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ARTICLE INFO ABSTRACT

In this article we investigate the algebra and geometry of dihedral covers of smooth
algebraic varieties. To this aim we first describe the Weil divisors and the Picard group
of divisorial sheaves on normal double covers. Then we provide a structure theorem for
dihedral covers, that is, given a smooth variety Y, we describe the algebraic “building data”
on Y which are equivalent to the existence of such covers # : X — Y. We introduce
then two special very explicit classes of dihedral covers: the simple and the almost simple
dihedral covers, and we determine their basic invariants. For the simple dihedral covers
we also determine their natural deformations. In the last section we give an application to
fundamental groups.
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1. Introduction

A main issue in the classification theory of algebraic varieties is the construction of interesting and illuminating examples.
For instance in the book of Enriques [ 1] one can see that a recurrent method is the one of considering the minimal resolution
S of double covers f : X — Y; these are called ‘piani doppi’, double planes, when Y = P2.

Burniat [2] considered more general bidouble covers, i.e., Galois covers f : X — Y with group G = (Z/2)?, and some
work of the first author [3,4] was focused on looking at the invariants and the deformations of bidouble covers, deriving
basic results for the moduli spaces of surfaces.

Comessatti [5] was the first to study Galois coverings with abelian group G, and their relations to topology, while
Pardini [6] described neatly the algebraic structure of such coverings, their invariants and deformations.

Just to give a flavour of the result: when G is a cyclic group of order n and Y is factorial, normal G-coverings correspond
to building data (L, D4, ..., D,_1) consisting of reduced effective divisors Dy, ..., D,_; without common components, and
of the isomorphism class of a divisor L such that nL = ) ,iD; (= is the classical notation for linear equivalence). The theorem
is the scheme counterpart of the field theoretic description

C(X) = C(Y)[z]/(z" — IT;8}).

Here D; = {6; = 0} and the branch locus 5 is the union of the divisors D;.
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In Pardini’s theorem one can replace the field C by any algebraically closed field of characteristic coprime to n, but over the
complex numbers we have a more general result, namely, the extension of the Riemann existence theorem due to Grauert
and Remmert: normal schemes with a finite covering f : X — Y, and with branch locus contained in a divisor 3 correspond
to conjugacy classes of monodromy homomorphisms u : 71(Y \ B) — &,;. The scheme is a variety (i.e., irreducible) iff
Im(u) is a transitive subgroup, and Galois if it is simply transitive (similarly for Abelian coverings in [7] the criterion for
irreducibility of X was explicitly given).

On the other hand, the goal of finding explicit algebraic equations for the case of Galois coverings with non Abelian group
G is like the quest for the Holy Graal, and in this paper, widely extending previous results of Tokunaga [8], we give a full
characterization of Galois coverings 7 : X — Y with Y smooth and with Galois group the dihedral group D, of order 2n.

The underlying idea is of course the same and is easy to explain in general terms: we can factor 7 : X — Y as the
composition of a cyclic covering of order n,p : X — Z := X/H, (here H C D, is the group of rotations) and a (singular)
double covering q : Z — Y. A main new technical tool, developed in Sections 3 and 4, consists in describing Weil divisors
and the Picard group of divisorial sheaves on a normal double cover Z. To make the results more appealing, we describe in
detail the very special case of the Picard group of hyperelliptic curves, especially the algebraic determination of torsion line
bundles; this is an extension of a previous partial result by Mumford [9], it boils down to determinantal equations for triples
of polynomials in one variable, and bears interesting similarities with the resultant of two polynomials.

In Section 5 we describe the general theorem, whose application in concrete cases is however not so straightforward. For
this reason we concentrate in the next sections on two special very explicit classes of dihedral covers of algebraic varieties:
the simple and the almost simple dihedral covers.

The underlying idea of simple covers is the one of giving a schematic equation which looks exactly as the equation
describing the field extension. The first well known instance is the one of a simple cyclic cover: X is given by an equation

z"=F,

where z is a fibre variable on the line bundle L associated to a divisor L on Y, and F is a section in H*(Oy(nL)).

In [10] the analysis of everywhere nonreduced moduli spaces was based also on the technical notion of an almost simple
cyclic cover, given as the locus X inside the P'-bundle P(Lg @ L), associated to a pair of two line bundles L, L, defined
by the equation

Z0as =z do, ap € HY(Oy(nkp)), to € HO(Oy(nlw)),

and where the divisors Eg = {ap = 0} and E, = {a,, = 0} are disjoint (else the covering is not finite).
Let us now explicitly describe the equations of a simple dihedral covering: X is contained in a rank two split vector bundle
of the form IL & LL over Y, and is defined by equations

u" + " =2a, aeH%0oy(nl)),
uv =F, FeH%oy(2L).

The dihedral action is generated by an element o of order n such that
U Cu, v ¢,

where ¢ is a primitive nth root of 1, and by an involution t exchanging u with v.

The branch locus is here the divisor B = {a®> — F" = 0}, Z is defined by z?> = a? — F", and the cyclic covering X is defined
by u" = z + a: it is smooth if the two divisors {a = 0} and {F = 0} intersect transversally and B is smooth outside of F = 0.

In particular, as it is well known from the work of Zariski [ 11] and many other followers, the fundamental group 771(Y \ B)
is non Abelian and admits a surjection to the group D,, (irreducibility is granted if there are points where {a = 0} and {F = 0},
since there the covering is totally ramified).

In the case of simple dihedral coverings, the covering X — Z is only ramified in the A,_ singularities of Z, the points
where z = a = F = 0. In order to get a covering with more ramification we introduce then the almost simple dihedral
covers, defined this time on the fibre product of two P!-bundles. X is the subset of P(C & L) xy P(C & L) defined by the
following two equations:

uvg — UovoF =0
AoV Uf — 200Uy + Aso Vg U] =0,

where, vy, u; are fibre coordinates on L, vg, g are fibre coordinates on C (so that ([ug : uq], [ve : v1]) are projective fibre
coordinateson P((C ® L) xy (C&® L) ).

As we said earlier, we want to find the invariants and study the deformations of the varieties that we construct in this
way. We first do this in full generality for any Galois covering in Section 2; later we write more explicit formulae for simple
and almost simple dihedral coverings. We apply these in the case of easy examples, deferring the study of more complicated
cases to the future.

One interesting application, to real forms of curves with cyclic symmetry, and related loci in the moduli space of real
curves, shall be given in a forthcoming joint work with Michael Lonne [12].

Finally, in this paper we consider also the non Galois case: namely, coverings of degree n whose Galois group is D;. In
doing so, we establish connections with the theory of triple coverings of algebraic varieties described by Miranda [ 13] (if the
triple covering is not Galois, then its Galois group is D3!).



2. Direct images of sheaves under Galois covers

We consider (algebraic) varieties which are defined over the field of complex numbers C, though many results remain
valid for complex manifolds and for algebraic varieties defined over an algebraically closed field of characteristic p not
dividing 2n.

Definition 2.1. Let Y be a variety and let G be a finite group. A Galois cover of Y with group G, shortly a G-cover of Y, is a
finite morphism 7 : X — Y, where X is a variety with an effective action by G, such that 7 is G-invariant and induces an
isomorphism X/G £ Y.

A dihedral cover of Y is a D,-cover of Y, where D, is the dihedral group of order 2n.

If 7 : X — Y is a G-cover, the ramification locus of 7 is the locus R := R, C X of points with non-trivial stabilizer; the
(reduced) branch locus of 7 is B, .= 7(R) C Y.

In the case where X, Y are smooth, R is the reduced divisor defined by the Jacobian determinant of r, and also B, is a
divisor (purity of the branch locus).

In the following, if there is no danger of confusion, we will denote B,; by 5.

Let : X — Y be a G-cover. Since i : X — Y is finite, 7, Ox is a coherent sheaf of Oy-algebras. The Oy-algebra structure
on 1, Ox corresponds to a morphismm : 7,0x®o, 7,.0x — m,0x of Oy-modules that gives a commutative and associative
product on 7, Ox. These data determine X as Spec 7, Ox. Furthermore, the G-action on X corresponds to a G-action on 7, Oy
which is the identity on Oy. The two structures on 7, Oy, of an algebra over Oy and of a G-module, impose restrictions that
sometimes allow one to determine certain “building data” for the G-cover rr. One of our aims here is the determination of
such building data when G = D, (Theorem 5.6).

We will restrict ourselves to the case where 7 is flat, or equivalently 7, Oy is locally free. We recall in the next proposition
a useful characterization of flat G-covers.

Proposition 2.2. Let & : X — Y be a G-cover, with X irreducible and Y smooth. Then r is flat < X is Cohen-Macaulay.

Proof. («=) This is a direct application of the Corollary to Theorem 23.1in [14].
(=)Letx € X and y = m(x). Since r is flat, for any regular sequence as, ..., a, € m, for Oy, 7*(a;), ..., 7w*(a;)is a
regular sequence for Oy .. Hence, since Y is smooth and 7 is finite, X is Cohen-Macaulay. O

“In the rest of this section we assume that X and Y are smooth. The aim here is to relate the basic sheaves of X, namely
24, O, ..., with the corresponding ones of Y. Concretely, for example for the £2,’s, there is a chain of inclusions as follows:

2 ® 1,0x = W2, — 2}(log B ® m,0x,

where Q;(log B) s the sheaf of i-forms with logarithmic poles along B and Q{,(log B)** isits double dual. These three sheaves
coincide on Y \ B and it is possible to describe explicitly 7, .Q)Q inside .Q{,(log B)*™* ® m,Ox at the generic points 3; of B. Then,
by Hartogs’ theorem, one obtains a description of ., 52)1( We work out in detail the steps of this procedure for Q)} and Oy.

Let C(X) and C(Y) be the fields of rational functions on X and Y, respectively. The space of differentials of C(X), Qé(xy is
a vector space of dimension

d = dimgx) 24y, = dimX
and a basis is given by the differentials of a transcendence basis of the field extension C C C(X). The same holds true for
Qé(y) and, since dim X = dim Y, the pull-back morphism 7 * : C(Y) — C(X)induces an isomorphism of C(X)-vector spaces:
24 ®cCX) = 24 (1)

In other words, the rational differentials of X can be written as linear combinations

d
> fidyi,
i=1

where f1,...,fs € CX), ¥1,...,y4 € C(Y) form a transcendence basis for the extension C C C(Y). Since a regular
differential 1-form on X is a rational differential 1-form which is regular at each point, the isomorphism (1) induces an
inclusion

@ T2 Qé(y)@C(Y)(C(X)' )

Since X and Y are smooth, by the theorem of purity of the branch locus [15] the ramification locus R and the branch locus
B of r are divisors in X and Y respectively. Let B = Zir:lB,-, where B; C Y are prime divisors. We recall, following [ 16], the
following definition:

2y(log B) = Im (£2y & OF" — 24(B)),



where 2] < 2}(B) is the natural inclusion, 0" — £2/(B) is given by
db;
?i s
where, for any i, e; is the ith element of the standard Oy-basis of O‘?r, and b; is a global section of Oy(B;) with B; = {b; = 0}.
Let .Q}(log B)** be the double dual of Q;(log B). It coincides with the sheaf of germs of logarithmic 1-forms with poles

along B defined in [17]. Indeed both sheaves are reflexive and they coincide on the complement Y \ Sing(B) of the singular
locus of B.

e i=1,...,r,

Proposition 2.3. Let 7w : X — Y be a G-cover with X and Y smooth. Then there are G-equivariant inclusions of sheaves of
Oy-modules as follows:

2) @ m.0x = 1,2} — 21(log B)** @ 7,0x,

where the morphisms are isomorphisms on the complement Y \ B of the branch divisor.

Moreover, let & € m,0x be the generator of the ideal of the reduced divisor R; := m~'(;) and a maximal local root of
b; (b; = sim"), foranyi = 1,...,r. Then n*.Q)} is characterized as the subsheaf of .Q}(log B)Y* ® m.Ox such that at the
smooth points of B; = {b; = 0} it coincides with the subsheaf of Oy-modules generated by .Q\} ® m,Ox and by the elements
gfdlog(b), k=1,...,m — 1.
Proof. The first arrow to the left is the push-forward under 7, of the natural inclusion

(Tr ) : %2y — 24,

where T is the tangent map of 7.

