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1. Introduction

The relatively recent paper (following earlier work in ) on the computation
of the scalar curvature for a class of metrics on noncommutative tori, and related
Gauss—Bonnet theorems, has led to a flourishing of what one might call noncom-
mutative Riemannian geometry. An approach to this, for which we refer to the
expository paper and references therein, is via the spectral properties of the
Laplacian (or Dirac) operator.

On the other hand, an algebraic approach was taken by a number of authors
( @ ) whereas one computes the curvature in terms of the Levi-Civita
connection. A somewhat related approach is in . Some earlier studies
of metric approach and Levi-Civita connection for noncommutative spaces are in
18]

The proof of the uniqueness of Levi-Civita connections in classical differential
geometry yields the Koszul formula and it turns out that this formula actually
defines a connection which is torsionless and compatible with the metric. The goal
of this article is to demonstrate a noncommutative analogue of this proof under
some reasonable assumptions (see Theorems @ and .

Connections in noncommutative geometry have been studied from several view-
points. In m there were studied covariant derivatives on a certain class of
modules of derivations of a noncommutative algebra as well as the notion of bimod-
ule connections (see for these also [4] and references therein). Now in classical
differential geometry, the Riemannian metric and connections live more naturally
on the level of vector fields. However, in the context of noncommutative geometry,
it seems more natural to work on the level of differential forms and that is what we
do in the present paper. Thus, for a (possibly) noncommutative algebra A and the
bimodule of one-forms £ coming from a differential calculus, a (right) connection
on &£ will be a C-linear map V : &€ — & ®4 & satisfying the Leibniz rule for the
right multiplication of elements in A. However, our approach allows us to make
contact with both of these approaches. In Sec. [7| we prove that the Levi-Civita
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connection that we obtain in Theorem [6.1]is a bimodule connection with respect to
a canonical symmetrization map obtained from natural assumptions. In a compan-
ion article [§], we prove that our assumptions allow us to have a sufficiently large
Z(A)-bimodule of derivations on the A-bimodule £ of forms so that we can define
covariant derivatives and recover a Koszul formula on this Z(.A4)-bimodule.

Let us discuss the plan of the article. In Sec. [2| we recall the definitions of dif-
ferential calculus and connections on them. In Sec. [3] we show that if the bimodule
E ®4 E (€ being the space of one forms coming from a differential calculus) admits
a splitting into symmetric and antisymmetric 2-tensors, then £ admits a torsion-
less connection which is canonically related with the Grassmann connection. As a
result, we have a symmetrization map o on the bimodule £ ® 4 £. This allows us to
define the notion of a pseudo-Riemannian metric and study its properties in Sec. 4]
Consequently, in Sec. o] we define the metric-compatibility condition of a connec-
tion on the center of the module £ and prove a Koszul formula for a torsionless and
metric-compatible (on the center) connection for bilinear pseudo-Riemannian met-
ric. Under an additional assumption (see Theorem [6.1)) made in Sec.[6 we prove the
existence and uniqueness of a torsionless and metric-compatible (on the whole of &)
connection as an application of the Koszul formula proved in Sec. [f] In Sec.[7] as a
genuine application of the Koszul formula, we prove that our Levi-Civita connection
is indeed a bimodule connection. Finally, in Sec. [§] we construct a spectral triple
(see |9, Definition 2, p. 546]) for the fuzzy sphere and prove the existence of the
Levi-Civita connection and compute the scalar curvature for a canonical bilinear
pseudo-Riemannian metric.

We fix some notations which we will follow. Throughout the article, A will
denote a complex algebra and Z(A) will denote its center. The tensor product over
the complex numbers C is denoted by ®c¢ while the notation ® 4 will denote the
tensor product over the algebra A. For a subset S of a right A-module &£, SA will
denote its right A-linear span: SA = span{sa: s € S, a € A}. We will say that a
subset S of a right A-module € is right A-total in & if the right A-linear span of S
equals £.

For A— A-bimodules £ and F, the symbol Hom 4 (€, F) will denote the set of all
right A-linear maps from £ to F. Similarly, 4Hom(&, F) will denote the set of all
left A-linear maps from £ to F. In particular, we will use the shorthand notation
E* =Homy(&, A).

For A — A-bimodules F and F’, let us spell out the left and right A-module
structures for Hom 4(F, F') and 4Hom(F,F").

The bimodule multiplications on Hom4(F,F’) and on 4Hom(F,F’) are
respectively:

(a.T)(f)=aT(f) € F, Ta(f)=T(af), ac A feF,TcHomu(F,F);
(@ T)(f) =T(fa), (T.a)(f)=T(f).a, ac A feF,Tec sHom(F,F).
(1)
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2. Differential Calculus and Connections on One-Forms

As already mentioned, in the context of noncommutative geometry, it is more nat-
ural to work on the level of differential forms and that is what we do here. In this
section, we recall the definition of connections on the space of one-forms coming
from a differential calculus. This is followed by the notion of torsion. Then we
define the notion of pseudo-Riemannian metric and compatibility of a connection
on one forms under some assumptions on the differential calculus and the pseudo-
Riemannian metric.

Definition 2.1. Suppose A is an algebra over C. A differential calculus on A is a
pair (2(A), d) such that the following conditions hold:

(1) Q(A) is graded: Q(A) = @, ¥ (A), where Q°(A) = A and Q7 (A) are A— A-
bimodules. Thus, Q(A) is an A — A-bimodule.
(2) We have a bimodule map A : Q(A) ® 4 Q(A) — Q(A) such that

A(SY (A) @4 OF(A)) € 94(A).
(3) We have a map d : Q7(A) — QIF1(A) such that
=0 and (WAnN) =dwAn+(=1)38Wy A dy.
(4) ©Q7(A) is the right A-linear span of elements of the form dag Aday A---Ada;_1.

Assumption 2.2. Throughout the present paper, the notation £ will stand for the
space of one-forms Q! (A) of a differential calculus. It will also be assumed that &
is a finitely generated projective right A-module.

Definition 2.3. Let (Q(A), d) be a differential calculus on A. A (right) connection
on £ := Q(A) is a C-linear map V : & — £ @4 Q*(A) satisfying the Leibniz rule

V(wa) = V(w)a +w @4 da
forallwe &,a € A.

The assumption that £ is finitely generated and projective is crucial in the
present paper. In fact, by [12, Corollary 8.2], a (right) module admits a connection
if and only if it is projective. Let us recall the construction of the Grassmann
connection V&7,

Since & is finitely generated and projective as a right .A-module, there exists a
natural number n and an idempotent p € M, (A) such that p(A™) = €. If {e; :
j=1,...,n} is a basis of the free right .A-module A", then the elements {®; :=
ple;) :j=1,...,n} form a “frame” (in the sense of Rieffel, [24]) of £. In particular,
Spanc{®,} is right A-total in £. Let 1 be an element in £. Then there exist elements
{aj : j =1,...,n} in A such that n = >, ®;a; and the Grassmann connection
VT is defined to be:

V() = ®; ®4day.
J
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It is well-known that the set of all connections on £ is an affine space: any two right
connections on & differ by an element of Hom4(€,& ®4 &).

3. Existence of a Torsionless Connection

We next recall the notion of the torsion of a connection and show the existence of
a torsionless connection on a finitely generated projective module £ in the presence
of a splitting of the right A-module £ ® 4 £.

Definition 3.1. The torsion of a connection V : £ — £ ® 4 £ is the right A-linear
map

Ty :=ANoV+d:E— Q*A).
A connection V is called torsion-less if Ty = 0.

The torsion of the Grassmann connection VE defined in Sec. [2l is non-zero.
Indeed, if n = }_, ®;a; as in Sec. 2} then

Tyar(n) = AV (n) +d(n)
= Z(I)j N daj + Zd(q)j)aj — Z(bj A daj
J J J

= Z d(®;)a;.

