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Coherent scattering in non relativistic quantum mechanics
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We show under which conditions a particle scatters coherently on a multi-particles system, working
in the non relativistic framework. In a nutshell, in order to have coherent scattering, the incident
particle has to not resolve the internal structure of the composite system. We show that the above
condition is satisfied when the de Broglie length of the incident particle is much larger than the size
of the system.

PACS numbers:

I. INTRODUCTION

Aim of this paper is to study coherent scattering in
the non relativistic regime. In general, when a particle
is scattered by a composite system (e.g. an electron hit-
ting an atom), the scattering depends in a non-trivial
way on the interaction of the incident particle with each
of the particles of the target. However, under certain
conditions, all particles of the target scatter the incident
particle in the same way, leading to “coherent scatter-
ing”.

As we will show, coherent scattering arises when the
incident particle does not resolve the internal structure
of the target. In such a case, in first approximation, the
target can be treated as a point like object with total
charge equal to the sum of the charges of its constituents
[11]. Coherent scattering is interesting, for the following
two properties: (i) it does not require a detailed knowl-
edge of the internal structure of the target and (ii) when
all the N constituents have the same charge, the cross
section scales as N2 and, therefore, is larger compared to
the case of incoherent scattering, where the cross section
increase as Nα with 1 ≤ α < 2 (α = 1 corresponds to the
total incoherent scattering, where all the components of
the target scatter independently, while for 1 < α < 2 the
scattering is partially coherent and partially incoherent).

Property (i) played a fundamental role on a very im-
portant and famous experiment of last century performed
by Ernest Rutherford and his collaborators. They fired
energetic α-particles to foils of different materials, and
measured the deflection of the scattered particles [5, 6].
From the distribution of scattered particles they deduced
information on the structure of the foil and were able to
prove the planetary model of the atom. The model used
to fit the experimental data is very simple: the α-particle
and the nucleus are described as point-like particles and
the details about their internal structure are ignored, ex-
actly as in the coherent scattering regime. As a result,
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the cross-section scales with the square of the number of
protons in the nucleus. This square dependence is a clear
sign that all the protons in the nucleus scatter coherently
off the incident α-particle.

Property (ii) motivates our study on coherent scat-
tering in the non relativistic regime. In fact, different
interferometry experiments in this regime have been re-
cently proposed, where the interactions considered are
usually very weak [3, 4]. Therefore, a quadratic increase
of the cross section due to the presence of coherence may
play an important role in making these experiments more
effective.

The main result of this paper is to show under which
conditions coherent scattering arises, i.e. when the De
Broglie wave length of the incident particle is much larger
than the typical size of the target.

The paper is organized as follows: in section II we
study a simple model where a particle moving in one di-
mension is scattered by two Dirac delta potentials and we
derive the conditions under which there is coherent scat-
tering. In section III we repeat this analysis by study-
ing, in the perturbative regime, a more realist situation
of scattering between a particle and a generic N-particle
bound system, through a generic potential. In section IV
we derive the formula for the cross section in the coher-
ent scattering regime. In section V we apply the coher-
ent scattering cross section formula to the case of the
scattering of α-particle off nucleus of different atoms, re-
obtaining the Rutherford cross section. To conclude, in
section VI we summarize the main results of the paper.

II. COHERENT SCATTERING: AN EXACT

CALCULATION

We start our analysis by studying a simple model
where all calculations can be carried out exactly. We
consider the one dimensional scattering of a particle off
two Dirac delta potentials. We start with this simple
example in order to avoid unnecessary mathematical dif-
ficulties. We will get a clear picture of the conditions
under which coherent scattering occurs. The dynamics
of the system is described by the Schrödinger equation
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with Hamiltonian:

Ĥ =
p̂2

2m
+ α δ (x̂) + α δ (x̂− a) (1)

where m is the mass of the particle and α is the coupling
constant of the δ-potentials (with dimension [α] =J m).
As it is shown in Appendix A, the scattering probability
R for this simple model is given by:

R =
4 [β cos(ka) + sin(ka)]

2

2 + 2β2 + β4 + 2(β2 − 1) cos(2ka) + 4β sin(2ka)
(2)

where β = k~2

mα . The scattering probability R depends on
the wave vector k of the incident plane wave and on the
distance a between the two delta potentials. We expect
to observe coherent scattering when the particle’s wave
length 2π/k is much larger than a (which means ka≪ 1).
In fact, in this regime, the distance between the two cen-
ters is small enough that the two scattered components of
the wave come out with almost exactly the same phase,
adding therefore coherently. In other words, the plane
wave representing the incident particle does not resolve
the distance a between the two potentials and therefore
it scatters off the two deltas as if they were one on top of
the other. To verify this, let us approximate the reflec-
tion probability R of Eq. (2) in the regime ka ≪ 1. In
this regime Eq. (2) becomes:

R ≃ 4

4 + β2
=

1

1 + k2~4

m2(2α)2

. (3)

This result should be compared with the reflection proba-
bility formula for a scattering process with only one delta
potential in the origin:

Rsingle =
1

1 + β2
=

1

1 + k2~4

m2α2

. (4)

We see that Eq. (3) describes the same reflectivity as that
of a single delta with coupling constant 2α. In the regime
ka ≪ 1 the incident plane wave is not able to distin-
guish the two δ-potential and their effect adds coherently.

Something interesting happens when the interaction is
weak and perturbation theory can be applied. In the
perturbative regime, the velocity of the particle is much
larger than the coupling constant of the interaction i.e.
~k
m ≫ α

~
, which is equivalent to having β ≫ 1. Then the

denominators in Eqs. (3) and (4) can be approximated
by β2 and we have:

R ≃ 4Rsingle. (5)

The factor 4 is exactly the contribution due to the pres-
ence of the two deltas. As we can see, when the Born
approximation applies, the probability of having a scat-
tering (which in this case is given by the reflectivity R)
increases with the square of the number of the scatter-
ing centers. This, as we will show in the next sections,

is true not only for this simple model, but also for more
generic systems and interactions. Therefore, when the
interaction is weak, the coherent scattering regime can
be used to increase quadratically the cross section, and
with it the measurable effects.

III. MODELING THE SCATTERING PROCESS

In this section we extend the previous results to a more
generic situation: The scattering of a particle off a bound
system of N particles (which in the following we will
refer to this as “target”), in the non relativistic regime.
We first define the target, the incident particle and the
interaction.

A. The Target

We consider a bound system of N interacting particles
(e.g. an atom or a molecule), which is described by the
following Hamiltonian:

Ĥ0 =
N
∑

i=1

q̂2
i

2mi
+

N
∑

i<j=1

αijU(x̂i − x̂j) (6)

where q̂i is the momentum operator of the i-th particle,
x̂i its position operator, and the coupling constants αij
measure the strength of the interaction U between the
i-th and the j-th particle. It is convenient to introduce
the center of mass and relatives coordinates, which are
given by:

Position of Center of Mass X̂ =

N
∑

i=1

mi

M
x̂i

Total Momentum P̂ =

N
∑

i=1

q̂i

Relative Positions











r̂i = x̂i − X̂

r̂N = −
N−1
∑

i=1

mi

mN
r̂i

Relative Momenta















p̂i = q̂i −
mi

M
P̂

p̂N = −
N−1
∑

i=1

p̂i

(7)

where i ∈ (1, . . .N−1) andM =
∑N
i=1mi the total mass

of the system. Using these coordinates, the Hamiltonian
Ĥ0 of Eq. (6) can be written as

Ĥ0 =
P̂2

2M
+

N
∑

i=1

p̂2
i

2mi
+

N
∑

i<j=1

αijU(r̂i − r̂j), (8)
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in which the separation between the center of mass de-
grees of freedom and the internal degrees of freedom is
explicit.