Now consider the morphism ¢ in (2). We first show that (Img), C (.Q}(log B)** @ m,.Ox)q forany q € Y’ :=Y \ Sing(B).
On the complement of 5, Y \ B, this follows from the projection formula, since 7 is not ramified on 7 ~'(Y \ B) and hence

T2y = 2y @ m,0x = 2)(log B)* @ m.0x  onY \B.

Let now q € B := B\ Sing(B) and p € 7~ !(q). Choose local coordinates y1, ..., yq at gand x1, ..., X4 at p, such that 77 has
the following local expression:

Y1=X[,Y2 =X, ..., Yd = Xa.

Hence Ox , = Oy 4[x1]/(x]' — y1), and the stalk (.Q} )q 1s generated over Oy 4 by
dyy, dys, ..., dyq,

while the stalk (.Q)} )p is generated over Ox , by
dxq, dx,, ..., dxq,

with the obvious relations
X
m - dlog(x;) = dlog(y1), equivalently dx; = ﬁdyh
1
dx; = dy;, 1>2.

From this it follows that (r, _Q)} )q is generated as Oy q-module by the elements of the G-orbit of

Xdy; 0<i<m-1,2<j<d,

d
P g ck<m-1
Y1

dy,

which implies the claim at the points g € B/, since y; = 0 is a defining equation for B near q. Moreover, we see that (7, .(2)} )q
is generated, as an Oy-module, by (.Q})q ® (m.Ox)q and by the elements x’{ 1%1 1<k<m-1.
Notice that this argument also shows that the inclusion (71*.(2)} ) C (Ly q(log B)™* ® (m.Ox))q is G-equivariant, if
q € Y \ Sing(B).
To conclude the proof, observe that 71*.(2)} is locally free and that .Q)}(log B)* ® m,.Ox is reflexive, so that any section of

n*Q)} on Y \ Sing(B) has a unique extension in Ql}(log B)Y* @ m,0x. O

Let now ®y = Hom@X(Q)}, Ox) and Oy = Hom@Y(Q\}, Oy) be the tangent sheaves of X and Y, respectively. In the
following proposition we relate the sheaf 7, ®x with ®y.
Define as in [17] or [ 18, Def. 9.15] the sheaf ®y(— log B) of logarithmic vector fields on Y with respect to B = {b = 0} as

Oy(—logB) := {v|v - log(b) € Oy} = {v|v(b) € bOy} = (Q}(logB))*.
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Observe that the quotient sheaf ®y/®y(— log B) equals the equisingular normal sheaf Ngw of Bin Y, which coincides
with the normal sheaf at the points where B is smooth ([ 18], rem. 9.16).
Let us recall that the usual pairing ®y x .QQ, — Oy extends to a perfect pairing

Oy(— log B)x 2y (log B)** — Oy

Proposition 2.4. Let 7 : X — Y be a G-cover with X and Y smooth. Let B C Y be the branch divisor of . Then the tangent map
of = identifies 7, ®y with a subsheaf of ®y ® m,.Ox. Under this identification we have the following inclusions of sheaves

@y(— IOgB) ® m,Ox C m,Ox C Oy ® m,.Ox
which are compatible with the G-actions. Moreover the three sheaves coincide on Y \ B and m, Oy is characterized as the subsheaf
of Oy ® m.Ox sending 7,02, to 7, Ox.

More concretely, it is the subsheaf such that at the smooth points of B; = {b; = 0} coincides with the subsheaf of Oy-
modules generated by Oy (— log B) ® m.Ox and by &~ p; 2 b Where & € m,Ox is the generator of the ideal of the reduced divisor

R; := m~!(B;) (and a maximal local root of b;, b; = Sm’) while b; = ab is a local generator of NBlY
Proof. The tangent morphism Tz : ®x — 7w*®y gives a G-equivariant morphism of sheaves
N*@X —> @y [ 7'[*0)(. (3)

We first prove that (3) is injective and that its image contains ®@y(— log B) ® m,.Ox. By Hartogs’ theorem and the definition
of ®y(— log B) it suffices to prove this on the complement of Sing(3).
On Y \ B,  is not ramified, hence (3) is an isomorphism. Let now q € B \ Sing(3) and let p € 7 ~'(q). Choose as before

coordinates yq, ..., yqatgand x4, . . ., xg at p, such that 7 has the following local expression:
yi=Xy2=%,...,Ya = Xa-
Then (7. ®x)q is generated by the G-orbit of
ad B B d
x’{( +m —),x’{—,...,x’{—,nggm—l,
0x1 Y1 3y Y4

as Oy g-module. The image of these generators under (3) is the G-orbit of
mi®m]+k ® X i®x"0<k<m—1
3y dy, 1""’ayd P '

From this it follows that (3) is injective and that its image contains the sheaf ®y(— log B) ® 7.0y, which is generated by the
G-orbit of

B a a
Vi— ®X = ®'“+" ®xX, ..., —®x{, 0<k<m-1,
1 ay2 ya
as Oy,q—module The only missing term to get from ()y( log B) ® ., Ox the full direct image is then y, % ®x1‘1. We observe
that y; % ® xl = y1 W and the vector field y; =>- a is the local generator of Ny By = = Oy /Oy(—logB). O

Remark 2.5. Notice that the previous results are valid for more general Galois covers of complex manifolds.

2.1. The non-Galois case

We extend Propositions 2.3 and 2.4 to branched covers = : X — Y which are not necessarily Galois. Notice that also in
this case we have an inclusion of the sheaf =, 52)} in the constant sheaf Qé(y)@)(c(y)(C(X) asin(2).

Proposition 2.6. Let w : X — Y be a branched cover with X and Y smooth. Let B C Y be the branch divisor of . Then we have
the following inclusions of Oy-modules:

2} ® T,0x > W2y — 24(log B)™* ® m,0x,
where the morphism on the left is induced by the pull-back morphism (T )* : n*.Q} — .(2)} and the one on the right is induced
by (2).

Proof. Since 7 : X \ R — Y \ Bis non-ramified, (Tx)* : 71*.(2\} — Q)} is injective. Applying the push-forward functor , we
obtain an injective homomorphism 2} ® 7, O0x <> .£2y.

We now prove that the morphism (2) has image in .Q,}(log B)* ® 7, Ox. Notice that by the same argument as in the proof
of Proposition 2.3, it suffices to prove this on the complement of the singular locus of 5. So we assume that B is smooth. The

5



assertion is true on Y \ B, because here 5 is unramified. Let now q € B and let V C Y be an open neighbourhood (in the
complex topology) of g, such that:

a7 \(V)=U,u---uU,

with Uy, ..., Us C X disjoint subsets; for any i = 1, ..., s there are coordinates (x; 1, ..., X;q) on U; and (y1, ..., yq)on 'V,
such that the restriction of = on U; has the form
X1 Xig) > (V1 =X, Y2 = Xi2, .., Ya = Xia),
e, ..., esare integers > 1(seee.g.[19]). Then (71*9)})“/ is generated as Oy(V)-module by:
ki+1
) X'y d
Midgy =2 o0, eg—1i=1,...s
’ € Wi

xﬁ"ldxl-,j:xf"ldyj, j=2,...,d,i=1,...,5k=0,...,e1— 1.

Since y; = 0 is a local equation for B, it follows that the image of n*ﬂ)} under (2) is contained in Q}(log BY* @ m,.0x. O

Analogously, for the tangent sheaves we have the following.

Proposition 2.7. Let 7 : X — Y be a branched cover, with X and Y smooth. Let B C Y be the branch locus. Then the tangent
map of w induces an injective morphism of sheaves

JT*@X — @y X JT*OX

whose image contains the sheaf ®@y(— log B) ® m,0Ox.

Remark 2.8. We can obtain more precise results by taking the Galois closure p : W — Y, which is a normal variety, and
writing X = W/H where H is a suitable subgroup of the Galois group G. The only problem is that W may not be smooth, and
we denote then by W' its smooth locus. Then we can write 7, £2;} as essentially the submodule of H-invariants inside p,.£2,),:
for instance we have

7.2y = ((paS20)1),

since the regular 1-forms on X’ = W’/H are just the H-invariant 1-forms on W'.

3. Line bundles and divisorial sheaves on flat double covers

In this section we consider the following general situation. We have a flat finite double cover, where Y is smooth:
q:Z— Y, Z=Spec(q.0z),
R = 4.0z = (Oy @ z0y(-L)/(2> = F)), F € H(0y(2L)).

Our goal is to have a description of divisorial sheaves, that is, rank 1 reflexive sheaves £ on the Gorenstein variety Z in
terms of their direct image q.(£) =: V.

By flatness of £ over Y, which we assume throughout this section, A/ is a rank two vector bundle on Y (a locally free sheaf
of rank 2), and its R- module structure is fully encoded in an endomorphism

N:N(-L)—> N
such that
N2 =F . Idy : N(—2L) — N.

In particular, observe that Tr(N) = 0, det(N) = —F, so that, on any open set where A" and the divisor L are trivialized, N is
given by a matrix of the form

a b
( ),a2+bc:F.
c —a

Conversely, any such pair (N, N) as above determines a divisorial sheaf £ on Z.

Lemma 3.1. Given a pair (N, N)where N : N(—L) — N satisfies N> = F - 1d, : N(—2L) — N, it determines a saturated rank
1 torsion free R-module which is locally free exactly in the points of Y where the endomorphism N does not vanish. In particular,
a divisorial sheaf £ onZ.



Proof. View locally NV as O%: then a local section (x, y) is a local R generator at a point P if and only if the row vectors (x, y)
and N(x, y) yield a local basis. This means, in terms of the matrix N, that (x, y) and (ax+ by, cx — ay) are linearly independent;
equivalently, the determinant

q(x,y) = cx* — 2axy — by # 0.

Hence  is an invertible R-module if and only if the quadratic form obtained by evaluating a, b, c at P is not identically zero,
which amounts to the condition that a, b, ¢ do not vanish simultaneously. O

Remark 3.2. Of course, the points where N vanishes yield singular points of the branch locus B = {F = 0}, and singular
points of Z.

In the case where Z is normal, then £ is determined by its restriction on the smooth locus Z° of Z since £ = i,(£]|,0) (we
are denoting by i : Z° — Z the inclusion map), hence we are just dealing with the Picard group Pic(Z%). We want now to
spell out in detail the group structure of Pic(Z°) in terms of the direct image rank 2 vector bundles.

Proposition 3.3. Let Z be normal, let £9, £5 be invertible sheaves on Z°, and let N; = (q o i)*(ﬁj‘?), j = 1, 2. Then the tensor
product operation in Pic(Z°), associating to £9, £9 their tensor product L?@ozo L9 gives the following pair:

(1) the vector bundle (q o i)*([:?@@zo Eg) equals the Oy-double dual of N1®%r N>, which is the cokernel of the following exact
sequence:

¥ (M®o, M )(—L) = M®oy N2 = N®rAN2 — 0,
where
Y = N1®o, ldr, — lda; ®0, Na.

(2) To the inverse invertible sheaf 0! corresponds the R-module associated to the pair (N*(—L),"N(—2L)), where N'* :=
Hom(N, Oy).

(3) Two invertible sheaves on Z°, L?, l:g, are isomorphic if and only if there is an isomorphism ¥ : N7 — N> such that
¥ oNy =N, oW (L)

(4) Effective Weil divisors D on Z correspond to points [8] of some projective space P(H°(N)), for some isomorphism class of a
pair (N, N) as above. The sum Dy + D, corresponds to the image of §;®x 3, in the double dual (N1Qr N3 ).

Proof. (1) First of all we have that (q o i)*(ﬁ‘l)@ozo Eg) is the saturation of the sheaf equal to A;®% AN, on the open set
Y? =Y \ Sing(B) (letting j : Y® — Y be the inclusion, the saturation of F is here for us j,(F|yo)).

