wess-Zumino term
SWZ in the background super-space [94]:

Sq = SDBI + q SWZ = −T3

∫
d4x
√
−gµν −Fµν + q T3

∫
C eF ,

where T3 = 1
(2π)3α′2 is the tension of the D3-brane, gµν is the metric, F = dA−B2 is the

2-form �eld strength, C =
∑

r evenCr is the formal sum of RR forms in the superspace and
q = ±1 depending on whether we are considering a D3- or an D3-brane. The di�erence in
q is due to the fact that the D3 has the same tension but an opposite �ve-form charge with
respect to the D3. As was highlighted in [31] for a brane �xed at a given position (or slowly
moving in a given background), at leading order in the low energy limit, |SDBI | ' |SWZ |,
due to the competition between the electrostatic interaction from the �ve-form background
and the gravitational attraction. Hence, the resultingD3-brane action vanishes at any �xed
position (SD3 = 0), while for the D3 we have:

SD3 = −2T3

∫
d4x
√
−det(gµν) . (4.3)

An analogous doubling/cancellation feature was derived also in presence of Volkov-Akulov
fermions living on the brane and it was proven to be exact, under certain orientifold
conditions. This feature is analyzed in [95] for a �at background and in [94] for a curved
GKP background.

The action (4.3) corresponds to a positive term in the scalar potential, with a magnitude
depending on the position yD3 of the brane in the compact space. For a warped background,
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it reads [45]:

δV = −2T3

∫
d4x
√
−g4 =

=
2

(2π)3α′2
V2/3

e−4A(yD3) + V2/3
∼


e
4A(y

D3
)

V4/3 m4
p; e−4A(yD3) � V2/3

1
V2m

4
p; V2/3 � e−4A(yD3)

(4.4)

where we used the notation of (3.17) for the warp factor and the relation between the string
scale and the 4d Planck scale (A.9). Moreover, we distinguished between the strongly
warped region of the compact space and the rest of the manifold in which we assume the
warping to be negligible. The idea behind the introduction of the D3 is therefore that
this positive term, opportunely tuned, can compensate the negative vacuum energy of the
KKLT minimum, producing a dS vacuum. The presence of the warp factor, indeed, allows
to control (by tuning the �uxes) the magnitude of this additional term in order to obtain
a small cosmological constant, as desired3. In particular, it can be seen that if the new
minimum is close to the Minkowski (vanishing vacuum energy) one, the shape of the new
potential doesn't change signi�cantly with respect to the original one. This is reassuring,
given that it means that a large volume remains large even after the uplifting and all the
approximations are still expected to be trustworthy.

The introduction of D3-branes, as well as other proposals to get de Sitter minima, are
often called uplifting proposals. This terminology should not mislead the reader: we are
not just adding a positive term to the already stabilized potential. On the contrary, we
consider the full potential, with the additional term, and we stabilize it �nding that the
new minimum has indeed a positive energy.

The de Sitter minimum is always metastable, given that the scalar potential always
vanishes in the decompacti�cation limit (V → 0). Nonetheless, as was argued in [11], the
lifetime of the dS minimum obtained with D3-branes is expected to be very large in Planck
time, while much shorter than the Poincaré recurrence time, as it is needed (see e.g. [96]).

In the following we will focus on an D3 placed on top of an orientifold 3-plane at the
tip of a warped throat, since, as we will see, this allows to conveniently describe the setup
in a fully supersymmetric way, in terms of a nilpotent goldstino.

4.2 D3 uplift and the Nilpotent Goldstino

In [97], a re�ned version of the O'KKLT model [98], consisting in the introduction of a
Volkov-Akulov (VA) nilpotent goldstino super�eld X [99, 100] in the KKLT framework,
is shown to provide an uplifting of AdS vacua to de Sitter in a manifestly supersymmet-
ric EFT. Furthermore, the uplifting term turns out to be the same as in the standard
KKLT (both in the warped and unwarped backgrounds), therefore giving a supergravity
description to the low energy physics of D3-branes. A relation between D3-brane actions,

3In addition to this, it is important to be able to tune the additional term to small values, otherwise it

might generate a runaway in the scalar potential.
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constrained super�elds and non-linear realization of supersymmetry had already been an-
alyzed in [101].

A chiral super�eld is a �eld X in the superspace (an extension of the ordinary space-
time where the supersymmetry is manifest) such that D̄α̇X = 0 (D̄α̇ = ∂̄α̇ + iθβσµβα̇∂µ is
a covariant derivative). Its components are given by [45]:

X = X0(y) +
√

2ψ(y)θ + F (y)θθ̄ , (4.5)

where we are following the usual notation for chiral super�elds (see e.g. [4]) according
to which the coordinates of the superspace are (yµ, θα, θ̄α̇), with θα, θ̄α̇ anti-commuting
Grassmann coordinates and yµ ≡ xµ+ iθσµθ̄ (σµ are the Pauli matrices). In this notation,
each component of the super�eld is an ordinary �eld. In particular, ψ is a goldstino fermion,
X0(y) is its supersymmetric scalar partner and F (y) is an auxiliary scalar �eld. In this
sense we can de�ne a super�eld as a multiplet of �elds.

An unconstrained goldstino multiplet (4.5) is a key ingredient for several in�ationary
models in string theory, but its presence entails issues related to its stabilization. For
this reason the authors of [97] proposed to replace it with a Nilpotent Goldstino, that is a
goldstino multiplet that satis�es the nilpotency condition:

X2 = 0 . (4.6)

Indeed, they noticed that in this case the e�ect on in�ation is analogous, but without
the above-mentioned potential instabilities. In terms of the ordinary �elds the nilpotency
condition (4.6) corresponds to the following constraint:

X0 =
ψψ

2F

which means that the only propagating �eld is the goldstino ψ. As a consequence, when
computing the scalar potential, we have to impose 〈X〉 = 0, as expected for Lorentz
symmetric vacuum con�gurations (where the fermions have vanishing vacuum expectation
values).

A new manifestly supersymmetric uplifting mechanism, as mentioned before, arises by
including X in the supergravity description of KKLT [45]:

W = WKKLT + ηX ,

K = KKKLT + β
X̄X

(T + T̄ )κ
,

where η depends on the tension T3 of the brane and on the geometry of the background,
β is a constant and the Kähler modulus dependence of the X̄X term is chosen in order to
make it modular invariant (assuming that X transforms as a modular form with weight
κ)4. WKKLT and KKKLT are de�ned in (3.40). In principle also linear terms in X are

4A modular transformation acts on the Kähler moduli as:

T → aT − ib
ict+ d

; with ad− bc = 1.

The fact that X transforms as a modular form with weight κ means that, under modular transformations,

X(T )→ (icT + d)κX(T ). Hence X̄X/(T + T̄ )κ is invariant under modular transformations.
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allowed in the Kähler potential, but provided that their coe�cients are constant, they do
not contribute to the scalar potential, therefore we will not consider them. It should be
noticed that in order to get the correct result, one has to compute the scalar potential as
usual and to impose 〈X〉 = 0 only after that. Since

∂2K

∂T∂X

∣∣∣∣
〈X〉=0

= 0 ,

the Kähler metric is diagonal (or block diagonal in the immediate generalization to more
than one Kähler moduli), hence the scalar potential is simply given by the original KKLT
(3.41) one plus a positive term

V = VKKLT +
|η|2

β(T + T̄ )3−κ ,

where we also used DXW = η . Recalling that V ∝ (T + T̄ )3/2 and comparing this result
with Eq. (4.4), it is immediate to see that if κ = 0 the additional term captures the low
energy physics of an D3 in a �at background, while if κ = 1 it describes the same D3 in
warped compacti�cations.

The relation between the emergence of a nilpotent super�eld in D = 4 supergravity
and the D3 uplift was analyzed in more detail in [95] (for a �at background) and in [94]
(for a curved GKP background preserving N = 1 supersymmetry). Remarkably, the main
results do not depend on the chosen background.

As we mentioned before, the description of the D3 in terms of the action (4.3) (and
therefore the possibility of reproducing its low energy physics in a supersymmetric way
through the nilpotent goldstino) is exact, provided that certain orientifold conditions are
ful�lled. The simplest of these orientifold con�gurations corresponds to a single D3 sitting
on top of an O3-plane. In this case, indeed, all the scalars are projected out and only
the 16 components worldvolume fermion remains, which is consistent with the fact that
the scalar component of the nilpotent goldstino is not a propagating �eld. The absence
of worldvolume scalars means that the brane is stuck on top of the O3-plane (it has no
orientifold image), which eliminates any risk of potential tachyons. On the other side, the
remaining worldvolume fermions are responsible for the fact that the D3 action is di�erent
from zero and coincides with the Volkov-Akulov (VA) action5. We underline that the
above-mentioned orientifold conditions can be ful�lled also in a more general way, with
similar results. We will not consider this possibility.

It is important to notice that the location of the orientifold planes is determined by the
analysis of the �xed points locus under the geometric part of an orientifold action, hence
it cannot be controlled by a mere choice of free parameters [102]. As a consequence not all
warped throats can host orientifold planes at their bottom. Nonetheless, as it was observed
in [103], already the standard deformed conifold singularity admits such con�guration, if
one chooses the proper involution.

5For a D3-brane on top of an O3-plane, instead, all the �elds are projected out, which is consistent to

the fact that the resulting action vanishes.
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The important points of this section can be summarized as follows. An D3-brane spon-
taneously breaks supersymmetry. Under certain orientifold conditions, the only remaining
degree of freedom is a Volkov-Akulov goldstino, which emerges on the world-volume of the
D3 and has no bosonic superpartner. In supergravity the VA goldstino is described by a
nilpotent chiral super�eld X, which is characterized by the fact that the supersymmetric
partner X0 of the goldstino ψ is not a fundamental �eld, but a combination of the other
ones.

The setup for the rest of this work will be a warped background with �uxes (as sources
of the warping), whose D3-charge is canceled by orientifold planes. In particular, we will
consider the cases in which the �xed point locus of the orientifold involution includes
O3-planes at the tip of a warped throat and we will place a single D3 on top of these.

Nilpotent goldstino in LVS

The e�ect of the introduction of a nilpotent goldstino in the LVS frame is analogous to the
KKLT case. Following [45], let us consider again the simplest LVS example, with only two
Kähler moduli. As usual, we assume that all the complex structure moduli and the dilaton
are stabilized, considering only the goldstino and the Kähler moduli. The supergravity
theory is de�ned by:

K = KLV S +
β0

V2/3

(
1− β1

ξs3/2

V

)
XX̄ ,

W = WLV S + ηX ,

with KLV S and WLV S de�ned in Sec. 3.3. The coe�cient η can be expressed in terms of

the complex structure modulus of the throat as η = Z2/3iS
M

√
c′′

π [48] with c′′ = 21/3

I(0) ≈ 1.75

(considering yD3 = 0, that is the D3 placed at the tip of the throat) [16]. The only
di�erence with respect to the KKLT case is that, given that we included α′ corrections in
KLV S , we are also taking into account the fact that the coe�cient for the XX̄ term might
get an α′ correction as well: however, as we can see from the next result, this correction
will turn out to be negligible in the scalar potential, once we consider the large volume
limit.

It is then straightforward to derive the new scalar potential, which is given by:

V = VLV S +
|η|2

2β0sV4/3

(
1− s3/2ξ

V
(1− β1)

)
(4.7)

where VLV S is de�ned in Eq. (3.52). For future reference it useful to make explicit the
dependence of the (leading order) uplifting term on the conifold modulus, which is:

Vup =
c′′

2πgsM2

|Z|4/3

V4/3
. (4.8)

Analyzing the derivatives of (4.7) we �nd that Eqs. (3.53a), (3.53b) remain unchanged
(because the new term does not depend neither on θs nor on τs), while Eq. (3.53c) becomes

τ3/2
s =

(4aτs − 1)2

16aκsτs(aτs − 1)

(
ξ

g
3/2
s

+
8 |η|2 V5/3

27W 2
0 β0

)
,
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where we neglected the α′ correction in (4.7). Therefore the scalar potential at the mini-
mum now reads:

Vmin = −6W 2
0 gsκsτ

3/2
s (aτs − 1)

(4aτs − 1)2V3
+

5 gsη
2

18β0 V4/3
,

which can be set to be positive by opportunely choosing the values of η and β0.

4.3 Deformed conifold with O3-planes and global embedding

It is important to notice that the introduction of the nilpotent goldstino is a local feature,
which needs to be consistently embedded in a global compact space in order to get a
valid model. One way to do this is to start with a Calabi-Yau threefold supporting an
involution with O3-planes and try to deform the complex structure of the orientifolded
manifold around the O3-planes in order to obtain a local conifold, with vanishing tadpoles
[103]. In this way, one could aim to �nd, among existing phenomenologically interesting
models, cases in which a goldstino sector (and therefore an uplift to dS) can be easily
introduced. This section is devoted to a review of this strategy.

4.3.1 The geometric action and the conifold

First of all it is useful to understand, following [103], how the geometric action of an
involution acts on the coordinates of the conifold. We will consider two di�erent coordinates
systems, each of which allows to highlight some interesting features.

As was said in Sec. 2.3, an involution allowing for O3-planes must be such that its
geometric part acts on the holomorphic three-form Ω as

σ∗Ω = −Ω ,

where for the deformed conifold6
4∑
i=1

z2
i = 4ε2, (4.9)

in the patch z4 6= 0, we have

Ω =
dz1 ∧ dz2 ∧ dz3

z4
.

For an O3-plane, therefore, σ simply �ips the three local coordinates:

σ : (z1, z2, z3, z4)→ (−z1,−z2,−z3, z4). (4.10)

As it is well known, the deformed conifold can also be parametrized, in terms of the
new coordinates {x, y, z, w} = { z1+iz4

2 ,− z1−iz4
2 , z3+iz2

2 , z3−iz22 } as:

zw = xy + ε2 . (4.11)

With this choice, the action (4.10) reads:

σ : (x, y, z, w)→ (y, x,−z,−w)

6The numerical factor in the deformation parameter is introduced for future convenience.
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whose �xed point locus is given by: (x, y, z, w) = (λ, λ, 0, 0) , with λ ∈ C. We can easily
see that it corresponds to the origin in the singular case (ε = 0) and to a double �xed
point (±iε,±iε, 0, 0) in the deformed one. We can interpret this by saying that a deformed
conifold supports two O3-planes at the poles of the blown-up three-sphere at its bottom
and that these O3 collapse on top of each other in the singular limit. In addition to this,
in [103], it was also argued that the two O3-planes are both of the same type (that is
they share the sign of their D3-charge and tension). The simplest goldstino con�guration
requires, in particular, two negative-charge O3-planes, also called O3− 7 [102], hence we
will focus on this case.

4.3.2 The embedding

Let us �nally come to the problem of embedding the local orientifolded conifold in a global
setup. As already mentioned, the idea is to start with a certain geometry, equipped with
an involution with the right features and try to deform it in order to create the local
con�guration needed for the inclusion of a nilpotent goldstino (or equivalently of an D3).
This strategy [103] will be explicitly applied to a concrete construction in Chapter 6. Here,
we only list and comment the main steps of the procedure:

1. Choice of the model. A model is given, for our present purposes, by a Calabi-Yau
threefold and an involution acting on it. We will consider only Calabi-Yau hypersur-
faces in toric varieties [105, 106] and only involutions de�ned as the inversion of one
of the toric coordinates describing the manifold:

zi → −zi.

This ensures, for a favorable8 geometry, h1,1
− = 0 9. In particular, an eligible geometry

is such that it admits an involution whose �xed points locus includes at least two
O3-planes. Notice that a model is described by the equation of the CY hypersurface,
modi�ed in order to be invariant under the selected involution. A generic O3-plane
is therefore given by: {

eqCY = 0

xi = xj = xk = 0
. (4.12)

2. Deformation. By analyzing the equation of the CY, we need to understand whether
it is possible to deform it so that at least two of the zeroes in (4.12) come together in
a certain limit (the singular limit). From (4.12) we can observe that it is generically
impossible to do it if the two orientifold planes are originally placed in di�erent �xed

7More precisely an Op− is an Op-plane such that stacks of Dp-branes on top of it have orthogonal

gauge groups, while for an Op+ their gauge group is symplectic (see footnote 6 of [104]).
8A favorable geometry is characterized by the fact that the Kähler moduli on the ambient toric variety

A descend to Kähler moduli on the Calabi-Yau hypersurface X3, de�ned on A. If X3 is favorable, than

h1,1(X3) ∼= dim(Pic(A)) [107].
9See [108] for a discussion about why one might instead prefer (more involved) models with h1,1

− 6= 0,

obtained, e.g., via certain exchange involutions xi ↔ xj .
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points loci in the ambient space10. We will therefore select only involutions such that
the second equation in (4.12) has more than one zero.

3. Conifold. From the previous steps we obtained a model with at least two O3-planes
which can be brought on top of each other via an appropriate deformation of the
complex structure of the Calabi Yau. However, what we need is that the two O-
planes sit at the tip of a (deformed) conifold, therefore we have to check whether
the deformation introduced before actually led to a local conifold geometry. In other
words, the equation of the CY in the neighborhood of the �xed point locus has to
be written as a sum of squares, like in (4.9). In general this feature turns out to be
automatically true.

4. Consistency checks. Finally we need to verify that the action of the involution on
the conifold is the expected one (4.10) and that it is possible to satisfy the D3-charge
tadpole cancellation condition (3.6).

4.4 Conifold destabilization and other tadpole-related issues

As we mentioned, the choice of using as uplifting mechanism a single D3-brane on top of
an O3-plane, frees the construction from many issues, mainly related to the presence of
tachyonic destabilizations and singularities due to the interaction between di�erent branes
at the tip of the warped throat (see e.g. [92, 109, 93, 110, 111]).

Nonetheless, as was highlighted by I. Bena et. al in [16] (see also [17]), one needs to care-
fully pay attention to the stability of the obtained con�guration also in presence of a single
D3. The argument can be summarized as follows: in a strongly warped compacti�cation,
as the one we need in order to recover a small cosmological constant, the conifold modulus
plays a special role with respect to the other complex structure moduli, therefore it has
to be treated separately. This is con�rmed by the analysis of Sec. 3.1.3, where we showed
that the scalar potential away from the minimum changes signi�cantly with respect to the
unwarped case (see Fig. 3.1) and that the mass of the conifold modulus (3.36) can be much
lighter than the one of the other complex structure moduli. Moreover, the contribution
to the scalar potential coming from the warped throat (3.35) has the same dependence on
ζ4/3

V4/3 as the uplifting term (4.8), so that under certain conditions the presence of the second
one might cause a destabilization of the minimum for ζ, leading to a runaway behavior.

To be more precise let us consider the sum of the scalar potential for the conifold
modulus (3.35) with the contribution coming from the presence of an D3 at the tip of the
warped throat (4.8):

VZ+up =
|Z|4/3

c′M2V4/3

∣∣∣∣ M2πi log
Λ3

0

Z
+ i

K

gs

∣∣∣∣2 +
c′′

πgsM2

|Z|4/3

V4/3
. (4.13)

By analyzing the derivatives, it is easy to see that (4.13) has two stationary points:

ζ0 = e
− 2πK
gsM
− 3

4
±
√

9
16
− 4π
gsM2 c

′c′′
; σ0 = 0 (4.14)

10See also Fig. 5.2 in the next chapter.
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Figure 4.1: Scalar potential VZ+up computed at V = 105, σ = 0 and gs = 0.1, for di�erent
choices of the �uxes (but keeping M

K = 11, so that the position of the possible minimum
is always the same). Under our choice of gs, the constraint (4.15) reads: M & 21.5. In
particular the blue curve shows a runaway (M = 11) and the green one a stable minimum
(M = 33). The orange curve (M = 22) is at the boundary between the two possible
behaviors.

where the case with a positive sign corresponds to a local minimum, while the other one
is a local maximum. Although the numeric amount of this correction with respect to the
standard solution (3.30) is usually negligible in explicit constructions, the presence of a
square root in (4.14) imposes a lower bound on gsM2, which has to be taken into account
in order to avoid a runaway behavior11 (Fig. 4.1):

gsM
2 ≥ 64π

9
c′c′′ ≈ 46.1 . (4.15)

Given that the string coupling needs to be small (so that the string perturbative expansion
is under control), this means that the number of �uxes we need to turn on cannot be too
small. Hence, one has to look for con�gurations with a large enough negative D3-charge, so
that it is possible to compensate a potentially large positive contribution to the D3-tadpole
cancellation condition. While this is certainly something to keep into account when looking
for explicit constructions, we stress here that the situation is not as dramatic as depicted in
[16]: we will show indeed that it is possible to consistently satisfy this requirement already
in the frame of perturbative Type IIB string theory.

The problem of balancing the presence of a strongly warped throat with a de Sitter
minimum and the tadpole cancellation condition has recently achieved a lot of attention in
the �eld of string compacti�cation, appearing as a non-trivial challenge for the realization
of consistent de Sitter models. It is therefore worth to mention, in the remainder of

11This constraint was signi�cantly relaxed, after a more accurate computation of the scalar potential for

the modulus Z in the recent paper [112]. We will take into account this new update in Ch. 8.
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this section, some of these challenges to give an idea of the proli�c debate that has been
developing in the latest years. Here, we will consider the so-called Singular-bulk Problem
[113] and the Tadpole Problem [114, 115].

Before entering the topic it is useful to have in mind a more explicit form of the tadpole
cancellation condition (3.6) for the con�gurations we will consider in this work, that is:

ND3 +Nflux = |QD7
D3 +QOpD3| (4.16)

where we separated the positive (ND3, Nflux) and the negative (QD7
D3, Q

Op
D3) contributions.

Here Nflux is the contribution coming from background �uxes: given that the �uxes nec-
essary to stabilize only the conifold modulus contribute with (3.27) and that we consider
ND3 = 0, we will need to ensure that the total negative charge, coming from D7-branes
and orientifold planes, exceeds this value, that is: |QD7

D3 +QOpD3| > MK.
The Singular-bulk Problem con�gures itself as a consequence of the constraint (4.15):

the required largeness of the positive D3-charge coming from the �uxes provokes a too
strong variation of the warp factor (due to the back-reaction of the �uxes themselves)
in a generic KKLT model, producing a singularity over a large region of the original
CY. Di�erently from other divergences in string theory, this singularity appears to be
pathological and unacceptable. However, the term generic in the previous sentence is
crucial as some non-generic con�gurations as well as some extension or variation with
respect to KKLT, are expected to escape the singular-bulk problem. In particular, the
condition to be satis�ed in order to avoid the singularity is estimated to be:

τΣ

V2/3
.

1

gsM2
� 1

where τΣ is the volume (in Einstein frame) of the 4-cycle supporting non-perturbative
e�ects. Assuming that we are in a CY with only one small cycle and with all the moduli
stabilized in a de Sitter minimum (which requires VAdS ∼ Vup), we can estimate the volume
τΣ as

τΣ ∼
16πK

9 asgsM
,

which, introduced in the previous relation, leads to:

MK

V2/3
.

9 as
16π
∼ 1 . (4.17)

It is interesting to notice that the Large Volume Scenario is expected to satisfy this con-
straint more easily than KKLT, due to the large hierarchy between the volume of the
compact space and that of the 4-cycle supporting non-perturbative e�ects.

However, in [116, 67] it was noticed that before leading to the formation of singular
regions in the CY, a strong warping might imply that some curvature correction, which
one usually neglects, becomes large. This would not mean that the theory is inconsistent
by itself but that the e�ective theory one is using is not trustworthy in this case (while the
exact one is not known at all). To estimate this e�ect the authors of [67] consider, as an
example, a correction to the 4d Einstein-Hilbert action arising from the interplay between
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the 10d R4
10 term and a varying warp factor, which produces an additional term in the

scalar potential12:

δV =
15ξMKW 2

0

4
√
gsV11/3

C ,

where C depends on the complex structure and, being unknown, is generically considered
as an order one constant. Given the possibly large value of MK, this term might be
relevant, despite the large power of V in the denominator, and, depending on the sign of
C it risks to spoil the minimum. Imposing instead that it is much smaller than the value
of the scalar potential at the AdS minimum (3.54) and using the expression (3.53c) for τs
at the minimum, one obtains a stronger constraint with respect to (4.17) :

10 asξ
2/3C

κ
2/3
s gs

MK

V2/3
� 1 , (4.18)

where we have again considered only one small 4-cycle, for simplicity.
The Tadpole Problem is instead related to the complex structure moduli stabilization.

In particular, the authors of [114] conjectured, on the basis of analytic examples and
extended scans over the possible geometries, that the number of �uxes needed to stabilize
an increasing number of moduli, increases so fast that they cannot be stabilized within
tadpole constraints. In the type IIB language the conjecture states that the 3-form �uxes
needed to stabilize the h2,1 complex structure moduli of a smooth CY compacti�cation,
when h2,1 is large, contribute to the total D3-charge according to the bound13:

−Q(2,1)
D3 > αh2,1; α >

2

3
. (4.19)

On the other side, the negative contribution due to possible negative-charged sources
(O3/O7-planes and D7-branes) is generically bounded from above so that it might be
di�cult to stabilize all the moduli and simultaneously cancel all the tadpoles, especially
in presence of additional constraints like the ones imposed by an uplift mechanism. How-
ever, it is worth to be mentioned that a more optimistic vision is proposed in [67] where
it is observed that a crucial assumption for the bound (4.19) is the smoothness of the CY
manifold, while singular geometries can sidestep it. It is then possible to rephrase the
conjecture saying that all vacua in the landscape at large number of complex structure
moduli have singular internal geometries.

Finally, we mention that, again in [67] a new lower bound, called The LVS parametric

tadpole constraint, was proposed for theD3-charge contribution coming fromO3/O7-planes
and D7-branes in the Large Volume Scenario, in order to get a controlled uplift term from
D3. The conclusion of the authors was, essentially, that the tadpole constraint appears to
be di�cult, but generically not impossible to satisfy.

12The di�erence in the numerical factor with respect to [67] is due to a di�erence in the de�nition of ξ

with respect to the convention adopted here.
13With respect to [114] we compute the D3-charge in the perturbative type IIB double cover set up,

hence QD3 = −χ(Y4)
12

, with a di�erence of a factor of 2 which consequently modi�es the lower bound of α.
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4.5 Other uplifting proposals

The anti-brane uplift is certainly one of the most famous and studied mechanisms for the
construction of de Sitter vacua in string theory, but it is far from being the only one.
A plethora of alternative methods have been proposed over the years, di�ering in the
properties of the considered CY manifold as well as on the initial assumptions and on
the ingredients introduced in the compacti�cation. Following the classi�cation proposed
in [117] for top-down compact constructions, we can �nd attempts to develop dS models
both in critical and non-critical (D > Dc = 10) string theory14. Moreover, besides be-
ing categorized by the branch of superstring theory in which they are de�ned (e.g. type
IIB), the (geometric) critical constructions can be divided into classical, aiming to �nd
a dS vacuum at tree level in 10d supergravity, and quantum solutions. KKLT and LVS
belong to this last class of models, being based, as we said, on the introduction of pertur-
bative and non-perturbative quantum corrections. Other proposals include, without any
pretence of completeness, dS vacua coming from: hidden sector matter interactions [119];
AdS/CFT dual pairs [120]; LVS with dilaton-dependent non-perturbative e�ects and D3

[121]; spontaneous supersymmetry breaking dynamics of strongly coupled gauge theory
sectors on D3-branes [122]; complex structure F-terms [123, 124]; D-terms [125, 126, 127]
and T-branes [128].

In the following, we brie�y review the mechanism based on T-branes, which will be
mentioned in Ch. 7 of this thesis.

T-branes

T-branes constitute a very generic way to obtain a de Sitter minimum in type IIB com-
pacti�cations, through the interplay between background and gauge �uxes. The name
refers to the eight-dimensional description of the mechanism. Here we present it from the
(more intuitive) 4d point of view and we brie�y go to the higher-dimensional interpretation
towards the end of this section.

D7-branes are a typical ingredient of type IIB compacti�cations, especially in presence
of an orientifold involution. Their positive charge, indeed, allows to cancel, as required,
the negative D7-charge coming from the O7-planes produced by the involution. In the
next chapter we will review some details about possible D7-branes con�gurations, their
e�ects and their charges. Here it is su�cient to know that D7-branes wrapping a divisor
D, support a non-vanishing worldvolume gauge �ux F , inducing a U(1) charge qDi on the
i-th Kähler modulus and a moduli-dependent Fayet-Iliopulos (FI) term ξD:

qDi =
1

(2π)2α′2

∫
D
D̂i ∧ F ;

ξD
m2
p

=
e−φ/2

4πV
1

(2π)2α′2

∫
D
F ∧ J =

1

2π

∑
i

qDi
2

ti
V

(4.20)

where D̂ indicates the Poincaré dual15 of the divisor D, φ is the dilaton (e〈φ〉 = gs) and
J =

∑
i tiD̂i is the usual Kähler form, which can be expressed as a combination of the

14In non-critical string theory the additional terms in the e�ective action, due to D > Dc, act as an

uplift term (see e.g. [118]).
15See Eq. (5.10).
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volumes of the 2-cycles ti; the dilaton-dependence in the last passage of ξD is included
in the de�nition of the ti's. Moreover, the �ux yields U(1)-charged D7 matter �elds ϕi,
with charge qϕj = ±2, belonging to the open string sector. These elements give rise to the
D-term potential [129]

VD =
π

τD

∑
j

qϕj
|ϕj |2

s
− ξD

2

(4.21)

and the vanishing D-term condition (to be imposed in order to minimize the potential)
turns out to �x the open string modes ϕi in terms of the Kähler moduli, which instead
remain as �at directions [128]. Substituting the VEV of the ϕi into their F-term scalar
potential results in a moduli-dependent positive de�nite term which can be used to obtain
a Minkowski/dS minimum

Vup =
cup

V8/3
m4
p , (4.22)

where cup is an O(1) constant depending on the triple intersection numbers of the CY
threefold and the gauge �ux quanta. This means, in particular, that (4.22) cannot be
tuned too much unlike the uplifting term obtained by the D3-brane.

It is important to notice that this mechanism cannot be used in KKLT where the fact
that the AdS minimum is supersymmetric (DTW = 0), combined with the requirement of
having a non-vanishing and gauge-invariant non-perturbative superpotential even in pres-
ence of chiral matter (see also Sec. 5.4), forbids the presence of a non-zero matter-dependent
F-term like (4.22). It is instead applicable to LVS (non-supersymmetric vacuum), where
the tuning in order to obtain a vanishing/small cosmological constant is operated on the
original AdS minimum (and in particular on the background �uxes through W0 and gs)
rather than on the uplifting term.

A deeper understanding of this 4d uplifting mechanism, including the check of certain
consistency conditions, requires an analysis from a higher-dimensional point of view. The
result of this analysis [128] is that the supersymmetric con�guration corresponding, in the
4d EFT, to the mechanism described above, is a T-brane solution of the 8-dimensional
equations of motion for the theory living on the D7-brane world-volume. A T-brane, �rst
introduced in [130], is a bound state of D7-branes which is realized when the presence of
non-vanishing gauge �uxes prevents the scalar �eld Φ (describing the deformation of the
D7-brane) to commute with its conjugate. In this case, the �eld Φ is described by an upper
triangular form, hence the name T-brane.
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Chapter 5

Constructing an explicit model

In the previous sections we addressed some important features that a realistic string theory
is expected to ful�ll: string compacti�cation (Sec. 2.2) is needed to justify the fact that
we only observe a four-dimensional space-time; moduli stabilization (Ch. 3) allows to get
rid of the hundreds of unobserved massless �elds that arise from string compacti�cation
and mechanisms such as the one described in Ch. 4 provide a way to obtain a positive
cosmological constant. However, many other features need to be taken into account in
order to construct an explicit model.

Prerequisites to construct explicit global models

Since the analysis of concrete models will characterize a large part of the rest of this work,
it is important, and it is the purpose of this chapter, to review some speci�c arguments
that will be useful to understand these constructions.

� Geometry : First of all, one has to set the geometric background, that is to choose a
Calabi-Yau manifold with appropriate features. Most of the needed geometric data
for all the CY threefolds which are hypersurfaces in toric varieties (the case we will
consider here) with Hodge numbers h1,1 ≤ 6, are conveniently stored in the Ross
Altman Toric CY Database [106]. A description of the database, with a theoretical
introduction to the data included there, is provided in [107, 65]. A recent update
also included several new data relative to orientifold CY three-folds obtained via
exchange involutions [108]. Sec. 5.1 is devoted to a brief presentation of Calabi-Yau
three-folds in toric varieties, with a focus on the topics that will be relevant for our
constructions, including the determination of the topology of the divisors (Sec. 5.1.1)
and the e�ects of an orientifold involution on the geometric data (Sec. 5.1.2).

� Kähler cone conditions: A set of relations constrains the volumes of the 2-cycles
associated to the Kähler moduli, in order to have a well-de�ned theory. As we will
see, they come from the requirement that all the e�ective curves have a positive
volume. These relations are known as Kähler cone conditions (KCC) and we present
them in Sec. 5.2.
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� D-branes: The presence of orientifold planes at the �xed point set of the involution
imposes the introduction of D7-branes in order to cancel the tadpole. As reviewed
in Sec. 5.3, there are several possible con�gurations, contributing with a di�erent
amount of charge and having many important roles in the realization of quasi-realistic
models. The D3-charge contribution of these objects is one of the major topics of
Sec. 5.3, even though other generic features are described as well.

� Non-perturbative e�ects: As we mentioned in the previous chapters, non-perturbative
e�ects have a crucial role in the process of moduli stabilization. However, in presence
of certain con�gurations, one needs to explicitly check whether such non-perturbative
contributions can actually be generated (Sec. 5.4).

� Loop corrections to the scalar potential : Finally, for a theory with several Kähler
moduli, some additional e�ect might be needed in order to stabilize all the moduli.
One possibility is to also include sub-leading terms coming from loop corrections,
which might be relevant also for phenomenological reasons (e.g. for the construction
of in�ationary models). Sec. 5.5 is dedicated to the description of the main known
corrections of this kind.

5.1 Calabi Yau threefolds as hypersurfaces in toric varieties

A toric variety A of dimension n (the case of interest will be n = 4) is an algebraic variety
containing a n-torus T = (C∗)n as a dense open subset such that the natural action of
the torus on itself extends to an action of T on A [131]. When A is a Gorenstein toric
Fano variety1, an anti-canonical divisor inside A de�nes a co-dimension one subvariety
X3 ⊂ A which is a CY manifold. Moreover, as we review in what follows, several relevant
quantities can be computed via combinatoral and linear algebra involving a pair of dual
re�exive lattice polytopes.

We de�ne a n-dimensional polytope ∆ with vertices wi on the lattice MR ' Zn ⊂ Rn

and containing only the origin as an interior point. People often refer to ∆ as the Newton
polytope. Its polar dual lattice polytope ∆◦, with vertices vi, is de�ned as:

∆◦ = {v ∈ NR ' Zn ⊂ Rn : 〈v, w〉 ≥ −1, ∀w ∈ ∆} (5.1)

and it is such that (∆◦)◦ = ∆ . The polytope ∆ (as well as ∆◦) is said to be re�exive

if also its polar dual ∆◦ is a lattice polytope containing only the origin as an interior
point. A complete classi�cation of all 473 800 766 re�exive polytopes in 4d was operated
by M. Kreuzer and H. Skarke in [105, 132], using the software PALP [133]. The crucial
point is that there is a one-to-one correspondence (up to birational equivalence) between
re�exive polytopes and a Gorenstein toric Fano variety.

From a given triangulation2 of the dual polytope ∆◦, we can construct the normal fan Σ

over the faces of ∆◦ (see Fig. 5.1): its rays are generated by (a subset of) the lattice points

1A Gorenstein toric Fano variety is a variety whose anti-canonical divisor is an ample Cartier divisor.
2A triangulation is a partition of the polytope into n-dimensional cones (generated by n rays) such that

their union equals the polytope itself.
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Figure 5.1: Construction of the fan Σ from a pair of re�exive polytopes on a 2d (n = 2)
lattice. Starting from the lattice points of ∆ (it is su�cient to consider only the vertices
wi) we can de�ne the supporting hyperplanes Hw = {v ∈ NR : 〈v, w〉 = −1, ∀w ∈ ∆}.
Hence the (n− 1)-dimensional faces of ∆◦ are given by F = ∆◦ ∩Hw. The rays that pass
from the origin through the points in F de�ne a set of rational cones σi. In particular the
�gure shows three 2d rational cones generated by the rays passing through the vertices of
the dual polytope. A set of n-dimensional cones constructed in this way, with all their
intersections, is called the fan Σ of ∆◦. Di�erent choices for the rays generating the fan (so
that they also include lattice points di�erent from the vertices vi) correspond to di�erent
triangulations [107].

of the polytope {νi} and each of them is in one-to-one correspondence with a homogeneous
coordinate xi,

νi ↔ xi , (5.2)

in the toric ambient space (or, more precisely, with the toric divisor de�ned as the zero
locusDi : xi = 0). The choice of the set {νi} corresponds to the choice of the triangulation.