B. Incident particle and Interaction Hamiltonian

We consider an incident particle with no internal struc-
ture, described by the free Hamiltonian Ĥd, which inter-
acts with the target through interaction Hamiltonian ĤI :

Ĥd =
p̂2
d

2md
, Ĥint =

N
∑

i=1

giV (Ŷ − X̂− r̂i). (9)

In the above equation gi the coupling constants of the in-
teraction between the incident particle and the i-th par-
ticle of the target, Ŷ the position operator of the inci-
dent particle and X̂ and r̂i are, respectively, the center
of mass of the target and the relative coordinates of the
i-th particle, introduced above.

C. The Scattering Process

According to scattering theory [7], the transition prob-
ability Pin→out from an initial state |In〉 to a final state
|Out〉 is given by:

Pin→out =
∣

∣

∣
〈Out| T̂ |In〉

∣

∣

∣

2

, (10)

where T̂ is the transition matrix defined via the scattering
matrix as Ŝ = 1 + T̂ .

When the interaction is weak, we can stop the expan-
sion at the first perturbative order (Born Approximation)

and T̂ becomes [12]:

T̂ ≃ lim
T→∞

− i

~

N
∑

i=1

gi

∫ +T

−T

dτ VI(Ŷ − X̂− r̂i; τ) (11)

Where V̂I is the potential introduced in Eq. (9) in the
interaction picture. The initial and final states |In〉 and
|Out〉 are usually chosen to be eigenstates of the free
Hamiltonian:

|In〉 = |pd;P;φ〉 (12)

|Out〉 = |p′
d;P

′;φ′〉 (13)

where pd is the momentum of the incident particle, P
the momentum associated to the center of mass of the
target and φ denotes an eigenstate of the Hamiltonian
relative to the internal degrees of freedom of the target.
Note that in this section we consider the initial state of
the incident particle to be described by a plane wave.
However, the extensions to the case of an incident par-
ticle described by a wave packet or the case of a beam
of incident particles described by a statistical operator
lead to very similar results. Appendix B and appendix
C contain an explicit calculation. The matrix element
of the T̂ operator defined in Eq. (11) can be written as
follows:

〈p′
d,P

′, φ′| T̂ |pd,P, φ〉 =

= lim
T→∞

− i

~

N
∑

i=1

gi

∫ T

−T

dτ e
i
~
(E−E′)τ

∫

dY
e

i
~
(pd−p′

d)·Y

(2π~)3

∫

dX
e

i
~
(P−P′)·X

(2π~)3

∫

d{r}V (Y −X− ri)φ
′({r})∗φ({r})

= lim
T→∞

−i
(2π)2~3

δT (E − E′)δ(pd +P− p′
d −P′)Ṽ (pd − p′

d)

N
∑

i=1

gi

∫

d{r}e i
~
(pd−p′

d)·riφ′({r})∗φ({r})

(14)

where in the second line we introduced the compact no-

tation {r} = r1, ...rN−1 and
∫

d{r} =
∏N−1
i

∫

dri. In
the third line we introduced the Fourier transform of the
potential:

Ṽ (q) =

∫

dx e
i
~
q·x V (x), (15)

and the function δT (x), which is defined as follows:

δT (x) =
1

2π~

∫ T

−T

dτ e
i
~
xτ lim

T→∞
δT (x) = δ(x).

(16)

It is worth pointing out the different meaning of the two
delta functions in Eq. (14):

δ(pd +P− p′
d −P′) and δT (E − E′).
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The first one implies that the scattering conserves the
total momentum, the second one is a Dirac delta only
when T → ∞ and in this limit it implies the conservation
of energy. Also, the following relations hold:

lim
T→∞

δT (E)2 = δ(0)δ(E) =
T

2π~
δ(E),

δ(p)2 = δ(0)δ(p) =

∫

V
dx

(2π~)3
δ(p), (17)

where the integral over the volume appearing in the sec-
ond term of Eq. (17) should be technically understood as
over a very big but finite volume.
Inserting Eq. (14) in Eq. (10) and using the above rela-
tions, we obtain the scattering transition probability:

Pin→out =
∣

∣

∣
〈p′
d,P

′, φ′| T̂ |pd,P, φ〉
∣

∣

∣

2

=
T
∫

V dx

(2π~)8~2
δ(E − E′)δ(pd +P− p′

d −P′)
∣

∣

∣
Ṽ (pd − p′

d)
∣

∣

∣

2

×
N
∑

i,j=1

gigj

∫

d{r}
∫

d{s}e i
~
(pd−p′

d)·(ri−sj)

× φ′({r})∗φ({r})φ′({s})φ({s})∗. (18)

From the last two lines of Eq. (18) we see that, in gen-
eral, the contributions to the scattering probability given
by each constituent of the target do not add coherently.
However, there is a coherent effect when the contribution
of each term is in phase with the others i.e. when we can
approximate:

e
i
~
(pd−p′

d)·(ri−sj) ≃ 1 (19)

in the fourth line of Eq. (18). Under this assumption and
using the relation

∫

d{r}φ′({r})∗φ({r}) = δφ′,φ, Eq. (18)
becomes:

Pin→out =
T
∫

V dx

(2π~)8~2
δ(E − E′)δ(pd +P− p′

d −P′)

×
∣

∣

∣
Ṽ (pd − p′

d)
∣

∣

∣

2
(

N
∑

i

gi

)2

δφ′,φ (20)

Where δφ′,φ implies that in this regime only scattering
processes that do not excite the internal structure of the
target are allowed.
Except for the delta and for the sum of the charges of

the constituents there is no dependency on the internal
structure of the target: the whole target behaves as a

point-like object with total charge G =
∑N
i=1 gi.

The coherent scattering given by condition Eq. (19) is
equivalent to requiring |pd − p′

d||ri − sj | ≪ ~. This
means that on the one hand, the binding potential U
of the target must be strong enough to guarantee that
the distances between its constituents are not too large;
on the other hand the exchanged momentum |pd − p′

d|

should not be too large. However, |pd−p′
d| is constrained

by the conservation of momentum and energy contained
in the two deltas in Eq. (20). This can be better seen
by introducing the center of mass [13] (ps) and relative
coordinates (pr) of the whole system:

pr =
pdM −Pmd

md +M
, ps = P+ pd (21)

and by noticing that in the new coordinates, the two
deltas can be written has:

δ(E − E′) = δ

(

p2
r − p′2

r

2mr
+

p2
s − p′2

s

2ms

)

,

δ(pd +P− p′
d −P′) = δ(ps − p′

s), (22)

where m−1
r = (M−1 + m−1

d ) is the relative mass and
ms = M +md is the total mass. Using the restrictions
given in Eq. (22) together with the relations in Eq. (21)
we obtain:

|pd − p′
d| = |pr − p′

r|, |pr| = |p′
r| , (23)

which gives the following bound for |pd − p′
d|:

|pd − p′
d| ≤ 2 |pr| . (24)

Given the above results, the coherent scattering regime
in Eq. (19) is fulfilled when

|ri − sj | ≪
~

2|pr|
, (25)

which means that the distance between the constituents
of the target must be much smaller than the de Broglie
wave length of the incident particle. This is in agreement
with the result found for the simpler model discussed in
section II.

IV. THE CROSS SECTION IN THE COHERENT

SCATTERING REGIME

We now provide an explicit expression for the cross
section in the coherent scattering regime. In such a case,
the transition probability Pin→out is given by Eq. (20).
Note that in the coherent scattering regime the scattering
probability does not depend on the internal state φ({r}).
This is expected because, as already discussed, in this
regime the incident particle does not resolve the internal
structure of the target.
The total cross section is defined as follow [8]:

σtot =

=
1

ninc

∑

φ′

∫

dP (p′
d,P

′, φ′,pd,P, φ)

dT
n(p′

d)n(P
′)dp′

ddP
′

(26)
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where n(p′
d) = n(P′) = (2π~)3∫