Moreover, by definition, N1®zA> is the quotient of A1®p, N> by the submodule generated by the elements (z - n;)
®oy, M2 — M®o,(z - ny), i.e., the submodule image of

NiQoyldy, —ldn; ®o, N2 1 N1®o, Na(—L) = NM1®o, Na.

Since the above is an antisymmetric map of vector bundles, its rank at one point is either 2, or 0: but the latter happens, as
it is easy to verify, exactly when both N; and N, vanish, i.e., in a locus contained in the singular locus of the branch locus
B = {F = 0}, which has codimension 2 since we assume Z to be normal.

Hence we have that A7®x A5 is a rank 2 bundle at y € Y if either Ny or N, do not vanish at y; in the contrary case, the
sheaf N1®% N> has rank 4 at the point y, and one needs to take (VM ®zN;)**, where we set 7* := Home, (F, Oy).

We observe moreover that we have an infinite complex

e (N]@OyNz)(—ZL) — (N1®(9Y/\/2)(—L) — N1®0YN2 — N1®RN2 — 0,
where the maps are given by
W/ = N1®OyIdN2 + ld./\f] ®OyN25

respectively by the above /. The complex is exact on the right and also at the points where either N; or N; are not vanishing.
(2) Given the module Homz (N, R), its elements consist of elements ¢ = ¢1 + z¢,, where ¢p; € N*,and ¢ : N —
Oy(—L). R-linearity is equivalent to ¢(Nn) = z¢(n), hence to

¢2(Nn) = ¢1(n), ¢1(Nn) = Fp(n).

The first equation implies the second, hence ¢, determines ¢; moreover, given any ¢, : N' — Oy(—L), and defining
¢1(n) := ¢o(Nn), we get an R-linear homomorphism by the above formulae.

Clearly, multiplication by z acts on ¢ by sending ¢ = ¢1 + z¢, — F¢, + z¢, hence it sends ¢, : N — Oy(—L)to ¢, oN,
and it is given by ‘N(—2L) : N*(=L)(—=L) — N*(=L).

(3) Is easy to show, applying (q o i), to the given isomorphism.

(4) A section of £ determines, again by applying (g o i), a section 8§ € H°(\), which represents the image of 1 € Oy and
which in turn determines the image of an element o + z8 € R: since we must have @ + z8 — §(«) + N§(B8). O
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4. Line bundles on hyperelliptic curves

We apply the theory developed in the previous section to discuss the particular, but very interesting case, of line bundles
on hyperelliptic curves. Here Y = P!, and Z = C is a hyperelliptic curve of genus g > 1 defined by the equation

2% = F(x, X1),

where F is a homogeneous polynomial of degree 2g + 2 without multiple roots.

The results of this section are also very relevant in order to show the complexity of the equations defining dihedral
covers. In fact, a D,-covering of P!, X — P!, factors through a hyperelliptic curve C. In the case where X — C is étale, X is
determined by the choice of a line bundle L € Pic’(C) which is an element of n-torsion. This is the reason why we dedicate
special attention to the description of n-torsion line bundles on hyperelliptic curves.

For shorthand notation we write O(d) := Op1(d) and we observe that every locally free sheaf on P! is a direct sum of
some invertible sheaves O(d;).

Our first goal here is to parametrize the Picard group of C. The first preliminary remark is that it suffices to parametrize
the subsets Pic®(C), Pic™!(C), since for any line bundle £ we can choose an integer d such that

deg(L®0.q"(0O(d))) € {0, —1}.
Let us then consider a line bundle £ of degree zero or —1. In the case £ = O¢ we know that the corresponding pair is the
vector bundle
O®z0(-g — 1), N(a +z8) = FB + za,

and the corresponding matrix is

(o

whose determinant yields a trivial factorization F = 1 - F.
If instead we assume that £ is nontrivial, i.e. it has no sections, we can write

N =q(L)=0(-a)®O(-b), 0 <a<b,a+b=g+1—d, d=deg(L).
The integer a is equal to
min{m|H°(£ ® g*O(m)) # 0},

and it determines a Zariski locally closed stratification of the Picard group. We fix a and d € {0, 1} for the time being, and
observe that then the vector bundle N is uniquely determined, whereas the matrix N (determining the R-structure) has the
form

P f
N:( ),—det(N):(PZA—qf):F‘
q -—P

Here,
deg(P)=g+ 1,deg(f)=g+1—a+b,deg(q) =g+ 1+4+a—b.
Recall in fact that, in terms of fibre variables (u, v), we have
zu = Pu+ qu, zv = fu — Pv.
We see the matrix N as providing a factorization
F —P? = ¢f.

It follows that N is fully determined by the degree g + 1 polynomial P and by a partial factorization of the polynomial
F—-P? = Hfg+zli(xo,x1) (here the [; are linear forms), as the product fq of two polynomials of respective degrees
deg(f)=g+1—a+b>g+1,deg(q) =g+ 1+a—b < g+ 1. Observe that the choice for the polynomial q (hence of f) is
only unique up to a constant A € C*, once the partial factorization is fixed. peio)

Smpe for P general the linear forms I; are distinct, we have in this case exactly %
factorizations.

Denote by V(a, b) the variety of such matrices: V(a, b) = {(P, f, q)|P*> + qf = F}. The preceding discussion shows that
the variety V(a, b) parametrizing such matrices N is a C* bundle over a finite covering of degree % of the
affine space C8%2 parametrizing our polynomials P. Hence V(a, b) is an affine variety of dimension g + 3. However, in order
to get isomorphism classes of line bundles (elements of the Picard group) we must divide by the adjoint action of the group
G of the automorphisms of the vector bundle N := q.(£) = O(—a) & O(—b) which have determinant 1.

such possible
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For a = b we get G = SL(2, C), whereas for a < b we get a triangular group of matrices

Ao B
B= ,
0 A"
where § is any homogeneous polynomial of degree b — a.
We also observe that the stabilizer of a matrix N corresponds to an isomorphism of £, hence to a scalar u € C* whose
square equals det(B) = 1, hence u = +1.
We do not investigate here the GIT stability of the orbits, but just observe that the V(a, b) yields an open set of dimension
g in the case where a = b, else it gives a stratum of dimensiong + 1 — (b — a).
Recalling thata + b = g + 1 — d, for d = 0 the open set corresponds to: the casea = b = % for g odd, and the case
a=%,b=2% + 1forg even; similarly ford = —1.
Next we investigate the explicit description of tensor powers of an invertible sheaf £ on the hyperelliptic curve C, with
two motivations: the first one is to try to get useful results towards the description of dihedral coverings of the projective
line, the second in order to describe torsion line bundles on hyperelliptic curves.

Proposition 4.1. There are exact sequences

0 Ky:=0(—a—b—(g+1)) = S%q.L) > q.(£*) = 0,

0= K3 =Kz ® quL — $*(q.L) = .(£%) > O,

0 — Ky =Ky ®S"(qxL) = 5"(q:L) — g:(£") — 0.
Proof. The local sections of A" = q..£ can be written as pairs (u, v). Hence gq.(£?) is generated by u?, uv, v?, subject to the
relation

u(fu — Pv) = u(zv) = z(uv) = v(zu) = v(Pu + qu)

& 5= fu? — 2Puv — qv* = 0.

That this is the only relation follows since the kernel K, has rank 1 and first Chern class equal to —a — b — (g + 1).
Similarly, g,(£3) is generated by the cubic monomials u3, u?v, uv?, v3, and we can simply multiply the relation = by u,
respectively v.
In general, we simply observe that there is a natural morphism

qr : C — Proj(q«L)

given by evaluation, and whose image is the relative quadric I" := {(u, v)|Z(u, v) = 0}.

Recall that, since £ is invertible, the polynomials f, P, g cannot vanish simultaneously, in particular I" := {Z(u, v) = 0}
is irreducible. Moreover the branch locus of I — P! is {(xo, x1)|fqg + P> = F = 0}, therefore I is isomorphic to C.

Hence C is the hypersurface in P’ := Proj(q..£) defined by & = 0, where Z is a section of Op(2) ® q*(K,)~'; hence we
obtain the general exact sequence via the pushforward of

0 — Op(n)(—C)=0p(n—2)Q q*(K3) = Op(n) — Oc(n) — 0. O

Corollary 4.2. A line bundle £ of n-torsion on the hyperelliptic curve C corresponds to a pair (N, N),
N=0(-a)®O(-b), 0 <a<b, at+b=g+1,
P f
N = , det(N) = —(P? + gf) = —F
q -—P
where deg(P) = g + 1, deg(f) = 2b, deg(q) = 2a, such that the following linear map
H(S"(0(a) ® O(b))(—2)) — H(S"(O(a) @ O(b))(28)).
equal to the dual of Ky ® S"™%(q.L) — S™(q.L) twisted by (—2), is not surjective.

Proof. Let £ be a degree zero line bundle on C, so that we have a + b = g + 1. The condition that £" is trivial is clearly
equivalent to the condition H%(q,(£")) # 0. In view of the exact cohomology sequence (here H(S"(q,£)) = H(S™W)) =0
sincea, b > 0):

0 — H°(Ky) = 0 — HO(S™(q.£)) = 0 — H%(g.(L"))

— H'(Kn) > H'(S™(g.£)) = H'(q.(£") — 0,



the condition H%(q.(£")) # 0 is equivalent to the non injectivity of H'(x;,) — H'(S5"(g.L)), equivalently, to the non
surjectivity of the homomorphism of Serre dual vector spaces:

coker(HO(S"(W*)(—2)) — HO(S"2(W*)(28))) # 0
& coker(H(S™(0(a) ® O(b))(—2)) — HO(S"2(0(a) ® O(b))(2g))) # O.

For n = 2 this means that, denoting by .A[m] = H°(O(m)) the space of homogeneous polynomials of degree m, the linear
map

Al2a —2] @ Ala+b — 2] ® A[2b — 2] — A[2a+ 2b — 2]

given by the matrix (f, —2P, q) is not surjective (equivalently, the linear map given by the matrix (f, P, q) is not surjective).
Writing in non homogeneous coordinates

2b a+b 2a
f=) . P=Y Px qg=) aqn,
i i i

this means that the matrix

fo i oo fw-1 fw 0 ©0 ... 0
o fo i v fr1 f» O ... 0
0 0 O 0 foo fi oo faor S
Py P;y ... Pgyp 0 0 0 o 0
0 Py P o Poyp 0 0 .. 0
A(f,P,q) = ,
0 0 0 0 0 P P Poss
qdo q1 e q2a 0 0 0 e 0
0 g ¢ g 0 O 0
0 0 0 0 0 do a1 . q2a

does not have maximal rank. O

Remark 4.3. The reader may notice the similarity of the matrix A(f, P, q) with the matrix giving the resultant of two
homogeneous polynomials in two variables. Moreover, notice that A(f, P, q) is a (3a 4+ 3b — 3)x(2a + 2b — 1) matrix, hence
the condition that its rank be at most 2a + 2b — 2 amounts to a codimension g = a + b — 1 condition, which is the expected
codimension of the set of n-torsion points in Pic’(C).

4.1. Powers of divisorial sheaves on double covers

We would now like to show how the result of Proposition 4.1 generalizes to any flat double cover q : Z — Y. Let £ be a
divisorial sheaf on Z, and (A, N) the associated pair, where ' = q.(£). There is a natural map q, : Z --» Proj(\') given by
evaluation, and which is a morphism on the smooth locus of Z.

Set ' := Proj(\), and let I" be the image of q. Clearly Z is birational to I", which is a Gorenstein variety, since it is a
divisor in ', and q is bijective outside of the inverse image of the branch locus B,. Moreover q factors through q. and the
natural projectionw : P’ — Y.

At the points where £ is invertible, then £ is isomorphic with O, with an isomorphism compatible with the projection
g, hence we conclude that g, is an embedding on the smooth locus of Z.

At a point P where £ is not invertible, we use the local description of the pair (N, N) as (Of,, N), where N is the matrix
sending two local generators x, y to ax + cy, respectively to bx — ay. Since £ is not invertible, by Lemma 3.1 we get thata, b, ¢
vanish at P. We use now the relations

xZ=ax+cy<x(z—a)=cy, yz=bx —ay < y(z+a) = bx
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to obtain
(x:y)=(c:z—a)=(z+a:b).