The Batyrev formula provides a way to derive the de�ning equation for a CY manifold
X3 which is a hypersurface in A, starting from the re�exive polytopes [134]:

PCY (x1, ..., xn) =
∑

w∈∆∩MR

aw
∏
i

x
〈νi,w〉+1
i = 0 , (5.3)

where the w's are lattice points of ∆ and the aw's are parameters depending on the complex
structure of the CY. Hence, each lattice point in ∆ produces a monomial of the CY
equation. Moreover, from the polytopes it is possible to derive the Hodge numbers of the
corresponding CY hypersurfaces [134, 127]:

h1,1(X3) = l(∆◦)− 5−
∑
Θ◦[3]

l∗(Θ◦[3]) +
∑

Θ◦[2],Θ[1]

l∗(Θ◦[2]) · l∗(Θ[1]) , (5.4)

h2,1(X3) = l(∆)− 5−
∑
Θ[3]

l∗(Θ[3]) +
∑

Θ[2],Θ◦[1]

l∗(Θ[2]) · l∗(Θ◦[1]) , (5.5)
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where l(∆) is the number of lattice points of the polytope ∆, Θ[k] is a k-dimensional
face of the same polytope and l∗(Θ[k]) is the number of interior lattice points of Θ[k]

(analog de�nitions are valid for the dual polytope). From these formulas it is evident the
correspondence between re�exive polytopes and mirror CY hypersurfaces as the exchange
of the roles of ∆ and ∆◦ is equivalent to the exchange h1,1 ↔ h1,2 in the CY.

It should be noticed that di�erent polytopes can give rise to the same pair of Hodge
numbers (h1,1, h2,1) of the CY, which corresponds to the fact that the same CY hypersur-
face can be embedded in di�erent ambient spaces. Indeed the 473 800 766 re�exive polyhe-
dra classi�ed in [105] were found to correspond to 30 108 distinct pairs of Hodge numbers.
However, not even this number corresponds to the number of possible CY hypersurfaces.
Indeed, while the Hodge numbers depend only on the polytope, other characteristics of the
CY change with the triangulation so that a given polytope can give rise to more than one
distinct CY geometry.

The toric variety A can be described also as a generalization of a weighted projective
space. Following [135], let us consider only maximal (that is 4-dimensional) polytopes,
which can be represented in terms of the 4d weighted projective space CP4

q1 q2 q3 q4 q5 . This
means in particular that we can associate each of the �ve homogeneous coordinates xi on
A to a positive integer qi determining the equivalence relation:

(x1, x2, x3, x4, x5) ∼ (λq1x1, λ
q2x2, λ

q3x3, λ
q4x4, λ

q5x5) , with λ ∈ C∗ . (5.6)

This property can be represented by the following scheme:

x1 x2 x3 x4 x5

q1 q2 q3 q4 q5
(5.7)

A hypersurface on a toric space de�ned as above is a CY, that is it has a vanishing �rst
Chern class, if the degree of the de�ning equation is

∑5
i=1 qi. We know that any toric CY

three-fold which is not a quintic (qi = 1, ∀i) is de�ned in a non-smooth ambient space,
therefore if this is the case we need to resolve the possible singularities that intersect the
CY itself. This can be done by adding new lines of weights (hence new homogeneous
coordinates) obtaining, in the end, a k× (k+ 5) weights matrix where each line represents
a di�erent equivalence relation for the homogeneous coordinates. In terms of the re�exive
polytopes this corresponds to taking as additional generators of the fan Σ also the rays
passing from the origin through (some of the) points of ∆◦ which are not vertices (see
again Fig. 5.1). The weights matrix can be derived from the re�exive polytopes using the
fact that the qji 's (i = 1, ..., k, j = 1, ..., k + 5) need to satisfy the equations [107]:∑

i

qji νi = 0 , (5.8)

where the νi's are de�ned around Eq. (5.2). Again, the sum of the weights of each line
corresponds to the degree of the CY equation: a method to �nd such equation, alternative
to (5.3), is therefore to sum all the possible monomials with the given degrees. Usually
there are several possible resolutions, corresponding to di�erent weights matrices, and, in
terms of the original polytopes, to di�erent triangulations. In any case, for 4d polytopes
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it is always possible to choose a triangulation such that the corresponding CY three-fold
is smooth. This is true, in particular, for the so-called Fine, Regular, Star Triangulations
(FRSTs), that are such that all points of ∆◦ not interior to facets appear as vertices of
a simplex (�ne), the origin is a vertex of each full-dimensional simplex (star) and the
corresponding toric variety is actually a projective space (regular).

Finally, toric varieties can be represented also as supersymmetric moduli spaces of a
gauged linear sigma model (GLSM) whose charges correspond to the weights de�ned above,
which is why often people refer to the weights matrix as the GLSM matrix [136].

Toric Divisors

The zero locus xi = 0 of each coordinate in the ambient space can be associated to a toric
divisor class [Di]

3. In some cases the divisor xi = 0 can split into several components,
when intersected with the CY. However, we will consider only favorable geometries which
are characterized precisely by the fact that this splitting does not happen, so that H4(X3)

is completely described by the toric divisors of the ambient space, by:

Di : xi = PCY = 0 .

This justi�es the fact that, as we mentioned before, the grades of the equation of the CY
are obtained by summing the weights of each line of the GLSM matrix. In terms of the
toric divisor classes the CY hypersurface is de�ned as:

X3 =
∑
i

Di . (5.9)

An important duality, called Poincaré duality relates the toric divisor classes (and in
general any non-trivial p-cycle ∈ Hp(X3,R)) to the cohomology group4 Hp(X3,R). Here,
we state it only in the form that will be useful for our purposes but it can be easily
generalized. Given a divisor Di there exists a unique cohomology class [D̂i] (where D̂i is a
2-form) such that:∫

Di

ρd−2 =

∫
X3

ρd−2 ∧ D̂i , ∀ρd−2 (d-2)-dimensional forms (5.10)

with d = dimX3. The 2-form D̂i is called the Poincaré dual of the divisor Di. In other
words the Poincaré duality establishes an isomorphism between the space of toric divisor
classes H4(X3,R) and the space of 2-forms H2(X3,R), which has the structure of a vector
space. This allows, for example, to describe the toric ambient space and (in the case of
favorable geometries) the CY hypersurfaces in terms of a basis of generators {D̂i}. An
important consequence of this property, which is manifest in (5.10) and will be extensively
used in the next chapters, is that integrals over p-cycles can be expressed in terms of

3In the following we will mostly omit the square brackets, identifying the equivalence class with its

representative Di.
4The cohomology group Hp(X,R) is the group of closed p-forms (Ap such that dAp = 0) de�ned up to

an exact p-form Ap = dBp−1, where d indicates the exterior derivative. See also App. B.
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integrals over the whole CY space. Moreover, we can de�ne the isomorphism Hp
∼= Hd−p

which means that a generic p-cycle and a generic (d − p)-cycle intersect each other at a
�nite number of points.

The toric divisors need to satisfy the relation [107]∑
i

νi ·Di = 0 , (5.11)

with νi de�ned around Eq. (5.2). By comparing this relation with (5.8), we can notice a
correspondence between the columns of the weights matrix and the toric divisor classes,
which turns out to be very useful in explicit computations.

Intersections and SR-ideal

Also the intersections among divisors descend from the properties of the original pair
of re�exive polytopes, as follows. Two divisors intersect each other if and only if the
corresponding rays of the fan Σ share a common cone. In particular, in the ambient
space A, four divisors intersect in a point if the rays span a cone in Σ: the resulting
intersection number is 1

V , where V is the volume of the cone. Assuming that the geometry
is favorable, a similar relation can be obtained for the intersection of three divisors in the
CY hypersurface. If we look at divisors intersections from this point of view, we can easily
deduce that the intersection numbers depend on the choice of the triangulation (that is on
the way in which the dual polytope is subdivided into cones).

On the other side, the coordinates xi's of divisors Di's coming from rays that do not
belong to the same cone can never vanish simultaneously. The set of toric divisors with this
feature is called the Stanley-Reisner (SR) ideal. Introducing the notation of intersection
among divisors as the product between the divisor classes

[Di ∩Dj ] = [Di] · [Dj ] =

∫
S
D̂i · D̂j ,

we de�ne the SR-ideal as the set generated by the elements RI = [Di1 ] · ... · [Dik ] with
RI = 0, where for each element it is su�cient to consider only the minimal set of divisors
such that the corresponding rays do not belong all to the same cone.

Given a basis of divisors, it is often convenient to present the non-vanishing intersection
numbers in the form of an intersection polynomial :

I3 =

h1,1∑
i,j,k=1

kijkDiDj Dk ,

where kijk =
∫
X3
D̂i ∧ D̂j ∧ D̂k.

Chern classes

The Chern classes are topological invariants associated with n-dimensional vector bundles
on smooth manifolds. The total Chern class of a vector bundle V is given by

c(V ) =

n∑
i=0

ci(V ) , (5.12)
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with c0 = 1. In the special case in which V is a line bundle, the above summation is
truncated to: c(V ) = 1 + c1(V ). Moreover, according to the splitting principle, we can
always write the Chern class of a given vector bundle in terms of the product of Chern
classes of line bundles.

The application of these concepts to our case is straightforward if we recall that a
Gorenstein toric Fano variety is de�ned through k toric divisors (that is k line bundles
O(D)) for which the �rst Chern class reads [137]

c1(O(D)) = −c1(ND|X3
) = −[D̂] , (5.13)

where ND|X3
is the normal bundle of D. In particular, for the divisors of the CY we have

c1(D) = −ι∗DD, where ι∗D indicates the pull-back on the divisor D. Therefore the Chern
class of A is given by:

c(A) =

k∏
i=1

[1 + c1(O(Di))] =
∏
i

(1− D̂i) (5.14)

from which we can derive each of the four ci(A). A completely analogous formula is true
for a (favorable) CY geometry embedded in A.

Finally, the Euler characteristic (2.17) can be also de�ned as the integral of the top
Chern class, hence for a CY hypersurface we have:

χ(X3) =

∫
X3

c3(X3) . (5.15)

The Wall's theorem

As we mentioned at the beginning of this section, while certain features of a CY three-
fold descend directly from the two re�exive polytopes, others depend on the choice of the
triangulation so that the same pair of polytopes, associated to di�erent triangulations, can
give rise to di�erent geometries. However, it is also true that di�erent triangulations can
produce the same Calabi-Yau. The Wall's theorem [138] allows precisely to understand
when two three-folds are equivalent as real manifolds. When related speci�cally to Calabi-
Yau threefolds, it can be enunciated as follows:

The homotopy types5 of complex compact CY 3-folds are classi�ed by the Hodge numbers,

the intersection numbers and the second Chern class.

In other words two di�erent triangulations correspond to the same CY geometry if they
share the same Hodge numbers, intersection numbers and second Chern class.

5.1.1 Topology of divisors

Several properties of the toric divisors depend on their topology, which is mainly de�ned
by their Hodge numbers. The Hodge numbers of a divisor can be expressed either in the

5Two continuous functions are said to be of the same homotopy type if one of them can be continuously

deformed into the other.
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form of the so-called Hodge diamond

h2,2

h2,1 h1,2

h2,0 h1,1 h0,2

h1,0 h0,1

h0,0

, (5.16)

or with the more compact notation (which also takes into account the fact that the Hodge
diamond is symmetric):

h• = {h0,0, h0,1, h0,2, h1,1} . (5.17)

For h1,1(X3) < 5 the Hodge numbers of the divisors can be computed via the package
CohomCalg [139, 140]. However, for larger values of h1,1(X3) the algorithm usually fails,
hence they need to be computed with a di�erent method.

The Hodge numbers h0,p(Di) depend only on the location of the lattice points v in the
polytope ∆◦. In particular (see the previous section for the notation) [134, 141]6:

� If v = vertex of ∆◦, Di is an irreducible divisor on X3. Moreover h0,1 = 0, h0,2 =

l∗(Θ[3]).

� If v ∈ Θ◦[1], Di is irreducible. Moreover, h0,1 = l∗(Θ[2]); h0,2 = 0.

� If v ∈ Θ◦[2], Di is generically reducible. Moreover, h0,1 = h0,2 = 0. However we will
consider only favorable geometries, for which all toric divisors are irreducible, hence
we will never encounter this kind of lattice points.

� If v ∈ Θ◦[3], the toric divisor on A does not intersect the Calabi-Yau, hence there is
no Di associated to it. Again, this never occurs in favorable geometries.

The remaining Hodge numbers can be derived from the Euler characteristic and the holo-
morphic Euler characteristic7 of the divisor [137]:

χ(Di) = 2h0,0 − 4h0,1 + 2h0,2 + h1,1 =

∫
Di

c2(Di) , (5.18)

χh(Di) = h0,0 − h0,1 + h0,2 =
1

12

∫
Di

2 c2
1(Di) + c2(X3) , (5.19)

obtaining:

h0,0 = χh(Di) + h0,1 − h0,2; h1,1 = χ(Di)− 2χh(Di) + 2h0,1 . (5.20)

The values of the Hodge numbers provide a way to classify di�erent divisors on the
basis of their topology. We distinguish in particular [142, 143]:

6See also [127].
7The holomorphic Euler characteristic is de�ned as χh(D) =

∑
i(−1)1hi,0(D).
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� Completely rigid divisors: h0,0 = 1; h0,1 = h0,2 = 0; h1,1 6= 0 8.

Among these, the so-called shrinkable del Pezzo divisors, which are presented below,
play an important role in string phenomenology.

� `Wilson' divisors: h0,0 = 1; h0,2 = 0; h0,1, h1,1 6= 0.

� Deformation divisors: h0,1 = 0; h0,2 6= 0.

Besides the K3, which is described in more detail in the following, other deformation
divisors that are often encountered in toric Calabi-Yau hypersurfaces are:

SD1 : h• = {1, 0, 1, 21}; SD2 : h• = {1, 0, 2, 30} .

People refer to them as special deformation divisors.

Let us consider in more detail the (completely) rigid divisors and the K3 divisors, which
will be relevant in the upcoming chapters.

Completely rigid divisors

Among completely rigid divisors, we distinguish:

� Del Pezzo surfaces: dPn (n = 0, ..., 8);

� Rigid but not del Pezzo divisors: NdPn (n ≥ 9).

A del Pezzo divisor is obtained by blowing up CP2's at n generic points. dP0 coincides
with the CP2 itself. The Hodge numbers of a dP are h• = {1, 0, 0, n + 1} and its Euler
characteristic is χ(dPn) = n+ 3 (while χh(dPn) = 1). Furthermore, a necessary condition
for a given Ds to be a dP is:

D3
s = ksss = 9− n > 0; DiD

2
s ≤ 0 ∀i 6= s . (5.21)

A dP surface can be either shrinkable (`diagonal') or non-shrinkable (non-diagonal). In the
�rst case the divisor is arbitrarily contractible to a point and it is always possible to �nd a
basis of divisors such that D3

dP 6= 0 and DdPDiDj = 0 for any other i, j = 1, ... , h1,1 (this
is the reason why it is often called `diagonal'). The diagonality condition can be expressed
in terms of the triple intersection numbers as [144]:

ddP : kssikssj = ksssksij , if kssi 6= 0 for some i . (5.22)

As a consequence, recalling that the volume of the CY is given by V = 1
6kijkt

itjtk and that
the volumes of the divisors can be obtained from V as τi = ∂V

∂ti
, we �nd:

τddP =
1

2ksss
(kssiti)

2 . (5.23)

8To be precise, a rigid divisor is a divisor with h0,2 = 0. From the phenomenological point of view

it is useful to further classify rigid divisors in completely rigid divisors, with h0,1 = 0 (indicating that

the surface do not contain non-contractible 1-cycles), and `Wilson' divisors, with h0,1 6= 0. It should be

noticed, in particular, that only completely rigid divisors support non perturbative e�ects like the ones

described in Sec. 5.4.
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On the other side, a non-shrinkable dP divisor is such that the property (5.22) is not
satis�ed, so that it cannot be contracted to a point. Instead of the resolution of singular
points, it can be seen as the resolution of line-like singularities [27].

In [145] it was conjectured that the CY three-folds arising from the 4d re�exive poly-
topes listed in the Kreuzer-Skarke database do not exhibit a `diagonal' (that is satisfying
Eq. (5.22)) dPn for 1 ≤ n ≤ 5. The conjecture was veri�ed for 1 ≤ h1,1(X3) ≤ 5. Re-
garding this, it should be noticed that looking only at the Hodge numbers it is impossible
to distinguish between a dP1 and the Hirzebruch surface F0 = CP1 × CP1. In particular,
already at h1,1 ≤ 5 it is possible to �nd CY 3-folds with a `diagonal' divisor of the second
kind. In order to discriminate between these two cases for a given divisor Ds, we can
consider the intersection numbers:∫

X3

D̂2
sD̂i = m,

∫
X3

D̂sD̂
2
i = n; s 6= i (5.24)

and apply the following criteria [145]:

1. A su�cient condition for Ds to be a dP1 is that there exist some divisors Di for
which at least one between m and n is odd.

2. If all the m are even (m = 2k) and it is impossible to �nd a solution for one of the
two conditions:

2k = p2 − q2 for some p, q ∈ Z, k ∈ Z∗ (5.25)

∃k1, k2 ∈ 2Z∗ :
k2

k1
=

(
p

q

)2

, for some p, q ∈ Q (5.26)

then Ds cannot be a dP1 (hence we assume that it is a CP1 × CP1).

However, we will usually don't need to distinguish between the two cases, since for our
purposes, they both show the same behavior.

Finally, a rigid-but-not del Pezzo divisor has the same Hodge numbers as the dPn, but
with n ≥ 9. As we can deduce from the �rst relation in (5.21), it is characterized by
D3
s < 0. Similarly to the non-diagonal dP 's, it is not contractible to a point.
The reasons why we are particularly interested in dP divisors (especially the shrinkable

ones) are that, besides several applications in model building (see e.g. [28]), they have a
crucial role in the generation of non-perturbative e�ects (see also Sec. 5.4), which is even
more important in the context of the Large Volume Scenario, where the fact that the rigid
divisor is shrinkable allows to write the volume of the CY in the Swiss cheese form (3.58).

K3 divisors

A K3 surface is a compact 2d Calabi-Yau manifold, with Hodge numbers and Euler char-
acteristic given by:

h• = {1, 0, 1, 20} ; χ(K3) = 12χh(K3) = 24 . (5.27)
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Its �rst Chern class is zero. Since for a divisor D in a CY one has c1(D) = −ι∗D (see
Eq. (5.13) and the comment below), then∫

X3

D̂2
K3D̂ = 0, ∀D ∈ H1.1(X3) (5.28)

and in particular ∫
X3

D̂3
K3 = 0 . (5.29)

It should be noticed that a divisor with the Hodge numbers of a K3 is not necessarily a
K3. In order to see this, let us consider a divisor S whose topology is de�ned by (5.27).
Eq. (5.19) now reads:

χh(S) = 2 =
1

12

∫
S

2 c2
1(S) + c2(X3) =

1

12

(
χ(S) +

∫
S
c2

1(S)

)
, (5.30)

where the last term comes from the de�nition (5.18) of the Euler characteristic in which
the second Chern class is computed via the adjunction formula:

c2(S) = c2
1(S) + c2(X3) . (5.31)

Substituting the value χ(S) = 24 we �nd that S satis�es the relation9:∫
S
c2

1(S) = 0 . (5.32)

This is a necessary but not su�cient condition for S to be a K3. An example of a space
satisfying Eq. (5.32) but with c1(S) 6= 0 will be presented in Sec. 7.5.1. In conclusion, we
will identify with a K3 any divisor which has the Hodge numbers (5.27) and satis�es the
�bration condition (5.28).

The reason why we are interested in K3-�brations is that they are particularly promising
for phenomenological and cosmological applications, especially in the frame of LVS [27].
Indeed, the volume of a K3-�bred CY containing at least one rigid divisor can be expressed
in the form:

V =
√
τ1τ2 − τ3/2

s

(where we have restricted to the case h1,1 = 3, for simplicity), which is a generalization of
the usual `Swiss-cheese' volume. In this case the volume is controlled by two large cycles
instead of one. This allows, for example, to stabilize two of the three moduli in LVS, as
usual, leaving a �at direction which can be �xed in a second moment (via the introduction
of subleading corrections) to a much smaller mass. For this reason, this `light' modulus
might play the role of an in�aton �eld (see e.g. [146]).

5.1.2 Orientifold involution and O-planes

Up to now, we didn't consider any symmetry operation of the kind presented in Sec. 2.3.
Let us therefore review how the presence of an orientifold involution with geometric action

xi → −xi (5.33)

modi�es certain aspects of the geometry with respect to what was said above.

9Notice that it coincides with Eq. (5.29), given that
∫
S
c1(S) = −

∫
S
S.
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Hodge numbers and Calabi-Yau equation

First, as already explained in Sec. 2.3, it splits each cohomology group (hence the corre-
sponding Hodge numbers) into an even and an odd eigenspaces, whose Hodge numbers
can be easily determined. Indeed, invariance under the inversion of a coordinate rules out
all odd divisors: h1,1

− = 0 (hence h1,1
+ = h1,1). The remaining h1,2

±
10 can be computed by

means of the Lefschetz �xed point theorem, according to which∑
i

(−1)i(bi+(X3)− bi−(X3)) = χ(Oσ) , (5.34)

where bi±(X3) are the even and odd Betti numbers, related to the Hodge numbers by11:

bi± =
∑
p+q=i

hp,q± (X3) ; (5.35)

χ(Oσ) is the sum of the Euler characteristics of all the divisors wrapped by orientifold
planes:

χ(Oσ) =
∑
i

χ(O7i) +
∑
k

χ(O3k); (χ(O3k) = 1) . (5.36)

In our case, Eq. (5.34) becomes (see also Eq. (2.21)):

2 (2 + h1,1 + h1,2
− − h

1,2
+ ) = χ(Oσ) , (5.37)

which can be solved for h1,2
± , recalling also that h1,2 = h1,2

+ + h1,2
− .

In addition to this, the equation of the CY (5.3) must be modi�ed so that it only
includes terms that are invariant under the involution. In particular all the monomials
containing an odd power of xi are ruled out by the involution.

Orientifold planes

We already know that the involution (5.33) produces a certain number of orientifold planes.
These can be easily recovered by carefully scrutinizing all the equivalence relations encoded
in the weights matrix in order to understand which coordinates need to be set to zero in
order to obtain an invariant locus. Here we list all the cases that can arise from this
study. Each of them is characterized by a set of vanishing coordinates, under which the
equation of the CY (assuming that it has been modi�ed in order to be invariant under the
involution) may or may not vanish12.

� xi = 0.

� PCY |xi= 0 = 0: O9-plane. This never happens for the involutions we are consid-
ering (σ∗Ω = −Ω), as already noticed in Sec. 2.3.

10h1,2
− gives the number of complex structure deformations of the equation of the CY invariant under

the chosen involution, while h1,2
+ gives the number of abelian bulk vectors.

11See also App. B.
12When we write PCY |(xi1=...= xin= 0) = 0, we mean that the equation vanishes for any value of the other

(non-zero) coordinates.
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Figure 5.2: An illustrative representation of di�erent kinds of O3-planes in a CY orien-
tifold. The locus xi = xj = xk = 0 is a curve in the ambient space, intersecting the CY
hypersurface in n points (with n = kijk). If n > 1, it is generically possible to deform
the three-fold so that two points belonging to the same �xed curve (green in the �gure)
come on top of each other, as needed for D3 uplift: in this case, we say that there are
n `collapsable' O3-planes. We do not expect, instead, to be able to �nd a deformation
bringing together points (red in the �gure) belonging to di�erent curves or, even more,
points given by xi = xj = xk = xl = PCY = 0, corresponding to isolated points of the
ambient space located on the CY.

� PCY |xi= 0 6= 0: O7-plane.

� xi = xj = 0 (xi xj 6∈ SR).

� PCY |(xi=xj= 0) = 0: O7-plane. We will exclude all examples presenting this
con�guration, since they are expected to be singular. Indeed, this feature implies
that the (invariant) equation of the CY factorizes in:

xnii Pi + x
nj
j Pj = 0 (5.38)

where Pi and Pj are polynomials depending on all the coordinates. The fact that
this factorization only happens after the involution indicates that the number
of toric divisors is increased by the involution (now there is the new divisor
xi = xj = 0), which is a signal of singularity. In particular we notice that
(5.38), when ni = nj = 1, is the equation of a conifold, which is singular in
xi = Pi = xj = Pj = 0.

� PCY |(xi=xj =0) 6= 0: O5-planes. Similarly to O9-planes, these con�gurations are
forbidden by the involution under consideration.

� xi = xj = xk = 0 (if allowed by the SR-ideal).

� PCY |(xi=xj=xk =0) = 0: O5-planes (again forbidden).
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� PCY |(xi=xj=xk= 0) 6= 0: O3-planes. The number of planes coming from the
same curve xi = xj = xk = 0 in the ambient space is given by the intersection
numbers of the CY: Di ·Dj ·Dk = kijk. If kijk > 1, it is generically possible to
deform the complex structure of the three-fold so that the planes come on top
of each other. In this case, we say that there are kijk `collapsable' O3-planes
(see Fig. 5.2).

� xi = xj = xk = xl = 0 (if allowed by the SR-ideal).

� PCY |(xi=xj=xk=xl= 0) = 0: O3-plane. We are not particularly interested in
these con�gurations, when trying to realize the scenario of Ch. 4. Indeed, they
correspond to isolated points on the CY (see again Fig. 5.2), hence, it is gener-
ically impossible to deform the manifold so that they end up to collapse on top
of another O3-plane as we need in order to introduce the D3 uplifting term.

� PCY |(xi=xj=xk=xl=0) 6= 0. For this case, as well as for the more generic case
xi1 = ... = xin = 0 with n > 4, generically there are no solutions.

Each O-plane carries RR-charges of di�erent degrees. The total RR charge of a seven-
dimensional orientifold plane wrapping the divisorDO7 is formally expressed by the `Mukai'
charge vector, which is the vector ΓO7 appearing in the action [28]:

SO7 =

∫
R1,3×X3

C ∧ ΓO7 (5.39)

with C =
∑

pCp. Its expansion on a CY is given by:

ΓO7 = −8[DO7] + [DO7] ∧ c2(DO7)

6
. (5.40)

We can notice that ΓO7 is the sum, in this order, of a two-form and a six-form. Introducing
(5.40) in the action (5.39), we deduce that these terms encode, respectively, the D7-charge
and the D3-charge of the O7-plane. The D7-charge will be canceled by a suitable choice
of the D-brane con�guration (see Sec. 5.3), hence we will only need to worry about the
D3-charge contribution, which is given by (minus) the integral over the CY of the six-form
term:

QO7
D3 = −

∫
X3

ΓO7|6−form = −χ(DO7)

6
. (5.41)

The O3-planes, instead, carry only D3-charge, with a contribution, for each of them,
of:

QO3
D3 = −1

2
. (5.42)

5.2 Kähler cone conditions

In order to have a positive de�nite metric we need to impose that the integral of J over
all the e�ective curves C is positive: ∫

C
Ĵ > 0 . (5.43)
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This requirement is the analog of the one of having a positive volume of the divisors(∫
S J ∧ J > 0

)
and of the CY

(∫
X J ∧ J ∧ J > 0

)
. The conditions (5.43) de�ne a cone,

said Kähler cone and constrain the (Poicaré dual) of the CY to lie within it.
The e�ective curves C form a cone as well, which is known as Mori cone and is generated

by the set of curves [Ci]. A way to specify these curves is through the Mori cone matrix,
parametrizing their intersections with the toric divisor classes:

M i
j = [Ci] · [Dj ] =

∫
[Ci]

D̂j . (5.44)

The Kähler cone conditions (5.43) (KCC) correspond to a set of constraints on the
volumes of the 2-cycles ti, which can be derived, once the matrix (5.44) is given13, as
follows: ∫

[Ci]
Ĵ ≥ 0⇔ [Ci] ·

∑
j

tj [D̂j ] =
∑
j

M i
j t
j ≥ 0 . (5.45)

We stress that the procedure outlined above allows to de�ne the Kähler cone only for
the ambient space A. This is due to the fact that, at least in principle, not all the e�ective
curves of A lie in the Mori cone of X. As a consequence the Kähler cone of the ambient
space is expected to be smaller than the one of the CY, which means, on the other side,
that taking the KCC for the ambient space is a su�cient condition. For this reason we will
not worry too much about this issue, but we mention that some attempt to �nd a better
approximation for the CY Kähler cone was done, for example, in [28], taking advantage
of the explicit knowledge of the properties (and in particular of the Mori cones) of certain
curves. In [144], instead, the Kähler cones are estimated by comparing them with the
(smaller) ambient Kähler cone and the larger intersection Kähler cone (obtained from the
Mori cone given by the intersection of all the Mori cones of the ambient varieties which
are connected via `irrelevant' �op transitions): notice that in the non-generic case in which
the two cones coincide, this method provides the exact CY Kähler cone.

Finally, it is important to notice that when di�erent triangulations lead to the same
Calabi-Yau geometry, the full Kähler cone will be given by the union of the Kähler cones
of the individual phases. Indeed, in this case the Kähler form J is allowed to stay in the
Kähler cone of either representation.

5.3 D-branes and Tadpole Cancellation conditions

The presence of a set of orientifold planes, due to the involution, makes the addition of
D7-branes essential in order to cancel the total D7-charge. In particular, as we will better
see in Sec. 5.3.1, for each O7-plane in the equivalence class [DO7] we need to add D7-branes
in the equivalence class

[DD7] = 8[DO7] . (5.46)

13In the examples analyzed in the subsequent chapters, we will extract the Mori cone matrix from the

Ross Altman database [106].
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Besides the ones needed for D3 uplift (whose con�guration is chosen so that they do not
contribute to the D3-charge), we will not include any D3/D3-brane, hence this section is
dedicated to the study of D7-branes.

Let us consider a CY geometry described by the equation ξ2 = h(u1, ..., un) (where h is
a homogeneous polynomial) in the coordinates {u1, ..., un, ξ} equipped with the involution
ξ → −ξ, so that there is (at least) an O7−-plane14 wrapping the divisor DO7 : {ξ = 0}.
The most generic form for the equation describing the world-volume of a D7-brane on top
of the O7−-plane can be obtained by studying the IIB theory as the weak coupling limit
of an F-theory and it turns out to be [104]:

ΣD7 : η2(u1, ..., un)− ξ2χ(u1, ..., un) = 0 , (5.47)

where η and χ are two homogeneous polynomials, invariant under the involution, whose
degrees are determined by the degrees of the CY equation. Moreover, ξ ∈ O(DO7), η ∈
O(4DO7) and χ ∈ O(6DO7). For generic polynomials the locus is connected, hence it
corresponds to a single orientifold invariant D7-brane. Analyzing the equation (5.47), we
notice that ΣD7 has double point intersections with the O7-plane (ξ = 0), which can be
interpreted by saying that it locally looks like a brane-image brane pair:

(
√
χ ξ + η) (

√
χ ξ − η) = 0 . (5.48)

This feature is true also at the global level only if χ assumes the non generic form χ = ψ2:
in this case ΣD7 splits in two separate branes (one the image of the other), each wrapping a
divisor in the cohomology class 4[DO7]. Furthermore, in con�rmation with what said above,
it can be proven [104] that single D7-O7 intersections would violate Dirac quantization,
which justi�es the fact that Eq. (5.47) is the most general allowed con�guration for a D7

on top of an O7−, even without taking into account F-theory.
Let us analyze some other features of the world-volume described by equation (5.47).

It is straightforward to see that the double points intersections at η = ξ = 0 are actually
double points singularities. Moreover there is a pinch point singularity at ξ = η = χ = 0.
Around the singular points the divisor turns out to be isomorphic to the so-called Whitney
umbrella, which is de�ned as: x2 = zy2, with x, y, z ∈ C3 (see Fig. 5.3). For this reason a
brane of this kind is usually called Whitney brane [147].

Di�erent brane con�gurations can be obtained when η and χ are not generic (we already
mentioned the case in which χ = ψ2). The simplest possibility, which characterizes branes
wrapping a rigid divisor15, is:

η = α ξ4; χ = β ξ6 ⇒ ΣD7 : ξ8 = 0 . (5.49)

It corresponds to four D7-branes (and four image-branes) placed on top of the O7-plane,
realizing a SO(8) gauge group.

14An O7+, having positive D7-charge, would be incompatible with tadpole cancellation.
15A rigid divisor Dξ has h

0,1(Dξ) = 0. This means that the equation of a generic representative of the

divisor class (ξ = 0) cannot be deformed in any way. The class 8[Dξ], therefore, can only be represented

by the equation ξ8 = 0.
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Figure 5.3: Projection of the Whitney umbrella to R3, where we can easily recognize the
`pinched-point' singularity.

Generalizing a bit, it is possible that the polynomials factorize in:

η = umi η̃; χ = u2m
i χ̃ ⇒ ΣD7 : u2m

i

(
η̃2 − ξ2χ̃

)
. (5.50)

In this case we have a Sp(2m) stack of m D7 (plus their images) along ui and a Whitney
brane of lower degree in the homology class 8[DO7]− 2m[Di].

World-volume �ux

As we mentioned in Sec. 4.5, a D7-brane wrapping the divisor DD7 supports a non-trivial
gauge �ux F living on its world-volume and generating 4d chiral modes. In general we are
not allowed to set it to zero because of the need to cancel the Freed-Witten (FW) anomaly
[148], which requires, in particular, that [26]:

(2πα′)F +
1

2
c1(DD7) ∈ H2(X3,Z) . (5.51)

In order to satisfy this constraint, it is su�cient to choose:

(2πα′)F =

h1,1∑
i=1

ni ι
∗
DD7

D̂i −
1

2
c1(DD7); ni ∈ Z (5.52)

where the sum runs over the elements of a basis of divisors. The form 1
2c1(DD7) is relevant

only when DD7 is a non-spin divisor (if DD7 is spin, that form is integral). For the cases
of our interest the only situation in which we will not have to worry about FW anomaly
is when DD7 is a K3, due to the fact that c1(K3) = 0.

In order to have a gauge invariant object we combine F with (the pull-back ι∗DD7
of)

the background B-�eld B2:
F = (2πα′)F − ι∗DD7

B2 . (5.53)
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It is possible to set F = 0 by a choice of B2. This will become important later. In presence
of multiple stacks of branes, setting F to zero on all of them is not a trivial task since B2

is a global quantity (hence it must be the same for all the branes).
Finally, it is worth to mention that there is another kind of Freed-Witten anomaly to

be taken into account; in order to prevent it we need to impose [127]:

ι∗DD7
H3 = 0; H3 = dB2 . (5.54)

This requirement is automatically satis�ed when the worldvolume of the divisor wrapped
by the D7-brane does not contain closed 3-forms (that is it has h1,0(D) = 0, hence H3 = 0).