V
dx

are the density of states,

which we need to include because we are using plane
waves in Dirac normalization. The incident flux of par-
ticles ninc is:

ninc =
1

∫

V dx

|pr|
mr

(27)

where pr is the relative momentum introduced in
Eq. (21) and mr the reduced mass defined just after
Eq. (22).
Using Eq. (20) in Eq. (26), we obtain for the total cross

section:

σtot =

(

∑N
i=1 gi

)2

(2π)2~4

∫

dp′
d dP

′ mr

|pr|
δ(E − E′)×

× δ(pd − p′
d +P−P′)|Ṽ (P′ −P)|2 (28)

It is convenient to introduce the center of mass p′
s and

the relative p′
r final momenta:

p′
r =

p′
dM −P′md

md +M
, p′

s = P′ + p′
d (29)

so that Eq. (28) becomes:

σtot =
mr

|pr|

(

∑N
i=1 gi

)2

(2π)2~4

∫

dp′
s dp

′
rδ(Es + Er − E′

s − E′
r)δ(ps − p′

s)|Ṽ (
M(p′

s − ps)

(md +M)
+ pr − p′

r)|2

=
mr

|pr|

(

∑N
i=1 gi

)2

(2π)2~4

∫

dp′
rδ(Er − E′

r)|Ṽ (pr − p′
r)|2

=
m2
r√
Er

(

∑N
i=1 gi

)2

(2π)2~4

∫

dΩ′
r dE

′
r

√

E′
rδ(Er − E′

r)|Ṽ (
√

2mrErnr −
√

2mrE′
rn

′
r)|2

= m2
r

(

∑N
i=1 gi

)2

(2π)2~4

∫

dΩ′
r|Ṽ (

√

2mrEr(nr − n′
r))|2

(30)

where we introduced the unitary vectors nr := pr/|pr|
and n′

r := p′
r/|p′

r|.

If the interaction potential depends only on the mod-
ulus of the relative distance, i.e. V (x) = V (|x|), then its
Fourier transform depends only on the modulus of the
transferred momentum Ṽ (pr − p′

r) = Ṽ (|pr − p′
r|). In

such a case, we can write

|nr − n′
r| =

√

n2
r + n′2

r − 2 |nr| |n′
r| cos θ

=
√

2(1− cos θ) = 2 sin (θ/2) (31)

where θ denotes the angle between nr and n′
r. Choosing

a reference system where nr is oriented along the z-axis,

we can rewrite dΩ′
r = d cos θdϕ and then obtain:

σtot = m2
r

(

∑N
i=1 gi

)2

(2π)2~4

∫ 2π

0

dϕ

∫ π

0

dθ sin(θ)× (32)

× |Ṽ (
√

8mrEr sin (θ/2))|2

= m2
r

(

∑N
i=1 gi

)2

2π~4

∫ 1

−1

d(cos θ)|Ṽ (
√

8mrEr sin (θ/2))|2,

from which we get the following expression for the differ-
ential cross section:

dσtot
d(cos θ)

=

(

N
∑

i=1

gi

)2

m2
r

2π~4
|Ṽ (
√

8mrEr sin (θ/2))|2.

(33)
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As already discussed in the previous sections, the cross
section in Eq. (33) depends on the total charge of the

target G =
∑N
i=1 gi. Therefore, the cross section can be

easily increased quadratically.

V. RUTHERFORD SCATTERING

In Rutherford’s experiment, α particles were fired to
a thin foil of different materials and the angular distri-
bution of the scattered particle was measured. The ex-
periments showed clearly that there is a non negligible
probability for the α particles of being scattered at big
angles. These observations leaded Rutherford to sug-
gest the planetary model of the atom. The connection
between Rutherford scattering and coherent scattering is
that, in order to fit the experimental data with his model,
Ruthrford treated both the α particles and the nucleus
of atoms as point like object, without considering the de-
tails of their internal structure. Therefore, in Rutherford
scattering, all the protons of a nucleus scatter coherently
the incident α particle.
We new derive the Rutherford cross section starting

from the coherent cross section of Eq. (33). The interac-
tion is described by the Coulomb potential V (x) = 1/|x|
and its Fourier transform is:

Ṽ (p′
r − pr) =

∫

dx
e

i
~
(p′

r−pr)·x

|x| =
4π~2

(pr − p′
r)

2
(34)

=
4π~2

|pr|2 + |p′
r|2 − 2 |p′

r| |pr| cos θ

=
π~2

mrEr

1

(1− cos θ)
=

π~2

2mrEr

1

sin2(θ/2)

where, in the third line, we used |pr| = |p′
r|. With the

help of Eq. (34) we can rewrite Eq. (33) as follows:

dσtot
d(cos θ)

=

(

Z
∑

i=1

gi

)2

π

8E2
r sin

4(θ/2)
(35)

where gi is the Coulomb coupling constant between the
scattered α particle and the i-th proton of the nucleus:

gi =
qdqi
4πǫ0

=
e2

2πǫ0
. (36)

In Eq. (36) ǫ0 is the vacuum permittivity qd = 2e is the
charge of the α particles and qi = e are the charges of
the protons of the nucleus. Since i labels the different
protons of the nucleus, then i = 1, 2, ...Z. Therefore we
obtain:

dσtot
d(cos θ)

=
Z2e2

32πǫ20E
2
r sin

4(θ/2)
. (37)

Since the mass of the α particle is much smaller then
that of the nucleus, we can approximate Er ≃ Eα and

Material A Z N N
√
A/Z2

Lead 207 82 62 0, 13

Gold 197 79 67 0, 15

Platinum 195 78 63 0, 14

Tin 119 50 34 0, 15

Silver 108 47 27 0, 13

Copper 64 29 14, 5 0, 14

Iron 56 26 10, 5 0, 12

Aluminum 27 13 3, 4 0, 10

TABLE I: In the above table we show, for different materials,
the mass number A (i.e. the total number of protons and
neutrons of each atom), the atomic number Z and the number
of scintillations observed per minute N as reported in [6],
which is proportional to the cross section. In the last column
we compute N

√
A/Z2, which is expected to be constant.

θ ≃ θα where Eα and θα denote, respectively, the energy
and the scattering angle of the incident α particle. Then
Eq. (37) becomes:

dσtot
d(cos θα)

=
Z2e2

32πǫ20E
2
α sin

4(θα/2)
, (38)

which is the Rutherford cross section. Because of the
coherence of the scattering process, the cross section is
proportional to the square of the number of protons of
each nucleus [14]. This dependence has been observed ex-
perimentally by Rutherford and his collaborators [5, 6].
In their experiments, they measured the number of scin-
tillations per minute in their detector, which is propor-
tional to the number of α particles scattered per minute.
Therefore, according to Eq. (38), when the experiment is
repeated with different materials one should expect the
quantity N/Z2 to be constant. However, there is an ad-
ditional effect, which must be take into account: when
an α particle goes through the material it can also be
absorbed. In such a case the α particle is not detected.
Bragg and his collaborators showed that the thickness of
the layer an alpha particle can go through without be-
ing absorbed, goes as the inverse of the square root of the
mass number A. Therefore, when making the comparison
with experimental data, also this effect must be included.
In such a case the quantity N

√
A/Z2 is expected to be

constant. The results of this analysis is reported in Table
I. From the last column of the table we see that, apart for
aluminum, for all the others materials we obtain values
which are similar, as expected.

VI. CONCLUSIONS

In this paper we have explicitly shown that a sufficient
condition for coherent scattering is:

λr ≫ L, (39)
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with λr the de Broglie wave-length associated to the inci-
dent particle, as seen in the reference frame of the target,
and L the typical spatial extension of the target. In this
regime, the differential cross section in Born approxima-
tion is given by Eq. (33):

dσtot
d(cos θ)

=

(

N
∑

i=1

gi

)2

m2
r

2π~4
|Ṽ (
√

8mrEr sin (θ/2))|2,

(40)
where the coherent effects are embedded in the depen-
dence of the cross section on the square of the total charge

G =
∑N

i gi.

