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Modeling and Analysis of Synchronous Reluctance Machines
With Circular Flux Barriers Through Conformal Mapping
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Synchronous reluctance (SynRel) machines are gaining more and more importance in various fields of application thanks to their
known merits like rugged construction, high efficiency, absence of field windings, and no or reduced need for permanent magnets.
Out of the possible design variants, in this paper, SynRel motors with uniform mechanical air gap and circularly shaped flux barriers
are considered and a conformal-mapping approach to their analytical modeling and simulation is proposed. A suitable conformal
transformation is introduced to compute the reluctance of each rotor circularly shaped flux barrier and the result is then used to
analytically determine the air-gap flux density distribution and the electromagnetic torque of the machine in arbitrary operating
conditions. The accuracy of the methodology proposed is assessed against finite element analysis.

Index Terms— Analytical methods, conformal mapping, flux barriers, synchronous reluctance (SynRel) machines.

I. INTRODUCTION

S INCE they were first proposed, in the 1920s [1], synchro-
nous reluctance (SynRel) motors have found little appli-

cations for many years due to their poor efficiency and power
factor when supplied from the grid. During the 1990s, with
the advent of modern variable-frequency converters and digital
control systems, these motors disclosed their potentialities as
possible competitive alternatives to traditional induction motor
drives [2], [3]. Furthermore, optimized rotor designs were
proposed to achieve better power factor values [4]. In recent
years, a large amount of work has been carried out to optimize
SynRel motor performance in terms of torque pulsations [5]–
[8], copper losses [9], core losses [10], [11], and overall
efficiency [12]. Presently, SynRel motors appear strongly
attractive in many fields, like vehicle traction [13], [14] and
household appliances [15], [16], due to the widely recognized
benefits they bring in terms of [17]: rugged construction,
high-speed capabilities, absence of excitation winding, and
removed or strongly reduced need for permanent magnets.
Improvements in the machine torque density can be, in fact,
obtained with limited use of rare-earth permanent magnets
or low-cost ferrite ones, in the so-called permanent-magnet-
assisted SynRel (PMaSynRel) configurations [17]–[20].

SynRel motor principle of operation lies on the different
reluctance (magnetic anisotropy) that the rotor exhibits along
orthogonal d and q axes [1], [2]. Such anisotropy can be
obtained in different ways, such as by suitably shaping rotor
outer profile [1], [4]; however, the most widespread SynRel
design includes a round rotor with uniform mechanical air
gap and appropriately designed flux barriers [21], [22].

Rotor flux barriers can be shaped according to different
possible geometries [21]. The most typical ones, shown in
Fig. 1, are the so-called C-shape [Fig. 1(a)] and the circular
(or round) shape [Fig. 1(b)]. The former case, wherein the
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Fig. 1. (a) SynRel rotor with C-shaped barriers. (b) SynRel rotor with circular
barriers. (c) Example of SynRel motor with circular barriers.

barrier is composed of one or more straight segments, is par-
ticularly suitable for PMaSynRel motors as it allows for simple
accommodation of parallelepiped-shaped permanent magnets
inside the barrier [6], [9], [10], [17]–[20]; round barriers,
instead, are preferably employed in permanent-magnet-free
SynRel machines [4], [12], [13], [16], [21].

One of the challenges in the analysis of SynRel motors
is the fast but accurate prediction of their performance from
design data. Analytical methods, based on magnetic equivalent
circuit (MEC) methods, have been proposed for this pur-
pose [6], [7], [10], [11]. These approaches have been applied
to both SynRel and PMaSynRel motors with C-shaped barriers
and assume that each barrier has a uniform width [wb in
Fig. 1(a)]. Under such hypothesis, it is possible to elementarily
compute the reluctance of a flux barrier based on its two
characteristic dimensions indicated as wb and tb in Fig. 1(a).
The method, however, may be hardly extended to the case
of circular barriers [Fig. 1(b)] which can have a significantly
nonuniform width like in the commercial construction example
shown in Fig. 1(c) [23].

In this paper, SynRel machines with circular flux barriers
are considered and a method is presented to compute the
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Fig. 2. Geometry assumed for a single circular flux barrier and relevant
characteristic dimensions.

reluctance of each circularly shaped barrier through conformal
mapping [24]. Based on this calculation, it is shown how
the air-gap flux density and the electromagnetic torque of
the machine can be analytically determined through a MEC
approach. The accuracy of the methodology proposed is
assessed by comparison against finite element analysis (FEA)
simulations on a sample SynRel motor where magnetic satu-
ration effects are considered.

This paper is organized as follows. In Section II, the
geometric model assumed for a circular-barrier SynRel motor
is analyzed. In Section III, a suitable conformal map is
introduced to study the magnetic field in each circular flux
barrier. In Section IV, the reluctance and stored magnetic
energy of a circular flux barrier are computed by the pro-
posed conformal map. In Section V, the presented theory is
applied to analytically compute the air-gap flux density and
the electromagnetic torque of an example SynRel motor and
results are assessed by comparison against FEA simulations.

II. GEOMETRIC MODEL DESCRIPTION

In the following of this paper, SynRel motors are considered
featuring a rotor topology with one or more circular flux
barriers, each assumed to have the shape shown in Fig. 2.