5.3.1 D-branes charges

D7-branes supporting a holomorphic gauge bundle carry RR D7-, D5- and D3- charges.
As for the orientifold planes we can introduce the `Mukai' charge vector for a D7-brane.
that is the ΓE appearing in the Chern-Simons action of the D7 [28]:

SCS =

∫
R1,3×X3

C ∧ e−B ∧ ΓE , (5.55)

where again C =
∑

pCp. Expanding it on a CY we �nd, for a single D7-brane:

ΓD7(DD7,F) = [DD7] + [DD7] ∧ F +
1

2
[DD7] ∧

(
F ∧ F +

c2(DD7)

24

)
(5.56)

which is the sum of a 2-form, a 4-form and a 6-form. Introducing this result in (5.55) we
deduce that these terms encode, respectively, the D7-charge, the D5-charge and the D3-
charge carried by the brane. Comparing the D7-charge in the above expansion with the
one in (5.40) we can now easily understand why D7-tadpole cancellation requires (5.46).
Moreover, since we are considering only invariant con�gurations16, it appears obvious from
(5.56) that the totalD5-charge is automatically canceled. The only non-trivial term coming
from (5.56) is therefore the D3-charge contribution:

QD7
D3 = −

∫
X3

ΓE |6−form = −χ(DD7)

24
− 1

2

∫
DD7

F ∧ F . (5.57)

Having a singular world-volume, the Whitney brane deserves more care. An useful
(smooth) representation of a Whitney brane wrapping the divisor DW = 8DO7 consists in
considering it as the result of the recombination of a brane-image brane system, in which
each brane wraps a divisor 4DO7. This is motivated by the local form of ΣD7 (5.48) as well
as by the fact that the charge is conserved under brane recombination. Applying Eq. (5.57)
to this system we obtain therefore:

QWD3 = 2QD7
D3(4DO7) = −χ(4DO7)

12
− 4

∫
X3

DO7 ∧ F ∧ F , (5.58)

16Each brane equipped with the gauge �ux F is associated to an image brane wrapping the same divisor

class and carrying a �ux −F .
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where F is the �ux supported by one of the branes in the brane-image brane pair. However,
there are subtleties that need to be taken into account. First, contrary to what one might
expect, the recombination process can induce an integral �ux [104]. Indeed, it is well known
that the D3-charge contribution of a brane includes a geometric and a �ux charge. Hence,
there exists the possibility that the geometric charge is modi�ed during the recombination
process and that this change is compensated by the appearance of a new �ux, so that the
total charge is conserved. When this happens, the equation (5.47) is forced to take the
form:

ΣD7 : η2 = ξ2(ψ2 − ρτ) (5.59)

where ψ ∈ O(3DO7), ρ ∈ O(3DO7 − 2F + 2B2) and τ ∈ O(3DO7 + 2F − 2B2) (F is
an integer form). Not all �ux con�gurations (encoded in the line bundles for ρ and τ)
are allowed: if one of the last two line bundles has no holomorphic sections, indeed, the
corresponding polynomial is forced to vanish and the equation splits into the brane-image
brane system:

(η + ξψ)(η − ξψ) = 0 . (5.60)

In order to avoid this, we need to choose, if possible, a B-�eld and a �ux F such that the
two divisor classes [3DO7 − 2F + 2B2] and [3DO7 + 2F − 2B2] are positive de�nite, which
happens if:

− 3DO7

2
≤ F −B2 ≤

3DO7

2
. (5.61)

Furthermore, as it is clear already from Eq. (5.58) the value of the D3-charge depends
also on F . Recalling that we need a large negative D3-charge in order to compensate
possibly large contributions coming from the background �uxes, it is useful to select, among
the �ux choices allowed by (5.61) the one that minimizes this contribution. A very simple
way to make this choice can be found once one explicitly separates the �ux and geometric
charges of the brane:

QWD3,geom = −1

3

∫
X3

DD7 ∧ (43DD7 ∧DD7 + c2(X3)) = −χ(4DD7)

12
− 9

∫
X3

D3
D7 (5.62)

QWD3,flux =

∫
X3

DD7 ∧ (3DD7 − 2F + 2B2) ∧ (3DD7 + 2F − 2B2) (5.63)

(consistently, the sum of the two terms gives (5.58)). Indeed, it is now clear that while the
geometric contribution is negative, the �ux charge is positive. As a consequence the largest
(negative) possible D3-charge is given by the (5.62) alone, provided that it is possible to
choose the �ux so that the pull-back of at least one of the two corresponding line bundles
on the brane vanishes, so that QWD3,flux = 0.

Comparing (5.57) (at F = 0) with (5.62), we understand one of the main advan-
tages of using a single invariant brane rather than several stacks: indeed the D3-charge
of the Whitney brane can assume much larger (negative) values, leaving more room for
the introduction of background �uxes needed for complex structure moduli stabilization
(see Sec. 4.4). In addition, this con�guration prevents the generation of dangerous chi-
ral modes at the intersection with (�uxless) branes wrapping rigid divisors, which would
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obstruct the presence of non-perturbative e�ects, essential for Kähler moduli stabiliza-
tion (see also Sec. 5.4). Finally, it automatically has a vanishing D-term (as we can see
looking Eq. (4.21), which allows to avoid possible issues related to having a hidden brane
wrapping a large cycle (which is usually the case for divisors admitting also a Whitney
brane). Indeed, it can be shown [147] that a non-vanishing D-term would imply a FI term
proportional to the volume of the wrapped cycle, which, as a consequence of the vanishing
D-term condition, would be forced to shrink to zero, thus ruining the large volume limit.

Phenomenology

The main purpose of the present work is to analyze the presence of de Sitter minima
in string theory, focusing on the challenge of stabilizing all the moduli in a way that
satis�es all the many consistency requirements, among which the tadpole cancellation
condition assumes a prominent role. Nonetheless it is worth to notice that besides being
essential in satisfying this condition, D7-branes are crucial for several model building
applications, especially in relation to the fact that they are a key ingredient to gain chirality
in string compacti�cations (see e.g. [26, 146]). Chiral matter, indeed, is obtained at
the intersection between D7-branes supporting a non-vanishing gauge �ux. In particular,
interesting phenomenological features characterize con�gurations based on the presence of
D3- and D7-branes at del Pezzo singularities as studied, e.g., in [149, 150, 28, 29], the last
two with a speci�c focus on the topic of consistently embedding such local con�gurations
in global setups.

5.4 Non-perturbative e�ects

Non-perturbative e�ects, as mentioned in Sec. 3.2, are generated by speci�c brane con-
�gurations. However, in a model including multiple non-perturbative e�ects or, more
generically, several branes stacks, some additional constraint is usually needed in order to
ensure that Wnp is actually non-zero. This section is dedicated to an overview of these
issues.

First of all, let us brie�y review the three possible e�ects of our interest:

� Gaugino condensation [55]: A stack of D7-branes is placed on top of a divisor
wrapped by an O7-plane (so that the D7-charge is canceled). The D7-branes support
a condensing gauge theory, thus producing the usual non-perturbative term (3.39),
with a = 6π

b0
(b0 is the coe�cient of the one-loop beta function). In perturbative

string theory, SO(8) (corresponding to four branes and four image branes wrapping
a rigid divisor - see Sec. 5.3) is the only condensing gauge group on a D7-brane stack
with no (chiral and non-chiral) matter [18]. In this case, a = π

3 .

� O(1) instanton [54]: A D3-brane wraps a (rigid) four-cycle D in the compact space.
Since such brane appears as point-like in the non-compact space-time, it is usually
called euclidean D3-brane, or E3-instanton. The classical action for this con�gura-
tion is [127]:

SE3 = 2π · rk(E3) · τD , (5.64)
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where τD is, as usual, the volume of the four-cycle wrapped by the E3. From this,
it follows a = 2π in (3.39).

In order to generate a non-perturbative e�ect, the E3-instanton has to be invariant
under the involution, otherwise it would be projected out. If h1,1

− = 0, this implies
that the gauge �ux on the brane is forced to vanish: FE3 = 0. However, the brane
usually wraps a non-spin divisor, hence F needs to be non-zero in order to cancel the
FW anomaly. As a consequence WE3

np 6= 0 only if it is possible to choose a B-�eld
which cancels this contribution.

� Rank two instanton [56] (see also [127]): When it is impossible to select a proper B-
�eld for the rank one E3 to be invariant, there is still the possibility of introducing a
rank-two E3-instanton. In this case, the E3-instanton, wrapping an invariant divisor,
is equipped with a rank two vector bundle (instead of a line bundle): E = L1 ⊕ L2,
where L1,2 are two line bundles. Then, in order to have an invariant con�guration,
we do not need to impose the vanishing of the gauge �uxes, but only L2 = L−1

1 ,
corresponding to two D3-branes, one the image of the other. It should be noticed
that, again from (5.64) the coe�cient in the exponential of Wnp is now a = 4π. This
implies that whenever a rank-one instanton is allowed, it will dominate, therefore
one will need to take into account rank-two instantons only when the �rst ones are
forbidden.

The above con�gurations do not always generate a non-perturbative superpotential.
More precisely, there is the possibility that, under certain conditions, Wnp is forced to
vanish. Here, following mainly [127, 147], we will focus on E3-instantons (both rank one
and two), but similar considerations apply also to gaugino condensation17.

In [54], E. Witten developed a criterion, based on F-theory, allowing to understand
whether a given E3-brane may generate a non-vanishing Wnp. However, a similar criterion
can be formulated also in type IIB, stating that a suitable E3-brane cannot have more than
two fermionic neutral zero modes [147]. This justi�es some of the assumptions considered
up to now. In the absence of intersections with otherD-brane stacks, indeed, there are three
classes of neutral zero modes. The �rst class includes the so-called universal zero-modes,
which are model-independent; they correspond to the four fermionic superpartners of the
real scalars parametrizing the motion of the E3-brane in the 4d space-time. Imposing that
the E3-brane is invariant under the orientifold involution projects out two of these modes.
The other two classes come from the possible moduli of the wrapped divisor (corresponding
to scalar �elds in the world-volume �eld theory) and from the Wilson line moduli. However,
the �rsts are counted by h0,2(D) and the latter are present only if h0,1 6= 0. Hence, if the
E3 wraps a completely rigid divisor (h0,1 = h0,2 = 0) as we required, these modes are
absent18.

Let us now consider the case in which the E3 intersects other D7-branes. In this case
17In particular the form of (5.66) coming from gaugino condensation is di�erent [151], but the qualitative

conclusions remain the same.
18If this su�cient condition is not satis�ed, there might still be the possibility to soak up some of the

zero modes, but a more involved con�guration is needed (see e.g. [152]).
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the strings stretched between the two stacks give rise to fermionic zero modes in the bi-
fundamental representation with respect to the gauge groups living on the E3 and/or on
the D7. The number of chiral states can be evaluated by means of the chiral index :

ID7−E3 =

∫
D7∩E3

(FD7 −FE3) (5.65)

which counts the di�erence between the chiral states in the fundamental representation
and the ones in the anti-fundamental representation. Notice that according to this formula
the intersection of branes with trivial �uxes do not generate chiral modes. Moreover, even
for non-zero �uxes, one can try to arrange them so that ID7−E3 = 0.

If ID7−E3 6= 0 19, the chiral modes induce charged chiral super�elds Φ in the path
integral for the superpotential:

W ∼
∏
i

Φie
−Sinst (5.66)

so that it is di�erent from zero only if the Φi can be stabilized to a non-vanishing VEV (this
requirement might be avoided considering more involved con�gurations, such as h1,1

− 6= 0).
Notice that, though it is a strong assumption, this might be possible if the intersecting
branes belong to the hidden sector. The visible sector is instead constrained by the Stan-
dard Model (or by its supersymmetric extension, the MSSM), so that one should always
require that the instanton does not intersect the D7-branes supporting the visible sector
[151]. As a �nal remark, we mention that there are some situations in which (5.66) is auto-
matically zero, regardless the VEVs of the matter �elds Φi [127]. Indeed the superpotential
comes from the action:

A ∼
∫
dη1... dηn e

−Sinst (5.67)

where the ηi are n fermions and the e�ective instantonic action Sinst contains gauge in-
variant terms of the form: Sinst ⊃

∑n
i,j=1 gij ηiφ ηj (gij is the coupling constant and the φi

are the scalar �elds living on the brane). Since the ηi are, as it is well known, Grassmann
variables, if n is odd the integral (5.67) vanishes automatically. However, all the brane
con�gurations that we usually consider in order to cancel the D7-charge are such that n
is even.

5.5 Sub-leading corrections to the scalar potential

The Large Volume Scenario generically allows to stabilize few Kähler moduli20, that is
(some of) the small cycles and the total volume. The results of Sec. 3.3 can be easily
generalized to the case of more than one `diagonal' small cycle, which therefore are stabi-
lized as well. In order to �x any other modulus, instead, one generically needs to include
sub-leading corrections to the scalar potential. Since the CY space is compact, with a
volume �xed in a previous step, the expectation is that the sub-leading corrections will not
spoil the minimum. Moreover a promising candidate for a string theory in�ationary model,

19Sometimes this might be even a desired feature, as in [127] .
20As we have seen in Sec. 5.4, conditions for generating non perturbative e�ects inW are very constrain-

ing.
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called �bre in�ation [153, 137, 146], is based precisely on the presence of one (or more)
hierarchically lighter modulus which is stabilized at subleading order by the interplay of
these perturbative corrections.

The known perturbative corrections (sub-leading with respect to the ones that we use
in LVS) come from the exchange of closed strings winding non-contractible cycles, the
exchange of Kaluza-Klein modes between non-intersecting D-branes/O-planes (gs expan-
sion) or higher derivatives terms (α′ expansion). The explicit form of these corrections is
only conjectured; however, over the years it has passed several low energy tests, hence it
is considered to be robust enough.

Winding loop corrections

Whenever the model contains two intersecting divisors Di and Dj (Di ∩Dj 6= 0), wrapped
by O-planes or D-branes, such that the intersection locus admits non-contractible one-
cycles (that is h1,0(Di ∪ Dj) 6= 0), there is an exchange of closed strings winding the
non-contractible cycles. This produces a correction to the Kähler potential (recall that the
superpotential cannot achieve any perturbative correction), which was exactly computed
for the simple case of toroidal orientifolds [154]. The generalization to Calabi-Yau manifolds
was conjectured in [155] (see also [137]) to be:

δKW
gs ∼

∑
i

CWi
V t∩i

. (5.68)

Here, the CWi are unknown functions of the (stabilized) complex structure moduli, hence
at this stage we can consider them as unknown constants. The t∩i are the two-cycles where
the branes/planes intersect:

t∩i =

∫
X3

J ∧Di ∧Dj . (5.69)

The correction δKW
gs contributes to the scalar potential with

δV W
gs = −gs

W 2
0

V2
δKW

gs = −gs
W 2

0

V3

∑
i

CWi
t∩i

, (5.70)

where we are assuming eKcs = 1 .

Kaluza-Klein corrections

Kaluza-Klein (KK) corrections are due to the exchange of KK modes between stacks of non-
intersecting D-branes and/or O-planes. The (conjectured) term in the Kähler potential is,
in this case [155, 137]:

δKKK
gs = gs

∑
i

CKKi t⊥i
V

, (5.71)

where the CKKi are again unknown constants, whose value depends on the stabilized com-
plex structure moduli. The t⊥i are, instead, the two-cycles transverse to the branes/planes,
therefore they parametrize the distance between them.
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In [156], the following statement, called extended no-scale structure, was proven (for
a CY three-fold in a type IIB N = 1 SUGRA theory): given the Kähler potential K =

Ktree + δK and the superpotential W = W0 (both in Einstein frame), if and only if the
loop correction δK is a homogeneous function of degree n = −2 in the 2-cycles volumes,
than at the leading order δVgs = 0.

From (5.71) it is clear that δKKK
gs satis�es the hypothesis of the theorem (recall that

V ∼ t3), hence the exchange of KK modes contribute to the scalar potential at the next-
to-the-leading order, with:

δV KK
gs =

g3
s

2

W 2
0

V2

∑
i,j

CKKi CKKj K0
ij (5.72)

where K0
ij is the tree-level Kähler metric, derived from K0 = −2 lnV and the indices {i, j}

run only over the cycles contributing to the summation in (5.71).

α′3F 4 correction

This correction comes from the α′ expansion. As we know, the �rst order α′ contribution
to the 10d type IIB action is at order (α′)3. In particular, we already encountered the
α′3F 2 correction, which is the one ensuring the LVS Kähler moduli stabilization.

The subsequent term, which is of order α′3F 4, was computed instead in [157] and it
contributes to the scalar potential with

δVF 4 = −g
2
s

4

λW 4
0

g
3/2
s V4

h1,1∑
i=1

Πiti , (5.73)

where the Πi =
∫
X3
c2 ∧ D̂i ∼ 10− 100 21 are topological numbers, while λ is an unknown

combinatorial factor expected to scale as |λ| ∼ ξ

g
3/2
s χ(X3)

∼ 10−3. The sign of λ derives from

the explicit 4d reduction of the 10d action at the considered order, which is not completely
known. However, it was observed that only λ < 1 would produce a minimum for the scalar
potential, hence usually people work under this assumption.

As was pointed out in [67], in order to be sure that this correction (depending on the
potentially large W 4

0 ) is actually subleading, one should impose that it is much smaller
than the value of the potential at the AdS minimum (3.54). This realizes in the constraint

4W 2
0 as

3κ
2/3
s ξ1/3V2/3

C � 1 , (5.74)

where we have also used the expression for τs at the minimum (3.53c); C is an order one
constant coming from the combination of the parameter λ and the topological numbers
Πi.

21In the following, we will refer to these topological invariants also as 2nd Chern numbers.
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Chapter 6

An explicit example of D3 uplift in

the Large Volume Scenario

This chapter is based on the paper [18] in which we studied a concrete realization of the
D3 uplifting mechanism analyzed in the previous sections1.

The main motivation for this work is that the construction of consistent explicit models
involves several non-trivial ingredients, like �uxes, throats, non-perturbative e�ects and
branes. While each of these is allowed within type IIB string theory, putting all of them
together in a single model where all the approximations are under control is very challenging
and deserves an accurate analysis by means, as a start, of the simplest explicit construction
admitting all of them.

In the �rst part, we analyze the general features of moduli stabilization for type IIB
orientifold compacti�cations on CY threefolds with two Kähler moduli (h1,1 = 2) and a
Klebanov-Strassler throat. In particular, we consider the three-moduli potential describing
the conifold complex structure modulus Z and the two Kähler moduli. This turns out to
be unnecessary, as the results do not deviate too much from the case in which the warped
factor is assumed to be �xed.

Basing on these generic results, in the second part we construct an explicit model in
which the uplift is obtained by introducing an D3 on top of an O3 at the tip of a warped
throat and all the moduli are stabilized in a dS vacuum. This turns out to be a not so
easy task, given the large number of consistency requirements2, often in tension one with
the other, that we need to take into account. The example that is discussed here, satis�es
all these conditions.

We dedicate particular attention to the bound discovered in [16] and reviewed here,
in Sec. 4.4, according to which the �ux number M along the throat must be such that
gsM

2 & 46.1, in order to avoid a runaway in the scalar potential. However, we stress that
this requirement turns out to be weaker than the one that we need to impose in order to

1Previous concrete examples of de Sitter uplift in type IIB orientifold compacti�cations have been

obtained by means of di�erent sources of uplift, such as T-branes, α′-corrections or D-term generated

racetrack potential [28, 29, 41, 103, 158, 124, 135, 127], see also Sec. 4.5. For previous proposals to obtain

dS space in string theory, see for instance [159, 118, 160, 161].
2See [162] for a classical analysis of consistency constraints in a di�erent context.
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have control over the Klebanov-Strassler approximation, that is gs|M | � 1 3.
The bound on M , as we already mentioned, corresponds to a lower bound in the D3-

charge contributionMK coming from the �uxes along the throat. This means that a large
negative charge (coming from O-planes and D-branes) is needed in order to satisfy the
tadpole cancellation condition. This might be, in principle, a serious issue in type IIB
compacti�cations. Nonetheless, we noticed that already the perturbative regime admits
objects with large negative D3-charge, the Whitney brane, which might allow to cancel a
large positive contribution coming from the �uxes.

6.1 The de Sitter LVS minima of the scalar potential

6.1.1 The scalar potential

We consider the minimal case of a CY threefold X3 with h1,1 = 2 and a Swiss cheese form
of the volume (3.51), because it is the simplest possible realization of antibrane uplift in
LVS.

In this section we derive the scalar potential for the complex structure modulus Z and
the Kähler moduli, in presence of a warped throat. The D3 uplift term is obtained in
the SUGRA theory, through the introduction of a nilpotent goldstino X, as explained in
Sec. 4.2. The axio-dilaton is �xed (S = 1

gs
) as well as all the complex structure moduli,

except for the one parametrizing the throat.
In order to derive the scalar potential, let us start, as always, with the Kähler potential

and the superpotential describing the supergravity theory. The Kähler potential is given
by4:

K = −2 ln

[
V +

ξ

g
3/2
s

]
+
c′ξ′|Z|

2
3

V2/3
+
XX̄

V2/3
, (6.1)

where, as usual, ξ = −χ(X3)ζ(3)
4(2π)3 , c′ ' 1.18 and ξ′ = 9gsM

2. The e�ective superpotential is
instead:

W = W0 +Ase
−asTs − M

2πi
Z(logZ − 1) + i

KZ

gs
+
i|Z|

2
3

gsM

√
c′′

π
X , (6.2)

where W0 is the vev of the tree-level superpotential for the complex structure moduli (but
Z) and c′′ ' 1.75. Moreover, since the model has two Kähler moduli and, for LVS to be
consistent we expect τb � τs, we are considering only one non-perturbative e�ect.

Recalling that the goldstino is decoupled with respect to the other moduli (due to the
fact that in the vacuum 〈X〉 = 0), and using the approximation V � 1, we obtain the

3The bound on M may be improved by making gs larger (still within the limits of the perturbative

regime). However, at the LVS minimum, gs is related to the volume of the Calabi-Yau that for larger gs
tends to be not so large, eventually violating the supergravity approximation.

4Notice that in principle we should include in the Kähler potential also the axio-dilaton S, as we did

in Sec. 3.3. However, in the large volume limit the result is the same, hence here we will consider it to be

�xed at its stabilized value.
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sugra scalar potential:

Vtot =
8a2

sA
2
sgs
√
τse
−2asτs

3κsV
+

4asAsgsτse
−asτs

V2

[
W0 cos(asθs + ϕ) + ζ

M

2π
sin(asθs + σ)

]
+

3ξ

2
√
gsV3

[
W 2

0 − 16ζ2

(
M

2π
log ζ +

K

gs

)2

+
M2ζ2

π2

(
1

4
+

2πK

Mgs
− 4σ2 + log ζ

)
+2

M

π
W0ζσ cos(σ − ϕ) +W0ζ sin(σ − ϕ)

(
M

π
+ 2

M

π
log ζ +

4K

gs

)]
+

ζ4/3

c′M2V4/3

[
c′c′′

πgs
+
M2σ2

4π2
+

(
M

2π
log ζ +

K

gs

)2
]
,

(6.3)

where Z ≡ ζeiσ and, with abuse of notation, we have replaced W0 → W0e
iϕ, so that now

W0 is real and positive and ϕ is the phase (not to be confused with the dilaton φ) of the
complex W0 appearing in (6.2).

6.1.2 De Sitter minima of the potential

The potential (6.3), is quite di�cult to analyze explicitly. However some simple considera-
tions allow to considerably simplify it, by means of some reasonable approximation. First
of all, we recall that the strongly warped regime, in which we are working, is characterized
by ζ � 1. Hence Eq. (6.3) contains at least two small parameters5, 1

V (we are in the LVS
regime V � 1) and ζ, which we would like to relate one to the other. This can be easily
done, by noticing that, as in the standard LVS, a small cosmological constant is obtained
when the uplifting term (reported in the last line of (6.3) and of order Vup ∼ ζ4/3

V4/3 ) com-

pensates the AdS energy at the minimum VAdS ∼
W 2

0
V3 . We conclude that we need to work

in the approximation:

ζ4/3 ∼ W 2
0

V5/3
(6.4)

which, for V � 1, is also consistent with the requirement ζ � 1. Under this assumption,
the scalar potential (6.3) simply becomes6:

Vtot '
8a2

sA
2
sgs
√
τse
−2asτs

3κsV
+

4asAsgsτse
−asτsW0

V2
cos(asθs + ϕ)

+
3ξ

2
√
gsV3

W 2
0 +

ζ4/3

c′M2V4/3

[
c′c′′

πgs
+
M2σ2

4π2
+

(
M

2π
log ζ +

K

gs

)2
]
.

(6.5)

Let us now analyze the new potential. To start with, we notice that the �rst derivatives
of Vtot with respect to θs and σ vanish for θs0 = π−ϕ

as
and σ0 = 0 and that

∂2Vtot

∂ xi∂yj
|σ0,θs0

= 0 ,

5Though small enough to admit a consistent perturbative expansion, the string coupling gs is usually

larger than 1
V and ζ.

6With respect to the expressions in Sec. 3.3 we have absorbed a factor of 2 in the complex structure

term of the scalar potential: eKcs

2
→ eKcs (with eKcs itself included in the de�nition of W0 and As).
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where xi = {θs, σ} and yi = {τs, τb, ζ}. Hence, we can conclude that these moduli are
decoupled from ζ, τb, τs and that they can be stabilized at θs0 and σ0

7.
Fixing θs = θs0 and σ = σ0 in Vtot we get:

V =
8a2

sA
2
sgs
√
τse
−2asτs

3κsV
− 4asAsgsτsW0e

−asτs

V2
+

3W 2
0 ξ

2
√
gsV3

+
ζ4/3

c′M2V4/3

[
c′c′′

πgs
+

(
M

2π
log ζ +

K

gs

)2
]
,

where the usual LVS (plus an uplift) structure is now manifest.
From the analysis of the derivatives of (6.6) and considering V ' τ

3/2
b , we derive the

values of the remaining moduli at the minimum:

∂ζV = 0⇔ ζ = e
− 2πK
gsM
− 3

4
+
√

9
16
− 4π
gsM2 c

′c′′
, (6.6a)

∂τsV = 0⇔ τ
3/2
b =

3easτsW0κs
√
τs

asAs

(1− asτs)
(1− 4asτs)

, (6.6b)

∂τbV = 0⇔ τ3/2
s

16asτs(asτs − 1)

(1− 4asτs)2
=

ξ

g
3/2
s κs

+
8 q0ζ

4/3 τ
5/2
b

27gsκsW 2
0

, (6.6c)

where

q0 ≡
3

8π2c′

(
3

4
−

√
9

16
− 4πc′c′′

gsM2

)
(6.7)

and the relations (6.6a) and (6.6b) were used in (6.6c).
The fact that asτs � 1 (which is also needed in order to have a large volume, as it is

clear from (6.6b)) allows to further approximate the equations (6.6a)-(6.6c):

ζ = e
− 2πK
gsM
− 3

4
+
√

9
16
− 4π
gsM2 c

′c′′
, (6.8a)

τ
3/2
b '

3W0κs
√
τs

4asAs
easτs , (6.8b)

τ3/2
s ' ξ

g
3/2
s κs

+
8ρ τ

5/2
b

27gsκsW 2
0

, (6.8c)

where we have also de�ned ρ ≡ q0ζ
4/3. For later convenience, it is useful to notice that

ρ depends only on the background �uxes M,K and gs (once we substitute ζ with the
expression (6.8a)):

ρ ≡ q′oe
− 8πK

3gsM with q′0 ≡ q0e
− 32π2c′

9
q0 . (6.9)

In particular, q′0 does not depend on the �ux number K.

7In the end we will check that they actually correspond to a minimum, by analyzing the second deriva-

tives ∂2Vtot
∂ xi∂xj

|σ0,θs0 .
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The expression (6.8a) obtained for ζ at the minimum is consistent with the results of
[16, 17, 162], according to which ζ is shifted with respect to the KS vacuum (3.30), due
to the introduction of the uplifting term. However, as we already observed in Sec. 4.4, the
shift is numerically irrelevant, as it scales ζ at worst by a factor close to 1, hence the only
important reason why one should include this correction is that it imposes the additional
constraint (4.15) [16]. On the other side, we observe that the equations (6.6b)-(6.6c) agree
with the ones derived in [45], where the value of ζ was assumed to be �xed at higher scales
at the KS solution (3.30). We can therefore conclude that even if the mass of the modulus
Z is small, its stabilization is still decoupled from the stabilization of the Kähler moduli.

Finally, the potential at the minimum is:

Vmin =
5q0ζ

4/3

9τ2
b

− 12W 2
0 gsκsτ

3/2
s

τ
9/2
b

(asτs − 1)

(1− 4asτs)2
' 5ρ

9τ2
b

− 3W 2
0 gsκsτ

1/2
s

4as τ
9/2
b

, (6.10)

where the second term is obtained in the limit asτs � 1. As expected, in the limit (6.4)
under consideration the vacuum is approximately Minkowski: depending on the exact value
of ρ, it can be AdS, Minkowski or dS.

6.2 Moduli masses

The masses for the moduli at the minimum are computed, as usual, by looking at the
eigenvalues of the matrix M = K−1∂2V , where ∂2V is the Hessian of the scalar potential
and K−1 is the inverse of the Kähler metric of the scalar �elds space. The characteristic
polynomial of the 3× 3 matrix relative to the three moduli τb, τs, ζ is a third degree poly-
nomial of the form −λ3 +bλ2 +cλ+d = 0, where at the leading order of our approximation
(in particular asτs � 1) we have:

b = tr(M) ' A+B, c = −1

2

(
tr(M)2 − tr(M2)

)
' −AB, d = det(M) ' ABC (6.11)

with:

A ≡ ζ2/3

6π2c′2gsM2τb

√
9

16
− 4πc′c′′

gsM2
� 1 , (6.12)

B ≡ 2gsW
2
0 a

2
sτ

2
s

τ3
b

� 1 , (6.13)

C ≡ 5

3τ2
b

(
9

4

27gsW
2
0 κsτ

1/2
s

20 asτ
5/2
b

− ρ

)
� 1 . (6.14)

From these expressions, we notice that b � c � d and, in particular, C � A,B, which
implies d

bc � 1. The cubic equation can therefore be solved perturbatively and the result
is:

m2
1 ' b = A+B , m2

2 ' −
c

b
=

AB

A+B
, m2

3 ' −
d

c
= C . (6.15)

We conclude this section with two important observations regarding this result:
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Moduli masses

� In the limit B � A, which is realized by typical values of the parameters, m2
1 ' B =

m2
τs (cfr. Eq. (3.57) in the limit asτs � 1). In the same limit, m2

2 ' A.

� m2
3 is much smaller than the other two masses and, remarkably, it is not necessar-

ily positive. The requirement of having positive masses, therefore, constrains the
possible values of the parameters when we look for a concrete realization of this
model.

6.2.1 Bounds on the warp factor

When we keep the parameters {W0, As, κs, as, gs} �xed, the value of ρ depends on the
choice of the �uxesM,K. The following argument shows in particular, that once the other
parameters have been �xed, one can obtain a de Sitter minimum only for a limited range
of values of ρ.

Solving the equation Vmin = 0 (with Vmin de�ned in (6.10)), we can �nd the expression
for ρ at a Minkowski vacuum:

ρlow '
27gsW

2
0 κsτ

1/2
s

20 asτ
5/2
b

, (6.16)

where τs and τb are functions of the parameters {W0, As, κs, as, gs}, determined by solving
the equations (6.6a)-(6.6c). This means that a de Sitter minimum is characterized by
ρ > ρlow: the larger is ρ, the larger is the value of the scalar potential at the minimum.

However, we can increase the value of ρ only as far as m2
3 in (6.15) is positive, that is

up to an upper value ρup above which a solution of (6.6a)-(6.6c) is not a minimum of the
scalar potential anymore. The value of ρ corresponding to m2

3 = 0 is:

ρup '
9

4

27gsW
2
0 κsτ

1/2
s

20 asτ
5/2
b

. (6.17)

We conclude that the order of magnitude of admissible ρ, hence of the warp factor, is
�xed by the other parameters {W0, As, κs, as, gs}. In particular, on a dS minimum we �nd

ρ ' α 27gsW
2
0 κsτ

1/2
s

20 asτ
5/2
b

, (6.18)

where α is a number in ]1, 9
4 [.

Using this fact, we can rewrite the equation (6.8c) as

τ3/2
s ' ξ

g
3/2
s κs

+
2α τ

1/2
s

5as
. (6.19)

Solving the cubic equation in τ
1/2
s we realize that τs is shifted with respect to the LVS

minimum (τs ' ξ2/3

gsκ
2/3
s

) by the small quantity δτs = 4α
15as
. 1. This small shift a�ects the

exponentially large τb by a factor of O(1), hence the uplift term in the potential modi�es
the relations determining the AdS LVS minimum only at subleading order.
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6.3 Consistency conditions and limits on the D3 tadpole

The equations (6.6a)-(6.6c) are valid only in certain regions of the moduli space (τb, τs, ζ)

and of the parameter space (W0, gs, as, As,M,K, χ(X)), inside which all the approxima-
tions that we are considering can be trusted. In this section we collect and summarize the
requirements that de�ne these regions of validity, specifying the ones that are automatically
satis�ed in the cases of interest for us.

Among these constraints the ones regarding the tadpole, as we said several times, have
a particular relevance. More speci�cally, in section 6.3.2 we analyze what is the minimal
value of MK that is allowed. We will see that this number is typically large, even larger
than what expected by the no-runaway condition of [16, 17].

6.3.1 Constraints

� Since we aim at a de Sitter vacuum, the potential at the minimum must be positive
and with a very small vacuum energy:

Vmin & 0 . (6.20)

This produces the lower bound on ρ, discussed in the previous section.

� The minimum of the scalar potential should be found in a regime where one keeps
control over the EFT. This translates into di�erent constraints.

First, the minimum should be located in a region with a large volume, so that the
α′ expansion is trustworthy8:

VE �
ξ

g
3/2
s

� 1 ⇐⇒ τb � τs . (6.21)

Having a large volume is also an advantage in terms of the stability of the (metastable)
vacuum, whose probability to decay towards the 10d decompacti�cation vacuum
(V → ∞) was estimated in Pdec/PdS = e−V

2
[63]. However, the volume cannot be

arbitrarily large due to the fact that all the relevant energy scales would become too
small with respect to phenomenological expectations (see App. A for the dependence
of these scales on V) [163].

Secondly, multi-instanton e�ects can be consistently neglected in the non-perturbative
corrections only if asτs � 1. In addition to this, the supergravity approximation re-
quires each 4-cycle to be stabilized with a large volume, that is9:

τs � 1 . (6.22)

8The authors of [13] pointed out that the large volume constraint should be actually imposed on the

string frame volume (Vs = VEg3/2
s ) instead of the Einstein frame one, in which we are working.

9Notice that a similar requirement can be imposed also to the volumes of the two-cycles ti (expressed

in units of the string length ls = 2π
√
α′ and in Einstein frame), which have to be much larger than the

string scale: |ti| � 1

g
1/2
s (2π)2

, ∀i = 1, ..., h1,1 [61]. This will be useful in Ch. 8, where the analysis of the

scalar potential is performed in terms of the ti instead of the τi.
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Consistency conditions and limits on the D3 tadpole

The two conditions are essentially equivalent in our case, in which as & 1.

Finally, a weak string coupling gs � 1 is required in order to ensure that string
loop corrections like the ones presented in Sec. 5.5 are actually sub-leading, which
means that the perturbative string expansion is under control. In the minima of
the potential this condition automatically ensures that both (6.21) and (6.22) are
satis�ed.

� The Kähler moduli need to be stabilized inside the Kähler cone (Sec. 5.2).

Since for the class of models we are considering the Kähler cone conditions simply
read τb > τs, this requirement is automatically satis�ed in the region de�ned by
(6.21).

� The low-energy SUGRA provides a valid 4d description only if the following hierarchy
holds [61]:

Mp � 2πMs &M
(i)
KK � mmoduli ,m3/2 . (6.23)

The mass scales are de�ned in App. A 10, where we also point out that the fact that
we are in a large volume region implies that Mp � 2πMs & M

(i)
KK is automatically

satis�ed.

The requirement M bulk
KK � m3/2 imposes instead an additional constraint [61, 165],

in the form11: √
gs
2π
W0 � V1/3 , (6.24)

which puts an upper bound on W0.

� Our uplifting mechanism relies on the presence of a highly warped throat, i.e.

V2/3ρ� 1 , (6.25)

with ρ = q0 ζ
4/3, evaluated at the minimum of the potential.

Moreover we need to take into account the fact that in the large volume limit, the
massive string states of the D3-brane at the tip of the throat are redshifted to lower
masses by the factor Ω = V1/6ρ1/4 and could be lighter than m3/2 ∼ 1

V , invalidating
the use of a low-energy e�ective �eld theory that neglect these states. In order to
avoid this, we need to require [45, 164]:

Mw
s ∼ 2πΩMs ∼

g
1/4
s π1/2ρ1/4

V1/3
� m3/2 ,

hence

ρ1/4V2/3 � g
1/4
s W0√

2π
∼ 1 (6.26)

in Einstein frame.
10Notice that our de�nition for Ms di�ers of a factor of 2π with respect to the one of [61] and [164].
11We are, as usual, neglecting the factor eKcs . Moreover, our W0 is rescaled by a factor of

√
4π with

respect to what is found in [61].
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These two conditions are always satis�ed at the dS minima of the potential. This is
clear from using the equations (6.8a)-(6.8c) and taking the expression (6.18) of ρ at
the minimum.

� The KS solution for the warped metric is trustworthy only if the size of the S3 at
the tip of the conifold stays larger than the string length (see also Sec. 3.1.3). From
the warped KS metric, the radius of the S3 reads [17]: R2

S3 ∼ α′gs|M |, which means
that the gravitational KS solution is trustworthy only in the limit

gs|M | � 1 . (6.27)

For �xed (small) gs, this puts a lower bound on the �ux M , which appears in the
warp factor. Furthermore if M is large, K is expected to be large as well. Indeed,
in order to generate a ρ in the (small) range individuated by (6.18), we need the
exponent in (6.9) to be not too small. The conclusion of this argument is that the
�ux contribution to the D3-charge may be very large and hence di�cult to cancel.

� In order to avoid runaways in the moduli space [16, 17] we need:

gsM
2 & 46.1

(see also Sec. 4.4). As we will see better in the following, however, this constraint is
typically weaker than (6.27), so that �uxes satisfying that condition are not expected
to show any runaway.