Remark 3.2. Let M be a manifold and A the algebra C°°(M). Let us consider
the classical differential calculus (2(A),d) where d is the de-Rham differential and
Q(A) the usual space of forms. Thus, £ is the usual space of one-forms. It can be
easily checked that the differential calculus (2(A), d) is tame in the sense of [8, Def-
inition 2.2]. Thus, we can apply [8, Proposition 5.1] to conclude that our definition
coincides with the usual definition of a torsionless connection in the classical case.

Theorem 3.3. Suppose the short exact sequence of right A-modules
0 — Ker(A) — £ @4 € — Ran(A) = Q*(A)

splits. Then there exists a torsionless connection Vo on &.

Proof. By our assumption, there is a right A-submodule F of £ ® 4 £ and a right
A-module isomorphism @ : F — Q2(A) such that Q(8) = A(B) for all B € F. We
define Vo : £ - £ ®4 € by the formula:

Vo=V —Q Tyar).
Then Vj is a connection since for all n € £ and for all a € A, we have
Vo(na) = V" (na) = Q™' (Tyer (na)) = V" (n)a+n @4 da — Q™ (Tyer(n))a
= (V" (n) = Q" (Tyer(m))a+n @ da = Vo(n)a+1 & da,
where we have used that fact that @Q is a right A-linear map.
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Finally, Vj is torsionless as
AVo(n) +dn = AV (1) = AQ™H(Tyer () + dn
= Tyer(n) — Tyer(n) =0.
This finishes the proof of the theorem. O
Definition 3.4. Suppose & satisfies the hypothesis of Theorem [3:3] We will denote

by the symbol Py the idempotent in Hom (€ @4 &, € @4 €) with image Ker(A)
and kernel F. Moreover, o will be the map

0 = 2Psym — 1.
Let us also note that o2 = ideg & Thus, we have
E@4E=Ker(N)®F

where Ker(A) = Ran(Pisyy) and F = Ran(l — Py ). Also, F is isomorphic to
O?(A) as right A-modules via a right A-linear isomorphism Q : F — Q?(A). In
fact, @ = A on F.

We will need to define the action of £* ® 4 £* on the space of two forms. For
that, let us recall that the map A is an isomorphism from F = Ran(l — Pym)
onto 02,

Definition 3.5. Suppose ¢, are elements of £* and let W be an element of Q2.
We define

(P @AY)W =2(0 @4 )B,
where S is the unique element in F = Ran(1 — Py, ) such that W = AS.

Here the factor 2 is just a normalization factor in the product A. Let us note
the following consequence of the definition:

Lemma 3.6. Suppose ¢,1%, W, B be as in Definition[3.5] and v an element of EQ 4 €
such that Ny =W . Then

(¢ A 1P)W = 2(¢ A 112)(1 - Psym)('y)'

Proof. Since A(y — ) =0, then vy — 3 € Ker(A) = Ran(Psym) so that
(1= Poym)(y = B) = 0.
Therefore,
2(¢ @ P)(1 = Paym)(7) — 2(¢ @4 ¥)(5)
=20 ®@aP)[(1 = Poym)(7) = (1 = Poym) (B)]
=2(¢ @4 ¥)(1 = Pym)(y = ) = 0.

This proves the lemma.
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4. Pseudo-Riemannian Metrics on Centered Bimodules

We now recall the notion of metric on a bimodule and work out some additional
properties on a class of bimodules that we shall use in the rest of the paper.

Definition 4.1. Suppose £ is an A — A-bimodule satisfying the hypothesis of
Theorem @ and let o the corresponding map as defined in Definition A pseudo-
Riemannian metric g on € is an element of Hom 4 (€ ® 4 £,.A) such that

(i) g is symmetric, that is go = g.
(ii) The map &€ — £*, e — g(e ® 4 —) is an isomorphism of right A-modules.

We say that a pseudo-Riemannian metric g is a pseudo-Riemannian bilinear metric
if, in addition, g is an A — A bimodule map. In this case, the map g(e ® 4 —) is
bilinear as well.

When M is a manifold and A = C*°(M) is the algebra of smooth complex
valued functions on M, a metric g is a choice of a smooth positive definite symmetric
bilinear form on the tangent (or cotangent) bundle. There are two equivalent ways
to extend this map to the complexified spaces. The first way is to extend g as a
sesquilinear pairing on the module of one forms and thus linear in one variable
and conjugate-linear in the other variable. In this paper, we have taken the second
path, namely, we extend g as a complex bilinear form, i.e. a C°°(M)-bilinear map
on Ql(M) Q¢ (M) Ql(M)

In the noncommutative case, these two approaches do not remain equivalent.
Since we do not deal with x-algebras in this paper we do not need any other compat-
ibility with the -structure as in [1, Sec. @, or [4, Definition 8.30], or [17]. We also
mention the work [18] which assumes the left A-linearity of ¢ (as opposed to right
A-linearity) and derives the existence and uniqueness of Levi-Civita connections on
three families of Hopf algebras. In [18, Appendix B] there is an example where the
uniqueness of the Levi-Civita connection is lost when working with a sesquilinear
metric. Our main result (Theorem assumes both left and right A-linearity of
g, a condition which is restrictive. The conformally deformed metrics studied after
the work of Connes, Moscovici, are only right A-linear. The machinery developed
in the present paper (as well as [6]) acts as a stepping stone for the existence and
uniqueness (for which we refer to [7]) of Levi-Civita connections for right A-linear
pseudo-Riemannian metrics on a differential calculus, satisfying the hypotheses of
Theorem

In the present paper we shall be interested in a particular kind of bimodules
that are called centered. Now, the center of an A — A-bimodule £ is defined to be
the set

ZE)={eef:ea=aeVa € A}.

It is easy to see that Z(€) is a Z(A)-bimodule. The bimodule £ is called centered
if Z(&) is right A-total in &, that is, the right A-linear span of Z(&) equals &.
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Let us clarify that the property of being a centered bimodules is actually
stronger than being a central bimodule in the sense of [14] from which we have the
following:

Definition 4.2. Suppose A is a unital algebra and F is an A — A-bimodule. Then
F is called a central bimodule if e.a = a.e for all e in € and for all a in Z(A).

It is easy to see that a centered bimodule is a central bimodule. Indeed, if £ is
a centered bimodule, then for any e € £ there exists a natural number n, elements
fj € Z(€) and b; € A such that e =}, f;b;. Then

a.e= Za-fj-bj = Z fj-a.b; = ij.bj.a. =e.qa (2)
for all e € £ and a € Z(A). Thus, & is central.

Lemma 4.3. Suppose g is a pseudo-Riemannian metric on a centered A — A-
bimodule & satisfying the hypothesis of Theorem [3.3] with o the corresponding map
as defined in Definition 3.4l Moreover, assume

ocw®an) =n®aw Yw,nec Z(E).
Then we have the following:

(1) If either w or n belongs to Z(E), then o(w @4 n) =1 Q4 w.
(2) If either of w or n belongs to Z(£), then

gw@an) =gn@aw). (3)

(3) If g is a pseudo-Riemannian bilinear metric, then g(w ® 4 n) € Z(A) if both w
and n are in Z(E).