According to this modeling, the machine rotor (of axial
length L) has center C and radius R; barrier contours
AG and B H are assumed to be circumferential arcs, respec-
tively, belonging to circles of centers C2 and C1 and
radii R2 and R1, while contours AB and G H are approximated
as straight segments. Hence, each flux barrier profile is fully
determined by the five independent design parameters �, h, δ,
ε, and α (Fig. 2), where α is the angle between the horizontal
line passing through C and the line connecting C with the
central point of segment G H .

Under the above hypotheses and introducing a Cartesian
reference frame of axes s and t centered in C (Fig. 2), we can
identify any generic point M of the plane with its coordinate

pair (sM , tM ). For points A, B , D, and E , we have

sA = (R − δ) cos
(
π − α + ε

2R

)
,

tA = (R − δ) sin
(
π − α + ε

2R

)
(1)

sB = (R − δ) cos
(
π − α − ε

2R

)
,

tB = (R − δ) sin
(
π − α − ε

2R

)
(2)

sD = −R+� + h, tD = 0, sE =−R+�, tE = 0 (3)

where (1) and (2) hold under the hypothesis that ε � R as it
normally occurs in SynRel motor design.

From the geometric considerations explained in Appendix,
we can determine the s coordinate of circle centers
C1 and C2 as

sC1 = s2
B + t2

B −(�− R + h)2

2(R−�−h + sB)
, sC2 = s2

A + t2
A−(R−�)2

2(R−� + sA)
(4)

and the corresponding circle radii R1 and R2 as

R1 = −R + � + h − sC1, R2 = −R + � − sC2 . (5)

The intersection point P between the two circles of radii
R1 and R2 and centers C1 and C2 has coordinates

sP = R2
1 − R2

2 − s2
C1

+ s2
C2

2(sC2 − sC1)
, tP =

√
R2

1 − (sP − sC1)
2. (6)

Thus, we can define the two lengths d = O E and τ = P Q
(Fig. 2) as

d = O E = −R + � − sP , τ = P Q = 2 tP . (7)

Calling O the intersection of the s axis with segment P Q,
we can fix a new reference frame centered at point O and
having axes u and v, as shown in Fig. 2. This new reference
frame identifies a complex plane w = u + jv (being j the
imaginary unit) that will be used in the next section for the
conformal mapping of the flux barrier geometry. In particular,
for the following it is worth observing that points A and G in
the u and v reference frame have coordinates:
u A = uG = sA+OC =sA+ R−�+d, vA = −vG = tA. (8)

III. CONFORMAL MAPPING OF THE

FLUX BARRIER GEOMETRY

The physical complex plane w = u + jv identified by the
origin O and axes u and v (Fig. 2) can be mapped into a
new complex plane z = x + jy (Fig. 3) through the conformal
transformation

z = f (w) = Arctan(2w/τ) (9)

whose inverse is

w = f −1(z) = g(z) = (τ/2)tan(z) (10)

where Arctan() indicates the principal value of the complex
inverse tangent function [25].
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Fig. 3. Conformal transformation mapping circles of the w plane into straight
lines of the z plane.

A. Analytical Properties of the Chosen Map

The complex map (9) can be equivalently written as [25]

z = x + j y = f (w) = j

2
Ln

(
τ − 2 jw

τ + 2 jw

)

= −1

2
Arg

(
τ − 2 jw

τ + 2 jw

)
+ j

2
ln

∣∣∣∣
τ − 2 jw

τ + 2 jw

∣∣∣∣ (11)

where Ln() is the principal value of the complex logarithm
and Arg(Z) = atan2(Re(Z), Im(Z)) returns the argument of
Z as a number between −π and π .

In terms of the real and imaginary parts (u, v) of w,
the complex function (11) naturally leads to define the real
functions

x(u, v) = −1

2
Arg

[
τ − 2 j (u + jv)

τ + 2 j (u + jv)

]
,

y(u, v) = 1

2
ln

∣∣∣∣
τ − 2 j (u + jv)

τ + 2 j (u + jv)

∣∣∣∣ (12)

which, through elementary passages, can rewritten as

x(u, v) = 1

2
atan

[
τ u

(τ/2)2 − (u2 + v2)

]
(13)

y(u, v) = 1

4
ln

[
(τ/2 + v)2 + u2

(τ/2 − v)2 + u2

]
. (14)

B. Geometric Properties of the Chosen Map

From a geometric point of view, the chosen map (9)
transforms circles of the w plane into straight lines of the
z plane, as shown in Fig. 3. The geometric properties of the
map are explained below by applying it to circular curves of
the w plane like γ1–γ3 (Fig. 3).