These formulae (observe that (c : z — a) = (z + a : b) since z2 — a®> = bc) show that, at the points P where a, b, ¢ (hence
also z) vanish, the rational map q~ blows up the point g~!(P) to the whole fibre P! lying over P. Hence I is a small resolution
of Z, and we have that the inverse of q. is obtained blowing down these P'’s lying over such points P.

Since we have an isomorphism Z° = ", we see that the line bundle © (1) restricts to £ on Z°, hence the sections of £"
on Z° correspond to sections of O(n) on I'°.

Notice that Pic(P') is generated by Pic(Y) and by Op/(1), hence there is an invertible sheaf K, on Y such that I" is the zero
set of a section of Op/(1) ® T*(Ky) L.

Consider now the exact sequence

0— O]p/(n)(—r) = O]p/(n — 2) (2] 71'*(](:2) — O]p/(n) — O[‘(Tl) — 0.

Taking the direct image, and observing that 7,0 (n) = q.(£"), we obtain the following.

Proposition 4.4. For each divisorial sheaf £ on Z there is an exact sequence

0 — Kn =Kz ® S"2(q.L) = S"(qiL) = q.(£") — 0.

5. Dihedral field extensions and generalities on dihedral covers

In this section we describe dihedral field extensions C(Y) C C(X) in the case where Y is factorial and X is normal, thus
we obtain a birational classification of D,-covers. Recall that for any G-cover 7 : X — Y of normal varieties the field
extension C(Y) € C(X) is Galois with group G (a G-extension); on the other hand any such field extension determines 7 as
the normalization of Y in C(X).

In the second part of this section we determine the geometric building data that make the above normalization process
explicit. This is important, for instance to calculate invariants of X, to determine the direct images of basic sheaves on X (e.g.
. Oy, 82, O, etc.) and to provide explicitly families of such covers.

5.1. Dihedral field extensions

Let us fix the following presentation for the dihedral groups:
Dh=(o,t|lc"=1>=(c1)? =1).
The split exact sequence
0— (0)=2%Z/nZ — D, — Z/27Z — 0

gives a factorization of the D,-cover w : X — Y as the composition of two intermediate cyclic covers: 7 = q o p, where
p:X — ZisaZ/nZ-cover,q:Z — Y isaZ/2Z-cover,Z := X /(o). If X is normal and irreducible, then also Z and Y are so,
and we have the following chain of field extensions:

C(Y) C C(Z) C C(X),

where the field of rational functions on Z is the field C(X)‘ of invariant functions under o.

Let us recall, following [20], the structure of cyclic extensions C(W) C C(V'), where W, V are normal varieties. Here the
Galois group G is cyclic of order m, G = Z/mZ; later we use this description with m = 2 and with m = n to study D, -field
extensions. Let ¢ € G be a generator and let { € C be a primitive mth root of the unity. Then there exists v € C(V) and
f € C(W), such that

{(C(V) =C(W)w), v"=Ff, (4)

o(v) ={v.

Concretely, v can be chosen to be any non-zero element of the form
m—1
v=">Y ¢"ol(D), ¥eCV).
i=0

Furthermore, it is possible to choose v and f, such that (4) holds and

11



where 81, ..., dm—1 are regular sections of invertible sheaves on W \ Sing(W). To see this, let 0] andf satisfy (4), and
consider the Weil divisor associated to f, (f) = Y ,vu(f)U, where U C W varies among the prime divisors of W and
vy is the valuation of U. On the non-singular locus W \ Sing(W), U N (W \ Sing(W)) is an effective Cartier divisor, hence
U N (W \ Sing(W)) = {8y = 0}, where §y is a regular section of an invertible sheaf on W \ Sing(W), hence

f= 1—[87}@
9)
Let now vu(f) = mqu(f) + ru(f), where qu(f), ru(f) €Z,0< ru(f) < m, and define
si=[] s i=1...m-1;
ry(f)=i

then the claim holds true with v := 9] [, (8y )‘qU(f).

Remark 5.1. If W is factorial, the group of Weil divisors coincides with that of Cartier divisors, hence §; corresponds to a
Weil divisor D; which is reduced but not necessarily irreducible. Geometrically D; is the divisorial part of the branch locus
B= Z;":_llDi where the local monodromy is ' and v is a rational section of a line bundle L on W which satisfies the linear
equation

m—1
mL=")iD;. (6)
i=1
Conversely, one can construct in a natural way a Z/mZ-cover starting from a line bundle L and effective reduced divisors
without common components Dy, ..., Dyy_1, such that (6) holds [6,20].

The following proposition describes dihedral field extensions (see also [8]).

Proposition 5.2. Let C(Y) C C(X) be a D,-extension. Then there exist a, F € C(Y) and x € C(X), such that
CX)=C(Y)x), x*"—2ax"+F"=0,
with Dy-action given as follows: o (x) = ¢x, t(x) = F/x, where ¢ € C is a primitive nth root of 1.
Conversely, given a, F € C(Y), such that x*™ — 2ax" + F" € C(Y)[] is irreducible, then ( ey

x2n,2w<n+’:n)
C(Y) with D,-action given as before. Hence the normalization of Y in % is a D,-covering of Y.

is a D,-field extension of

Proof. Consider the quotient Z := X /(o) of X by the cyclic subgroup (o) = Z/nZ and let q : Z — Y be the induced double
cover. From the previous description of cyclic field extensions, we have that

C(Z) =C((Y)z2), z*=feC()
7(2) =z

where T € D, /(o) is the class of 7. Since Y is factorial we can assume that f is a regular section of an invertible sheafon Y.
Now consider the extension C(Z) C C(X). Let x € C(X), g € C(Z), such that

{C(X) =CZ)x), x"=g,
o(x) = (X,

where ¢ € C is a primitive nth root of 1, and notice that g € C(Z) can be written as
g =a+zb, with a, b € C(Y).

Without loss of generality b = 1 in the previous formula, otherwise we replace f with b?f and z with bz. Moreover, xt(x) is
invariant under the action of D,, therefore

xt(x) =F € C(Y), equivalently t(x)=F/x.
Finally, F* = x"t(x") = g7(g) = (a + z)(a — z) = a*> — f, hence
f=a*—F"
To conclude, we observe that z € C(Y)(x) because X" = a + z, so C(X) = C(Y)(x) and by construction it follows that
X" — 2ax" + F" = 0.
For the last statement, notice that the field extension
C(Y)[x]
C(Y) c ("~ 20x" 1 F")

is Galois with group D,, indeed the conjugates of x, namely ¢'x and ¢'F /x, fori = 0, ..., n — 1, belong to ( SealLy o

X2 _DaxN 4 Fn ) .
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5.2. Structure of D,-covers

Let 7 : X — Y be a flat D,-cover with Y smooth. Then 7, O is a locally free sheaf of Oy-modules, i.e. a vector bundle on
Y. Recall that the sheaf 7,0 carries a natural structure of Oy-algebras, which is given by the product of regular functions
on X,

m: m,0xQp, T:Ox — 7. 0x ; (7)

the D,-action on X gives to 7,Ox the structure of a D,-sheaf (see below). On the other hand, the variety X is completely
determined by 7,Ox and m, since X = Spec(w,Ox) ([21, 11, 5.17]); the D,-action on X is given by the structure of D,-sheaf
on 7,Ox.

Recall that, for any finite group G the regular representation of G, C[G], is the vector space with a basis {e;},.. indexed
by the elements of G; for any h € G, an endomorphism of C[G] is defined by e; +— ey, for allg € G. In a similar way one
defines a sheaf of Oy-algebras Oy|[G], for any variety Y. A sheaf F of Oy-modules is a G-sheaf, if it has a structure of sheaf of
Oy[G]-modules. If moreover F is a vector bundle, then its fibres carry a linear G-action and so we can see F as a family of
representations of G parametrized by Y.

For any representation p : G — GL(V) of G, its canonical decomposition (see [22, §2.6]) is the unique decomposition

V=Vi® - --®&W

defined as follows. Let Wy, ..., Wy be the different irreducible representations of G. Then each V; is the direct sum of all
the irreducible representations of G in V that are isomorphic to W;. If x1, ..., xy are the characters of Wy, ..., Wy, and
n; = dim W;, then
n; —
P=G Y x(@)p(g) € End(V) (8)
geG
is the projection of V onto V;, forany i = 1, ..., N, where x;(g) is the complex-conjugate of xi(g).
Let now F be alocally free G-sheafon Y with action p : G — GLo, (F). Via(8) we define an endomorphism p; € Ende, (F),
foranyi=1,..., N.Setting F; := Im(p;), we have the following decomposition:

F=F1® - ®Fn.

Foranyi = 1,..., N, F is the eigensheaf of F corresponding to the (irreducible) representation with character x;. Notice
that F; is a vector sub-bundle of 7, for all i. In particular, when 7 = 7,0x, 7w : X — Y is a flat G-cover, we have that 7, Oy is
a locally free sheaf of Oy[G]-modules of rank one, i.e. the fibres of 77, Oy are isomorphic to C[G] as G-representations. Indeed,
the previous procedure gives the decomposition 7,0x = (7.0x)1 @ - - - ® (7. Ox )N, With (7,0x); C 7, Ox a sub-bundle, for
any i. By construction, the fibres of (7,.0Ox); are isomorphic to each other as G-representations. So, it is enough to consider
the restriction of 7,Ox on the complement Y \ B of the branch divisor B, where the assertion follows easily.

In order to describe the sheaves (7.0x);,i = 1,...,N,whenm : X — Y is a flat D,-cover, let us briefly recall the
representation theory of the dihedral groups. They depend on the parity of n.
n odd. There are two irreducible representations of degree 1 with characters x; and x5,

O'k O'k'L'
x1| 1 1
x2 | 1| -1,
and % irreducible representations of degree 2,
ke ke
0 0
p(c*) = ({0 éu—mz) . pletn) = (C—u §O ) , 9
where ¢ € C* is a primitive nthrootof 1,1 < ¢ < "2;1 k=0,...,n—1.
n even. In this case there are 4 representations of degree 1 with characters x1, x2, x3 and x4,
ok okr
X1 1 1
X2 1 -1

x3 | (=1 (=1)
xa | COF [ (=D

and, forany 1 < ¢ < % — 1, the irreducible representation p¢ defined by (9).

As a consequence we have that

n—1

2
1,05 = Oy ® c@ (m.Ox)g,  ifnisodd,
=1
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and

21
7. Ox =OY@£@M@N@(T[*O}()[, if nis even,
=1
where £, M, N are the line bundles corresponding to the 1-dimensional representations with characters respectively

X2 X35 X4-
Notice that the sections of £ are invariant under the action of the subgroup (¢) = Z/nZ < D,, hence they are regular

functions on Z. Moreover we have:

007 =0y DL, L2 =0y(-By), (10)

where B; C Y is the branch divisor of g.

If n is even, the line bundles M and A have a similar interpretation, they arise from the (Z/2ZxZ/27Z)-cover X / (62, T)
—Y.

In order to get further information on the rank 4 vector bundles (7,0Ox),, we assume that X is normal and use the
factorization 7 = q o p and the theory of cyclic covers. Let us denote with Z° the smooth locus of Z, X° = p~1(z°) and
p° : X° — Z0 be the restriction of p. From the structure theorem for cyclic covers [6,7,20] it follows that p°® is determined by
divisor classes L, ..., L,_; and reduced effective divisors DY, . .., Dg_1 ¢ Z° without common components, such that

b= Sl ()

wherei+j e {0,...,n—1},i+j=i+j( mod n), Ly :== Oy.