(4) If a is an element of Z(A), then da € Z(E). In particular, if w,n € Z(E) and
g is a pseudo-Riemannian bilinear metric, then

dg(w®@an) € Z(&). (4)

Proof. The first three assertions were proved in [6, Lemma 2.8]. As for Part (4),
for all b € A, we have

0 = d(a.b) — d(b.a) = (da.b + a.db) — (db.a + b.da) = da.b — b.da

and we have used Eq. . This proves that da € Z(E).
By Part (3), g(w ®4n) € Z(A) and hence d(g(w ®4 1)) € Z(E). This proves

Eq. . O

Remark 4.4. It is easy to see that for £ € £, the condition g(d ® 4 &) = 0 for all
0 € Z(&) implies that £ = 0.
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5. The Koszul Formula on One-Forms on the Center
of the Module

Throughout this section, we will assume that g is a bilinear pseudo-Riemannian
metric so that the assertions of Lemma [£.3] are valid. Moreover, V will denote the
torsionless connection of Theorem [3.3

5.1. Metric compatibility of a connection on the center

Let g be a pseudo-Riemannian metric on £ and V a connection on &. It can be
checked that the map

Z(&) ®za) 2(€) = €,
W@z N~ (9 Qaid){[o23(V(w) @an)] +w®a V(n)}

is well defined. Indeed, for a € Z(A), we have ga3(w R4 da @4 ) = w @41 4 da,
an =na and aV(n) = V(n)a (by Eq. ([2))). Using these, we get

023(V(w)a ®an+w®ada®@an)+wa®a V()

o23(V(w)®@4an+w@4da®@41m) +w4aV(n)
023(V(w) ®4 an) + o23(w @4 da @4 1) +w @4 V(n)a

o23(Vw)®@4an) +w@s4n@ada+w®4V(na) —w@an®4da

= 023(V(w) ®4 an)] +w @4 V(an).
This proves the well-definedness.
Definition 5.1. We say that a connection V on £ is compatible with g on Z(&) if
for all w,n € Z(&), the following equation holds:

(9 @aid){[o23(V(w) @an)] +w®@aV(n)} = dg(w @za) n))-

Remark 5.2. Given that V(w)®@41 € EQAN@4E andw @4 V(1) € EQAER AN,
we can write the metric compatibility condition on the center in another equivalent
way. The condition is:

(id ®a g)o12(V(w) ®an) + (9 ®aid)(w ®a V(n) = d(g(w®an) Vw,ne Z(E).
Here, we have used the fact that g is bilinear so that (id ® 4 g) is well-defined. The
proof of this equation is a straightforward application of the facts that o(e®.4 f) =
f ®a e if either e or f belong to Z(€) and that we can write V(e) = >_; fj ®.a w;
with w; € Z(€) (see Part (3) in Lemma [6.2).

5.2. Consequences of the zero-torsion condition

Notation 5.3. For V a torsionless connection on a centered bimodule £ we shall
use Sweedler-like notation to write

V() =Y wo); ®aw); = wo) ®aw(). (5)
J
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Likewise, for the torsionless connection V of Theorem we will write
Vo(w) =Y w; ®a mw; =t (0w ©A4 1)@ (6)
J
One can always take that both w(;) and (1yw belongs to Z(€) (see Parts (3) and

(4) of Lemma.

Lemma 5.4. Suppose V is a torsionless connection on a centered bimodule £ and
Vo the torsionless connection Vo of Theorem for which we use Notation

with both w1y and yw in Z(E).
Then for all w,n, 0 in &, the following equations hold:

9N @A w(0))9(0 ®aw)) — 9(n ®awa))g(0 ®aw(o))

=9 ®a (w)9(0 @4 (1y)w) — g(n ®a (1)w)g(0 B ()W),
9(w @ 0))9(0 @a 1)) + g(w @4 1(1))9(0 @4 7(0))
= 29(w @4 100))9(0 @A 1)) — 9(w @4 0)1)g(0 @4 (1)N)
+9(w@a wymg(0 @4 ©0)n),

9N ®a0(0))g(w @4 01)) — 9(n ®40(1))g(w D4 b0))

=9 @4 0)0)9(w @4 (1)0) — 9(N @A (1)0)g(W B4 (0)0)-

Proof. We will use Lemma [3.6] Suppose w € €. Since V and V are both torsion-
less, we have

0=A(V(w) = Vo(w)).
Using Lemma this implies that for all ¢, € £*, we have
0=(0®a%) A (V(w) = Vo(w))
= 2(¢ @4 ) (1 = Poym)(V(w) = Vo(w))
= (¢ ®av)(1 —0)(V(w) = Vo(w))
(

= (p®@a)
X (0w @4 1w — (YW B4 ()W)

W(0) ®A W(1) — W(1) @A w(0)) — (¢ @A V)

Therefore, we obtain

(¢ @aY ) (W) ®awa) —wWa) @A wo)) = (¢ @aY ) (0w ®a 1w — )W B4 (O)W)-

Putting ¢ = g(n®4 —) andy) = g(f ® 4 —), we obtain the first equation. The other
two equations are obtained similarly. 0

10
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5.3. A Koszul formula for the Levi-Civita connection
on the center

Let V be a torsionless connection on £ which is compatible with a pseudo-
Riemannian metric on Z(€) as in Definition [5.1] We will still use the Sweedler type
notations V(w) = w() ®4 wa) and Vo(w) = (ow @4 (1)w, where w(py and (yw
belong to Z(&).

Theorem 5.5. Let w,n,0 € Z(E) and V is a torsionless connection on & which is
compatible with a bilinear pseudo-Riemannian metric g. Then the following formula
holds:

2g(w ®.4 1(0))9(0 @4 1(1))
= g(w®adg(n®a0)) —g(n®adg(0 @aw))+ g(0 @adg(wDam))
=9 @4 yw)g(0 @A (1yw) + g(n ®a 1)w)g(0 @A ()W)
+9(w ®a g0 @a 1yn) — 9(w @a 1yn)g(0 @ ©0)n)
=9 ®a (0)0)9(w R4 1)0) +9(n®a 1)0)9(w DA (0)0)- (7)
Proof. Since V is compatible with g on Z(&), (Definition we have
9wy ®anwey + g(w @4 n0))na) = d(g(w ®41))-
In turn, since w1y, N1y € Z(£), this implies
wy9(wo) ®an) +n1)9(w ®@an0)) = d(g(w @a1)).
Applying g(f ® 4 —) to the above equation, we get
9(0 @4 w))g(wio) ®an) + 9(0 ®ana))g(w @A) = g0 @4 dg(w@an)). (8)
Replacing w,n, 0 by 1,0, w, respectively, in , we get
g(w @am1))9(M0) ®a0) + g(w @4 001))9(n R4 00)) = g(w@adg(n®@40)). (9)
Replacing w,n, 0 by 0,w,n, respectively, in 7 we get
9N ®401))9(00) ®aw) + g(n @A wa))g(0 ®aw)
= 9(n®.adg(0 @aw)). (10)

By (8) + (9) — (10)), using go = g and the fact that g(¢ ®A w(1)); 9(0 ®4 1)) and
9(w®a001)), g(n ®.4001)) all belong to Z(A) (Lemma [4.3), we obtain

9N ®Aw(0))9(0 ®away) — g(n®@awa))g(0@awe))l +[9(w @4 m0))9(0 @aMx1))
+g(w ®4n1))9(0 @4 n0))] + [9(n @4 00))g(w @A 01))
9 ®40(1))9(w @4 00))]
= 9(0 ®adg(w ®an)) + g(w @adg(n®ab)) —g(n@adg(d @4 w)).

11
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By Lemma the left-hand side of the above equation coincides with
29(w ®41(0))9(0 ®a 1)) + 90 @4 (0)w)9(0 ®a (1yw) + 9(n @A (1yw)g(0 ®a (0)w)
— 9w ®a Mgl ®a 1)n) + g(w @4 1yM)g(0 @A (0)n)
+9(n®a 00)9(w @4 1)0) +9(n 24 (1)0)9(w @4 (0)0)-

This proves the theorem. DO

Let us end this section by rewriting the Koszul formula in an alternative form.
With Vg the torsionless connection of Theorem for all w,n,0 € Z(&), the
following identity holds:

2(9(w@a —) @A g0 ®a—))(V(n))

=gw®@adg(n®a0)) —g(n®adg(0 @aw))+g(0 ®adg(w®an))
— (9 ®a—)®ag(0 @4 —))(1—0)Vo(w)
(9w ®a =) ®a9(0 ®a —))(1 = 0)Vo(n)
— (9N ®a—) ®ag(w®a —))( o)Vo(6). (11)

6. Levi-Civita Connection on a Class of Centered
Bimodules: Existence

The goal of this section is to prove the existence and uniqueness of Levi-Civita
connections for a class of centered bimodules. Let us now state the main result
precisely.

Theorem 6.1. Suppose (¥ (A),d) is a differential calculus on A such that the
following conditions are satisfied:

(1) The space of one-forms Q' (A) =& = Z(£) ®za) A.