1) CircularArcs (Likeγ3) Connecting Points P and Q: An
example of a circumference passing through points P and Q
is indicated as γ3 in Figs. 3 and 4. Calling r3 its radius and
O3 its center, from Fig. 4 it clearly results that the Cartesian
equation of γ3 is

(
u ±

√
r2

3 − (τ/2)2

)2

+ v2 = r2
3 (15)

Fig. 4. Circumferences γ, γ1, and γ3 with their centers (O, O1, and O3,
respectively), radii (τ/2, r1, and r3, respectively), and intersection points
(P, P1, and S, respectively).

where the sign + or − applies depending on whether the
arc is in the u > 0 or u < 0 half-plane, respectively. The
condition r3 ≥ τ/2 must be naturally satisfied. Substitution of
(15) into (13) gives, after elementary passages

x = ±1

2
atan

⎡
⎣ τ/2√

r2
3 − (τ/2)2

⎤
⎦ (16)

where it is clear that −π/4 < x < π/4. Equation (16), in
particular, gives

lim
r3→τ/2

x = ±π

4
. (17)

We can therefore state that each circular arc (like γ3) con-
necting P and Q in the w plane is mapped into a vertical line
(like γ ′

3) of the z plane included in the strip −π/4 < x < π/4.
In particular, the circumference γ of center O and radius τ/2
is mapped into the borders of such strip.

2) Circumferences (Like γ1 and γ2) With Center on the
v Axis and Orthogonally Intersecting γ : Examples of such
circumferences are indicated as γ1 and γ2 in Figs. 3 and 4.
Taking γ1 for instance and calling r1 its radius and O1 its
center, Fig. 4 shows how triangle O1SO is a right-angled one,
hence γ1 Cartesian equation is

u2 +
(

v ±
√

r2
1 + (τ/2)2

)2

= r2
1 (18)

with sign + or − to be chosen depending on whether O1 is
placed in the v < 0 or v > 0 half-plane, respectively. If we
substitute (18) into (14), we find

y = ∓1

2
ln

⎛
⎝

√
τ 2 + 4r2

1 + τ
√

τ 2 + 4r2
1 − τ

⎞
⎠. (19)

Therefore, circumferences (like γ1) having their center on the
v axis and orthogonally intersecting γ in the w plane are
mapped into horizontal straight lines (like γ ′

1) of the z plane.
For the following, it is worth noting that if a circumference

(like γ1) orthogonally intersects γ , this implies that it also
orthogonally intersects any circumference (like γ3) passing
through points P and Q. To prove this, we need to demonstrate
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Fig. 5. Transformation of the flux barrier geometry (w plane) into a rectangle
(z plane) through conformal map z = f (w).

Fig. 6. Segment AB at flux barrier end and circumference γAB that
orthogonally intersects flux barrier circular borders at points A and B .

that O1 P1 O3 (Fig. 4) is a right-angled triangle. Elementary
considerations lead to write

O O1 =
√

r2
1 + (τ/2)2, O O3 =

√
r2

3 − (τ/2)2

⇒ O1 O3 =
√

O O1
2 + O O3

2 =
√

r2
1 + r2

3 (20)

and since O1 P1 = r1 and O3 P1 = r3, Pitagora theorem is
easily seen to hold for triangle O1 P1 O3.

C. Map Application to Flux Barrier Geometry

The conformal map z = f (w) given by (11) naturally
applies to the geometry of a flux barrier (Fig. 2, w plane)
transforming it into a rectangle (z plane), as shown in Fig. 5.
Actually, the proposed mapping involves a certain degree of
approximation. According to the geometric property of the
map z = f (w) discussed in Section III-B, the flux barrier
image in the z plane would be an exact rectangle only if the
barrier side AB (Fig. 2) were modeled as a circular arc lying
on the circumference γAB which orthogonally intersects the
barrier in points A and B , as shown in Fig. 6. Nevertheless,
given the very small size of AB , it can reasonably understood
(and will be later assessed by comparison against FEA) that
its approximation through a straight segment or through an arc
of circumference γAB leads to practically overlapping results.

The dimensions X and Y of the rectangle in the z plane
as well as its distance x1 from the y-axis can be found
considering that points D′ and E ′ are the images of D and E
through the map (9). This leads to write the equalities (Fig. 5)

xE ′ = Arctan(2uE/τ) = arctan(2d/τ) (21)

xD′ = Arctan(2u D/τ) = arctan[2(d + h)/τ ]. (22)

The rectangle width X is then determined as

X = xD′ − xE ′ . (23)

As regards rectangle height Y , we can observe that the
coordinate yA′ of point A′ (image of A) results from (14) as

yA′ = 1

4
ln

[
(τ/2 + vA)2 + u2

A

(τ/2 − vA)2 + u2
A

]
(24)

where coordinates u A and vA of point A are given by (8). The
rectangle height Y will be then (Fig. 5)

Y = 2yA′ . (25)

IV. BARRIER RELUCTANCE AND MAGNETIC

ENERGY COMPUTATION

In this section, the introduced conformal map is used to
compute the magnetic reluctance of a flux barrier as well as
an expression for the magnetic energy stored in it. This will
be done in various steps as discussed below.