� Finally, as pointed out in [48, 113], the Z �eld in the KS solution is assumed to be
�xed to its supersymmetric value, hence it is not a modulus. As a consequence we
can consistently consider an o�-shell Z-dependence of the warp factor only if the
stabilized value of Z does not deviate much from the �ux stabilized value (3.30). For
the models under consideration this condition is always ful�lled as ζ in (6.6a) di�ers
from the KS value (3.30) by a factor of order one (as it can be checked in our explicit
model in Sec. 6.4).

6.3.2 Bounds on the �ux D3-charge

The constraints of the previous section can be summarized as follows. To be consistent
with all the approximations, the parameters of a model showing a de Sitter minimum, that
is satisfying (6.6a)-(6.6c) and (6.18), must ful�ll the following three conditions:

(1) gs � 1 such that V & 104;

(2)
√

gs
2πW0 � V1/3 (we will take O(10) as limiting ratio);

(3) gs|M | � 1 (we will take gs|M | & 5 12).

12We assume that this is enough for the analysis of [90] on the D3 stability to hold. In particular, with

this constraint one always �nds M > 15 in the perturbative regime.
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These conditions, as we will show, put a large lower bound for the �ux D3-charge (see also
[59]). Even if we claim that the situation is not as bad as suggested in [16], it is important
to stress that the uplift mechanism we are considering needs to be taken carefully, at least
if we want to use the KS approximation. A large positive D3-charge, indeed, is typically
di�cult to cancel in perturbative type IIB string theory, where the negative contribution
to the D3-charge is only due to the orientifold properties of the compact space and to the
D-brane con�guration.

From condition (3) we notice that larger values of gs (though still satisfying condition
(1)) are preferable in order to minimize the �ux D3-charge. However, for a �xed volume
V, the maximal value of gs strongly depends on the Euler characteristic χ(X3) of the CY

threefold, on the parameter κs and on as, as we can observe substituting τs ∼ ξ2/3

gsκ
2/3
s

(see

Eq. (6.19)) into (6.8b):

V ∼ 3W0κ
2/3
s ξ1/3

4asAs
√
gs

e asξ
2/3/gsκ

2/3
s . (6.28)

From (6.28) we notice that the value of gs can be increased also by making W0 larger.
However, condition (2) constrains the possible choices of W0.

Once the values of the parameters {χ, κs, as, gs,W0} are �xed, in order to minimize
the D3-charge MK, one has to take M close to the bound de�ned by condition (3). Since
the warp factor ρ, de�ned in (6.9), can only vary in the small range corresponding to
1 ≤ α < 9

4 (see Eq. (6.18)), for a �xed M , K can take only few values. In practice, we will
typically select the maximum gs admitted by condition (1); then we will choose the lowest
M compatible with (3), while we will �x K to the smallest value allowing ρ to be inside
the prescribed range.

There is a caveat: a model with as and χ(X3) large or κs small, might produce a
very large V even if gs is �xed at the largest value compatible with perturbation theory.
This is only apparently good: indeed, even neglecting the possible phenomenological issues
mentioned in the previous section, a very large volume corresponds to a very small ρ (see
equation (6.18)), which is in turn characterized by a large ratio K

gsM
(see equation (6.8a)).

This implies a large K, even for a not so big gsM , which eventually leads to a large
D3-charge MK.

In general, we noticed that the values of the parameters that minimize the tadpole
MK are typically at the boundary of our consistency conditions. In order to strengthen
these considerations, we made a rough scan over models with �xed χ(X3), as and κs, by
varying the parameters gs,W0,K,M (and keeping As = 1) and selecting the cases that
minimize the D3-charge MK, though satisfying conditions (1)-(3). Our strategy can be
summarized by the following steps:

1. We select a geometry X3 (with Euler characteristic χ(X3)). This essentially �xes also
κs (determined by the intersection numbers) and as. The reason why as is �xed is
that typically there are only few possible non-perturbative divisors and the choice of
the involution determines whether a given divisor will support gaugino condensation
(if it is wrapped by an O7-plane) or E3-instantons.
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While we leave a complete scan over the CY's parameters χ(X3), as, κs for a fu-
ture work, we report here the results obtained for a few di�erent values of these
parameters, in order to have an idea of the generic behavior of these models.

2. We scan over values of W0 ∈ [1, 30] (with step 1) and gs ∈ [0.01, 0.33] (with step
0.001).

3. Having �xed W0 and gs, we compute the lower ρlow (6.16) and upper ρup (6.17)
bounds for the warped factor ρ, ensuring that condition (2) is satis�ed.

4. Scanning over integer values of M and K, we select the ones that are such that
ρ ∈ [ρlow, ρup], where ρ is de�ned in (6.9), and condition (3) is ful�lled. Among
these, we choose the couple with the minimum value of MK.

The following tabular contains the results for the case in which the non-perturbative su-
perpotential is generated by gaugino condensation (as = π

3 )
13. For each given MK we

report also the values of gs and W0 producing it14.

(MK){gs,W0} −χ(X)

50 100 150 200 250

κs

√
2

9 ' 0.16 260{0.077,13} 230{0.11,5} 175{0.144,5} 145{0.174,5} 125{0.202,5}√
2

3
√

3
' 0.27 360{0.056,12} 320{0.079,4} 245{0.103,5} 200{0.126,5} 175{0.144,5}√

2
3 ' 0.47 504{0.04,7} 316{0.064,9} 340{0.074,4} 280{0.09,4} 240{0.105,4}

From this tabular we can deduce a general trend, according to which larger values of |χ(X3)|
and smaller values of κs are expected to provide smaller values of (MK)low. Indeed these
values allow for larger gs at �xed volume.

The analogous analysis performed at as = 2π is reported in the following table:

(MK){gs,W0} −χ(X)

50 100 150 200 250

κs

√
2

9 ' 0.16 119{0.301,7} 208{0.323,1} 288{0.331,2} 368{0.321,1} 432{0.332,2}√
2

3
√

3
' 0.27 132{0.237,8} 128{0.313,2} 176{0.333,11} 240{0.318,1} 288{0.318,1}√

2
3 ' 0.47 140{0.183,11} 90{0.292,12} 112{0.316,3} 144{0.33,4} 176{0.333,5}

From this results we notice that for χ(X3) & 150 and/or κs . 0.2, the caveat introduced
above applies, that is the volume is too large to allow for a small tadpole MK. We
conclude, therefore, that despite what one might naively expect, having a non-perturbative
e�ect generated by an E3-instanton is not necessarily to be preferred in order to get a small
positive D3-charge.

13With respect to [18], here we made a di�erent choice of the values of χ(X3) and κs, which takes

into account the actual range of possible values of the Euler characteristics for geometries with h1,1 = 2

(according to the Ross Altman's database [106]) and the possible values of κs. In particular, for a dPn we

have κs =
√

2
3
√

9−n . We thank Pramod Shukla for useful discussions on this point.
14We stress that the same tadpole might be obtained by di�erent choices of these parameters. Since

here we are mainly interested in the amount of the D3-charge, we simply report the values of gs and W0

corresponding to the �rst appearance of (MK)min in our scan.
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We �nally observe that the values we obtain are smaller than the recent lower bound
MK & 500 found in [16]. In that case, indeed, a very small warp factor was required for
KKLT to preserve the stability of the vacua after the uplift. In the LVS vacua analyzed in
this paper, instead, the stability has been taken into account by considering ρ as in (6.18).
Hence, we claim that for LVS the bound is a bit smaller: we typically �nd MK & 100.

6.4 An explicit model with D3-branes uplift

In this section, we present an explicit model. We choose a CY threefold that is a hypersur-
face in a toric variety, and an orientifold involution with O3-planes that collapse to each
other by taking the conifold limit. This, as we explained in the previous chapters, repro-
duces a situation with a warped throat modeled on a deformed conifold and represents the
simplest possible realization of uplift via a nilpotent goldstino [102].

We will show that this model admits a dS minimum that satis�es the conditions (1)-(3)
of section 6.3.2.

6.4.1 Geometric setup

We consider the toric ambient space characterized by the following weights and SR-ideal15:

z u1 u2 v w ξ DH

C∗1 0 1 1 2 3 7 14

C∗2 1 0 0 0 1 2 4

, SR = {z w, u1 u2 v } . (6.29)

This space contains, as we explained, a hypersurface which is a CY threefold X3. It is
de�ned by an equation whose degrees are reported in the last column of the GLSM matrix
in (6.29) and it corresponds to the geometry obtained from (any of the two triangulations
of) the polytope ID#39 of the database [107]. The Hodge numbers are h1,1 = 2 and
h1,2 = 132, while the Euler characteristic is χ(X) = −260.

As concerns the topology of the divisors (which we analyzed via CohomCalg), Dz is
a diagonal dP0 (hence it can support non-perturbative e�ects), while Du1 and Du2 have
the Hodge numbers of a K3 but they are not K3s, since they have

∫
X3
D2
u1,2

Dz,w = 1 and∫
X3
D2
u1,2

Dξ = 2 (see Sec. 5.1.1). The remaining ones are deformation divisors with Hodge
diamonds:

Dv :

1

0 0

3 40 3

0 0

1

; Dw :

1

0 0

6 61 6

0 0

1

; Dξ :

1

0 0

31 206 31

0 0

1

.

(6.30)

15We present the SR ideal in its most generic form. The coordinate ξ, indeed, can be equivalently placed

in the �rst or in the second element of the ideal. The two cases correspond to two triangulations producing

the same ambient space. For the description of the toric variety and of the corresponding CY hypersurface,

in terms of the weights matrix see Sec. 5.1.
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An integral basis ofH2(X,Z) is composed by the divisor classesDz (with representative
{z = 0}) and Du (with representative {a1u1 + a2u2 = 0} for arbitrary a1, a2 ∈ C), where
we are using the same symbol for the 4-cycles and the Poincaré dual 2-forms. In terms of
this basis, the intersection form of the Calabi-Yau reads:

I3 = 9D3
z − 3D2

zDu +DzD
2
u (6.31)

and the second Chern class is:

c2(X) = 66D2
u − 8D2

z . (6.32)

For our purposes, however, it will be useful to consider as a basis of H4(X) also the
non-integral16 basis {Dw, Dz}, in which the intersection polynomial takes the simple form:

I3 = 9D3
w + 9D3

z . (6.33)

The volume of the CY can be computed starting from the Kähler form J , expanded on
this last basis:

J = twDw + tzDz , (6.34)

which allows to express the volumes of the divisors Dw and Dz as:

τw =
1

2

∫
Dw

J2 =
9

2
t2w , τz =

1

2

∫
Dz

J2 =
9

2
t2z . (6.35)

The volume V takes therefore the Swiss cheese form (3.51):

V =
1

6

∫
X
J3 =

3

2

(
t3w + t3z

)
=

√
2

9

(
τ3/2
w − τ3/2

z

)
. (6.36)

We then identify τb = 1
3

(
2
3

)1/3
τw, τs = τz and κs =

√
2

9 and we notice that, as expected,
the del Pezzo divisor appears as the `small' cycle in the volume, that is the one which will
support non-perturbative e�ects.

6.4.2 Involution

We consider the involution17

σ : w 7→ −w . (6.37)

The CY equation (computed from the polytope data using (5.3)) must be restricted to be
invariant under this involution, that is only monomials with even powers of w can appear.

16A non-integral basis generates the integral divisors by rational linear combinations.
17Notice that from the point of view of tadpole cancellation, the most advantageous choice would be the

involution of the coordinate with the largest weights, that is ξ. From the corresponding Hodge diamond in

(6.30), indeed, we can deduce that this is the divisor with the largest Euler characteristic, from which the

D3-charge contributions of both the O7-planes and the D-branes depend. However, we generically observe

(and con�rm in this explicit model) that the coordinate with largest weights never contains O3-planes that

come on top of each other after an appropriate complex structure deformation.
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In particular, reabsorbing the linear term in ξ by a rede�nition of ξ itself, the de�ning
equation turns out to be:

ξ2 = w4 [v + P2(u)]− 2bw2z2
[
v4 + v3Q2(u) + v2Q4(u) + v Q6(u) +Q8(u)

]
+c z4

[
v7 + v6R2(u) + v5R4(u) + v4R6(u) + v3R8(u) (6.38)

+v2R10(u) + vR12(u) +R14(u)
]
,

where Pn(u), Qn(u), Rn(u) are polynomials of degree n in the coordinates u1, u2 and b, c ∈
C.

The �xed point locus under the involution (6.37) is made up of two codimension-1 loci
at w = 0 and z = 0 and two isolated �xed points at the intersection ξ = u1 = u2 = 0,
corresponding (see Sec. 5.1.2) to two O7-planes in the classes [DO71 ] = Dw and [DO72 ] =

Dz, and two O3-planes (DξDu1Du2 = 2).
In order to obtain the Euler characteristic of the divisors of the CY (which for this

simple case we can also compute with CohomCalg), we can use Eq. (5.18), deriving c2(D)

from the adjunction formula (5.31). In particular, the Euler characteristics of the O7-planes
divisors are given by:

χ(O71) = χ(Dw) =

∫
X3

c2(X3) + c1(D)2 = 75 ; (6.39)

χ(O72) = χ(Dz) = 3 . (6.40)

Using this information, we can calculate the values of h1,2
± , by means of the Lefschetz �xed

point theorem (5.34), where now χ(Oσ) = χ(O71)+χ(O72)+2χ(O3) = 75+3+2 ·1 = 80.
We �nd (see Eq. (5.37)):

80 = 4 + 2h1,1 + 2(h1,2
− − h

1,2
+ ) = 4 + 4 + 2(h1,2

− − h
1,2
+ ) ⇐⇒ h1,2

− − h
1,2
+ = 36 .

Recalling also that h1,2 = h1,2
+ + h1,2

− = 132, we conclude that h1,2
+ = 48 and h1,2

− = 84.

6.4.3 D7-brane setup

Let us now consider a D7-brane setup canceling the D7-charge of the orientifold planes
and maximizing the (negative) contribution of the D3-charge.

The O72 plane wraps a rigid divisor; hence its charge is canceled by four D7-branes
(plus their orientifold images) wrapping Dz. By taking

B =
Dz

2
, (6.41)

one can choose a quantized �ux such that F = 0 on the D7-branes wrapping Dz. This
gives rise to a SO(8) pure super Yang-Mills, supporting gaugino condensation (the zero �ux
prevents from breaking the gauge group to a subgroup with chiral spectrum, see Sec. 5.4).

As concerns the D7-charge of the O71, we choose to work with a Whitney brane
(Sec. 5.3), wrapping the locus η2

12,4 − w2χ18,6 = 0 (the subscripts indicate the degrees of
the polynomials η, χ with respect to the C∗ toric actions in (6.29)) in the homology class
8[Dw].
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6.4.4 D3-tadpole

We now compute the contribution to the D3-tadpole of the various objects. The charge of
the orientifold planes was introduced in Sec. 5.1.2. In our case:

� The two O3-planes give a total charge

QO3
D3 = 2×

(
−1

2

)
= −1 . (6.42)

� The O7-planes contribute with:

QO71
D3 = −χ(Dw)

6
= −75

6
= −25

2
, (6.43)

QO72
D3 = −χ(Dz)

6
= −3

6
= −1

2
. (6.44)

The four D7-branes (plus their images) on top of the O72 divisor have instead a charge
(see (5.57), recalling that we have chosen F = 0):

QD72
D3 = −(4 + 4)× χ(Dz)

24
= −χ(Dz)

3
= −1 . (6.45)

Finally, let us consider the D3-charge of the Whitney brane, recalling that it can be
seen as the result of a brane recombination (conserving the total D3-charge) between a D7-
brane at η12,4 − wψ9,3 = 0 and its image D7-brane at η12,4 + wψ9,3 = 0, each wrapping a
divisor in the class DP = 4Dw. Since this class is even, the gauge �ux F is even. Moreover,
the fact that zw is in the SR-ideal ensures that the pull-back of B = Dz

2 on DP vanishes.
The �ux on one D7-brane is then F = n ι∗Du (n ∈ Z), while on its image is F ′ = −n ι∗Du.
Hence, the D3-charge of the Whitney brane is equal to the sum of the D3-charges of the
two D7-branes (see Eq. (5.58)), that is

QD7W
D3 = −χ(DP )

12
−
∫
X
n2DP ∧Du ∧Du = −840

12
− 4n2DwD

2
u = −70− 4n2 , (6.46)

where we used χ(DP ) = χ(4Dw) =
∫
X3

(c2(4Dw) + 16D2
w) 4Dw = 840. The range in which

n can vary is given by the condition that the Whitney brane is not forced to split into
brane/image-brane (5.61), which in our case reads

− 3

2
Dw ≤ nDu ≤

3

2
Dw i.e. |n| ≤ 4 , (6.47)

so that, by choosing the biggest value n = ±4, we obtain:

QD7W
D3 = −70− 4× 16 = −134 . (6.48)

In conclusion, the total D3-charge of the O3/O7/D7 setup is

Q
O3/O7/D7
D3 = −1− 25

2
− 1

2
− 1− 134 = −149 , (6.49)

which is quite a big number. We will see that it is large enough to compensate the
contribution from the �uxes in the throat and it still leaves space to have bulk �uxes that
stabilize the remaining complex structure moduli.
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6.4.5 Warped throat with O3-planes

Up to now, we have presented a model admitting an involution with two `collapsable'18 O3-
planes. This corresponds to the �rst step in the procedure of embedding the orientifolded
conifold in a global setup, presented in Sec. 4.3.2. In this section, following the subsequent
steps enunciated in Sec. 4.3.2, we prove that for the model under analysis there is a corner
in the complex structure moduli space, where a long throat is generated and that there
is a pair of O3-planes at the tip of this throat. This will ensure the correct setup for
placing an D3-brane on top of one of the two O3-planes, giving an explicit realization of
the construction in [102].

Deformation. Let us start considering the locus of the O3-planes, whose equation is
obtained by plugging ξ = u1 = u2 = 0 inside the (invariant) equation (6.38) of the CY
three-fold:

w4v − 2bw2z2v4 + c z4v7 = 0 . (6.50)

This equation is de�ned in the one-dimensional ambient space with weights system:

z v w

C∗1 0 2 3

C∗2 1 0 1

(6.51)

First, we notice that if z = 0 in this locus, then also w is forced to vanish. However, the
two coordinates cannot vanish simultaneously (zw ∈ SR) hence we conclude that z can
never vanish in the O3-planes locus (6.50). We can therefore �x z = 1 (with a suitable
choice of the parameter λ2 of the second equivalence relation in (6.29)), going to the one
dimensional ambient space:

v w

C∗ 2 3
(6.52)

In addition to this, u1u2 v ∈ SR, hence v 6= 0. Fixing also v = 1 (by means of the other
C∗-action), we are left with the ambient space C/Z2 (Z2: w 7→ −w) and the equation

w4 − 2bw2 + c = 0 . (6.53)

This equation is solved by w2 = γi, with γi the zeroes of the quadratic equation
(the solutions w = ±√γi are identi�ed by the Z2 orbifold action). The two solutions
correspond to the two O3-planes, which come on top of each other when the discriminant
of the quadratic equation is zero, that is:

b2 − c = 0 . (6.54)

This situation can be described through the rede�nition:

c ≡ b2 + δ . (6.55)

18See the caption of Fig. 5.2 for the meaning of `collapsable' O3-planes in this context.
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When δ = 0 the two O3-planes go on top of each other at the point w2 − bz2 = 0. When
δ is small they are very close to each other. This concludes the step (2) of Sec. 4.3.2: we
showed that the CY can be deformed so that the two O3-planes come on top of each other
in the limit δ → 0.

Conifold. As a next step we need to check that in the same limit δ → 0 a conifold sin-
gularity is generated on the CY three-fold at the point (where the two O3-planes coincide)
ξ = u1 = u2 = w2 − bz2 = 0. Let us consider a small neighborhood of the points, given by
ξ = u1 = u2 = (w2 − bz2)2 + δ = 0. Here, v and z still do not vanish, hence we can �x
them to 1. In this local patch, the equation (6.38) becomes (in an ambient space C4/Z2):

− ξ2 +
∑
i,j=1,2

aijuiuj + (w2 − b)2 + ... = δ , (6.56)

where `...' are monomials that vanish faster than the quadratic ones at ξ = u1 = u2 =

w2 − b = 0 (we keep δ small). Diagonalizing the quadratic form aij we can rewrite the
above equation as

− ξ2 + u2
1 + u2

2 + (w2 − b)2 + ... = δ , (6.57)

where it is clear that it describes a deformed conifold singularity (see Eq. (4.9)) with δ

controlling the size of the S3 at the tip of the throat. Notice that at �rst sight one might
think that δ → 0 corresponds to two conifold singularities at w = ±

√
b. However, as

pointed out before, they are identi�ed by the orbifold action19.

Consistency checks. Finally let us come to the consistency checks. First, we need to
verify that the involution is acting on the conifold as expected (Eq. (4.10)), which can be
done by carefully inspecting the gauge �xing v = z = 1. Looking at (6.51), indeed, one
observes that the choice z = 1 corresponds to �xing the parameter of the second C∗-action
to λ2 = 1

z . On the other side, imposing v = 1 �xes λ1 up to a sign (the corresponding
equivalence relation is indeed v ∼ λ2

1v). In other words, the gauge �xing leaves an un�xed
subgroup generated by:

{λ1, λ2} 7→ {−λ1, λ2} .

Thus, by taking λ1 = −1, we obtain the desired action in the local patch we are considering:

{ξ, u1, u2, w
2 − b} 7→ {−ξ,−u1,−u2, w

2 − b} . (6.58)

In the end, as concerns the D3-charge, we can see that this con�guration allows, at
least in principle, to cancel the D3-tadpole as required. As we can see from the previous
section, indeed, the D3-charge of the system of 2 O3-planes, 2 O7-planes and D7-tadpole
canceling D7-branes is integer (see Eq. (6.49)). Hence, we can choose to put a D3-brane
at the O3-plane sit at one pole of the S3 and an D3-brane at the O3-plane at the opposite
pole [103] as anticipated in Sec. 4.3. In this way, the two branes do not contribute to the
total D3-charge and at the same time, since they are stuck at the O3-planes, there is no

19Note also that the conifold point is far apart from the orbifold singularity of the ambient space, that

anyway never belongs to the CY three-fold.
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perturbative decay channel between them (provided that the complex structure moduli are
�xed such that the S3 has a �nite size).

6.4.6 Moduli stabilization

In this section we use the results of Sec. 6.1.2 to stabilize the Kähler moduli and the conifold
complex structure modulus of the model under analysis. We take the parameter ξ in the
Kähler potential (2.25) as given by ξ ≡ −χ(X)ζ(3)

4(2π)3 , that is without including the correction
of [166]. This correction, due to the e�ect of the orientifold background (in particular the
O7-planes and the D7-branes) on the α′3 correction can be de�ned by means of a shift in
the Euler characteristic of the model:

χ(X3)→ χ(X3) + 2

∫
X3

D3
O7 , (6.59)

where for our example D3
O7 = D3

O71
+ D3

O72
= 18. Including this e�ect would mean to

perform the computation with Euler characteristic χ(X3) = −224 instead of χ(X3) =

−260. However, we checked that the results do not change sensibly from those obtained
when we add the correction20.

As observed in Eq. (6.36), κs =
√

2
9 , as we expect for a dP0. Moreover, since the rigid

divisor Dz is wrapped by an O7-plane, the non-perturbative superpotential is generated
by gaugino condensation on the corresponding SO(8) D7-brane stack, hence as = π

3 .
Applying the methods of the numerical analysis of Sec. 6.3.2, we �nd that the only

allowed values of the D3-charge for the �ux inside the throat are MK = {88, 92, 125}.
We choose therefore the values of the parameters W0, gs,M,K producing a model with
MK = 88, i.e.

W0 = 23; gs = 0.23; M = 22; K = 4 . (6.60)

Notice that gsM = 5.02 21, in agreement with the requirement (3) of Sec. 6.3.2.
Under this choice, the moduli are stabilized at:

τs = 7.6; τb = 704; ζ = 0.005

hence the volume is large as needed. In particular, in Einstein frame, it reads V ' τ3/2
b =

18698 � 1 (in string frame this corresponds to Vs = 2036) as needed. These values
correspond to a de Sitter minimum with Vmin ' 10−12mp.

Notice that the value of the scalar potential at the minimum can be decreased (without
breaking the other constraints) by �ne-tuning W0: the �ner the tuning, the smaller the
potential at the minimum.

The masses of the moduli are computed by means of canonical normalization (see
App. C):

m2
1 = 3.7× 10−5m2

p , m2
3 = 1.6× 10−11m2

p , m2
2 = 2.9× 10−9m2

p ,

20This can also be argued by looking at the �rst table of Sec. 6.3.2, where we can see that while increasing

the (absolute value of) the Euler characteristic is an advantage for the sake of the tadpole cancellation

conditions, already with −χ(X3) = 200 we get (MK)min < 149.
21gsM

2 = 110 � 46.1, hence, as anticipated, the SUGRA requirement is more constraining than the

no-runaway one.
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Figure 6.1: The total scalar potential (in units of mp) along its weakest direction (τs =

τmins ).

where m1 and m3 are approximately the masses of the moduli τs and τb at the LVS
minimum. Notice that they also match with the estimations done in Sec. 6.2.

The other relevant scales are:

2πMs = 9×10−3mp ' 3.6M bulk
KK , M bulk

KK = 2.5×10−3mp ' 6m3/2, m3/2 = 4.3×10−4mp,

hence they respect the required hierarchy. We also checked explicitly that, as predicted in
Sec. 6.3.1, all the remaining consistency conditions are ful�lled.

In order to have a qualitative idea of the potential, we consider in more detail the
two-moduli scalar potential obtained by �xing all the moduli but τs, τb at their vacuum
value22. Beside the minimum, we �nd a second stationary point at

(τs, τb) = (8.2, 1123)

that turns out to be a saddle point with Vsaddle = 1.8× 10−12mp. The global maximum of
V is, instead, on the boundary of the Kähler cone (τb = τs = τmins ), where Vmax = 0.06mp.

If we furthermore �x τs at its vev, the resulting one modulus potential, plotted in
Fig. 6.1, has a maximum at τb = 1433 ≡ τmaxb , with Vτmaxb

= 1.2 × 10−11mp. This gives
an estimate of the barrier for tunneling from the minimum to the decompacti�cation limit
τb, τs →∞ (the considered direction is indeed the one along which we observe the smallest
barrier between these two regions of the potential). As discussed in [63], the decay rate
in LVS can then be estimated to be of order Γ ∼ e−V

3 ∼ e−1012
in Planck units which,

similarly to the KKLT case, implies a very stable vacuum with a lifetime smaller than the
recurrence time (see also Sec. 4.1).

The 2-moduli scalar potential is plotted in Fig. 6.2, where all the signi�cant points and
the 1-modulus direction are highlighted.

22The 3-moduli analysis, including ζ, gives analogous results, as expected.
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Figure 6.2: Total scalar potential as a function of τs and τb. The black dots correspond to
the de Sitter minimum, the saddle point and the maximum along the 1-modulus direction
(the blue curve) analyzed in the text. The grey plan at V = Vsaddle highlights the unstable
direction for the saddle point.

6.5 Conclusions

In this chapter we have studied the moduli scalar potential for a type IIB compacti�cation
in the LVS regime, with a dS minimum realized by the introduction of an D3-brane at
the tip of a warped throat. Assuming all the complex structure moduli (except the one
parametrizing the throat) and the dilaton to be �xed by �uxes as in GKP, we focussed on
the scalar potential for the conifold complex structure modulus and the Kähler moduli.

The uplift term in the scalar potential is controlled by the warp factor ρ. We have seen
that de Sitter minima exist only for a limited range of values of ρ, for which the minimum
is mildly shifted with respect to the LVS one. Too small values, indeed, correspond to
AdS vacua, while if we increase the warp factor (and hence the uplift term) from the value
corresponding to a Minkowski minimum, the potential soon develops unstable directions.

The fact that the warp factor can only take values inside a small range, strongly con-
straints the value of the ratio M

K between the 3-form �uxes along the throat (recall that

ρ ∼ e−
8πK
3gsM ). In addition to this, the requirement of the validity of the KS approximation,

i.e. gs|M | � 1, imposes a lower bound on M and, as a consequence of the �xed ratio,
on K. This means that the D3-charge generated from the �uxes in the throat is bounded
from below, with a typically large bound.

The reason why the presence of this bound must be carefully taken in consideration
is that in type IIB compacti�cations the total �ux contribution to the D3-charge (coming
both from the �uxes MK inside the throat and from the bulk �uxes necessary to stabilize
the other complex structure moduli), must be canceled by localized sources (D7-branes and
O3/O7-planes, having a negative D3-charge). However, having a large negative D3-charge,
necessary to compensate the lower bound on MK, is challenging even if it is possible.

In Sec. 6.3.2 we have estimated the lower bound on MK as one varies the parameters
of the e�ective �eld theory, concluding that it is minimal at the boundary of the region in
which the approximations used to obtain the minimum can be trusted.
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Furthermore, in Sec. 6.4, we have constructed an explicit example in perturbative type
IIB string theory, where a warped throat supporting O3-planes is realized. This allows
to describe the degrees of freedom of the D3-brane responsible for the uplift to dS by
means of the introduction of a single nilpotent chiral super�eld. With this example we
have shown how one can generate a relatively large negative D3-charge by a proper D7-
brane background (including in particular a `Whitney' brane), also in perturbative type
IIB string theory. However, the tadpole cancellation conditions impose to take a not-so-
large value of gsM , i.e. gsM ∼ 5 that is bigger than 1 but not so large. Moreover also
the string coupling should be taken small but not-so-small, i.e. gs ∼ 0.23. Of course
one may decrease the string coupling (improving string perturbation theory), but if the
�ux contribution is kept �xed, this leads to a smaller gsM , therefore worsening the KS
supergravity approximation23. The possibility of obtaining large negative contributions to
the D3-charge in perturbative type IIB string theory will be analyzed in a more detailed
and systematic way in the next chapter.

In summary we conclude that we were able to provide a concrete model in which all
the moduli are stabilized at a de Sitter minimum (obtained by the introduction of an D3-
brane), satisfying all consistency conditions while also having small expansion parameters.
We did this within a class of models which are simple enough to be explicit but rich enough
to include all the ingredients of moduli stabilization, considering this as a small, but useful
step towards a more systematic realization of de Sitter vacua in string compacti�cations.
As expected, this was not a simple task, but having been able to �nd a vacuum in a regime
in which the expansion parameters are small is encouraging. We are con�dent that with
more elaborate compacti�cations, including chiral matter, de Sitter solutions with small
expansion parameters are achievable. We leave a systematic search for the future.

After our paper [18] came out, some interesting developments where proposed in [116]24

and [67]. The �rst presents a detailed analysis of several possible (curvature, warping
and gs) corrections that may arise in the LVS scalar potential considered in this chapter
(that is with h1,1 = 2 and a conifold modulus). Two of these corrections are potentially
problematic for the model analyzed here, in the sense that they do not appear to be
parametrically suppressed. In fact, the claim of the paper is that it is generically impossible
to neglect all these corrections at the same time. Some of these results are resumed in [67],
where the two `problematic' corrections lead to two additional constraints, reported here in
Eq. (4.18) and Eq. (5.74), which therefore are not satis�ed by the explicit model analyzed in
Sec. 6.4. Nonetheless, we stress that these constraints always depend on complex structure-
dependent parameters. Since the value and the sign of these parameters are unknown,
they are generically taken to be O(1) constants. However, nothing forbids them to take
di�erent values which, in an explicit model, may be such that the corresponding correction
is numerically suppressed or di�erent corrections cancel each other. We will come back to

23Our results were later con�rmed in [167], where some additional consistency checks are performed.

Furthermore, the authors of [167] analyze the same explicit model under the hypothesis (complementary

to ours) of a `weakly-but-still-warped' throat supporting theD3 uplifting mechanism presented here, �nding

similar constraints on the tadpole (MK ∼ O(100)).
24See also [168].
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this in Ch. 8.
Possible extensions of this work may go along at least two main directions. First, it

would be interesting to analyze certain issues highlighted in our simple construction, in a
more systematic way, taking in consideration a larger set of models in the context of type
IIB compacti�cations. The work presented in the next chapter goes in this direction as
concerns the size of D3-tadpoles in CY orientifolds with h1,1 ≤ 12.

Secondly, one would like to construct more involved explicit examples, with a larger
number of Kähler moduli (h1,1 > 2) and the introduction of additional phenomenologically
interesting features, such as chirality and/or some in�ationary mechanism. On one side
this is expected to add new technical and physical challenges due to the introduction of
several new elements; on the other hand, some of the current obstructions may turn out to
be absent. Going along this direction, in Ch. 8, we explore the possibility of constructing
an explicit example including, besides the elements presented in this chapter, also a K3-
�bration. This simple modi�cation already produces new challenges that we describe before
analyzing a concrete setup. Furthermore, in App. D we compute the total scalar potential
for a generic number h1,1 of Kähler moduli plus the conifold complex structure modulus Z,
following the strategy presented in [61] (where Z and the uplift term were absent). As an
application, we consider in Sec. D.4 the simple case in which all the Kähler moduli but one
appear diagonally in the volume of the CY, which is the most immediate generalization of
the model analyzed in this chapter. We also provide some estimation of the trend of the
�ux contribution to the tadpole (MK) as h1,1 increases.
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Chapter 7

A Database of Calabi-Yau

Orientifolds and the Size of

D3-tadpoles

This chapter is based on [19] in which we constructed Calabi-Yau orientifolds from holo-
morphic re�ection involutions of toric CY hypersurfaces with h1,1 ≤ 7 (with partial results
up to h1,1 = 12)

As highlighted in the previous chapter, having models admitting orientifold con�gu-
rations with a large negative D3-charge is highly desirable, given the potentially large
contribution of the background �uxes in the KS throat. One of the purposes of [19]
is therefore to explore the possibility of having such large negative charges, by compar-
ing in particular the contribution of local (like SO(8) stacks) and non-local (Whitney)
brane con�gurations. In addition, we generate a database of CY orientifolds from re�ec-
tion involutions that, besides allowing to determining the size of the D3-tadpole, may
have further future applications. The full data can be found in the GitHub repository
at: https://github.com/AndreasSchachner/CY_Orientifold_database, together with
a jupyter notebook providing instructions on how to read the data and work with them.

7.1 General setup

Previously in this thesis we have presented the theoretical tools needed for the analyses of
this chapter. The CY geometries collected in the database are constructed, starting from
the 4d re�exive polytopes listed in [105], as hypersurfaces in toric ambient varieties, as
described in Sec. 5.1. In particular, since CohomCalg usually fails at h1,1 > 5, we compute
the Hodge numbers of each divisor starting from the properties of the original polytopes,
as reviewed in Sec. 5.1.11.

1The results turn out to be largely consistent with the data provided in [108].
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General setup

For each CY threefold, we analyze the re�ection involution of each toric coordinate

σk : zk → −zk ,

which, we recall, corresponds to h1,1
− = 0 for a favorable geometry and allows only for O3-

and O7-planes. Under such involution, the cohomology groups Hp,q(X3) split into even
and odd subspaces, whose dimensions can be computed by means of the Lefschetz �xed
point theorem, see Sec. 5.1.2.

A CY geometry de�ned as a hypersurface on a toric variety obtained by a FRST2, which
is the only case we consider here, is always smooth. However, the presence of an involution,
can force some unwanted singularity, given that, as reviewed in Sec. 5.1.2, it imposes a
deformation of the equation de�ning the CY (all its monomials that are not invariant
under the involution itself, need to be removed). Since we want to work with smooth
spaces, we need to individuate (and discard) such singularities which in particular might
be due either to the fact that the invariant hypersurface is now forced to touch singularities
of the ambient space or to the fact that the new invariant de�ning equation describes a
singular hypersurface (i.e. there are points such that PinvCY = ∇PinvCY(X0) = 0).

A �rst criterion comes from the Hodge numbers of the orientifold CY: we consider
a signal of potential singularity the fact that the computation of h1,2

± (X3) leads to non-
integer values, hence we discard the models in which this happens. Furthermore, in order
to detect more subtle singularities, we consider again the underlying polytopes. In terms of
these, the invariant CY equation for the involution zk → −zk is given by the usual Batyrev
formula (5.3), where now the points w belong to the polytope ∆k (instead of ∆) with:

∆k = {w ∈ ∆ : 〈w, νk〉+ 1 ∈ 2N} . (7.1)

We argue that the properties of ∆k are in one-to-one correspondence with the features of the
CY hypersurface invariant under the involution of zk, which is obtained from triangulations
of the dual polytope ∆◦k . We decide, in particular, to consider only models for which the
polytope ∆k is re�exive and its dual ∆◦k is favorable, claiming that they are smooth. We
checked in several models that the excluded CY's are actually singular.