(2) We have &€ @4 € = Ker(A) @ F where Q : F — Q2(A) is a right A-linear
isomorphism as in Theorem [3.3]

(3) The map o in Definition satisfies c(w @A M) =N @4 w for allw,n € Z(E).

If g is a pseudo-Riemannian bilinear metric on £, then there exists a unique con-
nection on € which is torsionless and compatible with g on Z(E) as in Definition .

Throughout this section, we will work under the assumptions of Theorem

6.1. A class of centered bimodules and examples

For proving the existence and uniqueness of the Levi-Civita connection, we will
need some additional results which we spell out here.

12
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Lemma 6.2. Let £ = Z(£) ®z(a) A. Then

(1) & is centered.
(2) Z(E) is both left and right A-total in E.
(3) We have a right identification,

ERAE=ERz ) Z(E).
(4) As well as a left one,
5@,4522(5) ®Z(.A)5~

(5) The collection {w @ n:w,n € Z(E)} is right A-total in € @4 E.
(6) The collection {w @4 n:w,n € Z(E)} is left A-total in E @4 €.

Proof. Most of the statements in the lemma follow from [6, Proposition 2.4].
Indeed, that proposition implies that the equality & = Z(€) ® z(4) A forces £ to be
centered. Moreover, we have right .A-module isomorphisms

5%./4@3(_,4) 2(5)22(5) ®Z(A)-A (12)

via the canonical multiplication maps. The isomorphisms in particular imply that
Z(&) is both left and right A-total in €. Thus, we have proved Parts (1)—(4) of the
lemma.

Thus we are left to prove the last two assertions. We only prove the last but
one since the proof of the last one is similar. If e, f are elements of £, then Eq.
allows us to conclude that there exist elements w;, ng,m € Z(€) and a;, by, ¢; € A

such that
€= Zajwj7 f= Zbknlm wib, = chﬁl.
J k 1
Therefore,
e®af= Zajwj DA by = Zaj(wjbk) RAM = Z a;cith @4 M

Jsk gk Jikl

which belongs to the left A-linear span of {w ®4 1 : w,n € Z(£)}. This proves the
fourth assertion. O

We will also need the following results about the maps o, Pyyr, and Q.

Proposition 6.3. Suppose € is an A — A-bimodule satisfying the hypothesis of
Theorem Then we have the following:

(1) The map o and hence Py, is A — A-bilinear.
(2) The map Q : F — Q?(A) is an A — A-bilinear isomorphism.

Proof. Since £ centered by Lemma 1), [26, Theorem 6.10] implies there exists
a unique A — A-bimodule isomorphism ¢°*": £ ® 4 £ = £ ® 4 € such that

13
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oM w®an) =n®aw for all w,n € Z(&). Thus, it suffices to show that o = o".
This follows once we show that o is left A-linear. Let w,n € Z(£) and a,b € A.
Then

ao(w®4nb) =ac(w®4n)b=an®4wb=n®4wab=0c(aw 4 nb).

Since {w®@an : w,n € Z(€)} is right A-total in £€®4 € (Lemmal6.2)(5)), this proves
that o is left A-linear and completes the proof of Part (1).

In particular, this implies that 7 = Ran(l — Pym) is an A — A-bimodule. Since
A =Q on F and A is bilinear, so is @, thus establishing Part (2). 0

Lemma 6.4. We have the following:
(a) Let w € Z(€). Then dw € Z(Q2(A)).
(b) The element (1 — 0)Vo(w) € Z(ERAE) if w e Z(E).
Proof. For part a., we start by observing that
wAda+daAw=ANw®4da+da®w)
= A1 — Psym)(w ®.4 da+ da ®4 w)

1
5(170)(w®Ada+da®Aw)

1
= 5/\(w®Ada—l—da@Aw—da@Aw—w@Ada) =0.
Hence,
0 =d(w.a) —d(aw) = (dw.a — a.dw) — (w A da + da A w) = dw.a — a.dw.
This proves Part (a).
For Part (b) being Vj a torsionless connection, we have AVy(w) = —dw. By
applying the map (1 —o)Q ™!, we get
(1-0)Vo(w) = ~(1 = 0)Q " (dw).
Since Q! (dw) € Ran(1 — Psym), we have
~(1=0)Q ™ (dw) = —2(1 — Paym)(Q'dw) = —2Q ™ (dw).
Now, by part a .dw € Z(Q?(A)) since w € Z(&); then since the map @ is bilinear,
for any a € A,
Q7 w) = Q N (aw) = Q"M (w.a) = @ (w)a
and thus Q~!(dw) belongs to Z(€ @4 &). O
Remark 6.5. More generally, if F and F’ are centered A — A-bimodules and
T : F — F' be an A— A-bilinear map. Then T(Z(£)) C Z(F). Indeed, if w € Z(&)

and a € A a simple computation yields a.T(w) = T(a.w) = T(w.a) = T(w).a and
thus, T (w) € Z(€).

14
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6.2. The existence and uniqueness of Levi-Civita connection

Proposition 6.6. Let g be a pseudo-Riemannian bilinear metric on £ and define
a map

D (E@AE)@A(ERAE) = A,
9P ((e®af) @a(e @af))=gle@ag(f @ae)f).
Then we have the following:
(1) the map: E @4 E — (E®@4E)* defined by
e@afrg®((e®af)©a—)

is A — A-bilinear and an isomorphism of right A modules.
(2) For an element € € ER4E, the map g (—®4&) is an element of 4Hom(E ® 4
E, A). Moreover, the map from € @4 E to s\Hom(E @4 &, A) defined by

£ gD (=48

is an isomorphism of right A-modules.

Proof. We only need to prove Part (2) since the assertion (1) was already proved
in |6, Proposition 3.7]. However, the assertion 2. follows exactly as in the proof of
[6, Proposition 3.7] using the bimodule structure of 4Hom(E ®4 &, .A) as spelled
out in (|1)). O

Remark 6.7. From the proof of [6, Proposition 3.7], it is easy to see that for
wme Z(E)ande, f €&,

(gw®a—)@agn@a—))e®af)=gP((@aw) D4 (e @A f))

Lemma 6.8. For w,n,0 € Z(&), let us define 1, 0(n) by the expression of the
right-hand side of FEq. in Theorem . Thus we have,

Yw,0(n) = g(w®@adg(n®a b)) —g(n©adg(0 ®aw))+ g(0 ®adg(w@am))
— (g ®a—)®ag(0 ®a—))(1-0)Vo(w)
+ (9w ®a =) ®ag(0 @4 —))(1 = 0)Vo(n)
—(9(n®a =) ®ag(w®a —))(1 —0)Vo(0). (13)

Then, for w,n,0 € Z(E), the elementy , 9(n) belongs to Z(A).
Proof. Let us observe that since w,n,0 € Z(&), and dg(n ®4 0),dg(0 @4 w)

dg(w®4n) are in Z(A), hence by Lemma 1.3 9(w® 4dg(n® 46)), g(n@.4dg (02 4w))
and g(6 ® 4 dg(w @ 47)) are also in Z(A).

15
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Moreover, by Lemmal[6.4b), the element (1—0)Vg(w) € Z(€®4E). Therefore,
for all a € A,

(9(n®a =) ®ag(d ®@a—))(1—0)Vo(w).a
=g (0 ®an©a—)(a.(1-0)Vo(w))
= (9P (0 @an©a—).a) (1 - 0)Vo(w))
=a.gP(0@an®a—)(1-0)Vo(w))
as the map ¢® (0 ® 41 ®4 —) is bilinear by Proposition Hence, the element

(9(n®a—) ®ag(0 @4 —))(1—0)Vo(w)
belongs to Z(A). Similarly, it belong to Z(.A) also the elements
(9w —)®ag(0®a—))(1—0)Vo(n) and
(90 ©.4 =) B4 6 ©.4 )1~ )V ).
This completes the proof that v, ¢(n) belongs to Z(A). O
Lemma 6.9. Let n € Z(E). There exists a right Z(A)-linear map
by Z(€) ®za) Z(E) = Z(A)  such that ¢ (0 @z(a) w) = Vw0 (n)-
Proof. We need to check that ¢, is well-defined, i.e. that for all a’ € Z(A),
¢y (0a’ ®c w) = ¢, (0 @c d'w).
Since (1 —0)(0 ® 4 da’) = 0, we get
Pn(0a’ @4 w) = Yo 00 (1)
= (9 ®a =) ®aglw@a =))(1 =) Vo(ba)
= (9 ®a —) ®aglw@a—))(1 = 0)Vo(d)a'
= u0(n)d
= d'Yu(n)  (Lemmal6.8)
=d' (g @a =) @ag(w@a =)L =) Vo(6).
Now, since n € Z(€) and o’ € Z(A),
a' . g(n®a—)=g(n®a—).d
and so
Pn(0a’ ®aw) = (9(n®a —)a’ ®4 g(w @4 =))(1 = 0)Vo(0)
= (9(n®a =) ®ad'g(w®a —))(1 = 0)Vo(0)
= (9 ®a —) ®agla'w@a —))(1 —0)Vo(f) (as g is bilinear)
= Yarw,0(n) = ¢y(0 ®4 d'w).