Acknowledgements

The authors acknowledge financial support from the
EU project NANOQUESTFIT, INFN, the John Temple-
ton foundation (grant 39530), the University of Trieste
(grant FRA 2013) and the COST Action MP1006. The
authors thank Prof. M. Arndt, Prof. K. Hornberger,
Prof. N. Paver, Prof. R. Rui, Prof. D. Treleani and
Prof. E. Ulbricht for very enjoyable and stimulating dis-
cussions on this topic.

Appendix A: One Dimensional 2-Delta potential

Scattering

In this appendix we show explicitly how to derive the
reflectivity R of Eq. (2). We first solve the equation for
the stationary states:

− ~
2

2m

d2

dx2
ψ (x) + α [δ (x) + δ (x− a)]ψ (x) = Eψ (x)

(41)
associated to the Hamiltonian in Eq. (1), where m is
the mass of the particle and α is the coupling constant
of the δ-potential (with dimensions [α] =J m). To solve
Eq. (41), we divide the x-axis in three regions: region “1”
with x ∈ (−∞, 0), which is the region on the left of the
first delta, region “2” with x ∈ (0, a), which is the region
between the two deltas and region “3” with x ∈ (a,∞),
which is the region on the right of both deltas. We com-
pute the reflection probability of a wave packet, coming
from the left, which scatters off the delta potentials. Fol-
lowing the same procedure used in [9] [15], it can been
shown that the reflection probability can be computed
by working with plane waves instead of considering wave
packets. For each region we introduce the corresponding
plane wave solutions of the free Schrödinger equation,
ψj (x) with j = 1, 2, 3, which have the form:

ψj (x) = cje
ikx + dje

−ikx with k =

√
2mE

~
. (42)

The reflection probability is given by

R := |d1|2/|c1|2, (43)

therefore we need to determine only the coefficients cj
and dj . This is done by using the following constrains
imposed on the wave function ψ(x) by the Dirac-delta
potentials:

1. The wave function must be continuous at the origin
and at the point a, i.e.:

ψ1 (0) = ψ2 (0) and ψ2 (a) = ψ3 (a) (44)

2. Given a Dirac delta potential at a point a, the right
and left derivatives of the wave function at that
point must obey the constraint:

ψ′
R (a)− ψ′

L (a) =
2mα

~2
ψL (a) (45)

where ψ′
R/L (x) := d

dxψR/L (x). In our case this

corresponds to the following condition at the origin:

ψ′
2 (0)− ψ′

1 (0) =
2mα

~2
ψ1 (0) (46)

and the one around a:

ψ′
3 (a)− ψ′

2 (a) =
2mα

~2
ψ2 (a) . (47)

Eqs. (44), (46) and (47) set four conditions on the wave
function ψ(x). Since, ψ(x) depends on the six parame-
ters cj and dj (j = 1, 2, 3), we still have two degrees of
freedom. However, because we are considering particles
coming from the left, and |c1|2 and |d3|2 give, respec-
tively, the flux of incoming particles from the left and
from the right, we can set c1 = 1 and d3 = 0.
Therefore we have:

ψ1 (x) = eikx + d1e
−ikx ,

ψ2 (x) = c2e
ikx + d2e

−ikx ,

ψ3 (x) = c3e
ikx .

Using the conditions given in Eqs. (44), (46) and (47) we
get:

d2 = − iβe2ika

e2ika + 2iβ + β2 − 1
, (48)

c2 =
β(i+ β)

e2ika + 2iβ + β2 − 1
, (49)

d1 = −−1 + iβ + e2ika(1 + iβ)

e2ika + (i + β)2
, (50)

c3 = c2 + d2e
−2ika . (51)

where we introduced β = k~2

mα . The reflection probability
R defined in Eq. (43) than correspond ti Eq. (2)
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Appendix B: Wave packets instead of plane waves