Let us briefly recall the geometric interpretation of the previous data. Foranyi = 0, ..., n— 1, the line bundle O(L;) is the
subsheaf of (p°),Oyo consisting of the regular functions f on X° such that o *f = exp (2”F1>f Foranyk =1,...,n—1,the
divisor Dg c Z°is the union of the components A of the branch divisor Bo of p° such that, for any component T C (po)‘l(A ),
the stabilizer of the generic point of T is the cyclic subgroup of (o) generated by o* and there is a uniformizing parameter
X € Oyo 7 such that (c*)*x = exp 2”F> x, where |(c*)| is the order of o*. For every i,j = 0,...,n — 1, &f; is defined as

k|
follows: let 1;(k), 1;(k) € {0, ..., [{c*)| — 1} be such that

€ {
oo (0) (355
)

(znfjk (271«/’(;) i

exp

respectively, then

v 1wk + (k) > ()]
bij = {O, otherwise. (12)

Proposition 5.3. Let Y be a smooth variety and let w : X — Y be a flat D,,-cover with X normal. Letp : X — Zandq:Z — Y
be the intermediate cyclic covers defined previously. Then the following holds true.

(i) p«Ox = @: _o Fi» Where 7oy = Oz and, forany i = 1, — 1, Fis a divisorial sheafon Z. Foranyi,j=1,...,n— 1
the product (7) induces an isomorphism as follows:

n—1 *kk
(Fi®o, 7)™ = ( Fi5®0,0z (— Zs!ijk)) , (13)
k=1

wherei+je€ {0,...,n—1},i+j=i+4+j(modn), foranyk=1,...,n—1,D, = D?is the closure of the divisor Dg in
(11), and ()** is the double dual in the category of ©z-modules.

(ii) Foranyi=1,...,n— 1, U; := q.(F) is a vector bundle of rank 2 on Y, in particular F; is flat over Y. Furthermore,
(7:0x)¢ = Ug @ Un—y,
wheret =1,..., ”;—] if nisodd,and £ =1, ..., 5 — 1if nis even; in the case where n is even, U% =M@@N.

Proof. Consider the following Cartesian diagram:
X0 — X

pol l,, (14)

70 1 7
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where Z° is the smooth locus of Z,j : Z° — Z is the inclusion, X® = p~!(Z°),1 : X® — X is the inclusion, and p° = p .
Notice that under our hypotheses Z is normal.
Since Ox = 1,050 and O; = 1,050 (see, e.g. [23]),

p*OX = P*l*oxo = (p © l)*OXO

n—1
= J*Pgoxo = Jx (OZO @ OZO(LI')>

i=1

n—1
= 07 P 1.0op(L). (15)
i=1
Let us define F; = J.Oo(L;), foranyi = 1,...,n — 1. The product (7) gives morphisms m; : 7 ® 7j — e Since

Fiz; Is reflexive, m; is determined by its restriction on the smooth locus 7% 0n Z% by (11), my gives an isomorphism
Oz0(Li + L) = Oj0(Lig — Y, D). This implies (13).

To prove (ii), apply g, to (15) and use the following equalities: 7 = q o p, .07z = Oy @ L. Notice that, q,F; is locally free
foranyi=0,...,n—1,since 7, Oy is locally free and 7,0y = Ga{';olq*}‘,-. The equality (7,.0x), = U, & U,_, follows directly
from the definition of (7, 0x), C m.Ox as the eigensheaf corresponding to the representation p*. Finally, in the case where
nis even, 7* acts on Un; M is the r*-invariant subsheaf, while A is the t*-anti-invariant one. O

Notice that (13) implies the following relation between F; and the Weil divisors Dy, ..., D;_1,

n—1
(FO)™ = o, <— Z ka> ,
k=1

which is the analogous of Remark 5.1 and Eq. (6) when the base of the cover is normal.

For later use we observe that the branch divisor By = "~IDY of p° : X° — ZOis invariant under the involution
7 :Z% — Z%induced by 7, thatis T*B,0 = Byo, since ot = 1o . So, there exists an effective Cartier divisor A, C Y°, such
that (q°)* A, = By, where q° := q;50. Let us define

Ap = Ay € Div(Y). (16)

Remark 5.4. Notice that, foranyi=1,...,n— 1,7(D;) = D,_;, so T(D;) does not have any common component with D; for
anyi < n/2, while,if niseven, 7(Dn) =D

NS

2
In the remaining of the section we determine building data for D,,-covers of Y. To this aim we first derive some properties

of the vector bundles Uy, ..., U,_1 (1-3 below).

1.Foranyi = 1,...,n — 1, the involution t : X — X induces an isomorphism t* : U; — U,_;, such that t* o t* is the

identity.

Proof. For any open V C Y, Ui(V) := Fi(qg~!(V)) consists of the regular functions f € Ox(z~(V)) such that o*f =
exp(@i)f. From the relation o v = vo ! it follows that f — t*f gives amorphism t* : Uj(V) — U,_i(V) of Oy-modules.
Since 72 = 1, t* o t* = Id and 7* is an isomorphism. O

2.Foranyi = 1,...,n — 1, U; has a structure of R-module given by the restriction m; : £ ® U; — U; of the product (7),
where R = Oy @ L = q,.O; (see Section 3.). In particular mi2 = g -1dy;, where §; € HO(Y, Oy(By)) is such that B; = {§; = 0}
(84 = F of Section 3). Furthermore, the isomorphism t* : U; — U,_; allows us to identify m,_; with —m;, as it follows from
the commutativity of the following diagram and the fact that m; o (* ® Idy,) = —m;

mio(r*®IdUi)
£®Ui _— U,‘

m@r*l l (17)

Mp—j

LUy —> Uny
3.Foranyi,j=1,...,n— 1, the product (7) induces, by restriction, a morphism
m;: U@ U — Um,

wherei+j e {0,...,n—1},i+j =i+ j(mod n), and by definition Uy = q,.O;. In particular, foranyi =1, ..., n — 1, there
is a morphism

Mip—i: Ui ® Up—i —> Oy @ L.
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In the following, we will denote again with m; ,_; the previous morphism under the identification t* : U,_; — U;, hence
Mini: Ui QU — Oy @ L.
Letm .: U ®U — Oy and m~

i,n—i in—i °
L respectively. Notice that, with respect to the involution on U; ® U; that exchanges the factors, m;

m; ,_; is antisymmetric, hence they can be seen as morphisms

: Ui ® Up — £ be the compositions of m; ,_; with the projections onto Oy and

+
ia_i is symmetric, while

: Sym2(U;) — Oy, mo . A2(U) - £, (18)

1n1

or equivalently as sections

m;,_; € HY(Y, Sym*(U}")), m;,_; € H(Y, AX(U)) ® L). (19)
Proposition 5.5. Foranyi=1,...,n — 1 the following statements hold true.
(i) m{,_;is determined by m; and m[,, _..

(ii) Thedivisorofzeros of m; ,_; coincides with the divisor A, defined in (16). In particular m;,_; yields an isomorphism between
AU and £ ® Oy(—Ap).
Proof. (i) Lety € Y, let (U;), be the stalk of U; over y and let s1, s, € (U;)y. Then
Min—i($1 ® $2) = $177(52),
hence

( *(s1 )52)
( *(s1 )52) ;

where the product s;7*(s;) (respectively t*(sq)sz) is the usual one between stalks of regular functions defined in some
neighbourhood of 7 ~!(y). For any r € (£),, the associativity of the multiplication implies that

Min—i (Mi(r @ 51) ® 53) =M (I @ M n_i(s1 ® 52))
and hence

My, (Mi(r ®s1) @ 52) =m (r@myj,_(s1 ®s2)).

+
mi,nfi(sl ®s$) =

m;n,i(sl ®s) =

N\»—AN\._A

This implies that, under the natural identification Oy , = End((£)y), mﬁnﬂv(sl ®Sy)=m
the claim follows.

(ii) Without loss of generality we assume that Z is smooth. Indeed, since Z is normal, its singular locus Sing(Z) has
codimension > 2, so, for Z° := Z \ Sing(Z) and Y° := q(Z°), the divisor of zeros of m;,_; and Ap are determined by their
restrictions to Y°.

Foranyy € Y, let us consider the stalk (m m,_ in—iyyofm; _;aty.Letu;, v;be abasis of (U;), as Oy y-module, then u; ® v — vi®u;
is a basis of (A2U; )y, viewed as the submodule of U; ® U;. We have:

mi((_) ® 1) ® s3), and hence

ll‘ll(

m (i @ v — v @ ui) = wit(vi) — vit ()
= ut*(v) — T (T (v)), (20)

where we consider u; and v; as stalks of regular functions defined on some open neighbourhood of 7 ~!(y) in X, such that

o*(u;) = exp(Z¥X— Z”F u; and o*(v;) = exp(@i)vi.
Let us choose local analytic coordinates (y1, ..., yq) for Y aty, and w on Z, such that Z is given locally by the equation
w? = y;. Furthermore, foranyi = 1,...,n — 1, let ¢; be a basis of 7; as (%ﬁ’)lﬂ)—module. Then let
uyp:=1-¢, vi:=w-e. (21)
Notice that we can choose the e;’s in such a way that t*(e;) = e,_;, foranyi =1, ..., n — 1, since t* identifies 7; with F,_;.
So, substituting (21) in (20) and using the equations t*(w) = —w and 7*(e;) = e,_;, we obtain:
m (i @ v — v @ uy) = wt(vy) — T (wiT(vr))
= et (we;) — (et (we))
= ei(—we,—_;) — T (ei(—wen_;))
= —wejep_; — We;ey_;
= —2weje,_; = —2wbp, (22)
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where we have used the fact that e;e,_; = by, b, is a local equation for B, (this follows from (11)). Finally, let 6, be a local
equation for Ap such that g*(8,) = by, then the previous computation shows that

m; (U ® v — v @ u) = —2wq*(8p),
from which the claim follows. O

The following result is a converse to Proposition 5.3.

Theorem 5.6 (Structure of D,-covers). Let Y be a smooth variety and n be a positive integer. Then, to the following data (a), (b)
and (c), we can associate a D,-cover 7 : X — Y in a natural way.

(a) Aline bundle £ and an effective reduced divisor By on Y, such that £ = 0y(— By).
(b) Reduced effective Weil divisors D1, . . DL yonz = Spec(Oy @ L) without common components, such that T(D, U --- U
DL J) doesn’t have common components withD, U ---UD |ty and, in the case where n is even, r(Dn) = Dn where
la] denotes the integer part of a number a € Q, and 7 is the mvolutlon of the double cover q : Z — Y.
c) Divisorial sheaves Fy, ..., F,n, on Z flat over Oy, such that, for any i,j = 1,...,n — 1, (13) holds, and if n is even
L1y
Fn =T (Fun); where for 5] <& k<n—1F =7"(Fau¢)and Dy := T(Dy_y), the coefficients 85 are defined in (12).

The variety X so constructed is normal if and only if, setting »x := gcd{k = 1,...,n — 1|Dy # 0}, then either » = 1, or
g]-‘] — Z;} %Dk has order precisely » in the group of divisorial sheaves of Z. In this case w,Ox = Oy @ﬁ@}i/]n q+F;, in particular
7 is flat.

Before giving the proof of the previous theorem, two remarks are in order.

Remark 5.7. 1. Using the results of Section 3, the divisorial sheaves in (c) correspond to pairs (U, my), ..., (UL%J, mL%J)
consisting of rank 2 vector bundleson Y, Uy, ..., UL%J, and morphisms m; : U; ® £ — U; such that mi2 = §4ldy,, where
By = {84 = 0}. With this notation, T* F; corresponds to (U;, —m;), foranyi = 1, ..., n—1. Furthermore, using Proposition 3.3,

the relation (13) can be written in terms of the (U;, m;)’s and the D;’s.

2. A similar criterion for the existence of D,-covers 7 : X — Y has been given in [8], where X is constructed as the
normalization of Y in a certain dihedral field extension of C(Y). Here, using the structure theorem for cyclic covers, we
construct 7 : X — Y explicitly, we hope that this procedure could be useful for further investigations of Galois covers.

Proof. The data (a) determines a flat double cover q : Z — Y in the usual way, Z := Spec (Oy @ £) and q is given by the
inclusion Oy — Oy @ £ as the first summand. Notice that Z is normal since By is reduced.