This proves the lemma. O
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Corollary 6.10. Fizn € Z(£); then there is a right A-linear map 577 1 ERAE— A
defined, for alla € A,0,w € Z(E), by

G0 @24y w @z (4) @) = ¢y(0 ®z(4) w)a

Moreover, ;5,, is a left A-linear map from € @4 E to A, i.e. &7 € 2Hom(€ ®4
&, A). Hence, by Proposition [6.6(2), there exists a unique element V(n) € € @4 &
so that

1~

2(&) = 9P (E@aV(n) (14)

forallE e E@4E.
Proof. We only prove the statement that (En € 4Hom(E ® 4 &,.A). For this it is
enough to prove that for all w,0 € Z(€) and a,b € A, we have
Fa(0(w .4 05)) = 0.y (1w © 4 0D).
As QNSU is right A-linear by construction, it follows that
F(alw @4 6)) = Gy (alw @4 6)D)
= Gyl @4 0))b = Byl @4 I}
= (W @4 0)ab = a.¢p(w D4 0)b = a.¢yy(w @4 0b).
In the above we have used that (En(w ®40) € Z(A) (Lemma and w ®4
0 € ZE®RAE). a

Lemma 6.11. Forw,0,n € Z(£),d’ € Z(A) one has,
bwo(na’) = Yo e(n)a’ +2g(w @4 n)g(0 @4 da’). (15)

Proof. The proof of this Lemma follows by a computation using the facts (from
Lemma [£.3)) that da’ € Z(A), g(a ®.4 B8) € Z(A) for all o, B € Z(E). Moreover, we
also use the statement proved in Lemma [6.4] that (1 —o)Vo(e) € Z(€ ®4 E) for all
e € Z(&). We compute

Yu,o(na’) = glw @4 dg(na’ ®.40)) — g(na’ @4 dg(f ®aw)) + g(0 @4 dg(w @amn))a’
+9(0 @4 9(w@an)da) —(9(n®a —) @4 9(0 ©a —))(1 —0)Vo(w))a'
+ (9w —) ©ag(@ ®a—))((1—0a)Vo(n))d
+ (9w @A —) ©a gl ®a—))((1—0)(n®ada))
—(9(n®a —) @ag(w®a—))Vo(0)d

= gw®adg(n®a0))a +glwag(n®@ab)da) —g(n©adg(d @aw))a

+9(0 @adg(w@an))a = (g(n@a—) @490 ®a —))((1—0)Vo(w))a'
+(gwea—)®ag(@©a—))((1—0)Vo(n))d

17
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— (g ®a —) ®aglw®a —))Vo(0)a' + g(w @4 1)g(0 ®4 da’)
—g(w®adad)g(0 @an) + glwam)g(0 @4 da)
= Y,0(n)a’ 4+ 29(w @4 n)g(0 @4 da’).

This proves the lemma. D

Lemma 6.12. For e € Z(&), let V(e) be the element in € @4 € as defined in
Corollary[6.10} Then for all a € Z(A), we have

V(ea) = V(e)a+ e ®4 da. (16)

Proof. It suffices to prove that for all w,0 € Z(&), we have
g2 (0 @4 w) @4 (V(ea) — V(e)a — e @4 da)) = 0. (17)

Thus, since {w® 46 : w,0 € Z(£)} is left A-total in £ @4 € and g is left A-linear
(Proposition , formula will imply

9P (E @4 (V(ea) — V(e)a — e®4da)) =0
for all £ € £ ® 4 £ and hence Proposition will imply that
V(ea) —V(e)a—e®4da =0.
For a € Z(A), have
9D (0 ©4) D4 V(ea)) = S o(ca).
Therefore,
9P (0 ®aw) ®a (V(ea) = V(e)a — e @4 da))

= %1/@,9(6(1) - %1%,9(6)& — (O @4w) R4 (e @4 da))

- %z/;w,g(e)a +9(w®ae)g(0 ®4da)

1
— §ww,9(e)a —g(0®@ada)g(w®ae)=0

where we have used that g(w ® 4 €) € Z(A) (Lemma and Lemma O

Proposition 6.13. Given the map V defined implicitly by formula and the
connection Vg in Theorem the map

L:=V-Vy:Z(E&)—>ER4E,
is right Z(A)-linear and so L extends to a right A-linear map

L E=2(8) @z A= ERAE; w0 L(w)a.

18
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Proof. For w € Z(&) and a € Z(A), we have
L(wa) = (V= V) (wa) = V(w)a +w @4 da — Vo(w)a —w @4 da = L(w)a

since V is a connection on £ and we have used Proposition O

Corollary 6.14. Consider the map V : £ — E @4 & given by the formula
V=Vo+L

where L is the map in Proposition . Then V is a connection on £ which extends

the map V given in Corollary(6.10}

Proof. The map V is a connection being the sum of a connection V and a right
A-linear map L. O

We are finally ready for the following.

Proof of Theorem The uniqueness follows from Theorem and the Defi-
nition of V in Corollary So we are left with proving the existence.

We start by proving that the connection V defined in Corollary is torsion-
less. Let L = V — Vo as in Corollary Then it suffices to prove that AL = 0
since this implies

AV = AV = —

as Vg is torsionless. By right A-linearity of E, it suffices to check that for all
ne Z(&),

AL(n) = 0.
However,
ALY (1) = Aoy @4 101) — 0y @A (1)7)
and so we need to prove that
a(Ny @A) — 1 D4 1)1) = N©0) DAL — )1 DA ()7,
that is, 91y ®4n0) — (1N OA ()1 = N(0) BAN1) — (0)1 RA (1)1

By bilinearity of ¢(?), the fact that {#® 4w;0,w € Z(E)} is left A-total in E® 4 and
Proposition it suffices to prove that for all w,8 € Z(&), the following equation
holds:

9P((0@aw) @4 (n1) @A N0) — 1)1 @A 0)1))

= gP((0@aw) @4 (N0 @A M) — )1 ®A (1)1))-

By a simple computation using the facts that g(w ®.4 1(1)),9(0 ®4 01)) € Z(A),
the previous expression is seen to be equivalent to:

90 ®4n0))g(w@an1)) — g(wW R4 10))9(0 @aM1))
=390 @4 0yng(w @4 1yn) — g(w @4 (0)1)9(0 @4 (1)N)- (18)

19



J. Bhowmick, D. Goswami € G. Landi

Now, using the expressions for g( ®.4 1())g(w @4 17(1)) = 3ve..(n) and g(w @4
1000)9(0 ®.4 n@1)) = $1u.0 (see (13)) and using the facts that g(6 ®.4 (1yn), g(w ®.
1) € Z(A) and go = g, the left-hand side of the previous expression reduces to
the right-hand side by a straightforward simplification.