A. Field Determination in the Flux Barrier

As a first step, we need to fix boundary conditions so that
the field inside the barrier can be determined. Along barrier
borders AG and B H it is reasonable to suppose that Neumann
boundary conditions hold, provided that the permeability of the
core can be supposed infinitely high except for the iron bridge
region, where some magnetic saturation inevitably occurs.
On segments AB and G H , Neumann boundary conditions do
not hold because, due to saturation, the permeability of the
iron bridge is supposed to be relatively low. The approxima-
tion is hereinafter chosen of imposing a Dirichlet boundary
conditions on segments AB and G H , which is equivalent
to assuming that no flux lines cross these segments. Such
an assumption sounds reasonable since segments AB are, by
design, extremely small compared the overall barrier dimen-
sions (as a case limit, they could be imagined to collapse into a
single point), hence the amount of flux passing through them
is practically negligible compared with the flux entering or
exiting the barrier through borders AB and G H . Comparisons
of analytical results with FEA simulations (Section V) will
confirm the soundness of the simplifying hypothesis being
assumed.

Once boundary conditions are fixed in the w plane, they
automatically transfer to the z plane too; so the rectangle in
the z plane will have Neumann boundary conditions applied
to sides A′G′ and B ′H ′ and Dirichlet boundary conditions
applied to sides A′B ′ and G′H ′. This leads to conclude that
the field solution inside the rectangle domain is given by a
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uniform flux density of constant magnitude B0 oriented along
the x-axis (Fig. 5), i.e., in vector form

B′(x, y) = (Bx(x, y) By(x, y))t = (B0 0)t . (26)

The vector potential U ′(x, y) in the rectangle domain
(U ′ is treated as a scalar quantity coincident with its com-
ponent along machine axis, which is the only nonzero com-
ponent) can be obtained from the known relationship [26]

Bx(x, y) = −∂U ′(x, y)/∂y (27)

which, applied to (26), yields

U ′(x, y)= −
∫

Bx(x, y)dy = −
∫

B0dy = −B0y + U ′
0 (28)

where U ′
0 is an arbitrary additive constant that can be set equal

to zero with no loss of generality.
According to conformal map theory [24], knowing the

vector potential solution in the z plane automatically leads to
know the vector potential U(u, v) in the w plane as follows:

U(u, v) = U ′(x(u, v), y(u, v)) (29)

where functions x(u, v) and y(u, v) are given by (13) and (14).
If applied to (28) where U ′

0 = 0, (29) gives

U(u, v) = − B0

4
ln

[
(τ/2 + v)2 + u2

(τ/2 − v)2 + u2

]
. (30)

By derivation of the vector potential, the flux density
components inside the flux barrier result as

B(u, v) =
(

Bu(u, v)
Bv (u, v)

)
=

( −∂U(u, v)/∂v
∂U(u, v)/∂u

)

= B0τ/2

((τ/2 + v)2 + u2)((τ/2 − v)2 + u2)(
u2 − v2 + (τ/2)2

2uv

)
. (31)

It is remarked that B0 represents an unknown constant
which, however, does not need to be determined for the
purpose of reluctance computation as discussed below.

B. Magnetic Reluctance Computation

The flux barrier magnetic reluctance can be defined as

Rb = FE D/φAG (32)

where FE D is the MMF drop across the barrier [e.g., between
points E and D (Fig. 5)], and φAG is the flux passing through
the barrier, i.e., (having imposed Dirichlet boundary conditions
on segments AB and G H ) the flux passing across arc AG.
Since the flux density and vector potential field inside the flux
barrier are known from (30) and (31), φAG and FE D can be
easily computed as follows. Regarding φAG we have

φAG = L[U(uG , vG) − U(u A, vA)] = −2L U(u A, vA)

= LB0

2
ln

[
(τ/2 + vA)2 + u2

A

(τ/2 − vA)2 + u2
A

]
(33)

where L is the core length. The simplification used in (33) is
possible because uG = u A , vG = −vA (Fig. 5) and, therefore,
U(uG , uG) = −U(u A, vA) according to (30).

Regarding FE D , this is computed as (Fig. 5)

FE D =
(

1

μ0

) ∫ d+h

d
Bu(u, 0)du. (34)

Using (31) in (34) and solving the integral symbolically, we
find

FE D = (B0/μ0)[arctan(2(d + h)/τ ) − arctan(2d/τ)]. (35)

Finally, using (33) and (35) in (32), we can provide an explicit
expression for the reluctance Rb as follows:

Rb = 2

Lμ0

arctan(2(d + h)/τ ) − arctan(2d/τ)

ln

[
(τ/2 + vA)2 + u2

A
(τ/2 − vA)2 + u2

A

] . (36)

Equation (36) shows that the reluctance of a flux barrier
only depends on its geometry (parameters d , h, τ , vA, and u A

shown in Fig. 5) and on machine core length L, while
it does not depend on the operating point. Parameter B0
(which can actually vary from one operating point to the
other) appears in both (33) and (35) but cancels out when
dividing the two expressions as per (32). The invariance of flux
barrier reluctance with respect to the SynRel motor operating
point will be proved in Section V [Fig. 15(a)] based on
FEA simulations.