Finally, it is important to notice that string theory is well de�ned also on singular
spaces. For this reason we collected in the database also the data of the singular models
that we are excluding here, having decided to limit our analysis to smooth geometries
where the usual formulas for the topological invariants can be applied.

The negative D7-charge from the O7-planes is canceled by appropriate D7-branes con-
�gurations. We analyzed in Sec. 5.3 the di�erent possibilities, depending on the form of the
equation de�ning the locus of the brane. One of our purposes here, will be to highlight the
advantages (from the point of view of the D3-tadpole cancellation) of considering, when
possible, Whitney branes instead of localized stacks of D7-branes.

2The de�nition of a Fine, Regular, Star Triangulation (FRST) was given in the discussion below

Eq. (5.8).
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7.2 The D3-tadpole

In this section we make some estimations of the D3-charge contributions that we expect to
observe from di�erent con�gurations. We start recalling our notation for the D3-tadpole
cancellation condition:

ND3 +ND3′ +N�ux = −QD3 , with QD3 = Qtot
D7 +Qtot

Op ,

where:

Qtot
D7 =

∑
i

(QiD7 +QiD7′) , Qtot
Op =

∑
k

QkO3 +
∑
l

QlO7 (7.2)

(the pedex D3′ and D7′ refer to the image branes).
The D3-charge from a single O7-plane was de�ned in (5.41). In a setup with several

O7-planes we will therefore have a total contribution:

−Qtot
O7 =

∑
i

χ(Di)

6
=
χ(Oσ)−NO3

6
=
h1,1(X3) + h1,2

− (X3)− h1,2
+ (X3) + 2

3
−NO3

6
, (7.3)

where NO3 is the number of O3-planes (we recall that each O3-plane simply contributes
with −1

2) and we used (5.36) and (5.37) for χ(Oσ). We notice, therefore, that models with
many Kähler and/or many complex structure moduli provide a larger3 charge |Qtot

O7|.
Let us now consider the D7-branes, whose D3-charges are computed in Sec. 5.3.1.

Considering only local con�gurations, the brane setup maximizing the D3-charge from
O7/D7 corresponds to a SO(8) stack of four branes (plus their four images) on top of each
O7-plane wrapping a divisor Di. In the absence of gauge �uxes (F = 0), we can again
estimate the total D3-charge contribution by means of (5.37):

−Qtot
SO(8) =

∑
i

(4 + 4)χ(Di)

24
= 2

h1,1(X) + h1,2
− (X)− h1,2

+ (X) + 2

3
− NO3

3
. (7.4)

Eqs. (7.3) and (7.4), allow to estimate the maximum D3-charge that we can obtain
when we cancel the D7-charge of the O7-planes with SO(8) D7-branes stacks:

−QD3 = −NO3

2
−Qtot

O7 −Qtot
SO(8) = 2 + h1,1 + h1,2

− − h
1,2
+ ≤ 2 + h1,1 + h1,2 , (7.5)

where we used the fact that h1,2
− − h1,2

+ ≤ h1,2. This upper bound was also found in
[169, 114, 67, 104]. Using for the Hodge numbers the maximum values that we can �nd in
the Kreuzer-Skarke database, that is (h1,1, h1,2) = (11, 491), we �nd:

−QD3 ≤ 504 . (7.6)
3In the following we will always (unless speci�ed di�erently) refer to the absolute value of the D3-charge

coming from O-planes/D-branes. We will therefore aim for con�gurations that maximize this contribution.
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The D3-tadpole

As we will see in the following, the introduction of a Whitney brane (when allowed)
signi�cantly enhances the bound (7.6). In order to compute the corresponding charge,
we will use the equation for the geometric D3-charge (5.62). As explained in Sec. 5.3.1,
one should, in principle, consider also the �ux contribution (5.63), unless it is possible
to de�ne the integer �ux form F such that QWD3,flux vanishes (a non-generic feature that
needs to be checked model by model). However, one can always choose F such that
QWD3,flux � QWD3,geom. We will assume to be in this situation, which justi�es our choice to
neglect QWD3,flux. A similar argument applies to the case of SO(8) stacks, analyzed before:
in principle one should explicitly check whether it is possible to choose the B-�eld such
that F = 0 for all divisors wrapped by O7-planes, but if we assume that the (possibly
non vanishing) �ux is tuned so that it minimizes its contribution to QD3 we �nd that our
results are a good approximation of the exact ones.

D3-tadpole in F-theory

Before going on with the analysis of the database, it is useful to connect the results we are
�nding in perturbative type IIB orientifold compacti�cations with the F-theory language
[170]. In particular we stress that the large D3-charges that are usually mentioned in the
literature as coming from F-theory backgrounds (and typically corresponding to smooth
fourfolds with no gauge group or matter), can actually be reached in type IIB, by canceling
the D7-tadpole by means of Whitney branes.

In F-theory, the D3-tadpole cancellation condition takes the form4:

1

2

∫
Y4

G4 ∧G4 +ND3 =
χ(Y4)

24
= −QD3

2
, (7.7)

where χ(Y4) = 6
(
8 + h1,1(Y4) + h1,3(Y4)− h1,2(Y4)

)
is the Euler characteristic of the CY

fourfold Y4, representing the F-theory compacti�cation manifold5.
The fourfold Y4 is an elliptic �bration6 over a base space that is the quotient of X3 by

the orientifold involution σ: B3 = X3/σ. The cases in which the involution σ is such that
the D7-tadpole can be canceled by Whitney branes, correspond to smooth CY fourfolds in
F-theory. On the other side, splitting the Whitney branes in type IIB produces a non-trivial
gauge group G, which corresponds to a deformation of the fourfold generating codimension-
3 (for abelian G) or codimension-2 (for non-abelian G) singularities. In particular, the case
of a SO(8) gauge group, obtained by placing the D7-branes on an O7-plane wrapping a

4Notice that we are working in the perturbative type IIB double cover setup, in which QD3 = −χ(Y4)
12

.
5χ(Y4) is computed as follows. Recalling that the Euler characteristic is de�ned as

χ(Y4) =
∑

p,q=0,4

(−1)p+qhp,q(Y4)

and applying the properties (B.5) and (B.6) (with h0,0 = 1 and h0,1 = h0,2 = 0), we �nd: χ(Y4) =

4+2h1,1−4h1,2 +2h1,3 +h2,2. Furthermore, we can write h2,2 in terms of the other Hodge numbers, using

the relation [171, 172] h2,2 = 44 + 4h1,1 − 2h1,2 + 4h1,3, from which we obtain the result presented in the

text.
6A manifoldM is a �bration over the base B with �ber F if there exists a continuous map π :M 7→ B,

such that π−1(b) = F, ∀b ∈ B. An elliptic �bration is a �bration whose �ber is an elliptic curve.
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h1,1 2 3 4 5 6 7 total

polytopes 36 244 1197 4990 17 101 50 376 73 944

fav. polytopes 36 243 1185 4897 16 608 48 221 71 190

fav. FRSTs 48 525 5330 56 714 584 281 5 990 333 6 637 231

involutions 184 3035 39 653 495 854 5 777 640 65 625 277 71 941 643

smooth invol. 138 1975 22 933 230 886 2 081 080 17 875 122 20 212 134

only O7 49 598 3896 25 391 177 468 1 336 960 1 544 362

≥ 2 collaps. O3 71 1089 15 497 164 634 1 480 968 12 596 558 14 258 817

Table 7.1: Number of CY orientifolds obtained in our scan for h1,1 ≤ 7. The distinction
between involutions and smooth involutions is explained in the main text. In the last two
lines, we count the number of models containing only O7-planes and the ones with two or
more O3-planes coming from the same �xed curve in the ambient space. The last ones are
possibly suitable for D3 uplift to dS, while both classes of models admit T-brane uplift.

rigid divisor, corresponds to a so-called non-Higgsable cluster in the F-theory fourfold
[173, 174], i.e. to a non-deformable D4 singularity. While Eq. (7.7) is valid also when the
fourfold is singular, provided that one uses the resolved fourfold [104, 175, 176], in this case
the geometric contribution to the tadpole decreases, as a consequence of the fact that we
are deforming a smooth manifold to a singular one (with some gauge group and matter).
This is precisely what happens in type IIB, where splitting the Whitney brane produces a
lower D3-charge [104].

7.3 Orientifold database

In this section we generate a database of Calabi-Yau orientifolds, making a large use of the
CYTools package [177], which allows to construct FRSTs from polytopes at arbitrary h1,1.
Starting from these data, we have implemented an algorithm to construct CY orientifolds
obtained via re�ection involutions. The algorithm is generic; however the computation
and analysis of all the triangulations of a given polytope ∆◦ becomes more and more
expensive (from the computational point of view) as h1,1 increases. For this reason we
have collected in the database two sets of data. On one side, we have computed all FRSTs
of all favorable polytopes at h1,1 ≤ 7, constructing the orientifold con�guration associated
to the involution of each toric coordinate. On the other side, for 8 ≤ h1,1 ≤ 12 we have
generated up to 20 random FRSTs of up to 20 favorable polytopes for each combination of
Hodge numbers (h1,1, h1,2), again deriving the orientifold data obtained by re�ecting each
toric coordinate.
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h1,1 7 8 9 10 11 12 total

fav. polytopes 1219 1498 1587 1555 1623 1807 8980

fav. FRSTs 4560 6897 9968 12 189 15 748 15 430 64 792

involutions 49 326 81 911 128 403 169 775 235 216 245 989 910 620

smooth invol. 6491 9102 13 041 15 713 21 892 24 154 90 393

only O7 1769 2608 3493 3543 4330 4772 20 515

≥ 2 collaps. O3 3168 4084 5865 6692 9978 9507 39 294

Table 7.2: Number of random FRSTs for random favorable polytopes between 7 ≤ h1,1 ≤
12. We selected up to 20 polytopes for each combination of Hodge numbers (h1,1, h1,2)

available in the KS database.

The algorithm determining the �xed points set of each involution σk : zk 7→ −zk of a
given Calabi-Yau geometry is based on the following steps (see also Sec. 5.1.2):

1. We select from the equation of the Calabi-Yau (5.3) the monomials that are invariant
under σk, therefore deforming the original equation to an equation which is symmetric
under the involution.

2. Considering the action of σk and σk · λi (where the λi's are the parameters of the
C∗i toric equivalence relations) we determine the �xed point loci of the toric ambient
space under the involution (keeping only those which are allowed by the SR ideal).

3. We study the invariant equation of the CY at each �xed point locus. All the possibil-
ities that one can get are listed in Sec. 5.1.2 and they can be summarized as follows:
if the invariant equation vanishes at the �xed point locus, then a co-dimension n

locus corresponds to an Om-plane with m = 3 + 2(4− n); if it does not vanish, the
same locus corresponds to an Om-plane with m = 3 + 2(3− n).

4. We count the number of O3-planes (which is relevant for the computation of the
tadpole as well as in order to individuate examples that are suitable for D3-brane
uplift) by means of the intersection numbers. In particular, if the O3-plane is given by
a co-dimension 3 locus (with a non-vanishing CY equation) we use the intersection
numbers of the Calabi-Yau, while if it is de�ned by a co-dimension 4 locus (with
vanishing CY equation) we consider the intersection tensor of the ambient space,
obtained from CYTools.

Consistently with the expectations due to our choice of the involution, we don't �nd any
O5/O9-planes in our scan (see Sec. 2.3).
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Figure 7.1: Histogram plots for the Hodge numbers h0,1(D), h0,2(D) and h1,1(D) for all
divisors at h1,1 ≤ 6. The last �gure shows the correlation between the di�erent Hodge
numbers and the Euler characteristics of the divisors. We included in it also χ(4D), which
we know to be relevant for the computation of the D3-charge contribution of Whitney
branes.

A similar algorithm to determine the O-plane con�gurations up to h1,1 = 6 and consid-
ering exchange involutions (σ : xi ↔ xj), was introduced in [108]. For the same values of
h1,1, therefore, we provide a complementary analysis based on re�ection involutions, while,
in addition to this, we produce additional statistics up to h1,1 = 12. Furthermore, as we
mentioned, we present a systematic study of D7-tadpole cancellation via Whitney branes,
as opposed to the more commonly studied SO(8) stacks of D7-branes.

A summary of the data collected in our scan is provided in Tab. 7.1 (h1,1 ≤ 7) and
in Tab. 7.2 (7 ≤ h1,1 ≤ 12 7). Here, the line `involutions' includes only independent

involutions. When scanning over the models, indeed, the inversion of coordinates with
the same weights gives rise to equivalent involutions (up to coordinate rede�nition), whose
inclusion would be redundant. Moreover, since the involution might force some singularity
in the invariant CY (see Sec. 7.1), it is useful to distinguish the involutions that do not
present any of these pathologies, which we refer to as smooth involutions.

The full database can be found at this GitHub repository. It contains 71 941 643 orien-
tifolds therefore extending the previous orientifold databases of 2 004 513 CICY orientifolds
[169] and 28 463 divisor exchange involutions of [108]. Notice, however, that our number,

7Even though we have computed the full data for h1,1 = 7, in the analysis we will use only a subset of

them (for computational reasons), that is the ones reported in Tab. 7.2.
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Hodge and Euler numbers of toric divisors for models with h1,1 ≤ 6

Figure 7.2: Histogram plots for the Euler characteristic of di�erent kinds of divisors. In
the left �gure of the �rst row we collect the cumulative data relative to all the divisors,
regardless their Hodge numbers. On the right, we show the distribution of χ for the
Wilson divisors. In the second row we compare the distribution of Euler numbers between
completely rigid (left) and non-rigid (right) divisors. Notice that, with abuse of notation,
here we are calling `non-rigid' any divisor which is not completely rigid, therefore including
in this set also the Wilson divisors (h0,2 = 0).

as well as the one of [108], refers to triangulations and di�erent triangulations may cor-
respond to the same favorable Calabi-Yau geometry (in [108], e.g. the number of proper
involutions in distinct geometries reduces to 5 660). The CICY orientifolds in [169] are
instead computed at the level of distinct geometries.

7.4 Hodge and Euler numbers of toric divisors for models

with h1,1 ≤ 6

In this section we investigate the topology of the individual toric divisors that we �nd in
the models (with h1,1 ≤ 6) collected in the database.

An overview of the divisor topologies for each h1,1 (including the available data up to
h1,1 = 12) is given in Tab. 7.3. The �rst part contains the distribution of the del Pezzo
divisors, where we also count how many of them are diagonal. Notice in particular that
our analysis allows us to extend the conjecture proposed in [145] about the presence of
diagonal dPn divisors with 1 ≤ n ≤ 5 (see Sec. 5.1.1) to all FRSTs with h1,1 = 6, 7. In the
second part of the table we summarize, instead, the di�erent topologies of divisors that we
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encountered in the scan: the reason why we distinguish between deformation divisors with
h0,2 = 1 and h0,2 > 1 will be clear in Sec. 7.5.

In Fig. 7.1, we show the distribution of the various Hodge numbers of divisors, omitting
the data for h0,0 (which is always equal to 1 in a compact connected Kähler manifold). In
the same �gure, we present also the correlation plot between the various Hodge numbers,
from which we can deduce additional interesting features. The correlation between χ(D)

and the Hodge numbers ofD is clear from Eq. (5.18): it decreases as h0,1(D) increases (neg-
ative correlation), while it increases as h1,2(D) and/or h1,1(D) increases (strong positive
correlation). We observe no signi�cant correlation between h1,1(X) and the other variables
reported in the correlation plot, which is why we didn't include it. We notice instead an in-
teresting anti-correlation between h0,1(D) and h0,2(D), h1,1(D), which in turn are strongly
correlated between themselves. Looking again at Eq. (5.18), we conclude therefore that
larger h1,1(D) implies larger h0,2 and smaller h0,1(D), hence larger χ(D) (which is what
we observe also in the correlation between χ(D) and the other Hodge numbers). Finally,
we notice a correlation of χ(D) and χ(4D) with h1,2(X) which will be con�rmed by the
subsequent analysis.

Fig. 7.2 reports the distribution of the Euler characteristic for di�erent divisor topolo-
gies. As it is clear from the expressions for the D3-charges (5.41), (5.57) and (5.58),
a large (in absolute value) contribution is obtained when the Euler characteristic of the
corresponding divisor is large. From the results of the database we �nd the maximal value

χ(D)max = 549 , (7.8)

which is obtained for a deformation divisor. In general, indeed, deformation divisors pro-
vide the largest contributions to the charge, while the maximum value for (completely)
rigid divisors turns out to be χ(Drigid)max = 111. This feature is easily understood by
looking again at (5.18) and recalling that while both completely rigid and deformation
divisors have h0,1 = 0 (which eliminates the negative term in χ(D)), deformation divisors,
unlike the rigid ones, have h0,2 6= 0, which increases the value of the Euler characteristic.
Finally, we notice that the divisors with negative Euler characteristic are always Wilson
divisors (h0,1(D) > 0 and h0,2(D) = 0), out of which 44.67% are Exact-Wilson divisors
(h0,1(D) = 1).
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h1,1 2 3 4 5 6 7 8 9 10 11 12

dPn (ddPn)

dP0 (ddP0) 10 (*) 117 (*) 1 282 (*) 15 346 (*) 172 469 (*) 526 (*) 656 (*) 1 135 (*) 1 049 (*) 1 424 (*) 2 086 (*)

dP1 (ddP1) 5 (3) 159 (47) 2 677 (726) 39 355 (8 880) 514 099 (93 000) 4 994 (59) 8 743 (34) 15 007 (61) 20 346 (35) 28 962 (87) 31 671 (49)

dP2 (ddP2) 0 (0) 6 (0) 438 (0) 10 926 (0) 184 992 (0) 2 822 (0) 6 060 (0) 10 176 (0) 15 104(0) 22 350 (0) 23 178 (0)

dP3 (ddP3) 0 (0) 6 (0) 359 (0) 9 211 (0) 166 494 (0) 2 182 (0) 4 375 (0) 7 004 (0) 10 850 (0) 15 618 (0) 17 495 (0)

dP4 (ddP4) 0 (0) 2 (0) 78 (0) 2 227 (0) 50 821 (0) 1 119 (0) 2 196 (0) 3 894 (0) 5 851 (0) 8 533 (0) 8 613 (0)

dP5 (ddP5) 0 (0) 15 (0) 524 (0) 9 482 (0) 144 966 (0) 1 499 (0) 2 487 (0) 3 808 (0) 5 612 (0) 7 689 (0) 8 226 (0)

dP6 (ddP6) 3 (3) 37 (31) 418 (201) 5 714 (1 214) 81 636 (4 719) 959 (0) 1 611 (0) 2 492 (0) 3 412 (0) 5 569 (20) 5 839 (0)

dP7 (ddP7) 6 (6) 134 (92) 2 060 (939) 26 032 (6 158) 302 879 (38 692) 1 841 (23) 2 686 (12) 4 063 (21) 4 822 (9) 6 735 (0) 6 933 (12)

dP8 (ddP8) 7 (7) 134 (83) 1 806 (584) 22 442 (3 458) 269 626 (24 109) 1 722 (41) 2 356 (82) 3 283 (91) 4 149 (67) 4 872 (21) 4 654 (66)

divisor topologies

rigid 52 1 164 20 339 297 112 3 840 467 34 423 58 138 94 621 126 190 178 320 187 751

h0,2 = 1 50 924 8 931 86 418 798 972 6 065 8 431 10 555 12 941 15 501 15 550

h0,2 > 1 181 1 444 11 486 101 911 910 903 7 689 12 121 18 008 22 478 29 611 27 825

Wilson 5 143 1 884 24 985 292 468 1 983 4 074 6 400 9 037 12 788 15 754

Table 7.3: Top: Distribution of dPn and diagonal ddPn divisors. For dP0 = P2 we write (*) because it always appears diagonally. For
h1,1 ≥ 7, as usual, the data are obtained from random runs. Bottom: Classi�cation of the topologies of toric divisors encountered in the
scan.
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D3-charge in the database and non-local D7-tadpole cancellation

7.5 D3-charge in the database and non-local D7-tadpole can-

cellation

Let us now use our database to compute the D3-charge of di�erent O7/D7 con�gurations.
To begin with, we consider only the contribution from O-planes, which is summarized, for
each value of h1,1, in the plots of Fig. 7.3. Notice that the lower diagonal line corresponds
to models with h1,2

+ (X3) = 0, which is in complete agreement with Eq. (7.3), according
to which non-vanishing values of h1,2

+ (X3) decrease the (absolute value of the) D3-charge

and for h1,2
+ = 0, QD3 ∼ −

h1,2
−
3

. A similar behavior was also argued from the correlation

between the Euler characteristic χ(D) and h1,2(X3) in Fig. 7.1. We �nd the maximal
contribution coming from O-planes for the model (h1,1, h1,2

− , h1,2
+ ) = (11, 491, 0), for which:

QOpmin = −168 . (7.9)

As concerns D7-branes, since we want to maximize the D3-charge contribution, we
need to study the topology of each divisor which is wrapped by an orientifold plane in
order to determine whether it is possible to cancel its D7-tadpole by means of a Whitney
brane. If this is not possible, we compensate the D7-charge with the usual SO(8) stacks
of D7-branes. To be more speci�c:

� If the O7-plane wraps a completely rigid divisor, the generic equation of the Whitney
brane is forced to split in two stacks of (4 + 4) D7-branes, supporting a SO(8) gauge
group (see (5.49)). The same is true for a Wilson divisor.

� If the O7-plane wraps a divisor with h0,2(D) > 1, it is always possible to cancel the
D7-tadpole non-locally, through a Whitney brane.

� The case of divisors with h0,2(D) = 1 is more subtle and model dependent. For these
con�gurations, therefore, we explicitly construct the equation of the Whitney brane
and we check whether it factorizes. If no factorization is forced, we add a Whitney
brane. In Sec. 7.5.1 we show two interesting explicit examples of this kind.

In Tab. 7.4 we compare the total D3-charge contribution (in the absence of �uxes)
that can be obtained for a given h1,1 when we cancel the D7-tadpole either locally or
non-locally. More precisely, the local D3-charge contribution is obtained by canceling all

the D7-tadpoles with SO(8) stacks, regardless the topology of the corresponding divisor.
The non-local contribution is instead obtained by placing a Whitney brane on top of every
O7-plane wrapping a non-rigid divisor (and, of course, a SO(8) stack on the rigid ones).
We perform this computation for each model with a given h1,1 and we select the case with
the largest D3-charge contribution, which is the one reported in the table. It is clear that
non-local D7-tadpole cancellation signi�cantly enhances (of an average factor of 13) the
D3-tadpole contribution with respect to local con�gurations.

We notice in particular that the upper bound for local D7-charge cancellation found
in Tab. 7.4 (at h1,1 = 11), precisely matches the estimation done in (7.5). This bound is
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Figure 7.3: Overview of theD3-charge contribution from Op-planes. The data are complete
for h1,1 ≤ 6 (see Tab. 7.1), while for h1,1 ≥ 7 we refer to the models collected in Tab. 7.2.
Di�erent colors indicate di�erent values of h1,2

+ and we have omitted models with positive
charge.
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h1,1 2 3 4 5 6

D3-charges |QD3|
local 276 248 244 256 256

non-local 3678 3272 3212 3280 3280

h1,1 7 8 9 10 11 12

D3-charges |QD3|
local 304 276 272 388 504 476

non-local 4000 3594 3408 5036 6664 6258

Table 7.4: Comparison between local and non-local D7-tadpole cancellation for di�erent
values of h1,1.

enhanced in presence of non-local con�gurations, where we �nd:

−Qnon−local
D3 ≤ 6664 . (7.10)

In general, the models with the minimal D3-charge contribution from Op-planes (cor-
responding to the diagonal line in Fig. 7.3) do not contain O3-planes and are therefore not
suitable for D3 uplift (though they admit, e.g., a T-brane background). Given the focus of
this thesis on this uplifting mechanism, it is useful to report also the maximal D3-charge
obtained for an orientifold model with two or more `collapsable'8 O3-planes. We �nd:

−QD3 uplift
D3 ≤ 3592 , (7.11)

with the maximal value obtained in the model with (h1,1, h1,2
− ) = (12, 274). We observe

that, though smaller than (7.10), it is still quite a large value compared to previous bounds,
based on local tadpole cancellation.

We stress again that this analysis does not take into account any �ux contribution. The
�uxes can either decrease the (absolute value of the) total D3-charge (e.g the �ux on the
Whitney brane, see (5.63)) or increase it (e.g. �uxes generating a non-vanishing FI-term
inducing a T-brane background). When considering an explicit model, these �uxes need
to be taken into account. However, as explained before, we do not expect them to change
the order of magnitude of our estimations.

Let us conclude our analysis of local and non-local tadpole cancellation by directly
comparing the contributions to the D3-charge provided by a SO(8) stack and a Whitney
brane on a single divisor D, that is (in the absence of �uxes):

QSO(8)(D) = −(4 + 4) · χ(D)

24
; QW(D) ' −χ(4D)

12
− 9

∫
X
D3 . (7.12)

In this case, we consider only the divisors always admitting both con�gurations, that is
the ones with Hodge numbers h0,2(D) > 1 and h0,1(D) = 0. The results of this comparison

8See the caption of Fig. 5.2 for the meaning of `collapsable' O3-planes in this context.
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Complete scan at h1,1(X) ≤ 6

Random data at 7 ≤ h1,1(X) ≤ 12

Figure 7.4: Local vs non-local tadpole cancellation. The two histograms on the left show
the distribution of QSO(8)(D), while the ones on the right present QW(D). In both cases we
consider only divisors with h0,2(D) > 1 and h0,1(D) = 0 (therefore admitting both branes
con�gurations). We distinguish the data obtained from the complete scan at h1,1(X3) ≤ 6

(top) and the random ones for 7 ≤ h1,1(X3) ≤ 12.

are plotted in Fig. 7.4. The maximal D3-charge contribution from D7-branes on a single
divisor turns out to be:

|QSO(8)(D)|max =

{
183

329.3
; |QW(D)|max =

{
3585 h1,1(X) ≤ 6

6489.3 7 ≤ h1,1(X) ≤ 12
.

Finally, the values of the average D3-charge obtained for each h1,1 with both sources
are collected in Tab. 7.5. Also from this analysis we notice a signi�cant enhancement of
QW(D), in this case by an average factor of 11.

7.5.1 Examples with Whitney branes

In this section we present two simple Calabi-Yau threefolds wth h1,1 = 3, containing toric
divisors with di�erent topologies. For each divisor Di, we study the locus:

η2
i − z2

i χi = 0 (7.13)

describing, as we know, a Whitney brane, and we check whether the explicit form of
the polynomials ηi and χi forces the brane to factorize. As anticipated in the previous
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section, this analysis suggests that divisors with h0,2 > 0 always admit a fully non-local
Whitney brane, while divisors with h0,2 = 1, need to be checked case by case, since the
(possible) factorization depends on the weights matrix of the ambient space in which the
CY is de�ned. The two examples below are chosen precisely because they both contain a
non-rigid divisor with h0,2 = 1, but only one of the two admits a proper Whitney brane
on such divisor.

Notice, however, that usually we are interested in the divisor with the highest weights
(since it maximizes −QD3), which generically have h0,2, h1,1 � 1 (and therefore a Whitney
brane).

Example 1: a SO(8) stack for a non-rigid SD1 divisor

The �rst example we consider is the CY de�ned in the variety:

z1 z2 z3 z4 z5 z6 z7 DH

0 0 1 1 1 1 4 8

0 1 0 0 1 1 3 6

1 0 1 0 1 2 5 10

SR = {z1z6, z2z5, z3z4z7} . (7.14)

This model can be found also in the database [106] (ID#237, triangulation #1). The
Hodge numbers (which in this case can be equivalently computed either via CohomCalg or
with the procedure exposed in Sec. 5.1.1) are:

h•(D1) = {1, 0, 0, 9}, h•(D2) = {1, 0, 0, 8}, h•(D3) = {1, 0, 1, 21} ,
h•(D4) = {1, 0, 0, 12}, h•(D5) = {1, 0, 2, 29}, h•(D6) = {1, 0, 3, 38} ,
h•(D7) = {1, 0, 26, 177} . (7.15)

Hence we have three rigid divisors (D1 is a dP8, D2 a dP7 and D4 a rigid but not del Pezzo
NdP11), a special deformation divisor SD1 (D3) and three non-rigid deformation divisors
D5, D6, D7, with h0,2 > 1.

As usual, the rigid divisors are such that the locus (7.13) is always forced to factorize
as ηi = z4

i , χi = z6
i (i ∈ {1, 2, 4}), corresponding to the standard SO(8) stacks. On the

other side, the locus on the divisors D5, D6 and D7 is described by generic polynomials,
hence we can cancel the corresponding possible D7-charge with Whitney branes.

Let us instead consider the more interesting case of the divisor SD1, corresponding to
z3 = 0. The only (h0,2(D3) = 1) possible deformation of the de�ning equation of D3 can
be determined by looking at the GLSM weights (7.14). Since the coordinate z3 has weights
(1, 0, 1), only deformations involving coordinates with weights (∗, 0, ∗) can be considered,
that is only combinations of z1 and z4. In particular, the de�ning equation for D3, can be
equivalently written as:

[D3] : z3 + αz1z4 = 0 . (7.16)

which is indeed the only possible deformation of D3.
The Whitney brane, if present, must wrap a divisor in the class 8[D3], with degrees

(8, 0, 8). A generic element of this class can be derived by (7.16) and it is described by the
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equation:

P8(z3, z1z4) ≡
8∑
i=0

αi z
i
3 (z1z4)8−i = 0 , (7.17)

where P8 is a homogeneous polynomial of degree 8, in two variables, which clearly admits
precisely 8 zeroes. If we impose the invariance under the involution z3 7→ −z3, indeed, all
the odd powers of z3 are ruled out, as well as the odd powers of z1z4 (as it is manifest from
(7.17)) and the equation can be recast to:

4∏
i=1

(z3 − βi(z1z4))(z3 + βi(z1z4)) = 0 . (7.18)

Being a valid description of any invariant representative of the class 8[D3], the above
equation is also suitable to de�ne the Whitney brane in this class, which therefore is forced
to factorize into 4 pairs of brane/image brane that can in principle intersect each other.

The reason why the case h0,2 = 1 is somehow special, is that there is the possibility
that the GLSM matrix is such that the divisor class [D] has a representative of the form
(7.16), but e.g. the class 2[D3] (hence also the class 8[D3]) admits additional deformations
spoiling the factorization. This would have happened, as an example, if the model under
consideration had included an additional coordinate with degrees (2, 0, 1). In this case, a
generic representative of the class 2[D3], would have been:

z2
3 + α1z3z1z4 + α2(z1z4)2 + βz0z1 = 0 (7.19)

where the presence of z0z1 spoils the factorization. Nothing forbids the existence of this
kind of coordinates in the KS database: an explicit example is provided in the next section.

Example 2: Whitney brane on a divisor with h0,2 = 1

We consider the model:

z1 z2 z3 z4 z5 z6 z7 DH

0 0 1 1 1 2 1 6

0 1 0 0 1 1 0 3

1 0 2 3 2 4 0 12

SR = {z1z4, z2z5, z3z6z7} . (7.20)

corresponding to ID#57 (triangulation #3) in [106] and whose toric divisors have the
Hodge numbers:

h•(D1) = {1, 0, 0, 10}, h•(D2) = {1, 0, 0, 8}, h•(D3) = {1, 0, 1, 20} ,
h•(D4) = {1, 0, 2, 30}, h•(D5) = {1, 0, 2, 28}, h•(D6) = {1, 0, 6, 56} ,
h•(D7) = {1, 1, 0, 2} . (7.21)

Hence, D1 is a rigid but not del Pezzo NdP9, D2 is a dP7 and D7 is a Wilson divisor
(all of them support the usual SO(8) stacks). Furthermore, D4 is a special deformation
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Complete scan at h1,1 ≤ 6

h1,1(X3) QSO(8)(D) QWD7(D)

2 −25.82 −269.77

3 −28.31 −316.69

4 −29.78 −342.26

5 −30.27 −344.21

6 −30.53 −339.49

7 −30.16 −321.89

Random data at h1,1 ≤ 12

h1,1(X3) QSO(8)(D) QWD7(D)

7 −35.21 −391.76

8 −37.82 −428.97

9 −40.12 −458.18

10 −40.27 −457.08

11 −42.90 −497.89

12 −42.23 −480.87

Table 7.5: Average D3-charge contribution for local and non-local D7-tadpole cancellation.

divisor SD2, while D5 and D6 are other non-rigid deformation divisors (admitting a generic
Whitney brane). Finally, D3 has the Hodge numbers of a K3 (but it is not, see Sec. 5.1.1,
because D2

3Di = 2 for i = 2, 5, 6).
Let us analyze this last divisor similarly to what we did in the previous section. The

representative of the class D3 : {z3 = 3} admits only the deformation

z3 = αz2
1z7 = 0 , (7.22)

hence, again, h0,2 = 1. In this case, however, the representation of the class 2[D3] may
also include the coordinate z4:

z2
3 + α1z3z

2
1z7 + α2(z2

1z7)2 + βz1z4z7 = 0 , (7.23)

from which we can deduce the generic expression for a representative of the class 8[D3]:

8∑
i=0

4∑
j=0

αijz
8−i−2j
3 (z2

1z7)i (z1z4z7)j = 0 (7.24)

which is a non-factorisable non-homogeneous polynomial in three coordinates. Hence the
equation (7.24) is compatible with the presence of a fully recombined Whitney brane in
the class 8[D3].

Notice that for a proper K3 divisor, we expect, to �nd an analogous situation to (7.18),
where, furthermore, the branes do not intersect each other (U(1)4 con�guration). The fact
that the Whitney brane is not factorisable in this case is therefore an additional signal of
the fact that the divisor under consideration is not a K3.

7.5.2 Large D3-charge and genus-one �brations

Looking at the plots in Fig. 7.3, we notice that while the data at small h1,2 do not present
any particular structure, an interesting trend appears for h1,2 > 100, where we clearly
observe two distinct dominant lines. We believe that this emergent structure in the distri-
bution of D3-charges has not yet been observed in the literature.
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Figure 7.5: D3-charge contributions from orientifold planes with h1,1 ≤ 12 as a function
of h1,2(X3). The two di�erent colors distinguish the models associated to a F10 �bration
(blue) from all the others.

An explanation of this distribution can be found in the fact that it has been observed
that a very large fraction of the set of known Calabi-Yau threefolds, especially the ones
with large Hodge numbers, is composed by genus-one �brations (most of which are elliptic
�brations i.e. genus one �brations with a global section) over complex base surfaces. First,
comparing the elliptically �bered toric CY threefolds that can be constructed with F-
theory based methods and CY hypersurfaces obtained from re�exive polytopes as described
in Sec. 5.1, the authors of [178] found an exact match for all Hodge number pairs with
h1,2 ≥ 240 (or h1,1 ≥ 240). This means that all CY manifolds which are hypersurfaces in
toric varieties with the above Hodge numbers are reproduced by elliptically �bered Calabi-
Yau's over some explicitly determined base surface. Furthermore, in [179] a complementary
approach, based on the analysis of �bered polytopes9 led to the observation that all the CY
threefolds with h1,2(h1,1) ≥ 150 admit an explicit genus one �bration and all the ones with
h1,1 ≥ 195 or h1,2 ≥ 228 show an elliptic �bration. Finally, in [181] a systematic analysis
of all the 473.8 million re�exive polytopes of the Kreuzer Skarke database [105] con�rms
that the 99.994% of all known CYs constructed as toric hypersurfaces are birationally
equivalent to a CY with an elliptic or genus one �bration. In other words, only 29 223 of
these polytopes are not �bered10. Similar results have been found also for CICY threefolds
[182, 183].

The 16 2d re�exive polytopes [184] (see also Appendix A of [185]) correspond to 16

distinct types of genus one �brations Fi. The Kreuzer-Skarke database, appears to be

9A �bered polytope is a (4d) polytope ∆◦ in the N lattice containing a lower dimensional (2d) sub-

polytope which passes through the origin and is itself a re�exive polytope. A �bered polytope is compatible

with the presence of a genus one �bration for the associated CY threefold [180] (with the �ber de�ned on

the surface obtained from the sub-polytope), though in [181] it was stressed that there are some subtleties

occuring when relating the �bration of the polytopes to the actual toric variety.
10In our analysis, we encountered 2 857 of these polytopes in the complete data at h1,1 ≤ 7 and 60 in

the random ones at 7 < h1,1 ≤ 12.
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dominated, at least at large Hodge numbers, by polytopes associated to a standard F10

�bration, whose elliptic �ber is de�ned on the weighted projective space CP2
[2,3,1] [178].