Next we prove that V is compatible with g. We claim that for all w,n € Z(&),
we have

9(w(o) ®a nw(ry + g(w @4 n0))n1) = d(g(w ®an)).
By virtue of Remark this is equivalent to having for all § € Z(£),

(N ®Aw(0))9(0 ®awiy) + g(w @an0))9(0 ®anay) =g(0 ®adg(w@an))

having used the facts that g(0 ® 4 —) is left A-linear. Using the definition of V, we
have
29(n @4 w(0))9(0 @4 w(1)) + 29(w @4 1(0))9(0 @4 1(1))
=g(n®adg(w®sb)) — g(w ®adg(0 @amn)+g(0 ®adg(n®@4w))
—9(w @4 (0)yMg(l @a (1)n) + g(w @a 1yN)9(0 @A (0)1)
+9(M @4 (w)g(0 ®a (1yw) — g(n @4 1)w)g(0 @4 (0)w)
— 9w ®a 0)0)9(n®a 1)0) + g(w @4 (1)0)9(n ®A (0)0)
+9(w@adg(n®ab)) —g(n@adg(0 @aw))+g(0 ®adg(w@an))
9 ®a w)g(0 ®a (1yw) + 9(n @4 1)w)g(0 @4 ()W)
+9(w @4 ©0mMg(0 @a 1yn) — 9w @4 (1y1)9(0 @4 (0)N)
— 9N ®a 0)0)g(w @4 1)0) + 9(n @4 1)0)g(w @A (0)9)
=2g(0 ®a dg(w @),

using g(w ®4 (1)0),9(n ®a 1)) € Z(A) and gla @4 B) = g(B8 ®4 a) for all
a, B € Z(€). Therefore, V is compatible with g on Z(€) (as in Definition [5.1). This
completes the proof. O

We finish this section by comparing this result with that in [6]. For this it will
be useful to adopt the notation:

(V) : Z(&) ®c Z(€) — €,
I1)(V) (w ®c ) = (9 @4 1d)o23(V(w) @4 1) + (9 ©4id)(w ®.4 V(7).

Thus, Definition can be rephrased by saying that V is compatible with £ on
Z(&) it

(V) (w @z(ayn) = d(g(w @am)) Vw,n€ Z(£).
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In (6 Sec. 4.1], it was shown that the assumption £ = Z(£) ®z(4) A allows one to
define a canonical extension IIy (V) : E® 4 € — & of the map II9(V). More precisely,
for all w,n € Z(€) and a € A, one has
I, (V)(w ®4na) = I (V)(w @z (a) n)a + g(w @4 n)da. (19)
We say that a connection V is compatible with g on the whole of £ if for all e, f
in &,
Iy (V)(e@a f) = d(g(e ®a [)). (20)

It was also shown that for any connection Vi on &, the map from £ ® 4 £ to &,
defined by

e@a fry(Vi)(e®a f) —d(gle @4 [))

is right A-linear. We have the following result which recovers the main result of [6]:

Corollary 6.15. Suppose £ := QY(A) satisfies the assumptions of Theorem
and g is a pseudo-Riemannian bilinear metric on £. Then there exists a unique
connection on £ which is torsionless and compatible with g on the whole of £.

Proof. From Theorem we know that there exists a unique connection V which
is torsionless and compatible with g on Z(&). Thus, for all w,n € Z(£),

(V) (w @24y n) = d(g(w ®@41n)).
Therefore, Eq. implies that for all a € A,

I, (V)(w®ana) =d(g(w®am))a+g(w®an)da = d(g(w@ana)),

i.e. V is compatible with g on the whole of £. Uniqueness is clear from Theorem
O

7. Levi-Civita Connections as Bimodule Connections

In this section, we make contact with bimodule connections. A considerable amount
of literature on Levi-Civita connections in the context of noncommutative geometry
have been devoted to bimodule connections. We refer to the book [4] for the details.
We show that in our set up (the assumptions of Theorem , the Levi-Civita
connection is a bimodule connection in a very natural way. This section is a genuine
application of the Koszul formula of Theorem Let us recall the definition of
bimodule connections.

Definition 7.1. Suppose & = Q(A) for a differential calculus and ¢’ : € ®4
E — £ ®4 € be a bimodule map. A right connection V; on £ is said to be a
bimodule connection for the pair (£,0’) if, in addition to the right Leibniz rule as
in Definition there is also a o’-left Leibniz rule, that is, for all a € A and for
all e € &, it holds that

Vi(ae) = aVi(e) + o'(da @ g¢€).
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Throughout this section, we will work under the assumptions of Theorem
and so we have a canonical choice of ¢’ = ¢ as defined in Definition B.4l We will
show that the Levi-Civita connection of Theorem [6.1] is a bimodule connection for
the pair (£, 0).

We start by proving a necessary and sufficient condition for a connection to be
a bimodule connection for the pair (€, o).

Proposition 7.2. Suppose & = Q(A) as in Theorem . If V1 is a connection on
E, then it is a bimodule connection for (£,0) if and only if V1(Z(£)) C Z(EQ4E).

Proof. Suppose V; is a bimodule connection for the pair (£,0). Then for all w €
Z(€) and a € A, we get
Viw)a+w®4 da = Vi(wa) = Vi(aw)
=aVi(w) +o(da®4w) =aVi(w)+w®.4 da,
since w € Z(&). Thus, for all w € Z(€) and a € A, we have
Vi(w)a = aVi(w),

that is, V1(Z2(€)) C Z(E @4 E).
Conversely, suppose V; is a connection such that V1(Z(€)) C Z(E®4E). Then
for all w € Z(&) and for all a € A,

Vi(aw) = Vi(wa) = Vi(w)a +w @4 da = aVi(w) + o(da @ 4 w). (21)

Now let e € £ and a € A. Since & is centered, we can write e = Zj fjb; for some
fj € Z(€) and b; € A. Then

Vi(ae) Z Vi( af] Z[Vl(afj)bj +af; ®4 dbj]

J

= Z aV1(fj)bj +o(da®4 f;)b; + af; ®4db;] (by Eq. (21)

fZav (f5b5) + o(da @4 f;)b]

= aVl(e) +o(da®4e).
Therefore, V1 is a bimodule connection. O

Now we use the Koszul formula to prove the main result of this subsection.

Theorem 7.3. Suppose & = QY (A) satisfies the assumptions of Theorem and
g s a pseudo-Riemannian bilinear metric on €. Then the Levi-Civita connection
for (€,g) obtained in Theorem is a bimodule connection for the pair (€,0).

Proof. The proof follows from Proposition[7.2]and the Koszul formula as expressed
in Eq. . We claim that it is enough to show that for all w,n,0 € Z(£),

2(g(w®a—) ®ag(0 ®a—))(V(n)) € Z(A). (22)
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Indeed, by virtue of Remark we have
(9(w®a—)@ag(0®4—-))(V(
= gD (0 ®aw) ©4 (V(n).a —a.V(n)))
9P ®@aw)®aV(n)).a—-gP((0©aw)a®V(n)
(0 @aw)@aV(n)a—g®(a.(0@1w) @aV(n))
@ (0 @aw)©aV(n)a—ag® (0 ©4w)@aV(n))
= (gwds—)@ag(0®a—))(V(n)).a
—a.(9(w®a —) ®ag(0 ®a—))(V(n)),

which is equal to zero when holds. Since this is true for all §,w € Z(€), a
combination of Lemma [6.2)(4), Remark and the left A-linearity imply that

gD (E@4(V()a—aV(n)=0 VECERLE.

This proves our claim by Lemma [6.6]

Now, by Lemma we have that the elements g(w ®4 dg(n ®4 0)), g(n @4
dg(0 ® 4w)) and g(0 ® 4 dg(w ® 4 m)) are all in Z(A). Next, we observe that for all
ain A,

n).a —a.V(n))

(
(
9(2)(
=g

(9(n®a—)®ag(0 ®4—))(1—0)Vo(w).a
=P (0 @an) @4 ((1—0)Vo(w).a))
=920 ®an) @4 (a.(1 — 0)Vo(w)))
=a.g®?((0®an) @4 ((1-0)Vo(w)))
=a.(9(n®a—) ®a9(0 @4 —))(1 —0)Vo(w).