C. Energy Stored in a Flux Barrier

For the following, it is worth deriving an analytical expres-
sion for the magnetic energy Wb stored in the flux barrier,
too. For this purpose, we can observe that magnetic energy is
invariant through conformal mappings [24]. Therefore, Wb can
be computed as the magnetic energy stored in the rectangle
representing the barrier image in the z plane through map
z = f (w) (Fig. 5). This is simply

Wb = L X Y

2μ0
B2

0 . (37)

In (37), we can substitute expressions (21)–(23) and
(24) and (25) for X and Y and use the expression derived
from (33) for B0: as a result, the following alternative for-
mulation for the energy stored in the barrier is immediately
proven:

Wb =
(

1

2

)
Rb φ2

AG . (38)

V. APPLICATION EXAMPLE AND FEA ASSESSMENT

In this section, the method presented for computing the
reluctance and the stored energy for a circular flux barrier
will be illustrated and assessed by applying it to the analytical
study of a three-phase SynRel motor whose cross section is
shown in Fig. 7. The overall significant design information for
the motor are provided in Table I, while the data characterizing
flux barrier geometry are provided in Table II. Finally, mag-
netic saturation is incorporated in the machine stator and rotor
cores for the purposes of FEA simulations according to the
B–H curved shown in Fig. 8.

Any operating point for the SynRel motor will be univocally
defined by specifying the amplitude of the peak stator cur-
rent I0 and the electrical angle θr between phase a symmetry
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Fig. 7. Sample SynRel motor cross section. Darker coil sides belong to
phase a, whose symmetry axis is indicated by s.

TABLE I

CHARACTERISTIC DATA OF THE EXAMPLE

THREE-PHASE SYNREL MOTOR

TABLE II

GEOMETRY OF ROTOR FLUX BARRIERS

Fig. 8. B–H curve used to characterize the ferromagnetic core.

axis s and the rotor symmetry axis r assumed coincident with
barrier axis, as shown in Fig. 7, where p is the number of
pole pairs.

The purpose of this paper is to analytically determine the
air-gap flux density distribution and the machine torque for
a generic operating point and compare results with the same

Fig. 9. MEC model schematic for a two-pole SynRel motor with two barriers
per pole.

quantities obtained by FEA. For the purpose of analytical sim-
ulations, a MEC approach [6], [7], [10], [11] is being adopted,
where circular barrier reluctances computed as discussed
in Section IV will be used.

A. SynRel Motor MEC Model Definition and Solution

The SynRel motor modeling by MEC method is described
referring to the case of a two-pole machine with two barriers
per pole, as shown in Fig. 9, where the inner and outer
barriers are denoted as 1 and 2. The whole air gap of the
machine is subdivided into various regions, marked as 11,
12, 21, and 22, and delimited by the end points of flux
barriers, as shown in Fig. 9. Within each air-gap region,
a MMF source Fij (with i and j equal to 1 or 2) and an
air-gap reluctance Rij are defined as described next, along
with the overall flux φi j passing through it. Furthermore, the
MEC includes the reluctances Rb1 and Rb2 of the two flux
barriers, which are, respectively, crossed by fluxes �11 and �2.
Nodes S, A, B, A′, B ′, and R of the MEC denote core
regions where no MMF drop is assumed to occur, under the
hypothesis of neglecting magnetic saturation except for iron
bridges [6], [7], [10], [11]. Finally, as done in [6], [7], [10],
and [11], no flux is assumed to flow though iron bridges due
to their being small and saturated.

1) Computation of MMF Sources in the MEC: To compute
MMF sources Fij , the overall air-gap MMF field due stator
currents is first defined. This can be written as [27]

F(t, θ) =
∑

n=0,1,2

wn(θ) · in(t) (39)

where n is a phase index, ranging from 0 to 2 (0 standing for
phase a, 1 for phase b, and 2 for phase c); θ is the angular
position (in electrical radians) measured along the mean air-
gap circumference and taking the axis s of phase a as the
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Fig. 10. Mechanical angles for computing MMF sources in the MEC.

zero reference (Fig. 7); in(t) is the current in phase n at
instant t

in(t) = I0 cos(ωt − 2
3πn − ϕ0) (40)

wn(θ) is the winding function of phase n [27]

wn(θ) =
∑

k=1,3,5,..

Wk · cos
[
k(θ − 2

3π n)
]

(41)

Wk = 4

π

Ns

b

sin(π · k · γ /2)

k

sin(αsqk/2)

sin(αsk/2)
. (42)

In (40)–(42), ϕ0 is an arbitrary initial phase (assumed equal
to zero in the following), I0 is phase peak current, Ns is the
number of series-connected turns per coil, b the number of
parallel paths per phase, γ the coil to pole pitch ratio, q the
number of slots per pole per phase, and αs = π/(3q) the slot
pitch angle in electrical radians.

Once the overall air-gap MMF is known from (39)–(42),
the MMF sources acting inside the various air-gap regions
identified in Fig. 9 are computed as follows:

F11(t, θr ) = 1

2α1 p

∫ θr +α1 p

θr −α1 p
F(t, θ)dθ (43)

F12(t, θr ) = 1

(α2 − α1)p

∫ θr +α2 p

θr +α1 p
F(t, θ)dθ (44)

F21(t, θr ) = 1

(α2 − α1)p

∫ θr −α1 p

θr −α2 p
F(t, θ)dθ (45)

where α1 and α2 are the mechanical angles (generically
indicated as α in Fig. 2) that characterize the two barriers.
From a physical point of view, (43)–(45) represent the mean
MMF value inside the various air-gap regions shown in Fig. 9,
as further shown in Fig. 10 in terms of mechanical angles.