We checked this feature also for the favorable 4d polytopes of our database, computing
the 2d sub-polytopes and the �bration type of each of them (by means of the algorithm
of [181]), verifying that the presence of F10 is indeed dominant, especially at h1,2 & 200.
Not surprisingly, precisely this �bration structure turns out to be responsible for the trend
observed in Fig. 7.3, as we checked by computing the charge distribution for the di�erent
types of �bres. This is particularly evident in Fig. 7.5, where we show again the charge
distribution from Op-planes, distinguishing models corresponding to F10 �brations from
all the others: the former clearly dominate at large h1,2, regardless the value of h1,1. In
the regime h1,2 < 200, similar sub-dominant patterns are found also for elliptic F6 and F8

as well as non-elliptic F4 �brations, while all the others show an approximately constant
distribution of the D3-charge, as a function of h1,2.

Let us analyze in more detail what happens in the F10 case, where the equation of the
CY takes the Weierstrass form:

y2 = x3 + f(w)xz4 + g(w)z6 . (7.25)

Here, w denotes the set of coordinates on the toric 2d base B and x, y, z are projective
coordinates on CP2

[2,3,1]. The CY condition on the total space X3 requires f and g to be
sections of O(−4KB) and O(−6KB), where KB is the canonical class of the base B.

At �xed w, the above equation describes a torus, whose Z2 involution (with four �xed
points) is implemented by taking either y 7→ −y or z 7→ −z (notice that the equation
written in the Weierstrass form is automatically invariant under these involutions). In
particular, the toric coordinate y has clearly a high degree (and it is in fact the coordinate
with the highest degree among the ones of the considered threefold). As a consequence,
the corresponding divisor Dy has a large Euler characteristic, which is the main reason
why we �nd the largest D3-charges for these models.

It is interesting to notice that we may also add to (7.25) a term of the form a(w)x2z2,
which would allow us to consider also the involution x 7→ −x. Given that the degree of x is
also large, one would expect a large contribution to the D3-charge in this case as well, even
if lower than the one coming from y 7→ −y. However, in this case the invariant equation
of the CY would read:

y2 = (a(w)x2 + g(w)z4)z2 , (7.26)

which has a manifest (non crepantly resolvable) singularity at z = y = 0. This singularity
can not be deduced by the topological invariants of the D7/O7's since they do not touch
it (xyz ∈ SR). However, this kind of situation was excluded from our analysis thanks to
the check on the polytope ∆k associated to the invariant equation, which in this case is
not re�exive11. If we had included such models, we would have obtained a second diagonal
line in the plots of Fig. 7.3.

11This is due to the fact that the monomial x3, which we need to rule out in order to get an invariant

equation, is associated with a vertex of the full polytope ∆.
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A simple example of CY with genus one �brations: CP2
[1,1,1,6,9]

Let us apply the argument described above to the very simple example of the degree 18

hypersurface CP[1,1,1,6,9][186, 187], which has also an important role in LVS [12].
The corresponding ambient space is described by the weights matrix:

z1 z2 z3 z4 z5 z6 DH

C∗1 1 1 1 6 9 0 18

C∗2 0 0 0 2 3 1 6

(7.27)

from which it is manifest the presence of an elliptic �bration over the base B = CP2

(parametrized by the coordinates z1, z2, z3), with �bre F10 (hypersurface in CP2
[2,3,1]),

parametrized by z5, z6, z7.
The SR ideal is:

ISR = {z1z2z3, z4z5z6} (7.28)

and the divisors have topology:

h•(Di) = {1, 0, 2, 30}, χ(Di) = 36, i = 1, 2, 3 (SD2) ,

h•(D4) = {1, 0, 28, 218}, χ(D4) = 276 , (7.29)

h•(D5) = {1, 0, 65, 417}, χ(D5) = 549 ,

h•(D6) = {1, 0, 0, 1}, χ(D6) = 3 (dP0) .

Finally, it has Hodge numbers (h1,1, h1,2) = (2, 272) and Euler characteristic χ(X) = −540.
From the weights matrix (7.27), we can deduce the most general CY equation with

degrees DH , which reads:

z2
5 = z3

4 + h9(z1, z2, z3) z5z
3
6 + h12(z1, z2, z3)z4z

4
6 + h18(z1, z2, z3)z6

6

+ h3(z1, z2, z3)z4z5z6 + h6(z1, z2, z3)z2
4z

2
6 , (7.30)

where the hn(z1, z2, z3) are homogeneous polynomials of degree n in the coordinates of the
CP2 base. Notice that the polynomials h3n are sections of O(−nKB) and that the equation
(7.30) can be brought to the Weierstrass form (7.25)

z2
5 = z3

4 + f(z1, z2, z3)z4z
4
6 + g(z1z2, z3)z6

6

through two subsequent coordinate changes.
Following the notation of [186], we de�ne D4 = 2H, D5 = 3H and Di = L, i = 1, 2, 3,

from which it follows D6 = H−3L. In terms of the basis L,H the intersection polynomial
reads:

I3 = L2H + 3LH2 + 9H3 . (7.31)

The orientifolds obtained by inverting each of the six coordinates zi can be grouped in
three classes, which are representative of the three categories that one generically �nds for
F10 �brations:

1. Re�ection along the base B : zi 7→ −zi, i = 1, 2, 3. The orientifold presents an
O7-plane wrapping Di, an O3-plane at zj = zk = z6 = 0 and three O3-planes at
zj = zk = z5 = 0 12. The corresponding Hodge numbers are (h1,2

+ , h1,2
− ) = (128, 144).

12(i, j, k) ∈ {(1, 2, 3), (2, 3, 1), (3, 1, 2)}.
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The D3-charge contribution from the Op-planes reads: Qtot
Op = −36

6 −
4
2 = −8. This

is, as expected, the minimal D3-charge contribution.

2. Re�ection z4 7→ −z4. There is only an O7-plane wrappingD4 and the Hodge numbers
are (h1,2

+ , h1,2
− ) = (69, 203).

The D3-charge contribution from the Op-planes is QOp = −276
6 = −46.

It is important to notice that the �bre CP2
[2,3,1] is invariant under this involution only

when it degenerates to:
z2

5 = z2
6(az2

4 + bz4
6) . (7.32)

This singularity is inherited by the CY, but the O7-plane wrapping D4 does not
touch it (z4z5z6 ∈ SR).

3. Re�ection along the �bre zi 7→ −zi, i = 5, 6. There are two O7-planes wrapping D5

and D6 respectively. The Hodge numbers are (h1,2
+ , h1,2

− ) = (0, 272).

The D3-charge contribution from the Op-planes is QOp = −549
6 −

3
6 = −92.

This is the class providing the largest contribution to the D3-charge, corresponding
to the Z2 involution of the torus, with 4 �xed points in the �ber (�bering these points
over the base we obtain the divisors D5 and D6, which are wrapped by O7-planes).

7.6 Example with (h1,1, h1,2) = (11, 491)

In this section, we consider the model for which we observe the largest possible contribution
to the D3-charge (both from local and non-local tadpole cancellation), see Tab. 7.4.

Such large contribution comes from an involution of a CY threefold X3 with Hodge
numbers (h1,1, h1,2) = (11, 491) and Euler characteristic χ(X) = −960. The ambient space
in which the hypersurface is embedded is de�ned by the following weights matrix:

z1 z2 z3 z4 z5 z6 z7 z8 z9 z10 z11 z12 z13 z14 z15 DH

1 1 12 28 42 0 0 0 0 0 0 0 0 0 0 84

0 0 6 14 21 1 0 0 0 0 0 0 0 0 0 42

0 0 5 12 18 0 1 0 0 0 0 0 0 0 0 36

0 0 4 10 15 0 0 1 0 0 0 0 0 0 0 30

0 0 4 9 14 0 0 0 1 0 0 0 0 0 0 28

0 0 3 8 12 0 0 0 0 1 0 0 0 0 0 24

0 0 3 7 10 0 0 0 0 0 1 0 0 0 0 21

0 0 2 6 9 0 0 0 0 0 0 1 0 0 0 18

0 0 2 4 7 0 0 0 0 0 0 0 1 0 0 14

0 0 1 4 6 0 0 0 0 0 0 0 0 1 0 12

0 0 0 2 3 0 0 0 0 0 0 0 0 0 1 6
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with SR-ideal:

ISR = {z1z2, z3z6, z3z7, z3z8, z3z9, z3z10, z3z11, z3z12, z3z13, z3z14, z4z6, z4z7, z4z8,

z4z9, z4z10, z4z11, z4z12, z4z14, z5z6, z5z7, z5z8, z5z9, z5z10, z5z12, z6z8, z6z10,

z6z12, z6z13, z6z14, z6z15, z7z10, z7z12, z7z13, z7z14, z7z15, z8z12, z8z13, z8z14, (7.33)

z8z15, z9z12, z9z14, z9z15, z10z14, z10z15, z11z15, z12z15, z4z5z15, z5z13z14,

z5z13z15, z7z9z11, z8z9z11, z9z10z11, z10z11z13, z11z12z13, z11z13z14}

and second Chern numbers:

Πi =

∫
Di

c2(X) = {24, 24, 168, 368, 548,−4,−4,−4,−4,−4,−4,−4,−4,−4,−4} . (7.34)

Computing the Hodge numbers of the divisors, we �nd that D1 and D2 are K3 divisors:

h•(D1) = h•(D2) = {1, 0, 1, 20} , χ(Di) = 24 ;

all the divisors Di with i = 6, ..., 15 are (non-diagonal) dP1:

h•(Di) = {1, 0, 0, 2}, i = 6, . . . , 15 ,

and D3, D4, D5 are deformation divisors with Hodge numbers:

h•(D3) = {1, 0, 13, 140}, h•(D4) = {1, 0, 51, 392}, h•(D5) = {1, 0, 118, 750}
χ(D3) = 168 χ(D4) = 496 χ(D5) = 988 .

As we can see from the last line of weights in the GLSMmatrix above, this CY exhibits a
F10 �bration with coordinates z4, z5, z15 = x, y, z over the Hirzebruch surface F12

13(notice
that, besides being the largest value that can be found in the Kreuzer-Skarke database,
h1,2 = 491 is the largest possible value for an elliptic CY threefold [189], in agreement
with what we said before regarding the correspondence between CY threefolds and elliptic
�brations at large Hodge numbers).

Analyzing the �xed point locus of each involution we observe that none of them presents
O3-planes. Moreover, the largest contribution to the D3-charge comes from the involution
of the torus �bre z5 7→ −z5, which is the coordinate with the largest weights. In general
we observe that the D3-charges coming from the Op-planes take values in the range 8 ≤

13The Hirzebruch surfaces Fn (n ≥ 0; n ∈ N) correspond to di�erent �brations of a CP1 �bre over a

CP1 base. In this case, we can recognize it as follows: the base of the elliptic �bration is the submanifold

de�ned by z ≡ z15 = 0 (which automatically �xes also the other two coordinates on the �bre, that is z4

and z5). By carefully analyzing the SR-ideal (7.33) and the intersection numbers we realize that most of

the other coordinates (in particular {zi}, with i = 6, ..., 13) can be �xed to 1, acting on the corresponding

C∗i rescalings. After this gauge �xing, we are left with the coordinates and the weights:

z1 z2 z3 z14

1 1 12 0

0 0 1 1

corresponding to the weight matrix of an F12 (see App. A of [188]).
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|Qtot
Op| ≤ 168, depending on the inverting coordinate. A large charge might also come

from the involution of the coordinate z4 of the �bre, but, as we explained above, the
corresponding orientifold is singular (with a singularity which is not touched by the O7-
planes) hence we exclude it from our analysis.

Let us then focus on the involution

z5 7→ −z5 , (7.35)

for which we have O7-planes on D5, D6, D8, D12, D13 and D15, which do not intersect
each other. Recalling that all the divisors Di>5 are dP1, the Euler characteristic of the
orientifold locus reads

χ(Oσ) = χ(D5) + 5 · χ(dP1) = 1008 , (7.36)

from which we derive, as usual, the invariant Hodge numbers: (h1,2
− , h1,2

+ ) = (491, 0) (cfr.
Eq. (5.37)). The total D3-charge coming from the O7-planes is therefore:

Qtot
D3 = −χ(Oσ)

6
= −168 . (7.37)

Let us consider theD7-brane con�guration ensuring the maximum possible contribution
to the (absolute value of the) D3-charge. Among the divisors wrapped by an O7-plane,
only D5 is non-rigid, the others being, as we said, all dP1's. Thus, we place the usual
SO(8) stacks of 4 branes plus 4 image branes on the rigid divisors, while we cancel the
D7-tadpole from the O7 on D5 with a Whitney brane.

Since the above divisors do not intersect each other, it is easy to de�ne a B-�eld
ensuring a vanishing gauge �ux Fi = 0 for each of the SO(8) stacks:

B2 =
1

2
(D6 +D8 +D12 +D13 +D15) . (7.38)

With this choice, indeed, the pull-back of B2 on each divisor Di simply reads ι∗DiB2 = Di
2 ,

therefore canceling the non-integral �ux introduced for the sake of Freed-Witten anomaly
cancellation. The charge contribution coming from the SO(8) stacks is:

Qtot
SO(8) = −

∑
i=6,8,12,13,15

χ(Di)

3
= −5 · 4

3
= −20

3
. (7.39)

As concerns the Whitney brane, we need to check whether it is possible to choose the
integer �ux F in a way that makes the �ux contribution to the D3-charge QWD3,flux (5.63)
vanish. As explained in Sec 5.3.1, this is possible whenever at least one of the line bundles
O(3D5 − 2F + 2B2) and O(3D5 + 2F − 2B2) is trivial on the Whitney brane. Applying
the general rule to the case under examination, this can be done if either 3

2D5 + B2 or
3
2D5 − B2 is an integer form (which therefore can be canceled by the integer F ). This
is true because, as we can see from the weights matrix, D5 + B2 is an even form (hence
D5+B2

2 is an integer form). The D3-charge contribution coming from the Whitney brane
is therefore simply given by (5.62):

QWD3(D5) = QWD3,geom(D5) = −χ(4D5)

12
− 9

∫
X3

D3
5 = −19 468

3
, (7.40)

132



Conclusions

where we used χ(4D5) = 30 352 and D3
5 = 440.

We stress that if we had canceled also the D7-tadpole on D5 with local D7 stacks, the
corresponding D3-charge would have been

Q
SO(8)
D3 (D5) = −χ(D5)

3
= −988

3
, (7.41)

hence the introduction of the Whitney brane enhanced the charge contribution of D5 by a
factor of

QWD3(D5)

Q
SO(8)
D3 (D5)

≈ 20 . (7.42)

Summarizing, the total D3-charge contribution coming from O-planes/D-branes is:

QD3 = Qtot
O7 +Qtot

SO(8) +QWD3 = −6664 , (7.43)

as reported in Tab. 7.4.
A complete analysis of this model from the point of view of moduli stabilization and dS

uplift is beyond the scope of this work, but we conclude this section with two observations
on this topic. First, among the 10 rigid dP1, only half are wrapped by an O7-plane and
therefore support gaugino condensation. For the sake of moduli stabilization, it would
be favorable to introduce non-perturbative e�ects also on the others. However it is not
possible to choose a B-�eld such that all the dP1 (including the ones without the O7) have
vanishing gauge �uxes, hence, in particular, the choice (7.38) forbids O(1) instantons on
the remaining divisors (FE3 6= 0). On the other side, rank-2 instantons (see Sec. 5.4) might
be allowed, provided that one checks that no chiral modes arise at the intersection with
the SO(8) stacks. Finally, since it does not have any O3-plane, this model is not suitable
for D3 uplift. However, we expect, at least in principle, to be able to engineer a T-brane
background (see Sec. 4.5) allowing for dS minima.

7.7 Conclusions

In the previous chapter, we observed that a speci�c D7-brane con�guration, including
a Whitney brane, can generate a large (negative) D3-charge, possibly su�cient to com-
pensate the large tadpole contribution MK coming from the stabilization of the conifold
complex structure modulus. In this chapter (and in the corresponding paper [19]) we
explore this possibility in a more systematic way, analyzing the D3-tadpole contribution
coming from O-planes and D-branes at di�erent values of h1,1 ≤ 12. In particular we have
considered CY orientifolds constructed as hypersurfaces in toric varieties starting from
the re�exive polytopes collected in the Kreuzer-Skarke database [105], equipped with a
holomorphic re�ection involution. The database generated from our results includes all
favorable FRSTs with h1,1 ≤ 7 and a random selection of cases with h1,1 up to 12, for
which we computed the orientifold con�guration (O-planes) and the D-brane con�gura-
tion allowing for the largest negative D3-charge. One of the main purposes of this work
was indeed to compare the D3-charge coming from local (SO(8) stacks) and non-local
(Whitney branes) D7-tadpole cancellation, showing that the second case can produce
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much larger contributions with respect to the �rst one. An important result is indeed
that the largest (negative) contribution that we �nd coming from Whitney branes, that is
|QD3|O3/O7/D7 . 6664, largely surpasses any previously observed bound (in particular, if
we consider only local D7-tadpole cancellation we �nd |QD3|O3/O7/D7 . 504).

The large number of geometries analyzed allowed also to observe an interesting pattern
in the distribution of the models with respect to their Euler characteristic and, conse-
quently, of their D3-charge. This distribution appears to be related to the �bration struc-
ture of the considered models (we have accompanied our results with explicit examples,
aiming to make our statements more concrete). However, it would be interesting to better
understand the observed structure from the mathematical point of view.
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Chapter 8

K3 �brations and D3 de Sitter uplift

From the phenomenological point of view, an interesting extension to the simple model
analyzed in Ch. 6, consists in taking into account a slightly more complicated form for the
volume of the CY, the so-called weak Swiss-cheese form:

V = f3/2(τj)−
Nsmall∑
i=1

κiτ
3/2
i , with j = 1, ..., Nlarge . (8.1)

In other words, among the h1,1 Kähler moduli, Nsmall are associated with small rigid cycles,
which can be stabilized, at least in principle, by non-perturbative e�ects. The remaining
Nlarge = h1,1 −Nsmall 4-cycles are combined in f3/2 which is an homogeneous function of
degree 3

2 , playing the role of the large cycle in the standard LVS stabilization.
The simplest example of this kind, with h1,1 = 3, was constructed in [62], by adding

a blow-up mode to the CY hypersurface CP4
[1,1,2,2,6]. The volume in this case reads V ∝

(τb
√
τf − ατ

3/2
f ) − κsτ

3/2
s ' tfτf − κsτ

3/2
s , where τs is a blow-up cycle, which can be

stabilized by non-perturbative e�ects, while τf and τb are both large cycles (only one of
which can be stabilized by the LVS mechanism).

The advantage of this setup is that after having stabilized the small cycles and the
overall volume, there is still at least one massless modulus, which can be �xed via sub-
leading e�ects and may have an important phenomenological role1. The shallowness of
this additional direction in the scalar potential makes the corresponding Kähler modulus
a promising candidate as, e.g. the in�aton �eld in the in�ationary paradigm known as
�bre in�ation [153, 137, 146]. In addition to this, the structure base × �bre, which is
manifest in writing the volume as V ' tfτf allows to study the interesting anisotropic
limit τb � τf , which shows promising features as concerns the purpose of making contact
with experiments [190, 191].

In this chapter, based on [20], we will consider in particular the case in which the
�bration divisor is a K3 surface (see Sec. 5.1.1). Our purpose is to construct an explicit
CY orientifold which, similarly to the one of Ch. 6 allows all the moduli to be stabilized in
a dS vacuum obtained by means of an D3 at the tip of a warped throat and, in addition to
this, is a K3-�bration. The new requirement turns out to be not so easy to combine with

1See [27] and references therein.
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the uplift mechanism under consideration, at least for small values of h1,1, as we explain
in Sec. 8.1. Nonetheless, we select a promising geometry, which we explicitly analyze in
Sec. 8.2.

8.1 Search for suitable models

As a �rst step towards the construction of an explicit example, we have scanned over the
CY threefolds constructed as hypersurfaces in toric varieties (see Sec. 5.1), listed in the
Ross Altman Database [107], looking for geometries with promising features. Aiming for
an explicit model (therefore not too complicated) we have limited our search to models
with h1,1 = 3, 4 2 and we have imposed the following requirements:

1. It admits moduli stabilization à la LVS, which means in particular that:

� h1,2 > h1,1 > 1, so that the Euler characteristic is negative;

� At least one of the toric divisors is rigid and supports non-perturbative e�ects.
In particular we consider only models presenting at least one `diagonal' dP
divisor.

2. One of the toric divisors is a K3. Notice that the presence of such divisor always
implies that the CY is a �bration.

Models satisfying these �rst two requirements are a priori suitable for Fibre In�ation.

3. It admits a re�ection involution with at least 2 O3-planes that can coincide by a
complex structure deformation and a su�ciently large (negative) D3-charge. The
second requirement can be ful�lled if the involution shows O7-planes wrapping divi-
sors with a large Euler characteristic: as we have seen in detail in Ch 7, indeed, in
this case the contributions from both the O7-plane and the D7-brane(s) canceling the
corresponding D7-tadpole are expected to be large. On the basis of our experience
in Ch. 6, we require |QO3/O7/D7

D3 | & 150.

The combination of these apparently harmless requirements turns out to be very con-
straining, at least for the small values of h1,1 taken into consideration.

First of all, the need for both a diagonal dP and a K3 divisor sets a strong constraint
on the intersection numbers. From Sec. 5.1.1, we recall indeed that a K3 divisor can only
appear linearly in the intersection polynomial (as it is characterized by D3

K3 = D2
K3D = 0,

for any toric divisorD). On the other side, the diagonal dP, by de�nition, does not intersect
any other divisor in the selected basis so that only the term D3

dP can appear in the intersec-
tion polynomial. After having chosen a basis of the form B = {Di1 , ..., Dih1,1−2

, DdP, DK3},
therefore, the intersection polynomial can only take the form:

I3 = aD3
dP +

h1,1−2∑
i,j=1

bijDK3DiDj +

h1,1−2∑
i,j,k=1

cijkDiDjDk , (8.2)

2From the requirements themselves it should be obvious that no model of this kind can appear with

h1,1 = 2.
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which for the case h1,1 = 3 reduces to:

I
(h1,1=3)
3 = aD3

dP + bDK3D
2 + cD3 . (8.3)

Despite this, the database [107] presents 43 geometries with h1,1 = 3 [144] and 171 with
h1,1 = 4, satisfying the requirements (1) and (2). To be more precise, using the CY
threefolds arising from the re�exive polytopes of the KS database it has been found that
[144, 145, 143]:

� For h1,1 = 2, there are 39 distinct CY geometries, 22 of which have a volume form
of the strong Swiss-cheese type with a diagonal del-Pezzo divisor, while there are
10 K3-�bred CY geometries. However, as it is obvious, there are no K3-�bred CY
threefolds with additional diagonal del-Pezzo divisor. For this reason we have to
minimally look for examples with h1,1 = 3.

� For h1,1 = 3, there are 305 distinct favorable CY geometries, 132 of which have at
least one diagonal del-Pezzo divisor, and therefore are a priory suitable for realising
LVS. In addition, there are 136 K3-�bred CY geometries, but only 43 of those have,
in addition, a diagonal del-Pezzo divisor to support LVS.

� For h1,1 = 4, there are 2000 distinct favorable CY geometries, 750 of which have
at least one diagonal del-Pezzo divisor for realising LVS. In addition, there are 865
K3-�bred CY geometries, but only 171 of those have, in addition, at least a diagonal
del-Pezzo divisor to support LVS.

The third requirement, however, rules out most of these models. As we mentioned above,
indeed, a large (negative) D3-charge is associated with divisors (wrapped by O7-planes
and D7-branes) with large Euler characteristic. This excludes both the K3 (χ(K3) = 24)

and the dP (χ ∈ [3, 11]) divisors. Furthermore, at least three of the divisors of a toric CY
(including the dP's) are usually rigid surfaces characterized by the weights {1, 0, 0}, {0, 1, 0}
and {0, 0, 1}, therefore having a small Euler characteristic3. In addition to this, generically
the coordinate with the largest weights (associated to the largest Euler characteristic and
therefore to the largest D3-charge) does not admit the desired O3-planes con�guration.
We conclude that in general at most one of the seven (eight) toric divisors of the CY with
h1,1 = 3 (h1,1 = 4) can produce a large D3-charge contribution, being at the same time
associated to an involution with at least two `collapsable'4 O3-planes (while on most of the
cases only one of these two features is realized).

To be more concrete, let us consider the geometries with h1,1 = 3, 4, satisfying the
requirements (1) and (2). The maximal Euler characteristic that we �nd for a given
divisor of one of the 43 CY orientifolds with h1,1 = 3 is χ(D) = 232, which we encounter
in 5 CY manifolds: none of these admits an involution with an O7-plane wrapping the
divisor D and at least 2 O3-planes in the desired con�guration. Restricting our search to

3As an exception, it was noticed that a rigid divisor with large χ (χ = 111) can appear for h1,1 = 3

[143].
4See the caption of Fig. 5.2 for the meaning of `collapsable' O3-planes in this context.

137



An explicit example

only models with an involution of this kind, the maximal Euler characteristic we get is
χ(D) = 54, for which, considering all the O-planes and D7-brane contributions (included
the �ux contribution on the Whitney brane) the maximal (in absolute value) D3-charge
that we can obtain5 is −QO3/O7/D7

D3 = 104.
The situation with the 171 geometries with h1,1 = 4 is only slightly better. We �nd

again 5 geometries including the divisor with the largest Euler characteristic, which this
time is χ(D) = 435, but, again, none of these is associated with a suitable involution.
The maximal Euler characteristics for an involution including O3-planes turns out to be
χ(D) = 65, 66 and the maximal D3-charge contribution (which we �nd to be associated
to χ(D) = 65) is6 −QO3/O7/D7

D3 = 127.
We can see therefore, that none of the analyzed models really ful�lls our third require-

ment, if we impose the boundary |QO3/O7/D7
D3 | & 150. In the following, however, we take

a less ambitious bound on QD3 and we analyze the model with the largest charge that we
could �nd, that is the one with −QO3/O7/D7

D3 = 127 and h1,1 = 4. We will see, in particular,

that this model still allows to satisfy the requirement MK < |QO3/O7/D7
D3 |.

8.2 An explicit example

In this section we analyze the CY threefold, selected as described in the previous sec-
tion, with the largest negative D3-charge among the ones considered. It has h1,1 = 4,
a K3-�bration structure and a diagonal del-Pezzo divisor; it corresponds to the polytope
ID#1271 (Triangulation# 1) in the Ross Altman Database [107].

8.2.1 Geometric data

The weights matrix describing the toric ambient space in which the CY three-fold is de�ned
is:

x1 x2 x3 x4 x5 x6 x7 x8 DH

0 0 0 0 0 1 2 1 4

0 0 0 1 1 1 3 0 6

1 0 1 2 0 3 7 0 14

1 1 0 0 0 2 4 0 8

with SR-ideal:

SR = {x1x2, x2x5, x5x8, x6x8, x1x3x6, x3x4x7, x4x5x7} (8.4)

and second Chern numbers:

Πi =

∫
Di

c2(X) = {26, 12, 14, 24,−4, 58, 126,−4} . (8.5)

The Hodge numbers are (h2,1, h1,1) = (102, 4), hence the Euler characteristic is χ(X3) =

−196.

5Assuming that all the stacks of branes wrapping rigid divisors are �uxless.
6See footnote 5.

138



An explicit example

Using CohomCalg [139, 140], we �nd that D4 is a K3 (indeed it also satis�es the re-
quirement D2

K3Di = 0, ∀Di toric divisors). Moreover, D2 and D3 correspond to rigid-but-
not-del-Pezzo divisors (NdP9 and NdP10 respectively), while D5 and D8 have the Hodge
numbers of a dP1. In particular, applying the criteria of [145] we �nd that D8 is a non-
diagonal dP1 divisor, while D5 is a diagonal CP1 × CP1 surface. Finally, D1 is a special
deformation divisor SD1 (see Sec. 5.1.1), while D6 and D7 are deformation divisors with
Hodge diamonds:

D6 :

1
0 0

5 53 5
0 0

1

; D7 :

1
0 0

24 163 24
0 0

1

.

Let us consider the following basis of toric divisors, containing the K3 and the diagonal
CP1 ×CP1 divisor and such that the last actually appears diagonally in the volume form:

B = {D2, D4, D5, D8} . (8.6)

Expanding the Kähler form over this basis, J = t2D2 + t4D4 + t5D5 + t8D8, we get the
intersection polynomial

I3 = 8D3
5 −D2

2D8 + 2D2D4D8 −D2D
2
8 − 4D4D

2
8 + 8D3

8 , (8.7)

corresponding to the volume of the CY:

V =
1

6

∫
X3

J3 = − t
2
2 t8
2
− t2t

2
8

2
+

4t38
3

+ 2t2t4t8 − 2t4t
2
8 +

4t35
3
. (8.8)

We notice that the diagonality of the CP1 × CP1 divisor D5 and the linearity of the K3
divisor D4 are manifest in the intersection polynomial (8.7) as well as in the volume form
(8.8).

Starting from the CY Mori cone provided by the database [107], we can derive the
Kähler cone conditions:

2t5 + t8 > 0 , −2t5 > 0 , −t2 + 2t4 − t8 > 0 , t2 − 2t8 > 0 , (8.9)

while from the volume (8.8) we immediately obtain the four-cycle volumes τi = ∂V
∂ti

:

τ2 = −t2 t8 + 2 t4 t8 −
t28
2

; τ4 = 2 t2 t8 − 2t28 ;

τ5 = 4t25; τ8 = − t
2
2

2
+ 2 t2 t4 − t2 t8 − 4 t4 t8 + 4t28 .

(8.10)

We notice, as expected, that with the exception of the cycle corresponding to the diagonal
divisor D5, the above expressions cannot be inverted, hence it is not possible to write the
volume exclusively in terms of the 4-cycles. However, the Swiss cheese structure for the
diagonal divisor is manifest with this choice of the basis: from (8.10), and imposing the
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corresponding KCC, we derive: t5 = −1
2

√
τ5, which, once introduced in the volume (8.8),

gives

V =
t22 t8

2
− 3t2t

2
8

2
+

4t38
3

+ 2t2t4t8 − 2t4t
2
8 −

τ
3/2
5

6
, (8.11)

hence κ5 = 1
6 .

8.2.2 Involution, O-planes and D-branes

We consider the involution
x6 → −x6, (8.12)

for which there are 2 O7-planes located at D6 and D8 respectively, a single O3-plane at
x1 = x3 = x7 = 0 and 2 O3-planes at x2 = x3 = x7 = 0.

We have therefore D3
O7 ≡ D3

6 +D3
8 = 15, from which we can compute the correction to

the Euler characteristic proposed in [166], due to the presence of orientifold planes:

χ(X3)→ χ(X3) + 2

∫
X3

D3
O7 = −166 .

Moreover, after computing χ(Oσ) = χ(D6) + χ(D8) + 3χ(O3) = 65 + 4 + 3 = 72,
we can use the Lefschetz �xed point theorem (5.37) to derive the values of h1,2

+ (X) =

36; h1,2
− (X) = 66.

The D3-charge contribution from the O-planes can be computed with the usual formulas
as:

QOp = −1 + 2

2
− 65 + 4

6
= −13 , (8.13)

where we used χ(D6) = 65 and χ(D8) = 4.

In order to cancel the D7-charge, we introduce a stack of four D7-branes (plus four
image branes) on top of the O7-plane wrapping D8 and a Whitney brane on the divisor
D6. In order to stabilize the blow-up mode τ5, we want to introduce an E3-instanton on the
corresponding divisorD5. Hence, we need to choose the B-�eld as B = D5

2 so that the gauge
�ux F5 vanishes. This ensures that there are no chiral intersections between the branes.
The D3-charge of the D7-branes stack, neglecting possible �uxes whose contribution we
consider to be negligible, is given by7:

Q
(4+4)D7
D3 = −(4 + 4)

24
χ(D8) = −4

3
. (8.14)

Finally, we compute the D3-charge of the Whitney brane using the formulas (5.62) and
(5.63) for the geometric and the �ux contributions respectively. The geometric D3-charge

7In Sec. 8.2.4, we will brie�y consider the case in which also the non-diagonal dP divisor D8 supports a

non-perturbative e�ect (gaugino condensation). If this is the case, one needs also to ensure F8 = 0. This

can be done by choosing the B-�eld as B = D8
2

+ D5
2
: indeed x5 x8 ∈ SR. Anyways, the additional term

in B will not change the value of the D3-charge from the Whitney brane (obviously it will change the �ux

contribution in Q
(4+4)D7
D3 (8.14), that we are omitting anyways).
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is
QWD3,geom = −359

3
, (8.15)

where we used χ(4D6) = 680 and D3
6 = 7. The �ux on the brane is determined by the

two-form:
F =

∑
i

aiDi; ai ∈ Z .

Imposing the condition (5.61) that the Whitney brane is not forced to split into the
brane-image brane con�guration constrains the possible values of the ai coe�cients. Since
QWD3.flux > 0, we need to minimize it. Thus, among all the solutions, we choose, in the basis
(8.6), F = −3D2 − 2D4 +D5 + 3D8 . Plugging this result in (5.63), we �nd QWD3,flux = 7,
hence:

QWD3 = QWD3,geom +QWD3,flux = −338

3
.

We conclude that the total D3-charge arising from the Op-planes and the D-branes is
given by

QD3 = −13− 4

3
− 338

3
= −127 ,

as anticipated at the end of Sec 8.1.

8.2.3 O3-planes at the tip of the warped throat

Let us conclude the analysis of the geometric features of our model, by proving that a
highly warped throat is generated in a corner of the complex structure moduli space and
that there is a pair of O3-planes at the tip of this throat. The computation turns out to
be completely analogous to the one described in Sec. 6.4.5, hence here we will summarize
the argument without analyzing it again in full detail.

The equation de�ning the CY three-fold, once restricted to its invariant version with
respect to the involution (8.12), can be written as:

x2
7 = a x5 x

4
6 (x4 + a1 x

2
3x5)− 2b x2

6 x
2
8

[
x4

1 x
2
4 x

2
5 + x2 P1(x1, x2, x3, x4, x5)

+x3 P2(x1, x3, x4, x5)] + x2 P3(x1, x2, x3, x4, x5, x8) + x3 P4(x1, x3, x4, x5, x8)

+ c x8
1 x

3
4 x

3
5 x

4
8 = 0 ,

(8.16)

where the Pi(xj) are polynomials in the coordinates {xj} and a, a1, b, c ∈ C. It is therefore
immediate to see that at the locus x2 = x3 = x7 = 0 of the 2 O3-planes, it becomes:

x4 x5 x
4
6 − 2b x4

1 x
2
4 x

2
5 x

2
6 x

2
8 + c x8

1 x
3
4 x

3
5 x

4
8 = 0 (8.17)

(where we have rede�ned the constants b, c in order to get rid of a).
Looking at the SR-ideal (8.4), we notice that the coordinates {x1, x4, x5} can never

vanish at the locus of these O3-planes. Fixing them to 1 (by an appropriate choice of the
C∗ parameters λi), (8.17) becomes:

x4
6 − 2b x2

6 x
2
8 + c x4

8 = 0 . (8.18)
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Furthermore, x6 and x8 cannot vanish simultaneously. We can therefore �x x8 = 1 as well
and obtain:

x4
6 − 2b x2

6 + c = 0 . (8.19)

This equation is completely analogous to Eq. (6.53), hence from now on the argument and
its conclusions are precisely the same as in Sec. 6.4.5. We can summarize the main points
as follows:

� Rede�ning c ≡ b2− δ, Eq. (8.19) becomes: (x2
6− b)2 = δ. Hence, when δ = 0 the two

O3-planes, sitting at the two zeroes of (8.19), go on top of each other at the point
x2

6 − b x2
8 = 0, while they are very close to each other when δ is small.

� By analyzing the neighborhood of the point x2 = x3 = x7 = (x2
6 − b x2

8)2 + δ = 0, we
can see that the equation of the CY (8.16) in an ambient space C4/Z2, is precisely
the one of a deformed conifold, where δ parametrizes the size of the blown-up S3.
In the limit δ → 0, the local geometry develops a conifold singularity at the point
x2 = x3 = x7 = (x2

6 − b)2 = 0.

� In the local patch under consideration, the involution reproduces exactly the geo-
metric action required for the retro�tting of a nilpotent Goldstino sector [103], that
is {x2 → −x2, x3 → −x3, x7 → −x7}.

� Assuming that the complex structure moduli are �xed so that the S3 has �nite size
(δ 6= 0), we can add a D3-brane at one of the O3− points of the S3 and a D3 at
the other O3− point. This ensures that the D3/D3-branes do not contribute to the
total D3-charge and that there is no perturbative decay channel between them, as
they are stuck at the O3-planes.