Here we have used the fact that (1 — 0)Vy(w) € Z(€ @4 £) by Lemma This
proves that (¢(n®4—)®49(0@4—))(1—0)Vo(w) € Z(A). Similarly, one finds that
also (g(w®4—)@9(0©4—))(1=0)Vo(n) and (g(n©a4—)@ag(wDa—))(1=0)V0(60)
belong to Z(A). Hence, by the Koszul formula given in Eq. 7 (glw s —)®a
g(0 ®4 —))V(n) € Z(A) which completes the proof of the theorem. |

)
)

8. The Example of the Fuzzy Sphere

This section concerns the example of a spectral triple on the fuzzy sphere. Our
goal is to prove the existence and uniqueness of Levi-Civita connections (on the
corresponding module of one-forms) for any bilinear pseudo-Riemannian metric.
Our spectral triple is a truncated version of the spectral triple constructed in [17]
for a fuzzy 3-sphere.

It turns out that the module of one-forms is free of rank 3. We compute the
connection forms (and the Christoffel symbols) of the Levi-Civita connection for
the canonical pseudo-Riemannian metric coming from the spectral triple (see [17]).
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The computations in this section are similar to those in |17, Sec. 3] and those in
(6L Sec. . However, we provide all the details for the sake of completeness.

Let us set up some notations. Firstly, the Lie algebra of so(3) ~ su(2) is gener-
ated by three elements Ji, k = 1,2,3 with commutation relations

3
[Tk, Ji] = Z €kimJm.- (23)

m=1

Here €g;,, is the completely antisymmetric Levi-Civita rank 3 tensor with €103 = 1.

For a natural number n, let p» denote the (n+1)-dimensional unitary irreducible
representation of the Lie algebra su(2). The vector space C"*! is the carrier vector
space of the representation pz, and C will be viewed as the trivial representation
space. In particular, for the fundamental, n = 1, representation we have

1
Jk: 5\/717763

with Hermitian Pauli matrices

0 1 0 —v/—1 1 0
= , To= , T3 = ,
ool P lvET o Tl -1
which are also a basis of the Clifford algebra CI(2,0), that is are such that,
3
[Tk, 7] =2V —1 Z €lmTm, TjTh + TeTj = 20jk. (24)
m=1
Our spectral triple (Ay, Hy, Dy ) has Hilbert space
Hy = Ky ®c C?,

where Ky = & ,C?*+1. The algebra Ay is the full matrix algebra B(Ky). We
have the canonical action 7’ of Ay on K. Then the algebra Ay is represented on
Hpy by the formula a — 7(a) where

7(a)(h1 ¢ ho) = 7' (ah1) ¢ ha

for all hy in Ky and hs in C2.
Next we have the Dirac operator Dy . Firstly, for k£ = 1,2, 3, we define operators
Xk € B(Hy) by the formula

Xy = 69712[:0 Pz (Jk)’
and denote o = v/ —1 7, for k = 1,2,3. Then the Dirac operator Dy is defined as

3
Dy = ZXk ®c Ok-
k=1

Since X and oy are all skew-Hermitian, the operator Dy is self-adjoint.
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By omitting the notation 7 while viewing an element of Ay as an operator on
Hy, it can be easily checked that for all a € Ay,

3
[Dn,a] Z X, a] ®c o, (25)
k=1

as elements of Ay ®¢ M2(C) acting on Hy. For k = 1,2,3, we define derivations
0 on Ay by dx(a) = [Xg,a]. Then

NE

[D,a] = )  dk(a) ®c o%. (26)

=
Il

1

By use of Eq. , one has the following commutation relations between the
derivations §;:

[01,02] = d3, [02,03] = 61, [d3,01] = ba. (27)

We will denote the space of one forms of this spectral triple by the symbol £.
Our goal is to prove that & satisfies all the conditions of Theorem We will
repeatedly use the fact that Ay = B(Ky) has no proper ideal except {0} and itself.
Let us start by identifying the space of one forms £ as well as the space of two-
forms. We have the following proposition:

Proposition 8.1. The module & = QY (AN) is free of rank 3 generated by the
central elements 1 Q¢ 01,1 ®¢ 02,1 Q¢ 03.
Proof. We use Egs. and to write:

[D, Ji] = J2 ®c 03 — J3 ®c 03,

[D, Jo] = J3 ®c 01 — J1 ®c 03,

(D, J3] = J1 ®c 02 — J2 Q¢ 01.

Hence, we get

[Jla[DaJl]] :J2 ®C 02+J3 ®(C g3, (28)
[J2a[D7J2H :Jl ®C 01+J3 ®(C g3, (29)
[J37[D>J3” = J1 ®c o1 + J2 @ o2. (30)

y (7) + , we have
[J1,[D, J1]] = [J3,[D, J3]] + [Ja, [D, J2]] = 2J3 ®c 3.

Therefore, the element J3 ®c o3 is an element of £. Since £ is a bimodule and the
ideal generated by the non-zero element J3 is equal to Ay, we can conclude that
1 ®c o3 belongs to £. Similarly, the elements 1 ®¢ 07 and 1 ®¢ o2 also belong to £.

Thus, £ ~ Ay ®c C? is a free module with a basis consisting of the central elements
1®cor, k=1,2,3. O
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Corollary 8.2. Let denote by the symbol £.€ the subset {e.f 1 e, f € E} of An Q¢
M5(C). Then £.€ = Ay ®c M2(C).

Proof. By Proposition [8.1} it follows that the elements 1 ®¢ o belongs to &£ for
all £ = 1,2,3. Thus, the elements 1 ®c opo; € £.£. Since Eq. (| . ) holds and
{1,04 : k = 1,2, 3} is a basis of B(C?) = M,(C), we see that the subspace {1®c X :
X € My(C)} belongs to £.€. Therefore, Axy ®c M2(C) belongs to £.£. Hence,
E.E = An ®c My(C). DO

Proposition 8.3. The space of junk forms (Axy ®c M2(C)) of the spectral triple is
equal to the subspace {Y ®@c1:Y € An}.

Proof. Suppose ay, by, k =1,...,n, be elements in Ay such that ), ar[D,b;] = 0.
Then by Eq. , we get

Z a; 0x(b;) ®c o = 0.
Therefore, for all kK = 1,2, 3, we have
Zaj (5k<bj) =0. (31)
J
We apply 9; to Eq. to obtain

> 161(a5)0k(b;) + az6ix (b)) =0 V.1,

J

where we have used the fact that §; is a derivation. Hence, for all k.1, we get
Zal ;)0 (b Zajmk Z(sk a;)or (b Zaj(sk . (32)

Now, Eq. implies that

Z[D,aj][D,bj] = *Z Z 61 (a;)di(b;) ®c oxoy

J i k=1
2—225k aJ 5k ®(C1
j k=1
=3 16k(a;)éu(b;) — 61(a;)0k(b;)] ®c ooy
j k<l
:Zajék ®(C1+ Z a; 5k;5l](bj) R ooy

J.k<l
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However, by virtue of Eq. , we have

Z aj[(ska(sl]( &Qc 001 = ZGJ(S:; ®(c 0109

ik<l

+Za]51 ) ®c 0203—2%52 ) ®c 0103
j

=0
by Eq. . Thus, we have

> D, a;][D,b;] Za](sk ) &c 1. (33)

J

We claim that there exist elements a,b € Ay such that adg(b) = 0 for all k,
but ad, 62(b) # 0. Indeed, if our claim is true, then by the arguments made
above, the set of all junk forms will be of the form {X ®c 1 : X € I}, where
T is a non-zero ideal of My42(C). Therefore, the space of junk forms is equal to
{X ®cl: X € MN+2((C)}.

So we are left to prove our claim. Let us define the bilinear form on CVN+1

((v1,v2)) = Re((v1,v2)),

where (-,-) is the complex inner product on CV*! with respect to which J;, Jo, Js
are skew Hermitian elements of Homg (CN*+L, CN+1).