2) Computation of Air-Gap Reluctances in the MEC: The
air-gap reluctances that appear in the MEC can be straightfor-
wardly computed as follows:

Rg11 = (1/μ0)g/(2α1RL) (46)

Rg12 = Rg21 = (1/μ0)g/[(α2 − α1)RL] (47)

Rg22 = (1/μ0)g/[(π/p − α2)RL]. (48)

3) Computation of Flux Barrier Reluctances in the MEC:
The reluctance of rotor circular flux barrier is computed with
the procedure discussed in Section IV and, in particular, by
means of (36) applied to each of the two barriers per pole.

Fig. 11. (a) Overall MEC for a SynRel motor with two barriers per pole.
(b) and (c) Simplified equivalent circuits used for MEC solution.

4) MEC Solution: Once all the MEC elements are com-
puted, it can be solved using the well-known methods of
circuit theory [28]. The overall MEC for two barriers per
pole, resulting from the schematic shown in Fig. 9, is shown
in Fig. 11(a). Such circuit can be reduced to the equivalent
form shown in Fig. 11(b) and (c), where

Feq(t, θr ) =
[

F11(t, θr )

Rg11+ Rb1
+ F12(t, θr )

Rg12
+ F21(t, θr )

Rg21

]
Req (49)

Req =
[
(Rg11 + Rb1)

−1 + R−1
g12 + R−1

g21

]−1
. (50)

In particular, the fluxes �11 and �2 are obtained as

�2(t, θr ) = Feq(t, θr )/(Req + Rb2) (51)

�11(t, θr ) = F11(t, θr ) − [
Feq(t, θr ) − Req�2(t, θr )

]

Rg11 + Rb1
. (52)

Once these two fluxes are known, the MMF drops through
the two barriers can be computed as

�F1(t, θr )=�11(t, θr )Rb1, �F2(t, θr )=�2(t, θr )Rb2. (53)

For the following, it is worth observing that the MMF drops
given above apply to whatever path crossing the barrier from
one border to the other. Taking the closed path H J K L shown
in Fig. 10, for example, Ampere’s circuital law assures that
the line integral of the flux density field along it is zero (no
linked current)∮

H J K L
H · ds =

∫

H J
H · ds +

∫

J K
H · ds

+
∫

K L
H · ds +

∫

L H
H · ds = 0. (54)

However, the integrals along arcs H J and K L are zero due
to Neumann boundary condition on them; hence, (54) assures

7
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Fig. 12. Closed paths �P , �Q , and �R for computing air-gap field from
MEC solution. (a) With actual flux barriers. (b) With equivalent isotropic
rotor.

that the MMF drop along path H L is the same as that along
path J K . Given the arbitrary choice of points H, J, K , and L,
it is concluded that the MMF across the barrier is independent
of the path along which it is computed.

B. Air-Gap Flux Density Computation from MEC Solution

Computation of the air-gap flux density from the MEC solu-
tion is herein performed by replacing the real SynRel machine
rotor [Fig. 12(a)] with an isotropic one [Fig. 12(b)], where the
MMF drops occurring across flux barriers are represented by
equivalent MMF generators. For example, let us suppose we
want to compute the flux density at an instant t (when the rotor
is at θr ) in a point placed at the angular position θP [Fig. 12(a)]
included in region 11 of the air gap (Fig. 9), i.e., such that
θr − α1 p ≤ θP ≤ θr + α1 p; for this purpose, we introduce
the closed path �P that crosses the air gap at positions θP

and θP + π . The MMF acting on the path, due to stator
current, is given by 2F(t, θP) according to (39). The MMF
drops along �P occur across air gaps and across flux barriers.
In particular, the MMF occurring across the outer barriers
[i.e., along segments P2 − P3 and P2′ − P3′ in Fig. 12(a)]
and across the inner barriers [i.e., along segments P4 − P5
and P4′ − P5′ in Fig. 12(a)] are, respectively, indicated as
FP2−P3 and FP4−P5. It is therefore clear that, for the purpose
of air-gap flux density determination, the SynRel model shown
in Fig. 12(a) is perfectly equivalent to the one shown in
Fig. 12(b), characterized by the same stator MMF, an isotropic
round rotor and MMF sources FP2−P3 and FP4−P5 instead of
the flux barriers. On the other side, based on the considerations
made in Section V-A4 (MMF drop invariance with the path),
FP2−P3 and FP4−P5 can be computed through (53) as

FP2−P3 = �F1(t, θr ), FP4−P5 = �F2(t, θr ). (55)

As a result, the air-gap flux density at position θP with rotor
at θr will result from Fig. 12(b) and (55)

Bg(t, θP , θr )=(μ0/g)[F(t, θP)−�F1(t, θr )−�F2(t, θr )].
(56)

If we are interested in computing the air-gap flux density
at a position θQ included in the 12 gap region (Fig. 9),

i.e., such that θr − α2 p ≤ θQ ≤ θr − α1 p, the closed loop
�Q can be introduced, as shown in Fig. 12(a). Unlike �Q ,
such loop crosses only one (the inner) flux barrier, which
results in the equivalent MMF sources indicated as FQ2−Q3
in the isotropic-rotor model shown in Fig. 12(b). Based on
what has been discussed in Section V-A4, we shall have that
FQ2−Q3 = �F2(t, θr ), so the flux density at point θQ will be