8.2.4 Scalar potential for the Kähler moduli

Let us now compute the supergravity scalar potential for this model. As we already
mentioned, the presence of a non-diagonal rigid divisor forbids the de�nition of the overall
volume, and hence of the scalar potential, in terms of the volumes of the 4-cycles only.
For this reason, following [61], we conclude that it is convenient to work directly with
the 2-cycle volumes ti. Since we also want to include the conifold modulus Z, our result
will be di�erent from the master formulas derived in [61]. However, as we see in detail in
the App. D, when considering the large volume limit the only di�erence is a Z-dependent
additional term. In principle, we may be able to engineer two di�erent non-perturbative
e�ects both on the diagonal CP1 ×CP1 D5 (supporting an E3-instanton) and on the non-
diagonal D8, which, being wrapped by an O7-plane and by a SO(8) stack of D7-branes
with F8 = 0, undergoes gaugino condensation8. The result for the total scalar potential

8Being non-diagonal, the divisor D8 needs a more careful analysis, as the intersection with other divisors

might produce chiral modes canceling the non-perturbative e�ect (see Sec. 5.4). However, in our setup

the only other D7-brane is the Whitney brane on D6 which does not support chiral matter (in any case

the two branes do not intersect each other). We conclude that no chiral mode arises and that, assuming

that the same is true for non-chiral modes, gaugino condensation produces a non-vanishing term in the

superpotential.
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is9:

V =
8a2

5A
2
5e
−2a5τ5

√
τ5

sV
+

2a2
8A

2
8e
−2a8τ8(t2 + 4t4 − 8t8)

sV

+
2A5A8e

−a5τ5−a8τ8(a8τ8 + a5τ5 + 2a5a8τ5τ8) cos(a5θ5 − a8θ8)

sV2

+
2a5A5e

−a5τ5W0τ5 cos(a5θ5 + ϕ)

sV2
+

2a8A8e
−a8τ8W0τ8 cos(a8θ8 + ϕ)

sV2

+
3W 2

0 ξ

8
√
gsV3

+
c′′ζ4/3

2gsM2πV4/3
+

ζ4/3

2c′M2V4/3

(
K2

g2
s

+
M2σ2

4π2
+
MK

gsπ
log ζ +

M2

4π2
log2 ζ

)
(8.20)

with a5 = 2π and a8 = π
3 . Notice that, in order to get a more compact expression, we

have introduced, whenever possible, the 4-cycle volumes τi. However, the presence of ti-
dependent terms makes clear the fact that this potential needs to be analyzed in terms of
these cycles.

The moduli θi, σ and ζ can be easily stabilized as usual:

θi0 =
π − φ
ai

; σ0 = 0 ;

ζ0 = e
− 2πK
gsM
− 3

4
+
√

9
16
− 4π
gsM2 c

′c′′
.

Substituting these values in (8.20) we obtain:

V =
8a2

5A
2
5e
−2a5τ5

√
τ5

sV
+

2a2
8A

2
8e
−2a8τ8(t2 + 4t4 − 8t8)

sV

+
2A5A8e

−a5τ5−a8τ8(a8τ8 + a5τ5 + 2a5a8τ5τ8)

sV2

− 2a5A5e
−a5τ5W0τ5

sV2
− 2a8A8e

−a8τ8W0τ8

sV2

+
3W 2

0 ξ

8
√
gsV3

+
q0ζ

4/3
0

V4/3

(8.21)

where q0 = 3
16π2c′

(
3
4 −

√
9
16 −

4πc′c′′

gsM2

)
. Though admissible, this con�guration appears very

di�cult to analyze, even numerically. For this reason, in order to have a better analytic
control, we have decided to analyze a di�erent situation.

8.2.5 LVS and string loop corrections

The main di�culty of the con�guration described above relies on the presence of a non-
perturbative e�ect on a non-diagonal divisor. In this section, we assume therefore this
e�ect to be absent (this can be easily done, e.g. by introducing a non-vanishing gauge �ux
on the corresponding D7-branes stack that kills the non-perturbative term coming from
gaugino condensation). Looking at the KCC (8.9), we can also notice that, unlike t5, t8

9Notice that we are using a slightly di�erent notation for ξ, with respect to Ch. 6: here indeed ξ =

−χ(X) ζ(3)

2 (2π)3
. The Kähler potential for the Kähler moduli, in particular, is now: K = −2 ln

(
V + ξ

2g
3/2
s

)
.
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is not arbitrarily contractible to a point (as expected from a non-diagonal divisor), hence
it is generically stabilized at a large value. Even though it is possible that the two non-
perturbative corrections are of the same order (given also that the `small' cycle τ5 appears
with a factor 2π, while the `large' τ8 is multiplied by π

3 ), it is also reasonable to assume
that we are in a regime in which the correction coming from gaugino condensation is highly
suppressed. We will indeed verify that, at least for our explicit choice of parameters, this
assumption is justi�ed by the large value to which the 2-cycle t8 turns out to be stabilised.

We consider, therefore, the case in which the diagonal CP1×CP1 (with an E3-instanton)
and the overall volume are stabilized à la LVS (with the inclusion of the D3 uplift term),
leaving two �at directions that are then �xed by sub-leading string loop corrections as the
ones introduced in Sec. 5.5.

It is easy to see that the computation of the LVS scalar potential for V and τ5 is exactly
the same as the one performed in Ch. 6 for a model with h1,1 = 2. Assuming the axion
θ5 as well as the conifold modulus Z to be stabilized at the usual values, we obtain in
particular10:

VLV S+up =
8gsa

2
5A

2
5e
−2a5τ5

√
τ5

V
− 2a5A5gse

−a5τ5W0τ5

V2
+

3W 2
0 ξ

8
√
gsV3

+
q0ζ

4/3
0

V4/3
. (8.22)

The analysis of the derivatives of VLV S leads to the usual equations

∂τ5V = 0⇔ V =
3ea5τ5W0κ5

√
τ5

a5A5

(1− a5τ5)

(1− 4a5τ5)
, (8.23a)

∂VV = 0⇔ τ
3/2
5

16a5τ5(a5τ5 − 1)

(1− 4a5τ5)2
=

ξ

2g
3/2
s κ5

+
16 q0ζ

4/3 V5/3

27gsκ5W 2
0

, (8.23b)

and allows therefore to �x V and τ5.

Sub-leading corrections

Let us now compute the string loop corrections, following what was said in Sec. 5.5. First
of all we notice that since D6 and D8, which are the only divisors wrapped by O7/D7, do
not intersect each other, no winding correction is expected to arise11. On the other side,
the presence of O3-planes implies that KK loop corrections (5.71) must be considered.
The determination of the transverse 2-cycles t⊥i would require the analysis of the explicit
CY metric. However, here we simply consider these divisors as given by a generic linear
combination of the basis 2-cycles {t2, t4, t5, t8}, reabsorbing the corresponding coe�cients

10See footnote 9.
11In a recent revisit of the string loop corrections in [192], it has been found that the winding type

e�ects can appear more generically with respect to what was expected from the original proposals of

[193, 154, 194, 155]. This result is also consistent with an earlier �eld theoretic analysis performed in [195].

However, since also these new terms woud have an implicit dependence on the complex structure moduli,

it is reasonable to assume that our results will not be signi�cantly modi�ed by the introduction of these

terms. Hence, for the sake of simplicity, we will not consider them.
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in the complex-structure depending constants CKKi . The tree-level Kähler metric K0
ij reads

therefore
K0
αβ =

1

16V2

(
2 tα tβ − 4V kαβ

)
, (8.24)

where kαβ = (kαβγt
γ)−1. Hence, we obtain the following contribution to the scalar poten-

tial:

V KK
gs =

g3
s

2

|W0|2

16V4

∑
α,β

CKK
α CKK

β

(
2 tα tβ − 4V kαβ

)
, (8.25)

where kαβ is the inverse of the matrix:

kαβ =


−t8 2t8 0 −t2 + 2t4 − t8
2t8 0 0 2t2 − 4t8
0 0 8t5 0

t2 + 2t4 − t8 2t2 − 4t8 0 −t2 − 4t4 + 8t8

 . (8.26)

Finally, we consider the higher derivative correction appearing at O(F 4) in the scalar
potential, whose generic form is given by (5.73). Using the Πi reported in (8.5), we obtain:

VF 4 = −g
2
s

4

λW 4
0

g
3/2
s V4

(12 t2 + 24 t4 − 4 t5 − 4 t8) . (8.27)

As a �nal observation, we notice that, apart from the KK-type and winding type
string loop e�ects discussed so far, there can be additional one-loop e�ects appearing as
logarithmic corrections in the Kähler potential [196, 197]. Such terms can arise from
speci�c con�gurations of D7-brane stacks and from a four-dimensional Einstein-Hilbert
term localised within the six-dimensional internal space, originally being generated from
higher derivative terms in the ten-dimensional string e�ective action. However, given the
speci�c need to have a minimum of 3 stacks of D7-branes with appropriate intersection
loci, we do not expect such terms to get generically induced. For these reasons we will not
consider these terms in the moduli stabilization analysis of the current work.

8.2.6 Moduli stabilization with dS uplift

Let us now stabilize the scalar potential obtained in the previous section:

V = VLV S+up + V KK
gs + VF 4

=
8gsa

2
5A

2
5e
−2a5τ5

√
τ5

V
− 2gsa5A5e

−a5τ5W0τ5

V2
+

3gsW
2
0 ξ̂

8V3
+
q0ζ

4/3
0

V4/3

+
g3
s

2

|W0|2

16V4

∑
α,β

CKK
α CKK

β

(
2 tα tβ − 4V kαβ

)
− g2

s

4

λW 4
0

g
3/2
s V4

(12 t2 + 24 t4 − 4 t5 − 4 t8) .

(8.28)

Our strategy, as anticipated, is the following:
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1. Considering only VLV S+up, we stabilize the overall volume and the small cycle τ5

using the same procedure presented in Ch. 6 and, in particular, imposing the same
requirements listed in Sec. 6.3.1. In this way, besides the two moduli, we also �x the
parameters W0 and gs, as well as the �uxes M,K.

2. After having �xed τ5 and V, we include also the other perturbative corrections (that
we assume, and check a posteriori, to be subleading) and we stabilize the remaining
two moduli, also �xing the parameters CKKi and λ.

In order to perform each step, we have used simplicial homology global optimization al-
gorithm [198], implemented in the scienti�c computing tool SciPy [199]. The automatic
di�erentiation based package JAX [200] was used for computing the gradients and Hessians
of the scalar potential. We have indeed used this relatively simple function, for which we
still have a certain amount of analytic control, in order to study these algorithms and to
test their application to this kind of setups. The �nal goal is to expand their use to more
involved and generic scalar potentials, in the future.

Stabilization of the overall volume and the small cycle (LVS)

Since the non-perturbative e�ect is generated by an E3-instanton on the divisor D5, we
have a5 = 2π. Moreover, we consider, as usual, A5 = 1.

In order to stabilize the `small' cycle and the overall volume, we apply the same strategy
we have used in Sec. 6.3.2. Scanning over values of W0 ∈ [1, 30] (with step 1)12 and gs ∈
[0.01, 0.55] (with step 0.001), we compute for each couple of values (W0, gs) the minimum
and maximum warp factors ρlow (6.16) and ρup (6.17) allowing for a dS minimum13. Then,
we scan over integer values of M,K such that:

� MK < |QO3/O7/D7
D3 | = 127

� The requirement gs|M | & 5 (see Sec. 6.3.1) is satis�ed14.

� The corresponding warp factor ρ at the minimum, de�ned in (6.9), is such that
ρlow < ρ < ρup.

12We have also analyzed a small selection of non-integer values 0 < W0 < 1.
13It should be noticed that, due to the di�erent notation adopted here for the de�nition of ξ (see footnote

9), the formulas to be used here actually di�er for a factor of 1/2 with respect to (6.16), (6.17). In other

words, the expression (6.18) for the warp factor at the dS minimum becomes: ρ ' α
27gsW

2
0 κ5 τ

1/2
5

40 a5V5/3 , with

the usual requierment α ∈]1, 9
4
[.

14In the recent paper [112] it was noticed that the constraint gsM
2 & 46.1 disappears after a more

accurate computation of the scalar potential for the complex structure modulus Z. Here, indeed, it is

proven that the scalar potential for Z far from the minimum (in particular in the IR limit Z → 0) is not

well described by (3.35). The numerical analysis of the new scalar potential results in a milder constraint,

where a possible destabilization due to the presence of the D3 is expected only if gsM
2 ≈ 1. However,

this will not change signi�cantly our results, as (3.35) can still be used in order to approximate the exact

scalar potential around its minimum, which is the region we are interested in. Moreover, we still have to

satisfy the more constraining condition gs|M | � 1.
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� The remaining consistency conditions of Sec. 6.3.1 are ful�lled. As concerns these
constraints, we notice in particular that the requirement of stabilizing all the Kähler
moduli inside the Kähler cone, which was automatically satis�ed for the simple con-
struction of Ch. 6, must be instead explicitly checked for the present (more involved)
con�guration.

We �nd that the �ux numbers corresponding to the minimal contribution to the D3-charge
are M = K = 1015, hence:

(MK)min = 100 .

However, a solution with such �ux numbers (and in general with �ux numbers smaller than
127) requires a relatively large string coupling. We choose, as an example16

W0 = 4; gs = 0.52 ,

from which gsM = 5.2 and we obtain ζ = 3.44× 10−6. The string coupling gs is therefore
quite large with respect to the values that are commonly taken into consideration for
this parameter17. Nonetheless, we decide to keep it and to check whether the perturbative
corrections will actually turn out to be much smaller than VLV S , in which case we claim that
our setup is reliable. Moreover, we notice that the largeness of gs is strictly connected to
the fact that the D3-charge contributions coming from D-branes and O-planes is relatively
small. This should in turn be due to the fact that, in order to have a simple construction,
we have restricted our search to only those CY geometries for which h1,1 < 5. We expect
therefore to be able to improve this result once a larger number of Kähler moduli is taken
into consideration. As an aside, we notice that this result is in complete agreement with
the estimations performed in Sec. 6.3.2, as we can see by recalling that we are considering
the case a5 = 2π with χ(X3) = −166.

The moduli at the minimum are evaluated as:

τ5 = 2.29 (t5 = −0.76); V = 2.05× 105 ,

which, substituted in the scalar potential (8.22) give: V min
LV S+up = 5.12× 10−18mp.

We notice that all the constraints listed in Sec. 6.3.1, with the caveat of the relatively
large value of gs on which we have commented before, are satis�ed. In particular, as
concerns the usual energy scales, we �nd:

2πMs = 3.3× 10−3mp = 6.5M bulk
KK ; M bulk

KK = 5.1× 10−4mp = 51.3m3/2 ;

m3/2 = 9.9× 10−6mp ,

which respect the correct hierarchy.

15We are aware of the fact that this choice leaves not so much room for the �uxes that are needed in

order to stabilize the other complex structure moduli. Nonetheless, similar values of the D3-charge are

usually accepted in the literature due to the fact that some cancellation between the �uxes is expected.

Following this idea, we assume MK = 100 to be small enough for our purposes.
16There are other possibilities, with gs always around

1
2
.

17A safe bound for the string coupling is considered to be gs . 1
3
.
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In addition, here we have also taken into consideration the new constraints proposed,
after our [18] came out, in [116]18. Here, the author explicitly computes, for the LVS case
with h1,1 = 2, several corrections to the scalar potential claiming that even though they
are sub-leading in the o�-shell scalar potential, there is the possibility that they cannot be
neglected in on-shell quantities such as the values of the stabilized moduli, or the scalar
potential at the minimum. The new requirements come in the form of certain combinations
of the parameters and of the stabilized moduli, which one should impose to be much smaller
than unity, in order to be sure that the corresponding corrections are actually negligible.
The author of [116], in particular, claims that it is impossible to make all this corrections
negligible at the same time. A crucial point in this argument, however, is that each of
these constraints depends also on the complex structure, via an unknown constant19 factor
C◦◦ . In a generic situation, people usually consider these constants to be O(1), however
nothing forbids them to be smaller. Deriving the explicit mechanism to obtain such values
is beyond the scope of this thesis, but, as suggested also in [168], it may be similar to the
one proposed in [58] in order to get W0 � 1.

Here we have chosen the parameters such that half of the requirements are satis�ed,
at least marginally, even for C◦◦ = 1. Nevertheless, we claim also the remaining ones to
be satis�ed, provided that the corresponding complex structure - depending constants are
small enough20.

String loop corrections

Now that we have the values of V and τ5 we can introduce them in the scalar potential
(8.28). We decide, in particular, to write the 2-cycle volume t4 in terms of the others (since
it appears linearly in the volume (8.8)):

t4 = −−8t35 + 3t22t8 + 3t2t
2
8 − 8t38 + 6V

12t2t8 − 12t28
. (8.29)

Among the possible choices for the complex structure depending parameters CKKi and the
combinatorial factor λ allowing for a minimum, we select values that ensure the corrections
to be sub-leading:

CKK2 = 5.6× 10−2; CKK4 = 4.6× 10−3; CKK5 = 10−3;

CKK8 = −3.6× 10−1; λ = −1.6× 10−3 .

With these values we �nd, after having stabilized all the moduli:
V KKgs

+VF4

VLV S+up
= 2.9× 10−2.

The remaining two moduli are then stabilized at:

t2 = 93.2; t8 = 27.5 ,

18See also [67, 168] for further developments. We have already mentioned this topic at the end of Ch. 6.
19To be precise, C◦◦ is a function of the complex structure moduli and of the open string sector moduli,

which at this stage, we assume to be all stabilized by the �uxes. This is why we consider it as a constant.
20For completeness, we report here the values that we �nd for the constraints:

ξ2/3a25|C
log
s |

(2κ5)2/3gs
=

86|Clogs | ;
2ξ1/3a25|C

ξ
1 |

3(2κ5)4/3gs
= 162|Cξ1 | ;

2a5|C
ξ
2 |

3(2κ5)2/3ξ1/3
= 12|Cξ2 | ; λ1 = 0.14 ; λ2 = 3.5×10−2CKKb ; λ3 = 6.8 Cflux ; λ4 =

0.3 Ccon ; λ5 = 0.3 CF , where we have highlighted the dependence on the complex-structure dependent con-

stants. For the detailed origin and de�nition of these constraints, see [116].
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Figure 8.1: Plots of the total scalar potential (8.28) (in units ofmp) along the four directions
corresponding to the 4 volume moduli ti.

from which we derive t4 = 91.9 .

In Fig. 8.1, we report the plots of the total scalar potential sliced along the directions
corresponding to each of the 4 volume moduli ti. As an aside, we notice that the stabilized
value of the 4-cycle τ8 is now (8.10): τ8 = 3.1× 103; a non-perturbative correction coming
from gaugino condensation on the divisor D8 would be therefore suppressed by a factor
e−

π
3
τ8/e−2πτ5 ' 10−1421, con�rming the validity of our choice to neglect such e�ect.
Finally we can compute the masses of the 4 Kähler moduli, considering the full scalar

potential (8.28). We obtain:

m2
1 = 3.75× 10−8m2

p ; m2
2 = 3.75× 10−17m2

p ;

m2
3 = 3.29× 10−19m2

p ; m2
4 = 3.27× 10−19m2

p .

Consistently, two of the moduli are much lighter than the others.
To summarise, our numerical model have the following parameters and moduli VEVs

corresponding to a dS minimum:

W0 = 4, A5 = 1, gs = 0.52, M = 10 = K, χeff = −166, CKK2 = 5.6× 10−2

CKK4 = 4.6× 10−3, CKK5 = 10−3, CKK8 = −3.6× 10−1, λ = −1.6× 10−3,

〈t2〉 = 93.2, 〈t4〉 = 91.9, 〈t5〉 = −0.76, 〈t8〉 = 27.5,

〈τ2〉 = 2.1× 103, 〈τ4〉 = 3.6× 103, 〈τ5〉 = 2.3, 〈τ8〉 = 3.1× 103,

〈V〉 = 2.05× 105, Vmin = 5.2× 10−18mp.
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8.3 Conclusions

In this chapter we have added a small further step towards the construction of phenomeno-
logically interesting dS models in type IIB superstring compacti�cations, by taking into
account a CY orientifold which, besides having all moduli stabilized at a dS vacuum,
possesses a K3-�bration structure.

The combination of the new requirement with the ones to be imposed in order to
have a setup which is suitable for the uplift mechanism based on D3-branes, strongly
constrains the admissible CY geometries at least for h1,1 = 3, 4. After having explained
the main reasons behind this obstruction, we have selected the best possibility in terms of
the D3-charge and we have explicitly analyzed it. In particular, after having presented its
main geometric features, we have stabilized its four Kähler moduli in two separate steps.
First we have �xed à la LVS the overall volume of the CY and the volume of the 4-cycle
corresponding to the diagonal CP1×CP1 divisor. Then, in order to stabilize the remaining
two moduli, we have introduced sub-leading corrections to the scalar potential.

The resulting scalar potential allows for a good amount of analytic control, which we
used in order to guide the numerical analysis, performed by means of algorithms that might
be used in the future for the study of more generic scalar potentials. This is important, as
we know that in order to get phenomenologically interesting constructions several Kähler
moduli are needed and the corresponding scalar potentials become increasingly di�cult to
analyze. Our work therefore adds up to the several e�orts that have been recently done in
the attempt to analyze in a systematic manner models with an arbitrary number of Kähler
moduli.

Our solution satis�es all the constraints reported in Sec. 6.3.1, with the caveat that
the string coupling gs is relatively large. The commonly considered bound for the string
coupling is indeed gs . 1

3 , while in our case we have gs ' 1
2 . Nonetheless, we have checked

that the additional corrections to the scalar potential used for stabilizing the moduli t2
and t8 are actually sub-leading for our setup. Therefore we claim our construction to be
trustworthy. Moreover, we expect to be able to improve this value of the string coupling by
considering models with a larger number of Kähler moduli, which should allow for larger
(in absolute value) contributions to the D3-charge |QO3/O7/D7

D3 |.
In our numerical analysis, we have taken into consideration also the constraints recently

proposed in [116], but we think that requiring them to be ful�lled for C◦◦ = O(1) may be
too restrictive. In particular, in our explicit setup we have allowed the constant CKKi to be
smaller, and we assume other of these constants to be small enough to make some of the
corrections considered in [116] numerically suppressed. However, it would be interesting
to analyze in more detail these parameters in order to constrain their values on the basis
of physical arguments, or at least to derive some mechanism thanks to which they can
actually acquire small values.

Finally, we stress that our choice of the values of the many parameters of the model
was led by a systematic, but limited scan: more interesting choices might have escaped our
analysis. In particular a deeper analysis of the parameter space might be an interesting
development for the future.
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Chapter 9

Conclusions

The main topic of this thesis was the presence of de Sitter minima in type IIB string
compacti�cations. We focused in particular on the original uplift mechanism, proposed by
KKLT [11] and based on the introduction of an D3-brane at the tip of a highly warped
throat. This mechanism, after having survived several challenges over the years, is now
confronting additional criticisms related to the problem of canceling the total D3-charge
within the compact 6d manifold. A model de�ned in the compact space X6, indeed,
contains several sources of (positive and negative) D3-charge: the background �uxes sta-
bilizing the complex structure moduli and the dilaton typically carry positive D3-charge,
while orientifold planes and D-branes typically carry negative D3-charge. The problem is
that the presence of a highly warped throat, as well as the need to keep the supergravity
approximation under control impose a lower bound on the positive D3-charge, which turns
out to be generically large (O(100) in LVS, according to our estimations presented in [18]).

To be more precise, the complex structure modulus parametrizing the highly warped
throat is stabilized by turning on M units of �ux on the cycle at the tip of the throat
and K units of �ux on its dual cycle (M,K ∈ Z). The contribution of these �uxes to the
D3-charge is Qflux

D3 = MK. The M units of �uxes are constrained by the condition for the
validity of supergravity within the warped throat, approximated to a Klebanov-Strassler
throat (gsM � 1)1. Since the string coupling gs is required to be small in order to trust
the string perturbative expansion,M cannot be taken to be arbitrarily small. On the other
side, the need for a de Sitter minimum is already a very strong requirement per se, so that
once M is �xed, K is essentially �xed as well, resulting in a relatively large product MK.

The negative contribution to the D3-charge comes from the geometric features of the
compact 6d space and from the choice of the involution. We have considered only favorable
Calabi-Yau manifolds constructed as hypersurfaces in toric ambient varieties equipped
with a re�ection involution whose geometric action changes the sign of one of the toric
coordinates zi. The choice of the involution �xes the O7- and O3-planes con�guration
(and the corresponding negative D3-charge). Another negative contribution to the D3-

1In the very recent paper [112], indeed, it was shown that the requirement gsM
2 & 46.1 [16] turns

out to be signi�cantly relaxed after a more accurate computation of the scalar potential for the complex

structure modulus Z, parametrizing the warped throat.
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charge, comes from D7-branes that we introduce in order to cancel the D7-tadpole of the
O7-planes. There are di�erent possible brane con�gurations, but, from the point of view
of the tadpole cancellation it is convenient, whenever possible, to consider the so-called
Whitney brane, which turns out to carry a much larger (in absolute value) D3-charge.

In order to analyze these topics, we have followed two main strategies. The �rst consists
in taking advantage of the study of concrete constructions in order to better understand,
in a more explicit way, features and issues that are then applicable to more generic con�g-
urations. The second strategy, instead, involves the analysis of a single topic (the negative
D3-charge contribution of a given model) from a statistical point of view, taking into
consideration a very large set of di�erent geometries and involutions.

Both strategies led to the conclusion that though complicated, it should still be possible
to obtain de Sitter vacua in type IIB string theory, and ruling this possibility out at this
stage appears too pessimistic.

The �rst part of the thesis was devoted to a review of the path that led to the de�nition
of the problem of having dS vacua in string theory. We have started (Ch. 2) from the
compacti�cation of the 10d space-time to the 4d one, explaining how this produces a large
amount of moduli, corresponding to 4d massless scalar �elds. These �elds need to be
stabilized to large enough masses: in Ch. 3, we have illustrated the main strategies that
allow to do this, by generating a scalar potential for the moduli and �xing them to the
minimum of this scalar potential. However, the scalar potential constructed with these
mechanisms (�ux compacti�cation, KKLT and LVS) generically admits only negative-
energy (AdS) vacua, while instead only dS vacua would �t the cosmological observation of
an accelerating universe. This is the origin of the main topic of the thesis.

In Ch. 4, we have reviewed the most studied uplifting mechanism, by highlighting in
particular the new challenges related to the tadpole and mentioning also the existence of
several di�erent proposals. Finally, in Ch. 5, we have introduced a few new tools that are
particularly useful when one approaches the task of constructing and analyzing concrete
realizations of dS vacua in string theory.

Our analysis was limited to type IIB compacti�cations in LVS. Moreover, we considered
only a speci�c class of CY geometries, allowing only for re�ection involutions of a single
toric coordinate. In the �rst part of the thesis we took care of explaining, when needed,
the reasons behind these choices and our preference of certain setups rather than others.

In the second part, we have presented the main results of our research work. In Ch. 6,
based on [18], we have constructed a simple, but already rich, example of dS minimum
in the frame of LVS. We have obtained this minimum by means of an D3-brane placed
on top of an O3-plane at the tip of a warped throat, as in the original KKLT proposal.
Assuming that all the complex structure moduli but the one parametrizing the throat
were �xed by �uxes, we have considered the scalar potential for the remaining complex
structure modulus and the two Kähler moduli. Furthermore, before analyzing the concrete
model, we have listed a series of requirements that a consistent realization is expected to
satisfy (including the ones related to the D3-tadpole): we have speci�ed which of them
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are automatically realized in constructions of this kind and which ones are, on the other
side, particularly constraining. We have translated these constraints into bounds on the
D3-charge contribution coming from the �uxes, obtaining a lower bound that is typically
large (even though not so large as the one obtained in [16]). We enforced our generic
considerations, by inspecting di�erent possible geometries, as well as di�erent values of the
parameters (even though without aiming for a systematic scan). Finding a CY orientifold
satisfying all these constraints turned out to be not easy at all, as many of them are in
tension one with the other. Nonetheless, we managed to present a construction in which
all the requirements are ful�lled. In particular, the total negative D3-charge contribution
turns out to be |QO3/O7/D7

D3 | = 149, which is large enough to compensate the one coming
from the �uxes within the throat (MK = 88), leaving also room for other �uxes to stabilize
the remaining complex structure moduli.

A crucial ingredient in the example of Ch. 6, was the introduction of a Whitney brane.
This particular con�guration needs to be considered with some additional caution, as its
world-volume is singular; nonetheless it appears to generically allow for signi�cantly larger
(in absolute value) D3-charges, which is promising given our need to cancel a potentially
large positive contribution coming from the �uxes. Rendering this statement more concrete
was one of the purposes of [19], whose results are reported in Ch. 7, where we took into
consideration a very large set of geometries and involutions (all belonging to the class
mentioned before), computing the D3-charge contribution coming from the orientifold
planes and from di�erent D-branes con�gurations. Here, we have also highlighted the
criteria that allow to understand whether a given divisor can support a Whitney brane
or need instead to be equipped by di�erent brane con�gurations. We have found that,
when allowing for Whitney branes, the largest D3-tadpole in the considered class of models
(neglecting the contribution coming from possible worldvolume �uxes) is |QO3/O7/D7

D3 |max =

6664, that is, as expected, signi�cantly larger than the bound we can �nd considering only
purely local brane con�gurations (SO(8) stacks): |QO3/O7/D7

D3 |max = 504.
For this analysis we have relaxed the constraint of having dS given by an D3 at the

tip of a warped throat, including in our scan also models which can support di�erent
uplift mechanisms, such as T-branes. The largest negative D3-charge for models suit-
able for D3 uplift is smaller than the one reported before, even though still quite large:
|QO3/O7/D7

D3 |D3 uplift
max = 3592.

The database obtained in this work contains 71 941 643 orientifolds2, over 20 millions
of which correspond to smooth compacti�cations. We have analyzed the dependence of the
D3-charge on several di�erent parameters of the model (such as the number of complex
structure moduli or the Euler characteristic of the compact manifold), which might be
useful in orienting the choice of promising models to be explicitly taken into consideration
in the future. The analysis of this large set of data allowed us to notice a peculiar structure
in the distribution of the D3-charge as a function of the number of complex structure
moduli. We believe it has not been observed in the literature before, and we interpret it
as being due to the �bration structure shown by the majority of the geometries with many

2We have worked at the level of triangulations, hence the actual number of distinct geometries is smaller,

even though we expect it to be still large.
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complex structure moduli.
The analysis of explicit models, however, remains a crucial point, as these simple exam-

ples might be viewed as small steps towards the construction of a fully realistic description
of our universe. The simple analysis of Ch. 6 was useful for the understanding, in a con-
crete way, of the new tadpole-related challenges as well as of several other obstructions to
the realization of dS vacua from D3 uplift. Nevertheless, having only two Kähler moduli,
it did not leave any room for the introduction of other ingredients, more interesting from
the phenomenological point of view.

This motivated the analysis of [20], reported in Ch. 8, where we have constructed an
example with four Kähler moduli stabilized in a dS minimum, in a set up in which the
compact manifold is a K3 �bration. Besides the consistency conditions already analyzed in
Ch. 6, we have taken into consideration also the new constraints proposed in [116, 67, 168]
(after the publication of our [18]). Moreover, we have highlighted the new challenges
deriving from the requirement of having a K3 �bration, which, when considered together
to the need for a setup suitable forD3 uplift, strongly constrains the admissible intersection
numbers, and hence the geometries, at least when one limits the search to models with
a few Kähler moduli. Our construction satis�es half of the new constraints, which are
given as speci�c combinations of the parameters that are required to be smaller than 1.
However, we stress that they all have a dependence on the complex structure and open
string sector moduli, usually parametrized in terms of a constant (we assume these moduli
to be stabilized) C◦◦ . In order to have the most generic con�guration, people usually
take these constants to be O(1), but there is no physical obstruction (at least to our
knowledge) towards smaller values. We claim therefore that the remaining constraints
can be actually satis�ed, under the assumption that the corresponding complex-structure
dependent parameters are small enough.

What else can be done? Of course several upgrades and expansions remain open as
future research lines. Here we mention the ones we believe to be the most interesting.

First, we stress that while our concrete setups satisfy all the constraints we have im-
posed (with the caveat mentioned before regarding the new ones), we have been forced to
�x some of the parameters of the problem near the boundary of their region of validity
(de�ned by the consistency conditions themselves). This is the case, as an example, of the
string coupling gs which is not so small in [18] and even larger in [20] (even though still
smaller than unity). As we explained in Sec. 6.3.2, this limitation is essentially due to the
need of having a small tadpole contribution from the �uxes. On the other side, we noticed
in Ch. 7 that much larger D3-charges are allowed in more generic con�gurations. It is
therefore reasonable to believe that considering these more involved setups might help in
the improvement of our control over the approximations.

The analysis of models with several Kähler moduli is certainly much more complicated.
Nonetheless it is something one should try to face, sooner or later, especially due to the
fact that, as mentioned before, the additional moduli appear to be needed for the inclusion
of certain phenomenologically relevant features. We believe our work to be a valid starting
point for these constructions for at least two reasons. First, the database constructed
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in [19] can be a valuable source for the search of suitable geometries. For this reason it
would be useful to extend it to the regime h1,1 ≥ 12 as well as to try to relate it to other
existing databases, such as [169] for CICYs and [106] for divisor exchange involutions. The
second reason is that our analysis in Ch. 8 allowed us to start developing an algorithm
for the numeric analysis of scalar potentials depending on several Kähler moduli. This
is usually a di�cult task, as the presence of various exponential factors (coming from
the non-perturbative corrections to the superpotential) produce directions which are much
�atter than the others, rendering the minimization procedure particularly responsive to the
choice of initial conditions. Being relatively simple, our model could enjoy a good amount
of analytic control, hence we were able to use it to test the validity of this algorithm. In
the future we would like to re�ne it in order to make it suitable for more generic setups,
which we expect to be crucial for the analysis of the examples selected from the database
[19].

A second interesting topic that is worth a deeper study regards the debate around
possible non-negligible corrections to the scalar potential, which has been recently raised
by [116, 67, 168]. As mentioned before, the constraints to be imposed in order to ensure
that these corrections are actually negligible depend on the (stabilized) complex-structure
and open-string moduli in a way that is not explicitly known and is therefore parametrized
by an unknown constant. Being able to compute the values of these constants, or at least
to constrain them to tighter ranges would be decisive in order to quantify in a more precise
way the corresponding constraints as well as to understand whether one should actually
worry about these corrections.

Finally, it would be interesting to delve into the complex structure moduli stabilization
in order to quantify the amount of �uxes (hence the corresponding D3-charge) which is
actually needed to stabilize all of them. Up to now, a lower bound for the D3-charge
carried by the �uxes has only been conjectured in [114] (see also Sec. 4.4). A more explicit
computation might help to better understand the constraint |QO3/O7/D7

D3 | < MK, adopted
here both in Ch 6 and Ch 8, giving a more concrete idea of how much room one should
leave for the remaining background �uxes.
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Appendix A

Frames and Energy scales

This appendix is devoted to a collection of some useful formulas regarding the relation
between the Einstein frame and the string frame (Sec. A.1) as well as to the presentation
of the main energy scales characterizing string compacti�cations (Sec. A.2).

A.1 Einstein and string frame

The relation between the Einstein frame and the string frame in D dimensions is given by
the conformal rescaling [2]:

gµν,E = e
−4(φ−φ0)
D−2 gµν,s (A.1)

where φ0 is the vacuum expectation value for the dilaton �eld.
If D = 10 as in superstring theory, the above relation reads:

GMN,E = e−
φ−φ0

2 GMN,s (A.2)

where for the 10d metric we used the same notation introduced in the main text. The
main advantage of this rede�nition is that it allows to write the low-energy e�ective action
of the string in a way in which all the �elds have canonical kinetic terms.

When converting quantities from the string to the Einstein frame and vice versa, it is
useful to keep in mind the following relation, that can be derived from the de�nition (A.2)
(keeping φ0 = 0 for simplicity):

� Determinant of the metric: √
−Gs = e

5
2
φ
√
−GE ;

� Ricci scalar [23]:

Rs = e−
φ
2

(
RE −

9

2
∇2
Eφ−

9

2
GMN
E ∇EMφ∇ENφ

)
;

� Laplacians [23]:

∇2
s = e−

φ
2
(
∇2
E + 2GMN

E ∇EMφ∇EN
)

;

� Volume of the CY:
VE = e−

3φ
2 Vs = g−3/2

s Vs . (A.3)
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A.2 Energy scales

The only dimensionful parameter in 10d superstring theory is the string mass Ms (or
equivalently the string length ls). Hence all the (dimensionful) quantities can be expressed
in units of this scale. Nonetheless, it is useful to present the 4d physical quantities in terms
of the 4d Planck mass, which can be related to the string scale via the (dimensionless) string
coupling gs and the volume of the compact space (Sec. A.2.1).