We define X := Spec(O; ® F1 D - ® Fn_1), Where O; & F1 ® --- @ Fn_1 is the sheaf of ©z-algebras with algebra
structure given by the isomorphisms (13) in the following way. Since 7"z+1 is a divisorial sheaf, fori,j = 1,...,n—1,a
morphism 7 @ 7 — Fij is uniquely determined by its restriction on the smooth locus Z° of Z. Let us fix firstly sections
8k € HY(Z, 07(Dy)), such that Dy = {8, =0} on Z% foranyk =1, ...,n — 1. By Lemma 3.1, on Z° the sheaves 7y, ..., Fu_q
are locally free, so, locally where they are trivial, we choose generators ey, ..., e,_1 such that e,_; = T%(e;), for any i. The
algebra structure on the restriction of ©; & F; & ... & F;_1 on such open subsets is defined as usual by the equations

k
e = e@H‘SZU7 foranyi,j=1,...,n—1.

Notice that, if we choose different generators, €1, .. ., ,_; satisfying the same conditions &,_; = T*(¢;), then we obtain an
algebra canonically isomorphic to the previous one. Hence the construction globalizes and ©O; & 71 & - - - & F,_1 becomes
a sheaf of Oz-algebras. The morphism 7 : X — Y is defined as usual.

From the previous construction and from the fact that D,,_, = T(Dy), it follows thatT* : O, @ F1 @ --- ® Fp1 —
O; ®F1 D ... D Fy_qis a morphism of Oz-algebras. This defines an involution t : X — X. By construction we have that
o* oT* = 1% o (0~!)*, hence X carries an action of D, such that 7 : X — Y is a D,-cover.

The condition for X to be normal follows from Theorem 1.1 in [20]. O

Remark 5.8. Similarly as for cyclic covers, X in Theorem 5.6 is determined by the data (a), (b) and F; (or (Uy, my)), such that

(]_-®n =0, ( Z ka)

Furthermore, by Proposition 4.4, (F£")* = (Sym"(Uy)) /K.
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5.3. D3-covers and triple covers

In this section we restrict ourselves to D3-covers and relate the results that we obtained so far with the structure theorem
for flat finite morphisms of degree 3 of algebraic varieties [13], also called triple covers. This relation originates from the
following fact: for every Ds-cover = : X — Y, any quotient W := X/(c't) has a natural structure of triple cover of Y
induced by 7; conversely, if W — Y is a triple cover which is not Galois, then its Galois closure is a D3-cover. Since the
elements o't are pairwise conjugate, the corresponding triple covers are isomorphic, hence in the following we consider
only X /(t). Notice that the structure of D3-covers has been studied also in [24].

Let m : X — Y be a D3-cover. We have seen in the previous section that 7 is determined by the locally free sheaves
£, Uy, Uy and a morphism of Oy-modules

m:(Oy@LOU; DU > Oy DLBOU; DU,y

which gives an associative commutative product. The involution t yields an isomorphism 7* : U; — U, as explained in the
previous section. Under this identification one easily see that 7 : X — Y is determined by Oy, £, Uy, my,, m; and my; (see
the previous section for their definitions). In particular,

Ox =0y ®LBU Uy
and the involution 7* acts on the element (a, b, ¢, d) € Oy & £ @ U; & Uy as follows:
t*(a, b, c,d) = (a, —b, d, c).

The subsheaf of t*-invariants, (OX)’* C O, consists of the elements of the form (a, 0, c,c) € Oy & £ & U; & Uy, so the
sheaf of regular functions on W := X /(7) is

Oow = oy & Uy (23)

with inclusion in Oy & £ & U; & U; given by (a, c) — (a, 0, ¢, ¢). The morphism = : X — Y descends to a morphism
f : W — Y, which is a triple cover. We refer to [ 13] for definitions, notations and results concerning triple covers.

Proposition 5.9. Under the identification (23), U; coincides with the Tschirnhausen module of Oy over Oy, that is Uy consists
of the elements of Oy whose minimal cubic polynomial has no square term (U; = E in the notation of [13]). Furthermore, the
tensor ¢, in [13] coincides with my; : U; ® U; — Uy, which has been defined in the previous section.

Proof. For (0,c) € Oy ® Uy, we calculate its cubic power (0, c)®. To this aim, we consider its image (0,0, c,c) €
Oy ® £ & U; & Uy and use the product m of Ox. In order to simplify the notation, we write (0, 0, ¢, ¢) = c + t*(c) € Ox and
denote the product m simply by -. Then we have the following expression:

(c+ 1)) = +1(c)’ 4+ 2ct*(c) (c + T¥(0)) .

Since ¢ + t*(c)?, 2ct*(c) € Oy, the minimal cubic polynomial of ¢ 4+ 7*(c) has no square term and so it belongs to the
Tschirnhausen module of Oy over Oy. This proves the first claim.

For the second claim, recall that by definition ¢, is the composition of the product in Oy followed by the projection onto
U;. For any ¢, ¢’ € Uy, the product between ¢ + 7*(c), ¢’ + 7*(c’) € Ow has the following expression:

(c+ 7)) (' + () = e’ + T*(cc) + cT*(c') + T*(cTH(C")).

Notice that ct*(c’) + t*(ct*(c’)) € Oy and that cc’ + t*(cc’) corresponds to (0, T*(cc’)) € U; under the identification (23).
So ¢, coincides with mq; under the identification t* : Uy — U,. O

Letf : W — Y be a flat finite map of degree 3, let E be the Tschirnhausen module of ©y, over Oy and let ¢, : Sym?(E)
— E be the associated triple cover homomorphism, as defined in [13]. Under the standard identification E = EY @ A%(E) =
Hom(E, A2(E)), u — (v — U A v), We can view ¢, as a morphism ¢, : Sym*(E) ® E — AZ%(E). By [13, Prop. 3.5], ¢,
is symmetric, hence it induces a morphism @ : Sym3(E) — AZ(E). The structure theorem for triple covers states that
conversely f : W — Y is determined by a rank 2 locally free sheaf E of Oy-modules and an Oy-morphism @ : Sym3(E) —
A2(E) ([13, Thm. 3.6]). The proof of the fact that ¢, is symmetric given in [13] is done by a direct calculation using local
coordinates and is a consequence of the fact that E is the Tschirnhausen module of Oy, over Oy.

We extend part of these results to D,-covers, n > 2, and give a different proof of [ 13, Prop. 3.5] quoted above. For any
Dy-cover r : X — Y, there is a Oy-morphism

$n—1: Sym" Y(Uy) — Uy

defined as follows: for any u; ® --- ® u,_; € Sym" !(Uy), their product m (u; ® - - - ® u,_1) is in U,_;, so applying
t* : U,y — U; we obtain an element in U;, this is by definition ¢,_1(u; ® --- ® u,_1). Under the identification
U =2UY ® A%(U,) as before, we can see ¢,_; as a morphism

Gn_1 : Sym" 1(Uy) ® Uy — A*(Uy).
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Proposition 5.10. The morphism ¢,_; is symmetric, hence induces a morphism of Oy-modules ®,_; : Sym"(U;) — A2(U;).
Proof. By the commutativity of m, @,_; is symmetric in the first n — 1 entries. So, it is enough to prove that

P (U@ QU1 V) =P (11 @ Uy @V Q Up_1), (24)
forany uq, ..., u,_1, v € U;. To this aim, let us consider the morphism
mi,_q: AUy = £

defined in (18). By Proposition 5.5, my ., identifies A?(U;p) with L(—Ap), hence (24) is equivalent to

mi, 1 (Pn1(U1 ® - Qup_1 @) =my, | (P11 @+ QUp2 @V Up-1)). (25)
From the explicit form of the isomorphism U; = Uy ® A2(U,) recalled before, we have that
P11 Q- QUp 1 ®V) =T (MU @ -+ @ Un—1)) A V.

Furthermore, by definition, mj,_; (z*(m(u; ® - - - ® up—1)) A v) is the projection onto £ of m(z*(m(u1 ® -+ ® Up-1)) ®
*(v)) € Oy ® L. Since T* commutes with m,

m (e (M ® -+ @ Uup—1)) ® T8v)) = M ((M(U1 ® ... ® Up1)) ® V).
Using the associativity and the commutativity of m, we deduce that
m(mu ®...0Uu—)) V) =t m (M1 ® ... @ Uy ® V) @ Up_1).
Projecting both sides of this equation onto £ we obtain (25), from which the statement follows. O

Remark 5.11. From Theorem 5.6 it follows that, for a D,-cover = : X — Y, the intermediate degree n cover f : W =
X/{(t) — Y embeds naturally in Oy @U; & - - - ® Un 1 if nis odd, respectlvely moyadU;®--- @ UL1 @ M when n is even.

Then the symmetric morphism @,_; : Sym"(U;) — AZ(Ul) determines f : W — Y birationally.

6. Simple and almost simple dihedral covers and their invariants

In this section we define the simple dihedral covers and the almost simple dihedral covers, and we investigate some of their
properties. Throughout the section we assume that Y is a smooth variety.

Recall that, from Proposition 5.2, a D,-field extension C(Y) C E is given by E = C(Y)(x), where x satisfies an irreducible
equation of the following form:

2 _2ax" + F" =0,
with a, F € C(Y). In order to construct varieties having E as field of rational functions, one could proceed in the following
way. Consider a geometric line bundle L — Y, sections a € H°(Y, L®"), F € H°(Y, L®?), and define
={vel|v"-2a"+F'=0}CL,

where v is a fibre coordinate of IL. The singular locus of X’ contains the locus v = F = 0, so it has codimension 1 and X’ is
not normal.

We slightly modify this construction in the following way. Let . — Y be a geometric line bundle, a € H(Y, L®") and
F € HO(Y, L®?). Define X C L @ L to be the set of (u, v) € L @ L such that the following equations are satisfied:

uv =F
{u” —2a+v" =0 (26)

where u (resp. v) is a fibre coordinate of the first (resp. second) copy of L in L & L. The dihedral group D, acts on X via
o(u,v) = (¢u, ¢~ ), t(u, v) = (v, u), where ¢ € C* is a primitive root of 1.
Theorem 6.1. Let Y be a smooth variety. Let L — Y be a geometric line bundle, a € H(Y,L®")and F € HO(Y, L®2), such that:

(i) the zero locus of a> — F* € HO(Y, L®?") is smooth in the open set F # 0;
(ii) the divisors {a = 0} and {F = 0} intersect each other transversely.

Then the variety X defined by Eqs. (26) is smooth and the restriction to X of the fibre bundle projection L ® L. — Y isa
D,-cover, w : X — Y, with branch divisor B, = {F" — a®> = 0). Furthermore, if {a = 0} N {F = 0} # @, then X is irreducible.

Definition 6.2. A simple D,-cover of Y is the D,-cover 7 : X — Y given as in Theorem 6.1 by the restriction to X of the
fibre bundle projectionL® L — Y.
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Proof. (Of Theorem 6.1.) Let us define @, := uv — F and &, := u" — 2a + v", so that Eqs. (26) become

P4 =0
@, =0.
Taking partial derivatives along the fibre coordinates we have:
0P, 09,
u v v u
00, 0P, ' 1)
au v
hence the ramification divisor of 7 is R = {v" —u™ = 0}. Notice that v" —u" is (o *)-invariant, while T*(v" —u") = —(v" —u").
Therefore the branch locus B, is defined by the following equation:
(Un _ un)(un _ Uﬂ) — _(UH _ un)z
= —(V" + u")? + 4(uv)®
= —4a® + 4F".

Let us consider first the restriction of 7 over the points where F # 0. In this locus, we have v = F /u and so the equation
&, = 0 is equivalent to

® =0, where @ :=u*" —2au"+F".

It follows that 7 is finite over the open set F £ 0. To show the flatness of = over F # 0, by Proposition 2.2 it suffices to prove
that X is smooth there. To this aim consider

— =2m" (" — a),

au
which can vanish only if u" — a = 0, since F # 0 = u # 0. On the other hand, over the locus u" —a =0,
0P .00  OF"
— = 2u"— + —
ay ay ay
_O(F" — a?)
= iy

where y is any coordinate function on Y. Since F" — a? = 0 is the branch divisor and, by hypothesis (i), it is smooth in F # 0,
it follows that X is smooth there.