Moreover, let v be a vector in CN*+1 such that J;(v) # 0. We claim that v does
not belong to Span{Jyv, Jov, J3v}. Indeed, since Ji is skew-Hermitian, we have

(Jgv, vy = —(v, Jpv) = —(Jxv,v)

and hence, ((Jyv,v)) = 0. From here, it is straightforward to verify our claim.
We construct a basis {v,v1,...,v5} of CNT! in such a way that v is the first
element and Span{.Jyv, Jov, Jsv} C {v1,...,un}. We define

N N
a <)\.1 +x+civ+ ZQ‘%‘) =cv, b ()\.1 + x4+ cv+ ch-vi) =\
i=1 i=1
for all X in C and for all z in C2® C3> @ --- @ CV. Then

N
ady(b) ()\.1 +x+cv+ Z civl)

i=1
N
= a(Xpb — bXy) ()\.1 +x+cv+ ZQW)

i=1

= a(X.b)(A\.1) = AaXi(v) = Aadg(v) =
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However,

a (Z 62(b)> (1) =a> [Xk, [Xe, b]](1)

k

= a3 Xy, Xeb — bX,)](1)
k

=a <Z XEb— XpbXy — XpbXy, + bX,f) (1)
k

a (Z X,%b) (1)=a (Z X,%) (v)
k k
=a (Z J,f) (v) = —%a(v) #0.
k

This finishes the proof of our claim about the description of the junk forms. O

Corollary 8.4. The space of two forms is

Qz(AN) = {X Rc 0102 + Y Q¢ 09203 + Z Qc o103 : X, Y, 7 € AN}

Proof. The proof is an immediate consequence of Corollary and
Proposition [8.3] O

Let us denote by e; = 1 ®c o, for k = 1,2, 3. Then, From Proposition the
element {e1,e2,e3} C Z(€) form a basis of the free right Ay-module &.
We are in the position to prove the main theorem of this section.

Theorem 8.5. The differential calculus coming from the spectral triple on the fuzzy
sphere satisfies the hypothesis of Theorem[6.1] and hence there exists a unique Levi-
Civita connection for any pseudo-Riemannian bilinear metric on €& = Q' (Ay).

Proof. Firstly, the description of £ in Proposition implies that Z(&) is the
complex linear span of {ey, ez, e3}. Thus, the equality Z(£) ®z(a,) An = £ easily
follows from the description of one-forms, observing that Z(Ay) = C.1.

Next, Corollaryimplies that Q?(Ay) = Span{ax; exAe; = k # j,ar; = —aji}
and Ker(A) = Span{ag; ex ®a, €; : ax; = a;i}. If F = Span{ayjer @a, € : k # j,
ap; = —aji}, then F is isomorphic to 02?(An) as right Ax-modules and

E®ay E=Ker(N) @ F.

Finally, it is easy check that for all w,n € Z(&),

1
Pym(w®ay 1) = B (WRAxy N+ 1N ®ay W)
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and therefore, o(w ®a, 1) = N ®a, w for all w,n € Z(E). This verifies all the
hypotheses of Theorem [6.1 O

By construction, the bimodule of 2-forms is free and we take as generators the

elements
1
fm = 3 Zemjkej Nep, m=1223. (34)
7,k
It is then easy to deduce that
ej/\ek :Z fjkmfmv j7k: 1a273' (35)

As for the action of the differential, by definition d(a) =Y, [Jk,a] e, for a € Ay.
On the other hand, starting from 0 = §2(.J;), a direct computation leads to

1
dem:—§ Zkemjkej/\ek:—fm. (36)
3,

Theorem 8.6. The connection 1-forms of the Levi- Civita connection for the canon-
ical pseudo-Riemannian bilinear metric for the spectral triple are given by

1
Wik = —5 Zejkl €r. (37)
l

Proof. It is easy to see (as in [17, Eq. (3.49)]) that the canonical pseudo-
Riemannian bilinear metric g is defined as the right Ay-linear extension of the
map

g(ek QAN ej) = 5kj~

We are going to compute the Levi-Civita connection for this g. Let V be a connec-
tion on £ which is both torsionless and compatible with g. Since £ is a free centered
module with a basis {e1,ez2,e3} C Z(€), we can write

V(€k> = Zej RAy Wik- (38)

Now, since the basis ey, is orthonormal, the metric compatibility condition reduces to
(9 @y i)023(V(er) ®ay €5) + (9 Oy id)(ex @1y V(e;)) = 0.
By inserting Eq. , this just give that for all &k, j we have antisymmetry
Wkj = —Wjk- (39)
Next, the torsion zero condition dej + A o V(ex) = 0 becomes

dey + Z ej ANwjr =0. (40)
J

Using Eq. and the antisymmetry Eq. one infers that w;, = —% Y1 Ejki €l
as stated in Eq. . This finishes the proof. O
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Remark 8.7. If we write the connection 1-forms on the basis ey,
Wik = Z er Uiji,
l
we get for the Christoffel symbols I'z; of the Levi-Civita connection the expressions

Iyjr = 5€lik-

8.1. Computation of the curvature

Let us recall the Sweedler-like notation in Eq. for a general torsionless connection
V on a centered A-bimodule £ : V(w) = wp) ®.aw(1). We define the right Ay-linear
map

Ry =V?:€ = E@a, Q*(AN)
by a Leibniz rule:
Ry (w) = V(we) ®ay W) = V(o) Awa) +wo) @ay dw)
= (W) @ay Wo)) @) Awa) +wo) @ay doq)- (41)

Then, let us specialise this to the fuzzy sphere with free bimodule of 1-forms £
and basis (e, k = 1,2,3) as before. We have the following proposition.

Proposition 8.8. Consider the Levi-Civita connection of Theorem with con-
nections 1-forms w;i, = —% Yoi€kier. Then

1
Ry(e;) = _Zzgqu ep @Ay fq

D.q
1
= Zzep XAy (ep/\ej), (42)
P
with basis 1-forms e, ’s and basis two forms fg’s.

Proof. Writing as before V(ex) = >_, € ®a, wjk for the connection, one finds

Ry(e;) = Z ep Dy (Wpk A wij + d(wp;))
p,k

Then, a direct computation using (37)), gives
1 1
Wpk N\ Wkj = szqu fq and  dwy; = D) Zgqu fq
q q

which when inserted in the previous expression lead to the first expression in
Eq. . Using Eq. one gets the second equality. O
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Since the bimodule £ is free with basis of generators (ex, k = 1,2, 3) so is the dual
bimodule £* whose dual basis we shall denote (¢;,j = 1,2,3) with ¢;(ex) = 0.
Then, by using the canonical isomorphism

HOInAN(g,g QAN Qz(AN)) ~EQay QQ(AN) R Ay E*

we can think of the curvature Ry as a map Ry € £ ®4, Q?(Ay) ®@a, E*.
In particular for the Levi-Civita connection of the fuzzy sphere with curvature
in Eq. one easily finds,

1
Ry = Z Zep DAn (ep A 6j) XAy ¢j-
pJ

Being £ and £* centered bimodules, we have a we well defined Ay — Apn-bilinear
map,

& D2 (AN) ®@ay EF — &,

~ 1
ev((ej A ek) ®AN wm) = 5 ev((ej ®AN €k — €k ®AN ej) ®AN ’l/)nz)

=e;Vmler) — ex Ym(ej) = €; Omr — ex Omy.  (43)
We are prepared to define the Ricci and scalar curvature of a connection.

Definition 8.9. The Ricci curvature Ric is defined as the element in & ®4, &
given by
Ric := (idg @4, €V)(Ry) € E®ay £. (44)

Furthermore, if Ric = >, rijex ®ay €; for elements ry; € Z(Ay), the scalar
curvature Scal is defined as:

Scal := Zrkj glex ®ay €) € An. (45)
kj

Proposition 8.10. The scalar curvature for the fuzzy sphere is %.

Proof. By applying formula for the 2-forms e, A e; we first compute

D & ((ep Aej) @ay 1) = e, — € = 26y,
7

When inserting in Eq. , this yields

. . |1
Ric := (id ®a, év) ZZGP Ray (ep ANej) Q@ay ¥
PJ

1
D) Zep ®Ay €p-
P
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Then,

1
Scal = 5 Z glep ay €p)

> w
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