All the other masses of the theory derive from the string mass and they must be
taken into account in order to verify that a given model is consistent. While the masses
of the several moduli arising in string compacti�cations are studied in the main text, in
Sec. A.2.2 we present the masses of the Kaluza-Klein (KK) modes deriving from string
compacti�cation and the mass of the gravitino.

A.2.1 Planck and String mass

In the standard units ~ = c = 1, the string mass is de�ned as the inverse of the string
length:

Ms =
1

ls
=

1

2π
√
α′
, (A.4)

where α′ is the so-called Regge slope, which is related to the tension of the fundamental
string [1]. Below this scale, only the massless states of the string are excited and the theory
reduces to an e�ective 10d supergravity theory.

The 4d Planck mass is

Mp =

√
1

GN
= 1.22× 1019GeV , (A.5)

from which we de�ne the 4d gravitational coupling as [1]:

κ4 =
√

8πGN = (2.43× 1018GeV )−1 =
(8π)1/2

Mp
. (A.6)

Due to the de�nition of κ4, it appears convenient to de�ne a reduced Planck mass

mp = κ−1
4 =

Mp

(8π)1/2
, (A.7)

which allows to avoid annoying 2π factors in several computations.
Let us now come to the relation between the string mass and the Planck mass. Assum-

ing that the string coupling gs is constant, the 10-dimensional gravitational coupling κ10,
whose dimensions are [κ10] = L4 is related to the 4-dimensional one by (see also Sec. 2.2.1):

1

2κ2
4

=
Vs

2κ2
10g

2
s

, (A.8)

where Vs is the volume of the compact CY space in string frame, in units of ls. By using
the de�nition of κ10 in terms of the string constant α′ [5],

2κ2
10 = (2π)7α′4 ,
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Eq. (A.8) can be recast as a relation between the reduced Planck scale and the string scale:

Ms =
gs

(4πVs)1/2
mp =

g
1/4
s

(4πVE)1/2
mp , (A.9)

where in the last step we converted the result in the Einstein frame, using (A.3). Notice
that in the large volume limit, in which we are interested, the string mass is hierarchically
smaller than the Planck mass.

A.2.2 Kaluza-Klein and gravitino masses

The compacti�cation of the 10d space produces towers of additional states, which is accept-
able from the point of view of the 4d e�ective �eld theory, provided that these states are
much heavier than any 4d state. An estimation of the mass of the so-called Kaluza-Klein
(KK) modes can be obtained from the analysis of the simpler toroidal compacti�cations,
from which we derive that it scales with the inverse of the characteristic length of the
compact space R = Rsls [13]:

MKK ∼
Ms

Rs
; Rs � 1 .

It is reasonable to assume that, generically, the radius Rs is related to the overall volume
of the compact space (Vs ∼ R6

s), therefore we can write

Mbulk
KK ∼

2πMs

V1/6
s

=

√
π

V2/3
E

mp , (A.10)

where again we presented the result both in Einstein and string frame. In general, several
other KK states are expected to arise associated to open string excitations on D7-branes
wrapped around 4-cycles. Their masses can be computed in a similar way as Mbulk

KK [61]:

M i
KK =

√
π

√
VE τ1/4

i

mp . (A.11)

However, any volume τi is smaller than the overall volume of the compact space V, hence
all these additional states are heavier than M bulk

KK , which therefore is the only one that we
need to check in order to test the reliability of the 4d description.

As a consequence of spontaneous supersymmetry breaking, the spin-3/2 gravitino
(which is the supersymmetric partner of the graviton) acquires a mass de�ned as:

m3/2 = eK/2|W | '
√
gs
2

|W0|
VE

mp (A.12)

due to a super-Higgs mechanism. As it is clear also from the above de�nition, the gravitino
arises in the 4d e�ective �eld theory, therefore a consistent theory necessarily has m3/2 �
Mbulk
KK .
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Cohomology and Homology groups

This appendix is mainly based on [22, 201]. Following these references, we start considering
real (di�erential) manifolds and we then explain how the results can be extended to complex
manifolds, which are the ones we are interested in.

B.1 Preliminary de�nitions

Given a (di�erential) p-form (that is a [0, p]-type tensor with completely antisymmetric
components) Ap on the real di�erential manifold X 1, we de�ne:

� A closed p-form: Ap such that dAp = 0 2.

� An exact p-form: Ap such that there exists a (p− 1) - form Bp−1, with Ap = dBp−1 .

Let us consider instead the set of p-dimensional (di�erential) submanifolds Cp of X, en-
dowed with a vector space structure. We de�ne a p-chain ap the formal linear combination
of the submanifolds Cp and:

� A p-cycle: ap ⊂ X with no boundary, that is such that ∂ap = 0 3;

� A trivial p-chain: ap such that there exists a (p+ 1) - chain bp+1, with ap = ∂bp+1 .

B.2 Cohomology and Homology groups

Since d2 = 0, we deduce from the de�nitions of the previous section that any exact p -
form is closed. The reverse is generically not true at the global level (unless X ≡ Rd) and
the presence of closed non-exact forms can be seen as a measure of the non-triviality of X.

1More precisely, on the vector space of p-forms at a point in X.
2d indicates the exterior derivative, mapping a p-form to a (p+1) - form. A key property of it is d2 ≡ 0

(that is d(dAp) = 0, ∀Ap).
3Similarly to the exterior derivative, the boundary ∂ap of a p-chain (with dimensions p−1) is such that

∂2 ≡ 0.
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In order to quantify this measure, we de�ne the p-th de Rham cohomology group of X
as the quotient:

Hp(X,R) =
Zp

Bp
, (B.1)

where Zp is the set of closed p-forms on X and Bp is the set of exact p-forms. In other
words, Hp(X,R) is the set of closed p - forms modulo the equivalence relation

Ap ' Ap + dBp−1 .

The p-th cohomology group has the structure of a vector space, whose (�nite) dimension
is given by the Betti number bp(X) ≡ dimHp(X,R).

The same information regarding the topology of X, can be obtained in terms of the
submanifolds of X, using therefore, the second set of de�nitions presented in the previous
section. In this case, we de�ne the p-th homology group of X as:

Hp(X,R) =
Zp
Bp

, (B.2)

where Zp is the set of p-cycles in X and Bp the set of trivial p-cycles. In analogy with the
de�nition of the cohomology group, therefore, Hp(X,R) is the set of p-cycles modulo the
equivalence relation

ap ' ap + ∂bp+1 .

The analogy between the two de�nitions is made formal by the de Rahm theorem,
according to which the integration of p-forms over p-dimensional submanifolds of X de�nes
a linear mapping Hp(X,R)×Hp(X,R)→ R. In other words Hp and Hp are dual to each
other:

Hp(X,R) ' Hp(X,R) .

As a direct consequence, they have the same dimension, indicated by the Betti numbers.
Finally, we recall here also the Poincaré duality (also mentioned in Sec. 5.1), according

to which the cohomology groups Hp(X,R) and HD−p(X,R), with D = dimX, are dual
to each other. We can therefore summarize the results of this section as:

HD−p(X,R) ' Hp(X,R) ' Hp(X,R) ' HD−p(X,R) .

B.3 Complex manifolds

The de�nitions and results exposed before can be easily generalized to the case in which
X is a complex manifold of complex dimension k.

In particular, we de�ne here a complex (p, q)-form γp,q, with p, q = 0, ...,dimCX,
as a complex-valued di�erential form with p holomorphic indices and q anti-holomorphic
indices. The exterior derivative d is now given in terms of the Dolbeault operators ∂,
mapping (p, q)-forms into (p + 1, q) - forms, and ∂̄, mapping (p, q)-forms into (p, q + 1) -
forms, as

d = ∂ + ∂̄ ,

160



B.3. Complex manifolds

with the property ∂2 = ∂̄2 = ∂∂̄ + ∂̄∂ = 0 .

The Dolbeault cohomology group is de�ned as:

Hp,q

∂̄
(X,C) =

Zp,q
∂̄

Bp,q
∂̄

, (B.3)

where Zp,q
∂̄

is the set of ∂̄ - closed (p, q)-forms and Bp,q
∂̄

is the set of ∂̄ - exact (p, q)-forms.
The dimensions of Hp,q

∂̄
(X,C) are given by the so-called Hodge numbers hp,q, which are

related to the Betti numbers by (considering dimCX = 2 dimRX):

br =
∑
p+q=r

hp,q . (B.4)

Two important relations for the Hodge numbers (extensively used along this thesis) are:

hp,q = hk−p,k−q , (B.5)

which is the consequence of a simple extension of the Poincaré duality to complex manifolds,
and

hp,q = hq,p , (B.6)

which is true for any Kähler manifold (hence, in particular, for the CY manifolds we
consider in this work).
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Appendix C

Canonical Normalization

Often in the text the masses of the stabilized moduli are computed as the eigenvalues of
the matrix

M I
J = (KIL̄VL̄J)min , (C.1)

where KIL̄ =
(

∂2K
∂TI∂TL

)−1
is the (transposed) inverse of the Kähler metric KĪJ and VL̄J =

∂2V
∂TL∂TJ

is the matrix of the second derivatives of the scalar potential V . However, MI
J

is not the mass matrix, but only a matrix with the same eigenvalues. In the following,
we review the canonical normalization of the Lagrangian, which allows to �nd the proper
mass matrix (useful, for example if one needs to �nd also the eigenvectors of the matrix,
not only the eigenvalues), and we show that it indeed has the same eigenvalues as M . For
simplicity, we will only focus on the Kähler moduli Ti, but the argument is easily expansible
to the complex structure moduli.

Let us consider the following Lagrangian:

L = KĪJ ∂µT
I
∂µT J + ∂Ī∂JV T

I
T J = (∂µT )tK(∂µT ) + T

t
∂∂V T , (C.2)

where the last term is written using the matrix formalism (and t stands for the transpose).
Clearly L is not written in the canonical form, which would have K = 1. The trans-

formation of the �elds Ti into their canonically normalized version TCi can be derived via
two simple steps:

1. Diagonalize K, via a unitary transformation U :

U : U †U = 1 such that U †KU = K̃(diag) . (C.3)

This imposes a rede�nition of the �elds:

(∂µT )tK(∂µT ) = (∂µT )tU(U †KU)U †(∂µT ) ≡ (∂µT
′
)t K̃(diag) ∂

µT ′ , (C.4)

where now T ′ = U †T .
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2. Re-scale K(diag) to unity, via the diagonal matrix R:

R = diag(r1, ..., rn) : rI = (K̃ĪI)
−1/2 , so that RK̃R = 1 (C.5)

where we used the fact that K̃ĪI ∈ R, hence R = R†. The corresponding re-scaling
of the �elds reads:

(∂µT
′
)t K̃ ∂µT ′ = [(∂µT

′
)tR−1](RK̃R)(R−1∂µT ′) ≡ (∂µTC)t ∂µTC (C.6)

with TC = R−1T ′.

We have found out, therefore, that the �elds Ti can be converted to the canonically nor-
malized ones through the matrix

P ≡ R−1U † . (C.7)

Introducing the TCi 's in (C.2) we �nd the normalized Lagrangian

L = (∂µTC)t ∂µTC + T
t
CMTC , (C.8)

from which we can �nally derive the mass matrixM for the �elds TCi :

T
t
∂∂V T = T

t
C (P−1)† ∂∂V P−1 TC ⇒M = (P−1)† ∂∂V P−1 . (C.9)

Let us �nally prove the initial statement according to which the two matrices M (C.1)
andM (C.9) have the same eigenvalues.

First we notice that:
K = P †P . (C.10)

Indeed

(∂µT )tK (∂µT ) = [(∂µT )t U R−1] [R (U †K U)R] [R−1U † (∂µT ) = (∂µT )t P †P ∂µT ,

where in the last step we used R(U †KU)R = 1 . As a consequence, K−1 = P−1(P †)−1.
Our statement is then proven by the following straightforward computation:

det(M− λ1) = det[(P−1)† ∂∂V P−1 − λ1] =

= det[PP−1(P−1)† ∂∂V P−1 − λP 1P−1] =

= det[P (K−1 ∂∂V − λ1)P−1] =

= det(P ) det(K−1 ∂∂V − λ1) det(P−1) = det(K−1 ∂∂V − λ1) .

�
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Appendix D

Generic Scalar potential

In this appendix we compute the total LVS scalar potential for a generic number h1,1 of
Kähler moduli, plus the conifold modulus Z. In order to do so, we follow the strategy of
[61], which we also summarized in Sec. 3.3 where the same computation was performed in
the absence of Z.

The supergravity low energy theory is described by the usual Kähler potential:

K = − log
(
S + S̄

)
− 2 log

[
V + ξ

(
S + S̄

2

)3/2
]

+
9c′M2|Z|2/3

V2/3

(
S + S̄

2

)−1

, (D.1)

with ξ = −χ(X6)ζ(3)
4(2π)3 ; c′ ' 1.18.

Since in the end we want to perform the Large Volume limit, we need to assume that
there is at least one cycle which is much larger than the others. More generically, we
will consider the case in which there are 1 ≤ n < h1,1 small cycles, contributing to the
non-perturbative term in the superpotential, which therefore reads:

W = Wcse
iϕ − M

2πi
Z(logZ − 1) + iKZs+

n∑
i=1

Aie
−aiTi , (D.2)

where
(
s = S+S̄

2

)
and Wcse

iϕ is, as usual, the VEV of the superpotential for the complex

structure moduli (with the exception of the conifold one), which we consider to be stabilized
at larger energies.

It is important to notice that, di�erently from the simple case considered in Ch. 6, here
the rigid divisors supporting non-perturbative e�ects are generically non-diagonal. As a
consequence it is impossible (or very di�cult) to write the volume:

V =
1

6
kijkt

itjtk (D.3)

in terms of the 4-cycles, that is to solve the set of equations τi = ∂V
∂ti

= 1
2kijkt

jtk. The
easiest thing to do, following [61], is instead to perform the whole computation in terms of
the volumes of the 2-cycles ti.
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D.1 Kähler metric and its inverse

In this section we compute the elements of the Kähler metric (as usual through the deriva-
tives of the Kähler potential). Since the derivatives with respect to the Kähler moduli now
require some additional comment, let us start presenting all the elements of the Kähler
metric that do not involve these derivatives:

KZZ̄ =
c′M2

sζ4/3V2/3
; KZS̄ = − 3c′M2Z̄

2s2ζ4/3V2/3
= (KSZ̄) ; (D.4)

KSS̄ =
2V2 + ξ̂V + 8ξ̂2

8s2(V + ξ̂)2
+

9c′M2ζ2/3

2s3V2/3
, (D.5)

where ξ̂ = s3/2ξ.
Let us come to the computation of the derivatives with respect to the Kähler moduli

Ti. The di�culty is due to the fact that now we only know how V depends on the 2-cycles
ti, whose de�nition in terms of the Kähler moduli Ti is not trivial. Following [61]1, we
begin observing that the �rst derivative of (D.1) with respect to Ti can be written as:

KTi ≡
∂K

∂Ti
=
∂K

∂V
∂V
∂Ti

. (D.6)

In order to compute the derivative of the volume we observe that Eq. (D.3) can be written
as:

V =
1

6
ti(kijkt

jtk) =
1

6
ti(Ti) · (Ti + T̄i) ⇒ ∂V

∂Ti
=

1

6

(
ti + (Ti + T̄i) ·

∂tj

∂Ti

)
(D.7)

where we used kijktjtk = 2τi and τi = Ti+T̄i
2 (Ti = τi + iθi). Finally, the last term can be

evaluated by noticing that the following identity holds:

ti = 2(kijkt
k)−1τj = (kijkt

k)−1(Tj + T̄j) ≡ kij(Tj + T̄j) , (D.8)

where we introduced the quantity kij = (kijkt
k)−1, from which we conclude:

∂ti

∂Tj
=

1

2
kij =

∂ti

∂T̄j
. (D.9)

Introducing this expression into (D.6), we eventually �nd:

∂V
∂Ti

=
1

6

(
ti + (Ti + T̄i) ·

(kijkt
k)−1

2

)
=
ti

4
, (D.10)

where in the last term we again used the identity (D.8).
Using the above results, we can now conclude the computation of the Kähler metric:

KST̄i
=

1

4

∂2K

∂S∂V
ti =

3
√
s tiξ

8(V + ξ̂)2
+

3c′M2 ti ζ2/3

4s2V5/3
= KTiS̄

;

KZT̄i
=

1

4

∂2K

∂Z∂V
ti = − c′M2Z̄ ti

2sζ4/3V5/3
= (KTiZ̄

) ;

KTiT̄j
=

1

16

∂2K

∂V2
titj +

1

8

∂K

∂V
kij =

titj − 2kij(V + ξ̂)

8(V + ξ̂)2
+
c′M2ζ2/3(5titj − 6kijV)

8sV8/3
.

1See also [202].
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D.2. Scalar potential

The inverse of the Kähler metric is computed as usual. The terms that will be relevant
for our computation are:

KIJ̄ =

 κzz κztZ τi

κztZ̄ τi κ
(1)
tt kij + κ

(2)
tt τiτj

 ; kij = kijkt
k , (D.11)

where κzz, κzt, κ
(1)
tt and κ(2)

tt are real and do not depend on the individual Kähler moduli;
they are de�ned as:

κzz =
s3 V3 ζ4/3(V − 2ξ̂) + 3c′M2s2ζ2V4/3(8V2 − 11ξ̂V + 8ξ̂2) + 81c′2M4s ζ8/3V2/3Y2

c′M2[s2V7/3(V − 2ξ̂) + 3c′M2s ζ2/3V2/3(4V2 − V ξ̂ + 4ξ̂2) + 27c′2M4ζ4/3Y2]
; (D.12a)

κzt =
2sV2/3[sV2/3(V − 2ξ̂)2 + 9c′M2ζ2/3Y2]

s2V7/3(V − 2ξ̂) + 3c′M2s ζ2/3V2/3(4V2 − V ξ̂ + 4ξ̂2) + 27c′2M4ζ4/3Y2
; (D.12b)

κ
(1)
tt = − 4sV5/3Y

sV5/3 + 3c′M2ζ2/3Y
; (D.12c)

κ
(2)
tt =

2sV2/3[s2 V10/3(2V − ξ̂) + 3c′M2sV2/3ζ2/3Y(8V2 + V ξ̂ + 8ξ̂2) + 54c′2M4ζ4/3Y3]

(sV5/3 + 3c′M2ζ2/3Y)[s2V7/3(V − 2ξ̂) + 3c′M2ζ2/3(sV2/3(4V2 − V ξ̂ + 4ξ̂2) + 9c′M2ζ2/3Y2)]
;

(D.12d)

where we have used: Y = V + ξ̂.

D.2 Scalar potential

The scalar potential for the h1,1 Kähler moduli and the conifold modulus is given by:

V = eK
[
KIJ̄∂IW∂J̄W +KIJ̄(∂IW∂J̄KW + ∂IK∂J̄WW ) + (KIJ̄∂IK∂J̄K − 3)|W |2

]
.

Let us consider each term separately.

KIJ̄∂IW∂J̄W

This term can be separated in three di�erent contributions, each depending on a di�erent
power of the exponential e−aiτi . Recalling that Z = ζeiσ, we �nd:

KZZ̄∂ZW∂Z̄W = κzz

[
M2σ2

4π2
+

(
sK +

M

2π
log ζ

)2
]

;

KZT̄i∂ZW∂T̄iW +KTiZ̄∂TiW∂Z̄W = κzt

n∑
i=1

Aie
−aiτi

[
Mσ

π
cos(aiθi + σ)

+2

(
sK +

M

2π
log ζ

)
sin(aiθi + σ)

]
aiτi ζ ;

KTiT̄j∂TiW∂T̄jW =
n∑

i,j=1

aiajAiAje
−aiτi−ajτj cos(aiθi − ajθj)(κ(1)

tt (kijkt
k) + κ

(2)
tt τiτj) .
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D.2. Scalar potential

KIJ̄(∂IW∂J̄KW + ∂IK∂J̄WW)

First of all it is convenient to compute the �rst derivatives of the Kähler potential:

∂ZK = (∂Z̄K) =
3c′M2Z̄

sV2/3ζ4/3
; (D.13a)

∂TiK = ∂T̄iK =
1

4

(
− 2

Y
− 6c′M2ζ2/3

sV5/3

)
ti ≡ κtti . (D.13b)

We can then proceed with the computation of the various terms, starting from the ones
depending on ∂ZW (and its complex conjugate). Using (D.13), as well as (D.11), we �nd:

KZZ̄(∂ZW∂Z̄KW + ∂ZK∂Z̄W W ) = κzz
3c′M2

sV2/3ζ4/3
(Z∂ZW W + Z̄∂Z̄W W ) ;

KZT̄i∂ZW∂T̄iKW +KTiZ̄∂TiK∂Z̄WW = κztκt(Z∂ZW W + Z̄∂Z̄W W )

h1,1∑
i=1

τit
i

= 3κztκtV(Z∂ZW W + Z̄∂Z̄W W ) .

In the last line we used the relation

h1,1∑
i=1

τit
i = 3V , (D.14)

which can be easily derived from the de�nitions of V and τi in terms of the volumes ti of
the 2-cycles. The remaining term turns out to be:

Z∂ZW W + Z̄∂Z̄W W = −
n∑
i=1

Aie
−aiτiζ

[
Mσ

π
cos(aiθi + σ) + 2

(
sK +

M

2π
log ζ

)
sin(aiθi + σ)

]
−Wcsζ

[
Mσ

π
cos(σ − ϕ) + 2

(
sK +

M

2π
log ζ

)
sin(σ − ϕ)

]
+ ζ2

[
M2σ2

2π2
+ 2

(
sK − M

2π
(1− log ζ)

)(
sK +

M

2π
log ζ

)]
.

As concerns the terms depending on ∂TiW = −aiAie−aiTi , we have instead:

KZT̄i∂Z K∂T̄iW W +KTiZ̄∂TiW ∂Z̄KW = −κzt
3c′M2

sV2/3ζ4/3

n∑
i=1

Aiaiτi ζ
2
(
e−aiTiW + e−aiT̄iW

)
;

KTiT̄j (∂TiK ∂T̄jW W + ∂TiW∂T̄jKW ) = −κt(2κ(1)
tt + 3κ

(2)
tt V)

n∑
i=1

Aiaiτi
(
e−aiTiW + e−aiT̄iW

)

where in the second line we used again (D.14) and also kijktjtk = 2τi. Moreover:

e−aiTiW + e−aiT̄iW =
∑
j

2Aje
−aiτi−ajτj cos(aiθi − ajθj) + 2e−aiτi [Wcs cos(aiθi + ϕ)

−Mζσ

2π
cos(aiθi + σ) + ζ

(
M

2π
(1− log ζ)− sK

)
sin(aiθi + σ)

]
.
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D.2. Scalar potential

(KIJ̄∂IK∂J̄K− 3)|W|2

The term depending on the derivative is computed to be:

(KIJ̄∂IK∂J̄K − 3) =
3s3 V3 ξ̂(V2 + 14V ξ̂ + 4ξ̂2) + ζ2/3 v1

2sV2/3Y2[s2V7/3(V − 2ξ̂) + ζ2/3 v2]
(D.15)

where for compactness we introduced v1,2, which will turn out to be sub-leading in the

usual LVS limit with ζ ∼ W
3/2
cs

V5/4 . More precisely, they are given by:

v1 = 9c′M2Y
[
2s2V4/3ξ̂(8V2 − 5V ξ̂ − 4ξ̂2) + 3c′ζ2/3M2sV2/3Y(V − 2ξ̂)(8V − ξ̂)

+108c′2M4ζ4/3Y3
]

;

v2 = 3c′M2sV2/3(4V2 − ξ̂V + 4ξ̂2) + 27c′2M4ζ2/3Y2 .

Finally, we need to compute |W |2, which turns out to be:

|W |2 =
n∑

i,j=1

AiAje
−aiτi−ajτj cos(aiθi − ajθj)

+

n∑
i=1

Aie
−aiτi [2Wcs cos(aiθi + ϕ) + ζw1] +

(
W 2
cs + ζw2

)
where again we used the more compact notation w1,2 in order to indicate terms that will
turn out to be sub-leading:

w1 = −Mσ

π
cos(aiθi + σ) +

[
M

π
(1− log ζ)− 2Ks

]
;

w2 = Wcs

[
−Mσ

π
cos(σ − ϕ) +

(
M

π
(1− log ζ)− 2Ks

)
sin(σ − ϕ)

]
+
M2σ2ζ

4π2
+ ζ

[
M

2π
(1− log ζ)−Ks

]2

.

Total scalar potential

We are �nally able to put all the above results together, obtaining

e−KV = V1 + V2 + V3 ,

where:

V1 =
n∑

i,j=1

e−aiτi−ajτjAiAj cos(aiθi − ajθj)

{
3s3 V3 ξ̂(V2 + 14V ξ̂ + 4ξ̂2) + ζ2/3v1

2sV2/3Y2[s2 V7/3(V − 2ξ̂) + ζ2/3 v2]

+aiaj [κ
(1)
tt (kijkt

k) + κ
(2)
tt τiτj ]− 2aiτi

[
κt(2κ

(1)
tt + 3κ

(2)
tt V) + κzt

3c′M2

sV2/3
ζ2/3

]}
;

168
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V2 =

n∑
i=1

Aie
−aiτi

{
(2Wcs cos(aiθi + ϕ) + ζ w1)

3s3 V3 ξ̂(V2 + 14V ξ̂ + 4ξ̂2) + ζ2/3 v1

2sV2/3Y2 [s2V7/3(V − 2ξ̂) + ζ2/3 v2]

+

[
Mσ

π
cos(aiθi + σ) + 2

(
sK +

M

2π
log ζ

)
sin(aiθi + σ)

]
[κzt ζ(aiτi − 3κtV)

− 3c′M2

sV2/3ζ1/3
κzz

]
− 2

[
Wcs cos(aiθi + ϕ)− Mζσ

2π
cos(aiθi + σ)

+ζ

(
M

2π
(1− log ζ)− sK

)
sin(aiθi + σ)

]
aiτi

[
κt(2κ

(1)
tt + 3κ

(2)
tt V) + κzt

3c′M2

sV2/3
ζ2/3

]}
;

V3 = (W 2
cs + ζw2)

3s3 V3ξ̂(V2 + 14V ξ̂ + 4ξ̂2) + ζ2/3 v1

2sV2/3Y2[s2 V7/3(V − 2ξ̂) + ζ2/3 v2]

+ κzz

[
M2σ2

4π2
+

(
sK +

M

2π
log ζ

)2
]

+ 3

(
c′M2

sV2/3ζ1/3
κzz + κztκtVζ

){
−MσWcs

π
cos(σ − ϕ) +

M2σ2ζ

2π2

−2

(
sK +

M

2π
log ζ

)[
Wcs sin(σ − ϕ)− ζ

(
sK − M

2π
(1− log ζ)

)]}
.

As a consistency check we can easily verify that by �xing ζ = 0 we recover the result
of [61]2.

D.3 Large Volume Limit

Let us consider the approximation ζ ∼ W
3/2
cs

V5/4 , in the large volume limit. In this regime,
the terms appearing in the inverse Kähler metric and in the �rst derivatives of the Kähler
potential can be approximated as:

κt ' −
1

2Y
;

κzz '
sV2/3ζ4/3

c′M2
; κzt '

2(V − 2ξ̂)

V
;

κ
(1)
tt ' −4Y ; κ

(2)
tt '

2(2V − 3ξ̂)

V
.

Therefore we have:

V1 '
n∑

i,j=1

e−aiτi−ajτjAiAj cos(aiθi − ajθj)

{
3ξ̂

2V
− 4Y(kijkt

k)aiaj

+
2(2V − 3ξ̂)

V
aiτiajτj + 4

(V − 6ξ̂)

V
aiτi

}
;

(D.16a)

2Notice that here we are using a slightly di�erent notation with respect to [61]. In particular, our ξ

corresponds to their ξ
2
.
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V2 '
n∑
i=1

2e−aiτiAiWcs cos(aiθi + ϕ)

[
3ξ̂

2V
+ 2

(V − 6ξ̂)

V
aiτi

]
; (D.16b)

V3 'W 2
cs

3ξ̂

2V
+
sV2/3ζ4/3

c′M2

[
M2σ2

4π2
+

(
sK +

M

2π
log ζ

)2
]
. (D.16c)

To complete this result, �nally, we need to consider the term eK , which in the large
volume limit simply reads:

eK ' gse
Kcs

2V2
. (D.17)

D.4 An application: N = h1,1 − 1 blown-up modes

As an application of the formulas derived in the previous section, let us consider the case
of a CY three-fold with h1,1 = N + 1 and a Swiss cheese form of the volume

V = τ
3/2
b −

N∑
i=1

κiτ
3/2
i ,

where κi =
√

2
3
√

9−n ∈ [0.16, 0.47] for a dPn divisor. We assume all the `small' four-cycles τi
to be rigid divisors generating some non-perturbative e�ect to the superpotential: this is
the easiest generalization of the case analyzed in Ch. 6.

The scalar potential can be easily derived from Eqs. (D.16), considering for each term
only the leading order contributions (with respect to the volume V of the CY) and noticing
that, due to the diagonality of the small divisors,

kijkt
k = kiiit

i =
√

2kiii
√
τi , (D.18)

where we also used the fact that in this case τi = 1
2kiii(t

i)2. We obtain, therefore3:

Vtot =

N∑
i=1

[
8a2

iA
2
i gs
√
τie
−2aiτi

3κiV
+

4aiAigsτie
−aiτiW0

V2
cos(aiθi + ϕ)

]

+
ζ4/3

c′M2V4/3

[
c′c′′

πgs
+
M2σ2

4π2
+

(
M

2π
log ζ +

K

gs

)2
]

+
3ξ

2
√
gsV3

W 2
0 ,

(D.19)

whose minimum, obtained by the analysis of the derivatives, is de�ned by the following

3Notice that in this simple case, terms ∼ e−aiτi−ajτj , i 6= j are generically suppressed, due to the fact

that in the case under consideration kijk = 0 (i 6= j). Looking at (D.16a) and considering also (D.17),

indeed, we can see that at i 6= j the leading order contribution is ∼ 1
V2 , therefore negligible with respect

to the e2aiτi

V terms.
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expressions:

σ = 0 ; (D.20a)

θi =
π − ϕ
ai

; (D.20b)

ζ = e
− 2πK
gsM
− 3

4
+
√

9
16
− 4π
gsM2 c

′c′′
; (D.20c)

τ
3/2
b =

3eaiτiW0κi
√
τi

aiAi

(1− aiτi)
(1− 4aiτi)

; (D.20d)

eaiτi−ajτj =
aiAi(4aiτi − 1)(ajτj − 1)

ajAj(4ajτj − 1)(aiτi − 1)

κj
√
τj

κi
√
τi

∀i, j ; (D.20e)

ξ

g
3/2
s

= −
8ρτ

5/2
b

27gsW 2
0

+

N∑
i=1

τ
3/2
i

16aiκiτi(aiτi − 1)

(1− 4aτi)2
, (D.20f)

with ρ de�ned in (6.9).
The main di�erence with respect to the 2-moduli case (besides the trivial introduction

of sums over all the small cycles) is therefore the additional equation (D.20e) which comes
from the fact that the volume (D.20d) can be obtained in terms of any of the small cycles,
but obviously the result must be independent of the choice of τi. The vacuum energy at
the minimum is a simple generalization of (6.10):

Vmin =
5ρ

9V4/3
− 12W 2

0 gs
V3

N∑
i=1

κiτ
3/2
i (aiτi − 1)

(1− 4aiτi)2
. (D.21)

Imposing Vmin = 0 we can obtain the V at a Minkowski minimum:

VMink =

(
108gs
5q0

)3/5 W
6/5
0

ζ4/5

(
N∑
i=1

κiτ
3/2
i (aiτi − 1)

(4aiτi − 1)2

)3/5

'
(

27gs
20q0

)3/5 W
6/5
0

ζ4/5

(
N∑
i=1

κi
√
τi

ai

)3/5

,

(D.22)

where in the last step we considered aiτi � 1. This result, depending on a sum of N
positive elements, might lead us to conclude that the volume (slowly) increases with N .
However, as we show in the rest of this section, this is not the case: keeping �xed all the
parameters, VMink generically decreases with N .

Let us see this in more detail. As an immediate generalization of (6.18), we �nd that
on a dS minimum the warp factor ρ is given by

ρ ' α27gsW
2
0

20τ
5/2
b

N∑
i=1

κi
ai
τ

1/2
i , (D.23)
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with α ∈]1, 9
4 [. Plugging this result in Eq. (D.20f), we can conclude that in a LVS dS

minimum we have:

N∑
i=1

κiτ
3/2
i

(
1− 2α

5aiτi

)
=

ξ

g
3/2
s

with α ∈
]
1,

9

4

[
. (D.24)

Considering again that aiτi � 1, this means in particular that
∑

i κiτ
3/2
i is approximately

�xed by the parameters (gs, χ) of the model, while it does not depend on N:∑
i

κiτ
3/2
i ' ξ̂; ξ̂ ≡ ξ

g
3/2
s

i.e. the value of the single small 4-cycle τi decreases with N. On the other side, the
value of the modulus τb at the minimum is given by the relation (D.20d), which depends
exponentially on only one of the moduli τi, therefore we expect it (as well as the volume
V ' τ3/2

b − ξ̂) to decrease with N .
From the arguments of Sec. 6.3.2, we expect a decreasing volume to increase the lower

bound on the �ux charge MK. The end of this section is devoted to better understanding
this behavior.

A simple con�guration

The simplest possibility consists in considering ai = a; Ai = A; κi = κ, ∀i. In this case,
indeed, all the small cycles turn out to be stabilized at the same value (see Eq. (D.20e))

τi =
ξ2/3

N2/3gsκ2/3
, (D.25)

where χ (hence ξ) and κ are �xed by the geometry, while gs is chosen, as explained in
Sec. 6.3.2, as the maximum possible (in the perturbative regime) which is consistent with
a large enough volume (V � Vmin).

A more precise estimation of the decreasing behavior of the volume V ' τ3/2
b is obtained

by the ratio

V(N)

V(N=1)
=
e
−a ξ̂

2/3

κ2/3

(
1− 1

N2/3

)
N1/3

, (D.26)

where we used (D.20d) for V(N) and (6.6b) for the standard N = 1 (h1,1 = 2) volume.
As a consequence, the maximum value of gs allowing for a large enough volume de-

creases with N . To be more speci�c, since gmax
s is estimated as the value such as the

volume is approximately equal to its minimum allowed value Vmin, when N increases we
need to change gs so that the ratio (D.26) is ' 1, that is:

g(N)
s =

g
(1)
s

N2/3
. (D.27)

This in turns in�uences the tadpole due to the bound gsM & (gsM)min, so that, in order to
have g(N)

s M (N) ' (gsM)min, we expect M (N) to increase by a factor of N2/3 with respect
to the case N = 1.

172



D.4. An application: N = h1,1 − 1 blown-up modes

●

●

●

●
●

●
● ● ● ● ● ● ● ● ● ● ● ● ● ●

■

■

■

■
■

■
■

■
■

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

◆
◆

◆
◆

◆
◆

◆
◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆

5 10 15 20
N

0.05

0.10

0.15

0.20

0.25

0.30

gs
(N)

Figure D.1: g
(N)
s as a function of N for g(1)

s = 0.3. The blue points represent Eq. (D.27)
which we can see to be the worst case in terms of the tadpole. The other two curves
refers instead to (D.29) (they show therefore an upper bound) for χ(X3) = −100 (yellow
squares), and for χ(X3) = −300 (green diamonds).

A more generic estimate

Let us consider the generic case in which all 4-cycles are stabilized at (potentially) di�erent
values, even though related by (D.20e). Here we can set an upper limit on our estimation,
considering that the moduli have to be all stabilized at τi > 1 and that κi & 0.16 = κ0:

κ1τ1 .
ξ

g
3/2
s

− (N − 1)κ0 . (D.28)

Following the same steps as before, we can write also in this case a relation between
g

(N)
s and gs ≡ g(1)

s , such that the volume is �xed as h1,1 increases:

g(N)
s .

(
ξ g

3/2
s

ξ + (N − 1)g
3/2
s κ0

)2/3

. (D.29)

Hence, in this more generic case the situation appears more promising (at the price of a
more involved analysis), see also Fig. D.1.

Finally we stress that all this argument holds in a situation in which, as in the case
analyzed in Ch. 6, we are forced to take a volume V large, but not-so-large, that is near
to the lower bound imposed by the need to keep under control all the approximations. If
this is not the case (as one might expect, e.g., when the O-planes/D-branes con�guration
is such that the upper bound on the �uxes MK is not so strong, especially in presence of
E3-instantons, where we observed that very large volumes may appear), the fact that the
volume decreases with N might actually have no direct in�uence on the value of MK.
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