Bg(t, θQ, θr ) = (μ0/g)[F(t, θQ) − �F2(t, θr )]. (57)

Finally, taking a point at position θR , placed in the gap
region 22 (Fig. 9) the closed loop �R [Fig. 12(a)] can be
introduced, which does not cross any rotor barrier. Hence, the
air-gap flux density at such position is due to stator MMF only
and no rotor MMF drop is to be considered

Bg(t, θR, θr ) = (μ0/g)F(t, θR). (58)

The described procedure for air-gap flux density determina-
tion is expressed in general terms by means of (59), shown at
the bottom of the next page.

To assess the proposed methodology for air-gap field deter-
mination, it is applied to the SynRel motor shown in Fig. 7
and characterized by the data given in Tables I and II. The
stator winding is energized with a stator currents (40) having
a peak value of I0 = 50 A, assigned to the phases according
to (40) so that, at t = 0, phase a carries the maximum current.
FEA simulations of the SynRel motors are then run at t = 0,
with the given stator current distribution, changing the rotor
positions θr (measured with respect to the symmetry axis of
phase a) and, for each simulation, the normal component of the
flux density along the mean air-gap circumference is obtained
by FEA, where core saturation effects are included according
to the B–H curve given in Fig. 8. FEA simulation results
are compared with analytical predictions obtained through the
methodology discussed in the previous sections. Comparisons
are shown in Fig. 13 for the example rotor positions θr = 0,
θr = π/6, and θr = π/3 electrical radians, showing a satisfac-
tory agreement between numerical and analytical simulation
results.

Incidentally, Fig. 13 shows that a peak value of around 0.7 T
is reached in the air-gap flux for the operating condition under
study. It is noted, however, that the peak flux density in stator
teeth exceeds 1.4 T resulting in some local saturation of the
stator core and in a quite realistic magnetic loading of the
machine. Furthermore, it is noted that the main reason for
using a nonlinear B–H curve (Fig. 8) is to produce a natural
saturation of rotor iron bridges.

A further check is made reproducing SynRel motor normal
operation with the rotor and stator field revolving synchro-
nously at a given electrical speed ω = 2π/T = 2π f where
f = 50 Hz and T = 20 ms are the frequency and period of
stator currents. Currents are again assigned to phases according
to (40) with I0 = 50 A. The initial rotor position (t = 0) is set
equal to π/4, so as to reproduce an operating point near the
maximum torque capability of the machine (Section V-C). The
rotor position is then changed over time as θr = ωt + π/4.
FEA simulations are run for different instants and the resulting
radial air-gap density compared with that obtained analytically
from (59) as Bg(t, θ, ωt + π/4). Comparisons are given in

8
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Fig. 13. Flux densities computed analytically and by FEA for t = 0 and different rotor angles θr . Analytical results are the diagrams of function Bg(0, θ, θr ).

Fig. 14. Flux densities computed analytically and by FEA at different time instants t with rotor moving in synchronism with stator field at speed ω. The
rotor position for t = 0 is θr = π/4. Hence, analytical results are the diagrams of function Bg(t, θ, ωt + π/4) for different instants t .

Fig. 14 for various instants of time and confirm the satisfactory
accuracy of the proposed analytical methodology also when
applied in the time domain.

Further checks are made using FEA simulations to assess
the estimation of flux barrier reluctance and stored energy
through (36) and (38), respectively. While the stator currents
are kept constant with phase a carrying I0 = 50 A with
the other two phases carrying −25 A, the rotor is set at
different positions θr . For each rotor position, the reluctance
of both flux barriers is computed through FEA dividing the
MMF drop along the barrier by the flux with flows across
it. In addition, the magnetic energy stored in each barrier
is computed by FEA. Numerical results are compared with
analytical values in Fig. 15 showing a good matching.

C. Torque Computation from MEC Solution

The computation of the electromagnetic torque Tem from
the MEC solution, under the hypothesis of neglecting mag-
netic saturation, can be performed based on the following
relationship:

Tem(t, θr ) = −∂Wm(t, θr )/∂θr (60)

Fig. 15. Comparison between analytical and FEA results for (a) barrier
reluctance and (b) energy stored in barriers. Values are plotted as functions
of the rotor position θr while stator currents are maintained the same.

where Wm is the total magnetic energy stored in the machine.
The magnetic energy Wm is

Wm(t, θr ) = W (g)
m (t, θr ) + W (b)

m (t, θr ) (61)

Bg(t, θ, θr )

= μ0

g

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

F(t, θ)−�F1(t, θr )−�F2(t, θr ) if(0≤|mod(θ−θr , 2 · π)|≤α1/p) ∨ (2 · π−α1/p ≤|mod(θ−θr , 2 · π)|≤2 · π)
F(t, θ)+�F1(t, θr )+�F2(t, θr ) if(π−α1/p ≤|mod(θ−θr , 2 · π)|≤π+α1/p)
F(t, θ)−�F2(t, θr ) if(α1/p ≤|mod(θ−θr , 2 · π)|≤α2/p) ∨ (2 · π − α2/p ≤|mod(θ−θr , 2 · π)|≤2 · π−α1/p)
F(t, x)+�F2(t, θr ) if(α1/p+π ≤|mod(θ−θr , 2 · π)|≤α2/p+π) ∨ (π−α2/p ≤|mod(θ−θr , 2 · π)|≤π−α1/p)
F(t, x) otherwise.