We consider now the restriction of = over the locus F = 0 and notice that here uv = 0. If u # 0, then as before we
see that 7 is finite. The smoothness of X at (u # 0,v = 0) follows from the fact that (u # 0,v = 0) ¢ R. The same
argument applies if v # 0. It remains the case where u = v = 0, which implies that a = F = 0. By hypothesis (ii),
a and F are part of a local coordinate system near the points where a = F = 0, in the analytic topology. Writing the
equations for X in these coordinates, we see that X is smooth at these points. There remains to show that 7 is finite also
over the points a = F = 0. Here uv and u" + v" are precisely the D,-invariants, and Oy is a free Oy-module generated by
Lu'— v uu?, . um e vt

Let us now assume that {a = 0} N {F = 0} # @. The irreducibility of X is equivalent to the surjectivity of the monodromy
of the cover, u : m1(Y \ B;) — D,. Since the branch divisor of the intermediate cover q : Z — Y coincides with B,, it
is reduced, so Z is irreducible and hence Im(.) contains a reflection o'z. To see that also o € Im(u), let us choose local
coordinates (a, F, ys, ..., Ydaim(y)) for Y at a point in {a = 0} N {F = 0} and consider the path in X

2wA/—1 2mw+/—1
y(t) = | exp Tf Uup, exp | — t)vo,F,a,y3, ..., Ydimy) | »

n

where, (g, vo, F, a,y3, ..., Ydimv)) € X. Then, y(1) = oy(0), and 7 o y is aloop contained in Y \ B, if and only if
exp(2m v/ —1t)uy — exp(—2w~/ —1t)vg #0, V.
Since this condition can be easily achieved, e.g. by choosing ug, vo with |ug| # |vg], the claim follows. O

Notice that the hypothesis (i) in the previous theorem is general, as it follows from the next proposition.

Proposition 6.3. Under the same notation as before, for a general choice of a € H(Y,L®")and F € H(Y,L®?), F" —a®> =0
is smooth over F # 0.

Proof. This follows directly from Bertini’s theorem (see e.g. [25]). O
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6.1. Invariants of simple dihedral covers

We first determine the eigensheaves decomposition of 77,Ox, where 7 : X — Y is a simple D,-cover. Let L, F and a be
as in the statement of Theorem 6.1, and let us denote with Oy (L) the sheaf of sections of L. Then, over an open subset S C Y
where L is trivial, from (26) we deduce that
OS [)‘7 M]
(At — F, A" — 2a + u")
n—1
Os @ Os(A" — ") @ (0sh' ® Osp" ),
i=1

”*OX|5 =

12

where A and y are fibre coordinates on the dual LV of L. This local description globalizes and we have:
n—1

m,.0x = @[0y(—iL) ® Oy(—(n — i)L)]. (27)
i=0
Notice that, for the sheaves £ and U; introduced in Section 5.2, we have:
L = 0y(—nL), U; = Oy(—il)® Oy(—(n—1i)L).
To determine the canonical bundle of X, we use the canonical bundle formula for branched covers:
wyx = wy @ Ox(R),

where R is the ramification divisor of 7. If ¥ : X — Y is a simple D,-cover, then R = {u" — v" = 0} (see the proof of
Theorem 6.1). Since u™ — v" is a generator of the eigensheaf corresponding to the irreducible representation of D, with
character x3, Ox(R) = n*£Y = n*Oy(nL). Hence

wx = * (wy(nl)) . (28)

In particular, if dim(X) = 2, then the self-intersection of a canonical divisor of X is:

K7 = 2n(Ky + nL)%. (29)

To compute the Euler characteristic x(Ox), by the finiteness of 7 we have that x(Ox) = x(m.Ox). In particular, if
dim(X) = 2, the Riemann-Roch theorem for surfaces yields the following formula:

1 1
x(Ox) = 2nx(0y) + gn(zn2 +1L-L+ 5nzL - Ky. (30)

6.2. Almost simple dihedral covers

In this section we define the almost simple dihedral covers, which can be seen as projectivizations of the simple dihedral
covers. The construction follows closely the one of almost simple cyclic covers, introduced and studied in [10].

The covering space X of an almost simple dihedral cover 7 : X — Y, over the smooth variety Y, is defined as a complete
intersection in the fibre product P; xy P, — Y of two P!-bundles over Y in the following way. Let L. — Y be a geometric
line bundle and C = Y xC — Y be the trivial geometric line bundle. For eachi = 1, 2, let P; := P(C @ L) be the P'-bundle
associatedto Cd L — Y, and let p; : P; — Y be the corresponding projection. Here, each fibre of p; is the projective space
of 1-dimensional subspaces in the corresponding fibre of C @ L, hence, using the notation in [21], P; = Proj (Oy ® Oy(—L))
and in particular (p;)Op,(1) = Oy @ Oy(—L), where L is a divisor in Y such that Oy(L) is the sheaf of sections of L. (hence
L = Spec(Sym(Oy(—L)))). On each IP; there are projective fibre coordinates: [ug : u1] for Py, [vg : v1] for P,. ug, uq are defined
as follows (vp, vy are defined in the same way): let U C p3(C @ L) be the universal sub-bundle, then ug : U — p3(C) is the
composition of the inclusion with the projection; similarly for u; : U — pjL. Notice that, since U = Spec(Sym Op, (1)), then
Uuo € H(Py, Op, (1)) and u; € HO(Py, Op, (1) ® pi0Oy(L)).

Let F € H(Y, L®?) and let Ay, Ay be effective divisors in Y such that

AO = nL+AOO

Let as, € HO(Y, Oy(As)) and ag € HO(Y, Oy(Ap)) be such that Ay, = {as = 0} and Ay = {ay = 0}.
Consider the subvariety X C Py xy P, = P(C & L) xy P(C @ L) defined by the following equations:

& =0
{cpz =0, (31)

where
@1 1= uv1 — UguoF, Do == aoviug — 2apvyuf + asevgu],

Up, U, Vg, v are defined above and ([up : u1], [vo : v1]) are projective fibre coordinates on P(C @ LL) xy P(C @ LL).
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Notice that the dihedral group D, acts on X in the following way:

o([uo : url, [vo : v11) = ([uo : Cuql, [vo : ¢~ 'v1l),
7([uo : url, [vo : v1l) = ([wo : v1], [uo : u1l),

where ¢ € C* is a primitive nth root of 1. Then we have the following result.

Theorem 6.4. Let Y be a smooth variety, . — Y be a geometric line bundle, C = Y xC — Y be the trivial geometric line bundle,
and F € HO(Y, 1L®2). Let Ay, A be effective divisors in Y such that

AO = nL+AOO,

where L is a divisor in Y with Oy(L) being the sheaf of sections of L. Let as, € H(Y, Oy(As)) and ag € HO(Y, Oy(Ao)) be such
that Ay, = {as = 0} and Ay = {ag = 0}.
Assume that the following conditions are satisfied:

(i) Ap intersects {F = 0} transversely, Ag N Ax, = ¥ and A, is smooth;
(i) the locus {a} — F"a2, = 0} is smooth on the open set F # O.

Then X, defined by (31), is smooth and the restriction of the projection P(CHL) xy P(CHL) — YtoXisaD,-coverm : X — Y
with branch divisor B, = {aoo(ag — agoF“) = 0}. Furthermore, if Ag N {F = 0} # ¢, then X is irreducible.

Definition 6.5. An almost simple D,-cover of Y is the D,,-cover = : X — Y given as in Theorem 6.4 by the restriction to X
of the fibre bundle projection P((CH L) xyP(C® L) — Y.

Proof. We first prove that the intersection of X with each one of the standard open subsets votly # 0, viug # Oand viu; # 0
is a smooth variety. This suffices because t({vou; # 0}) = {v1up # 0}.

To this aim, observe that the restriction of r to the locus where ugvg # 0 is a simple D,-cover. Indeed, setting u = u;/up
and v = vy/vy, Eqgs. (31) reduce to

uv —F =0
oo V" — 209 + Auet” =0.

Since A, N Ap = @, on this locus a., never vanishes, and setting a = ap/a., we obtain Egs. (26). Under our hypotheses
Theorem 6.1 applies, hence X is smooth if ugvy # 0.

Consider now the locus vit; # 0 and observe that there F never vanishes. Let us define u = uy/uy, v = vp/v; and
g = 1/F.Then Egs. (31) become

uv =g
Aol — 2apg8" + apov™ =0.
Since Ao, N Ag = ¥, a, never vanishes in this locus. So, defining a = ag/a~, we get the following equations for X:
" —2ag™u" +¢g" =0, v=g/u

Notice that this is the equation of a D,-cover, with action o (u) = ¢u, t(u) = g/u. Since g # 0 everywhere, (o) = Z/nZ acts
freely and so X is smooth if and only if the intermediate double cover is smooth. The intermediate double cover has equation
z?> — 2ag"z + g" = 0 and its branch divisor is {g"(g"a* — 1) = 0} = {a®> — F" = 0}. By hypothesis (ii) this locus is smooth,
so X is smooth where vyu; # 0.

It remains to consider the case where viuy # 0. Here, setting vi = 1 = ug, Egs. (31) reduce to

u; — voF =0
n n,n
(oo — 209V + Aoyl =0.

Substituting u, = voF in the second equation we obtain:
Ao — 2a0Vf + Ao F"v3" = 0.

Notice that, if vy # 0, then we have already seen that X is smooth. On the other hand, when vy = 0, we must have a,, = 0,
and then the smoothness of A,, implies that of X.

The finiteness of 7= follows from the fact that 7 has finite fibres and its restriction to each open subset of Y where L is
trivial is projective ([21], III, Ex. 11.1).

To describe the branch divisor, recall that the restriction of 7z to the open set vy # 0 is a simple dihedral cover and so
its branch divisor is F" — a®> = 0, where a := ag/d«.. Notice that, if ugvg # 0, then a,, # 0 everywhere, on the other hand, if
Ugvg = 0, then uqvy = 0 by (31),s0 X N {ugvg = 0} C {uyve # 0} U {ugvy # 0}. The claim now follows from the previous
explicit description of 7w on ugv; # 0.

Finally, if Ao N {F = 0} # @, then X is irreducible since the open subset X N {ugvy # 0} is irreducible by Theorem 6.1. O
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The invariants of almost simple D,-covers 7 : X — Y can be computed in the same way as in the simple case, once
a description of 7,0x in terms of L and A, is provided. In the remaining part of this section we show that there is an
isomorphism as follows:

m.O0x = Oy @ Oy(—nL — Ax) @
n—1
(@[oy(—u) ® Oy(—(n — i)L)]) (—Ax). (32)
i=1

Notice that, on the open subset Y \ A,, where 7 is a simple cover, the previous formula reduces to (27).
To prove (32), we consider the following Cartesian diagram

QL)]PZ

ﬁ1l Jf’z
b1

P, —2 5 Y

where Q = P; xy P, is a P' xP!-bundle with projectionp : Q — Y,p = p; o p;, Vi = 1, 2. Recall that the Picard group
of Q is isomorphic to Pic(Y)xZ®? via the usual isomorphism that sends (£, m, n) € Pic(Y)xZ®? to p*L ® Og(m, n) =
p*ﬁ ® Oﬂ”](m) X O]P’z(n)'

Let us define D; := {®; = 0} to be the divisor of Q given by the equation ¢; = 0in (31), fori = 1, 2, and notice that

@1 € H(Q, 00(1, 1) ® p*Oy(2L)),
@, € H(Q, 0o(n, n) ® p*Oy(nL + As)) - (33)
Then we consider the usual short exact sequence
0—Ix - Og - Ox — 0, (34)

where Zy is the sheaf of ideals of X. Since X is the complete intersection of two divisors in Q, the Koszul resolution of Zy is
as follows:

0— OQ(—D] — Dz) —> OQ(—D1) (&) OQ(—DZ) —> ZX — 0. (35)
Applying p, to (34) we obtain the following split short exact sequence:
0 — Oy = p,0g — p,Ox — R'p,Ix — 0,

where we have used the fact that p,Zy = 0 = R'p, 0.
In order to compute R'p, Zx, we apply p. to (35) and we obtain the following exact sequence:

0 — R'p.Zx — R*p.Oo(—D; — Dy) — R*p. (Oo(—D1) ® Og(—Dy)),

where we have used the equality R'p, (0Og(—D1) @ Og(—D;)) = 0 that follows from the Kiinneth formula. Furthermore,
since R?p,Oo(—D;) = 0, we have that

R'p.Zx = ker[R’p.0o(~Di — D) = Rp.Oo(~D2)].

where p is induced by the morphism Og(—D; — D;) — Og(—D-) in the Koszul resolution of Zy, given by y¥/; A ¥, +—

Y1(@1)y2, for ¥ € Og(=Dy).
To describe u explicitly, we use the following isomorphisms:

R*p,0g(—D1 — D;) = "1 (Oy @ Oy(L))®* ® Oy(—nL — A),
R?p,0o(~D2) = S"2(0y @ Oy(L)® ® Oy(—(n — 2)L — Ax),

that follow applying the projection formula, Kiinneth formula, and the standard isomorphisms (see e.g. [21, Ex. 8.4, III]).
Then, if we choose local sections xg, yo of Oy, and x1, y; of Oy(L), that generate the corresponding sheaves, we obtain the
following local basis for S™1(0y @ Oy(L))®?:

i —1—i j —1—j ..
Ej=xx"""@yy "7, 0<ij<n-1

Similarly, Gy := (XEX" 2 * @ ymy" "™ ® (x; ® y1), for 0 < k, m < n — 2, is a local basis for S 2(0y ® Oy(L))®? ® Oy(2L).
The morphism u in these basis is given as follows:

w(Eyz) = Gij — fGi_1j-1,
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where F = fx; ® y1, and Gy, == 0, for k,m ¢ {0, ..., n — 2}. Hence from elementary linear algebra, we have that ker(u)
(twisted by Oy(nL + A)) is generated by E,,_; jand E; ,_q,for 0 <i,j <n—1.So

n—1 n—2
ker(u) = [ | @D ov(n—1- ) @{@oy«n—l—nm] ® Oy(—nL — Ax),
=0 i=0

and hence (32) follows.
7. Deformations of simple dihedral covers

Let X be a simple dihedral covering of Y: this means that X is the subvariety of the vector bundle V = L @ L which is (see
(26)) the complete intersection of two hypersurfaces, one in [p*(2L)|, the other in |p*(nL)|; here p : V — Y is the natural
projection.

Observe now that the cotangent sheaf of V is an extension of p* Q}l by p*(Oy(—L)®?),

0 — p*2y — 2y — p*(Oy(-L)**) - 0, (36)

where p*.Q; — .Q‘} is the cotangent map of p.
Then the conormal sheaf exact sequence of X reads out, if we denote by L’ := 7*(L), as

0 — Ny = Ox(—2L) @ Ox(—nl') > 2 @ Ox — 24 — 0,
and the dual sequence is
0— Ox —> Oy ® Ox —> Nxyy = Ox(2L') ® Ox(nL') — 0,
whose direct image under 7, yields the tangent exact sequence:
0 — m,0x — m(Oy ® Ox) — (Oy(2L) ® Oy(nL)) ® m.(Ox) — 0.
Passing to the long exact cohomology sequence, we get the Kodaira-Spencer exact sequence
HY((0y(2L) ® Oy (nl)) ® 7,(0x)) — H'(Ox) — H'(m:(Oy ® Ox)) — . (37)

The meaning of the first linear map is given through the following definition.

Definition 7.1. The space of natural deformations of a simple dihedral covering is the family of complete intersections
of V:

uv — F =0
= 38
Ut —2a+ 0"+ Y (bl + ') +dw" — ") =0, (38)
1
where b;, ¢; € H(Oy(n —i)L), d € H(Oy). (39)

Remark 7.2. The reader can see that in the second equation
n—1
—2a+v"+ ) (bt + cv') + d(u" — v")
1

can be any section in H(Oy(nL) ® m.(Ox)), in view of our basic formulae; instead, any section in H(Oy(2L) ® m.(Ox)) is of
the form

—F 4 Bu+ av + ru® + pu?, where o, 8 € HY(Oy(L)), A, u € C.

But the new equation uv — F + Bu + av + Av? + pu? is the old form v’v’ = F’ (up to a multiplicative constant) if we choose
new variables

Ui=u+a+iv, vVi=v+ B+ puu.

Of course, one can deform not only the equations, but also simultaneously the base Y, the vector bundle V, and the
equations; this however leads in general to a deformation with non smooth base.
We have at any rate an easy result which says that all small deformations are obtained by natural deformations.

Theorem 7.3. Assume that = : X — Y is a simple dihedral covering. Then all small deformations of X are natural deformations
of m: X — Y, provided H'(m,(®y ® Ox)) = 0 (that happens, for example if H'((®y & Oy(L)®?) ® m,(Ox)) = 0). In particular,
the Kuranishi family of X is smooth, and the Kuranishi space Def(X) is locally analytically isomorphic to

Def’ := coker (H(m.(Oy ® Ox)) = H((Oy(2L) ® Oy(nL)) ® m,(Ox))) -
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Proof. By our assumption, and the Kodaira-Spencer exact sequence, we have an isomorphism of vector spaces Def =
H'(®y). Moreover, by the previous remark, the family of natural deformations has Kodaira-Spencer map which is surjective
onto Def; therefore, by the implicit functions theorem, Def(X) is the germ of the analytic space H!(©y) at the origin, hence
our claim. O

8. Examples and applications
8.1. Simple dihedral covers of projective spaces

We first consider the case where Y = P2, the complex projective plane, n = 3 and Oy(L) = O2(1). Then a <
HO(P?, ©52(3)) and F € HO(P?, 0p2(2)) are a cubic and a quadric curve respectively, such that the sextic curve {F? — a> = 0}
is smooth in the locus F # 0, and {a = 0} intersects {F = 0} transversely. By Theorem 6.1, we have a smooth D3-cover
7 : X — P? branched over B = {F> — a®> = 0}. Notice that B € | — 2K;2| and w2 = Oy(—3L). Hence

wx = JT*(Q)]PZ(3L)) = Ox.

Furthermore, g(X) = 0, hence X is a K3 surface.

Let W = X/(zr) and let f : W — P? be the induced triple cover (see Section 5.3). Then W can be realized as a cubic
surface in P? in such a way that f is the projection from a point in P> \ W. Indeed, consider Eqs. (26) which define X. If we
define w := u + v, then

w? = ¥+ 03 + 3uv(u +v)

= 2a+ 3Fw.

The branch divisor of f is B = {F> — a?}. So, under the hypotheses of Theorem 6.1, 5 is a sextic with 6 cusps lying on a conic.

The fundamental group of the complement P \ 3 of a sextic curve B as above has been studied in [ 11], where in particular
it is proven that r1(P? \ B) is generated by two elements of order 2 and 3 respectively. From this it follows that there exists
a surjective group homomorphism m(P? \ B) — Ds, and hence it follows from the generalized Riemann existence theorem
of Grauert and Remmert, that there exists a D;-cover 7 : X — P2, From Theorem 6.1 we have an explicit construction of
such a cover.

Let now n > 3 and consider the simple D,-cover & : X — P? associated to Oy(L) = Op2(1), a € H'(P?, Op2(n)) and
F € H°(P?, Op2(2)). Under the hypotheses of Theorem 6.1, X is a smooth surface with

wx = N*Opz(n — 3),
K2 = 2n(n — 3)°,
1, 3 13

Ox) = —n®— Zn®> + —n,
x(Ox) 3 3 +6

in particular X is a surface of general type, which is minimal since Kx - C > 0 for any curve C C X.
Finally, letn = 2, Y = P? and Oy(L) = Op2(1). Under the hypotheses of Theorem 6.1, X is a smooth surface with the
following invariants:

wx = N*OPZ(—l)

x(0x) =1
q=0
Kg =4

pn = dimH(X, ") = 0.

Hence X is a rational, non-minimal surface. Indeed, X is isomorphic to a del Pezzo surface of degree 4 in P*, the complete
intersection of the quadrics uv = F(xg : X1 : X2), u? + v? = 2a(xo : X1 : X2), where (xo : X1 : X : u : v) are now homogeneous
coordinates in P*.

In a similar way one can construct examples of dihedral covers of P? with Oy(L) = Op2(d), d > 1.

As an application of Theorem 7.3, we have that all the small deformations of a simple D,-cover 7 : X — P? associated
to Oy(L) = O(m), m > 1, are natural deformations, if (m, n) = (1, 2), orm > 2 and any n > 2. This follows directly from
Theorem 7.3, formula (27) and the computation of the cohomology of sz;d(k) ([26, p. 256]).

Remark 8.1. Notice that, in general, a simple D,-cover of P4, 7 : X — P9, associated to Oy(L) = O(m), F € H'(P?, ©(2m))
and a € HO(P?, ©(nm)), is isomorphic to a complete intersection X’ in the weighted projective space P+%(1, ..., 1, m, m),
where

X ={(%:...:Xg:u:v) € P™(1,..., 1, m,m)luv =F, u" + v" = 2a}.
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To see this, observe that X C L @ L is the quotient of XcC (C4+1\ {0})x C? via the linear diagonal action of C* with weights
(1,...,1, m, m), where

X = {(xo, ..., %q u, v)]uv = F, u" + v" = 2aj.
The claim now follows since (C%*1\ {0})xC? c €43\ {0}, and the action of C* on (C¢*+! \ {0})x C? is the restriction of the
linear diagonal action on C%*+3 \ {0} with weights (1, ..., 1, m, m).

If d > 3, then Theorem 7.3 implies that all the small deformations of X are natural deformations of the simple D,-cover
7 : X — P Indeed, in this case, we have that

H] ((@Pd @ O]pd(m)ez) ® H*OX) = Ov

as it follows from the fact that H'(P/, Opa(k)) = 0, V k, and that H'(P?, ©a(k)) = H* (P!, 2],(—k —d — 1)) = 0,V k [26].

8.2. An application to fundamental groups

According to the generalized Riemann existence theorem of Grauert and Remmert [27], coverings 7 : X — Y of a normal
variety Y, of degree n, with branch locus contained in a divisor B C Y, and with X normal, correspond to conjugacy classes
of group homomorphisms w : 71(Y \ B) — &;. In this situation, X is irreducible, if and only if Im(u) is a transitive subgroup
of G,; m : X — Y is Galois with group G := Im(u), if and only if G coincides with the group of automorphisms of 7. In
particular, if 7 : X — Y is a G-cover with G non-abelian and X irreducible, then 7z1(Y \ B) is necessarily non-abelian.

Fundamental groups of complements of divisors in projective varieties have been extensively studied by many authors.
As a direct consequence of Theorem 6.1, we have the following result.

Proposition 8.2. Let Y be a smooth variety and L C Y be a divisor. Assume that there exist a € H°(Y, Oy(nL)) and
F e HO(Y, ©y(2L)), such that the conditions (i), (ii) of Theorem 6.1 are satisfied and {a = 0} N {F = 0} # @. Then m1(Y \ B)
admits an epimorphism onto Dy, in particular it is non-abelian, where B = {a* — F" = 0}.

Notice that similar results have been obtained using different methods ([28, Lemma 3], [29]). Briefly, one considers the
pencil {22(a = 0) + un(F = 0)};.,)epr C [2nL| and the induced morphism Y \ B — P!\ {(1 : 1)}. This gives a group
homomorphism 7¢(Y \ B) — JT;"{;(P1 \ {(1: 1)}), where 71;’”’ is the orbifold fundamental group of P! \ {(1 : 1)} with two
orbifold points, (1 : 0) of order 2 and (0 : 1) of order n. Now, using the long exact homotopy sequence, one concludes that
(Y \ B) —> n;’”’(IP] \ {(1: 1)})is surjective and so 7(Y \ B) is not abelian.
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