We extend the conditions for coherent scattering de-
rived in section III C by using plane waves, to the case
where the initial state of the incident particle is a wave
packet.
For the sake of simplicity, let us work in the reference

frame where the target is at rest. Then the inequality in
Eq. (25), which guarantees coherent scattering for plane
waves, becomes:

|pd| ≪ L−1
~, (52)

where L is the spatial extension of the target and pd is the
momentum of the incident particle, before the scattering.
Now, instead of a plane wave with definite momentum,

suppose we have a wave packet |ψ〉. We expand it in the
plane waves basis:

|ψ〉 =
∫

dp |p〉ψ(p) (53)

In order to have coherent scattering, all plane waves com-
posing the wave packet |ψ〉 need to fulfill inequality (52).
This is guaranteed when:

|pmax| ≪ L−1
~ (54)

where pmax denotes the maximum significant momen-
tum of the wave packet. For a wave packet with mo-
mentum average 〈p̂〉ψ and momentum spread ∆pψ, if
we disregard the contributions coming from the tails of
the momentum distribution ψ(p), we can approximate
|pmax| ≃ |〈p̂〉ψ|+∆pψ. Then the condition for coherent
scattering becomes:

|〈p̂〉ψ|+∆pψ ≪ L−1
~ (55)

or equivalently:

∆xψ ≫ L (56)

as one can easily prove with the help of the uncertainty
principle.

Appendix C: Ensembles of wave packets

Now we consider the case of a incident beam of par-
ticles described by different wave packets. This beam is
then described by a statistical mixture:

ρ̂ =
∑

i

λi |ψi〉 〈ψi| (57)

with λi are weights which sum to one, and |ψi〉 are wave
packets, each describing a single particle state. If all wave

packets |ψi〉 fulfill the coherent scattering condition (55),
then the beam described by ρ̂ also describes coherent
scattering, and verifies the following inequality:

〈p̂〉2ρ̂ + (∆pρ̂)
2 ≪ L−2

~
2 (58)

in fact:

∆p2
ρ̂ + 〈p̂〉2ρ̂ = Tr

[

p̂2ρ̂
]

=
∑

i

λi
〈

p̂2
〉

ψi

=
∑

i

λi

[

(∆pψi
)2 + 〈p̂〉2ψi

]

≪ ~
2L−2

∑

i

λi = ~
2L−2 (59)

Now the following apparent paradox appears. In gen-
eral, an ensemble of “large enough” wave packets (large
with respect to L), all of which scatter coherently, can be
equivalently described by an ensemble of “small” wave
packets. Equivalent means that the two ensembles are
associated to the same density matrix ρ̂. In particular,
the second ensemble can be chosen in such a way that
the size of the wave packets is small to the point that
each incident particle sees only one constituent of the
target. In such a case there cannot be coherent scat-
tering. Here is the paradox: the two ensembles predict
a different behavior for the scattering process, and this
cannot be true, because they are equivalent and accord-
ing to quantum theory they must give the same result.
We clarify the situation. More specifically, we show that
any ρ̂ which satisfies the coherent scattering condition in
Eq. (58) cannot be decomposed in terms of wave packets
with spread in position smaller than L.
In fact, suppose that:

ρ̂ =
∑

i

wi |ϕi〉 〈ϕi| (60)

such that every |ϕi〉 satisfies: ∆xϕi
< L. Then because

of the uncertainty principle:

∆pϕi
> ~L−1. (61)

Of course this is in contrast with the coherent scattering
condition (55). The important point is that, in this case,
the statistical mixture ρ̂ verifies the following inequality:

〈p̂〉2ρ̂ + (∆pρ)
2 > h2L−2 (62)

as a simple computation similar to the one which brings
from Eq. (58) to Eq. (59) shows. As we can see, condi-
tions (58) and (62) are not compatible, meaning that the
request of coherent scattering for ρ̂ is incompatible with
the request that the statistical operator can be decom-
posed in a mixture of wave functions |ϕi〉, each of which
is small enough to see only one scattering center.
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