(59)
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Fig. 16. Comparison between analytical and FEA results for the electro-
magnetic torque (a) as a function of the rotor position θr with fixed stator
currents and (b) as a function of time during synchronous operation.

where W (g)
m is the energy stored in the gap and W (b)

m the
energy stored in the barriers (no energy is stored in the cores
under the hypothesis of their infinite permeability). W (g)

m is
approximated as [29], [30]

W (g)
m (t, θr ) = LRm g

2μ0

∫ 2π

0
Bg(t, θ, θr )

2dθ (62)

where Rm = R + g/2 is the mean air-gap radius and Bg is
the gap flux density given by (59). The energy stored in the
barriers, based on Section IV-C and, particularly, based on
(38), is

W (b)
m (t, θr ) = p[Rb1 �11(t, θr )

2 + Rb2 �2(t, θr )
2] (63)

where �11 and �2 are the fluxes crossing the two barriers
according to (51) and (52). It would not be difficult to substi-
tute the expressions for Bg , �11, and �2 into (62) and (63)
and perform the integral in (62) symbolically, so obtaining an
explicit expression of Wm suitable for analytical differentiation
in (60). However, this would imply a considerable burden of
symbolical expansions, which are herein omitted due to length
limitations. It has been found that acceptable computational
performance and accuracy can be easily obtained even if the
derivative in (60) is approximated by the difference quotient

Tem(t, θr ) = −�Wm(t, θr + �θr )/�θr (64)

where �θr is a finite, sufficiently small, increment of θr .
Torque values computed with the mentioned method are

assessed against FEA simulations. As a first study case, the
stator current is kept fixed (with a peak value of I0 = 50 A
in phase a and a current of −25 A in the other two cases)
and the rotor set at different angles θr with respect to phase a
symmetry axis. For each rotor position, the torque is computed
by FEA and through (64) where t = 0 and �θr = 2π/100 =
0.0063 rad. Results are shown in Fig. 16(a), which highlight
an acceptable matching.

Further investigations are conducted by reproducing
machine synchronous operation at a working point where the

torque takes approximately its maximum value, i.e., with a
fixed angle of π/4 [Fig. 16(a)] between stator MMF axis
and the rotor d axis. Stator currents are then set according
to (40) with I0 = 50 A and ω = 2π/T = 2π f ( f = 50 Hz,
T = 20 ms). The rotor position is changed over time as
θr = ωt + π/4. Torque values are computed through FEA at
various instants with a time step �t = T/48. Analytical and
FEA results are compared in Fig. 16(b). The figure highlights
that, although the average torque is quite well met, the torque
ripple resulting from the proposed analytical technique is not
in very good accordance with that obtained by FEA simula-
tions. The reason for such discrepancy can be easily found in
the evident approximation underlying expression (62), where
the air-gap energy is estimated neglecting both the tangential
flux density component and the flux density variation in the
radial direction across the gap. Moreover, the energy derivative
in (60) is approximated by the differential quotient in (64).

VI. CONCLUSION

In this paper, SynRel motors with circular flux barriers have
been investigated. A method has been set forth to analytically
compute the magnetic reluctance of each rotor barrier (as well
as the magnetic energy stored in it) by means of a conformal
mapping technique. This result has been used for solving the
SynRel motor MEC model for a generic operating point with
analytical formulas. From the MEC model solution, the air-
gap flux density distribution and the electromagnetic torque
estimation have been obtained. Accuracy of results has been
assessed by comparison against FEA simulations performed
on a sample SynRel motor including magnetic saturation.
As a result of FEA-based assessment, the proposed analytical
methodology has been proved to be very precise in predicting
the air-gap flux density field as well as the reluctance and
stored energy of rotor flux barriers. Good accuracy levels
have been also found in the estimation of the average torque
in a given synchronous operating point. Conversely, further
investigations and efforts are required to accurately estimate
the torque ripple waveform as well.

VII. APPENDIX

In this Appendix, the geometric considerations used to
derive (4) are explained. The s coordinate sC1 of the point C1
(Fig. 2) is determined considering that C1 must have equal
distance from both points B and D. Therefore, the quantities

DC1
2 = (−R + � + h − sC1)

2

BC1
2 = (sC1 − sB)2 + t2

B (A1)

must be equal. From their equation, sC1 in the form given in (4)
is obtained. Similarly, the coordinate sC2 of C2 is determined
considering that C2 must have equal distance from both points
A and E . Therefore, the two quantities

EC2
2 = (−R + � − sC2)

2

AC2
2 = (sC2 − sA)2 + t2

A (A2)

must be equal. From their equation, sC2 in the form given in
(4) is obtained.
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